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Abstract

The transport of high energy accelerating charged particles in channeling condi-
tions in a crystalline solid is considered by means of a Fokker-Planck model. Multiple
scattering on electrons, appropriate to the channeling of positive particles, 1'adiatioﬁ
damping due to the emission of channeling radiation are also included. Analytic so-
lutions have been obtained for the case of a harmonic channeling potential. Without
acceleration, diffusion due to multiple scattering occurs. With acceleration, the adi-
abatic damping retards this although the reduction in critical channeling angle with
increasing energy eventually competes. For light particles (positrons), the emission of
channeling radiation can lead to a steady state. Implications for crystal accelerator

schemes are discussed.




I. Introduction

The phenomenon of channeling® of energetic charged particles along axes and planes of high
symmetry in crystalline solids has prompted several investigators®=" to suggest schemes for
accelerating partaicles in solid matter. The la,i:tice fields are exploited to play the role of the
magnetic transport in conventional accelerators. it is in this regard interesting to note that an
electric field of 1 Volt/A is equivalent to a magnetic field of 30‘T. Different schemes have been
proposd for obtaining the accelerating gradient. Recent work?® has suggested that gradients
from 1-100 GeV/cm might be possible. Here, we do not address any particular concept,
but consider an idealized generic situation in which the particle is subject to a uniform
accelerating field. This could be construed to model part of a synchronous a,ccelera,ting
wave. We wish to understand the limits of possibility by obtaining the basic scaling laws
for the particle transport. No scheme is even close to a level of maturity to warrant a more
sophisticated treatment. However, interest is stimulated in thinking about acceleration lying
beyond the superconducting supercollider (SSC).®

Setting the issue of accelerating field sources aside (although it is a formidable one which
must be solved — stimulated channeling radiation is interesting but as yet only suggested
theoretically®), it was recognized that the crucial question for crystal accelerator schemes
is that of the multiple scattering of the beam. This is so despite its reduction for positive
particles under channeling conditions. For negative particles, channeling increases the mul-
tiple scattering over that in the amorphous solid and the application of crystal accelerator
schemes to such particles is probably limited. The accelerating gradient has a positive ef-
fect as well.? The essential question we examine here is the additional effect of the radiation
damping due to the emission of channeling radiation. Radiation damping of channeled parti-

cles has been considered before and, while early investigations suggested this would occur,



subsequent research concluded the radiative damping would always be dominated by the
multiple scattering.!* This result does not apply in the case of an accelerating particle and
1t seems reasonable to ask if a process analogous to the radiation damping in, for example,
a storage ring may take place. We will find this to be so for light particles although the
practical consequences are problematic in that it occurs for the most ambitious accelerating
gradients. In the absence of acceleration, our results are consistent with the conclusions of
Ref. 11.

In the next section, we will describe the basic equation of our model and discuss its
solution in general terms. In Sec. III, we will present our results in specific cases. Section IV

will comprise a summary of our conclusions.

II. Fokker-Planck Transport Model

We have adopted a one-dimensional Fokker-Planck treatment for the distribution function
of the charged particle beam in the crystal accelerator. In the case of planar channeling,
the problem is one-dimensional a priori. For axial channeling, this describes the evolution of
the projected-angle distribution function? in a radial plane. All of these are equivalent in
an axisymmetric channel. This is justified for particles of very low transverse energy which
are confined to the region near the center of the channel; essentially the proper- channeled
particles. We will return to this point when we discuss our results in the next section.
Furthermore, because we are interested in highly relativistic particles, we make a paraxial
approximation, p, /p| < 1, p, =~ p > 1 and retain the pitch angle # only to lowest order:

0 =~ py /p. With these assumptions, the Fokker-Planck equation becomes
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Here and throughout momenta have been expressed in terms of the projectile rest momentum,
mjc, and energy in units of the rest energy. The first five terms arise from the convective
derivative in phase space; the fourth and fifth terms are due to the accelerating field (taken
to be in the z-direction) and the channel force respectively. The next term accounts for
energy losses such as bremsstrahlung, channeling radiation or collisional ionization. The
remaining terms are due to radiation damping from the emission of channeling radiation
and momentum space diffusion due to multiple scattering. An equation of this kind without
the acceleration or energy loss term has been used to investigate channeling of relativistic
particles at small depths in Ref. 11. A boundary value problem with data independent of
time is appropriate, and we therefore look for steady state solutions, 81/t = 0.

Analytic solutions can be obtained when the channeling potential is harmonic. In axial
channeling, this also implies proper-channeled pa,.rticles. A weakly anharmonic case has been
treated in Ref. 13. The additional phase mixing which occurs would not impact the results

we will find here. The potential then takes the form

-~ Vea?
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and fhe force
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where V4 is the channel well curvature. Its precise value depends on the model one chooses
for the ion-atom potential.! It is typically on the order of a few times 10'%ev/cm®. An exact
number is not very important here either. For this channel force, the radiation damping

coeficient, g, takes the form

fn=5rck @

where 1, is the classical electron radius and & is defined in Eq. (3). In the channeling of

positive particles, the multiple scattering is dominated by the electrons in the medium. For




this case, we use for the momentum space diffusion coefficient!®
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Logarithmic dependencies on the particle energy are neglected throughout; they are repre-
sented by Lg which is taken to be constant with typical value ~ 10. The number density
of the solid is N and Z,, is the number of valence electrons. We are, in general, interested
in the case in which the energy losses are dominated by the acceleration and will typically
neglect that term in Eq. (1). )

| We solve Eq. (1) by introducing the characteristics of the first order operator and then
use a result due to Chandrasekhar.' The —Bgf term can be handled trivially by introducing
X = e Pr=f  This has no effect on the statistical averages over the distribution function.

The characteristics are defined by a system of first order ODE’s which are just the single

particle equations of motion. Parameterizing the solution curves by s, we have:

dp

E =ds ’ / (6)

%B =ds, A (7)
_di _ds and (8)
-U p

dz=ds  where a=FE-8. 9)

In the general solution of this system of equations, three integration constants appear. De-
noting these by ¢,7, (, the solution defines a transformation of variables from (z,p,z,0) —
(s,€,m,¢). Applying this to the first order operator of Eq. (1), reduces it to the single partial

differential 8/0s. The entire equation is cast in the form:
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With the diffusion coefficient given in Eq. (5) only a function of p = p(s), the Green’s

function solution (é-function initial data) follow immediately from Lemma II of Ref. 14
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where
a= 2/: P2(s")ds' (12)
b=2 OS p2(s')ds’ | (13)
h==—2 Os Ypds’ and (14)
A=ab—h. (15)

The functions ¢, p depend on the specific problem. The statistical properties of interest such
as (z?), (6%) do also. (The angle brackets denote averages over the distribution function.)
They are calculated from those of 7,{. In the next section, we will present the solution for
the specific case of a radiation damped accelerating channeled particle. Some other solutions

will be briefly described as well.

III. Solutions of the Fokker-Planck Equation

In this section, we will describe the solution of the Fokker-Planck equation, Eq. (1), including
radiation damping and acceleration. We are interested in the case in which the acceleration

dominates the energy loss, 8. The equation for p, Eq. (6) decouples and we have:

p(s)=as+¢. (16)

The remaining pair of equations are equivalent to the second order equation of motion,
d*z  dz  kx

miHET5=0 (17)

where
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This equation can be transformed into Whittaker’s equation. The solution basis we choose is

&

denoted'® Mg, /5(—3), W_g, /2(—3). These are linearly independent for £ > 0. The solution
of the system, Eqgs. (6)-(9), becomes:

z=s, x (18)
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Attention must be paid to the argument of —1, which we have taken to be . These
define the transformation (z,p,z,8) — (s,¢,7,¢) and the inverse. By taking moments of

these, we find the moments of & and 6 in terms of moments of ¢ and n. Thus,
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We can obtain explicit analytic expressions for these by noting that typically & > 1. The
large parameter asymptotic expansions of the Whittaker’s functions can be used. This is
essentially the WKB limit of Eq. (17). In more general situations, the asymptotic solution
of the differential equation would have to be constructed from scratch. Physically, this
reflects the fact that, even at the largest accelerating gradients one might contemplate,
the transverse motion in the channel well is adiabatic. The asymptotic expansions of the
Whittaker’s functions are inserted in Egs. (21)-(23) and in the integrals in Eqs. (12)-(14).
These integrals have been approximately evaluated in two cases: Brz < 1 and Brz > 1. The
evaluation of the integrals is outlined in an Appendix.

The results we have obtained for the mean square radius and mean square angle of

(1 + %) " 1} (28a)
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scattering are
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= 2kBraz ’  po > 1, (30¢)
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for the case frz < 1 and Brz > 1, respectively. The initial momentum is po. To the order of
approximation retained, the correlation, (z6), vaniéhes in both cases. The factor e##* which
appears in the results for frz < 1, has been displayed as it stands. One must be careful
to note that this does not imply these moments decay exponentially in z. The expressions

are only valid to O(Brz) and we are only entitled to retain terms to this order in the small

~argument expansion of the exponential; the exponential factor is really a “shorthand” for

(1 — Brz). This is underscored by the following observation: when a/Brpo < 1, o= can be
less than one in both of the cases frz < 1-and Brz > 1. Then, the moments in the two
cases pass continuously into each other for frz =~ 1 provided (1 — frz+ higher order terms)
— 1.

We see then, for small z, the mean-square radius and mean square angle of scatter increase
with z. This is understandable. The solution we have obtained is the Green’s function; the
solution for a delta function boundary state for both z and . In order for there to be
any radiative effects, the particles first must pick up some transverse energy by scattering.
The solution for an arbitrarily specified boundary distribution can be constructed from the
Green’s function in the usual way. However, we can, from our results, infer the behavior of
the statistical properties of such a distribution without doing this.

In considering the qualitative behavior of a channeled beam, it is helpful to consider two
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cases ﬁ:po <1 and ﬁ;m > 1. We refer to these as the radiation dominated and acceleration

dominated cases respectively. In either case, the injected beam is assumed to be sufficiently
cool that the rms angle of scatter is much smaller than 3., where 4, is the critical angle
for channeling.*® In our notation, %, = a, (%) i where a, is the effective channel size. In
the radiation dominated case, a very cold beam will heat until z ~ f5* when the rms angle
reaches its maximum (6?) = ﬂ?ﬁi' Equating this value of the rms angle to 1. defines a

critical initial momentum:
D

Pec= m . (32)
A beam whose initial momentum exceeds p, and whose rms angle is smaller than 1, will
propagate with little loss of flux by virtue of the radiation damping and acceleration. Here
the rms angle of scatter diminishes with distance faster than does 1, which is decreasing due
to the acceleration. Saturation is reached when the channeling radiation in a unit distance
carries off as much energy as the accelerating gradient is providing. The channeling radiation
rate is a strong function of the particle momentum,'” proportional to p?. Altogether, the con-
straints imposed on the radiation dominated regime are severe. For example, for positrons
in Si, using Eqs. (4)-(5) and (32), we find the critical initial momentum is approximately

250 GeV/c. At this energy, the particle radiates about 5% of its energy per centimeter. Ac-

celerating gradients which exceed this are inconsistent with the radiation dominated regime,

o

7ope < 1. However, it is important to recall that « is the net gradient. We have been con-

sidering' the situation in which the accelerating gradient dominates losses. We can consider
the case in which the accelerating gradient just balances the radiative energy loss, storage
“ring” fashion. Then a = 0 and Eqgs. (28)-(30) are valid in this limit. The results just reflect
the radiation dominated case we have been discussing. This is a steady state configuration
with the heating due to scattering balanced by the radiation damping and the energy loss
restored by the accelerating gradient. This might be interesting in applications to ~-ray

sources or QED effects in solids.!®

10



In the acceleration dominated case, the rms scattering angle i:r;itially increases with dis-
tance just as in the radiation dominated case. Here however, it can reach its extreme value
before the radiation has had time to cool the beam. This is further complicated by the
reduction in ¢, as the particle momentum increases during the acceleration. We would like
to get into the radiatively cooled regime before the rms angle of scatter exceeds 1,. From
Eq. (28a) and the definition of 1,, we have:

Y2 2alko 1
A T ey T

(33)

When = >1, this is a decreasing function of z and eventually all the beam particles will
dechannel. We will return to a discussion of this situation later. To obtain a criterion that
the particles do not appreciably dechannel before they enter the radiative regime, we put
z = Pz in Eq. (33) and equate it to unity. This defines a threshold initial momentum for a

given gradient, a:
1

pT:%[(H%%&)z—l]' 54

Because we also require for consistency e > 1, this implies Mb_{cg > 0.4. This sets
a lower bound on the accelerating gradient. When these conditions are satisfied, the beam
behavior essentially will be as in the radiation dominated case discussed earlier. Because of
the strong dependence of Sz on the particle mass, satisfying these conditions for particles
heavier than the electron is beyond contemplation; for muons, for example, the threshold
momentum is approximately 8 PeV/c.

For heavy parficles, the radiation damping is negligible. If Sz = 0 in Eq. (29), we recover
results obtained previously by direct calculation.’® (The solution can be expressed in terms
of Bessel functions.) In this case, for 2z > 1, we have

(0%) _
V2 2kala

(cez/po)** . (35)
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This scaling is more pessimistic than that of Ref. 3. As az in this approximation is the final
momentum, this defines a maximum momentum in terms of the accelerating gradient and

channel properties:

Po D

Evaluating this for protons at an initial momentum of 20 Tev/c, an accelerating gradient of

a2y \ 2
Pmax _ (2;”“6‘3‘) . (36)

100 GeV/cm and with £ ~ 3ev/ A2, a reasonable value for a proper-channeled particle, we
have py ~ 2000 TeV/c. It would take about 200 m of crystal to do this. -

Insofar as the mean-square radius, Eq. (27) and Eq. (29), is concerned, when its value
becomes comparable to or greater than the radius at which the channel potential deviates
significantly from a harmonic well, the theory is, strictly speaking, no longer valid. However,
as the radius of a proper-channeled particle increases due to scattering, it remains channeled
until its RMS angle exceeds v, although it may have crossed into an adjacent channel \/Z:;‘:T) >
ac. Therefore, it might be expected that the expressions we have obtained for the mean-
square scattering angle are relatively insensitive to the channeling potential shape. There is
some evidence to support this contention. If we put fr = 0 in Eq. (29) and take E=0as
well, we obtain the mean-square scattering angle in the case of no acceleration but energy
ioss consistent with that for a relativistic heavy particle. We find for 15 GeV/c protons
channeling in 4mm of Ge, an RMS angle of about 0.03 mrad. This is smaller than observed
values of about 0.1 mrad.?® The discrepancy may be due to the neglect of nuclear scattering.
The data on the scattering under channeling conditions in cooled crystals in Ref. 20 appear
to support this. For heavy particles in strong gradients such that az/po > 1, this issue is not
significant. From Eq. (28), we find, for the case considered earlier of 20 TeV/c protons, the

final RMS radius of 4A. This result is consistent with the assumptions made in the theory.
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IV. Summary and Conclusions

In this paper, we have developed a Fokker-Planck transport model of particle transport in
a generic crystal accelerator. The principal motivation was to determine if the channeling
radiation damping might be suffieient to overcome the multiple scattering under the condition
of particle acceleration in analogy with the radiative cooling in conventional accelerators or
ionization cooling schemes.?! For light particles the cooling can occur but a radiation barrier is
soon reached. Nevertheless, there may be some interesting applications. For heavy particles,
the radiation is not important and the transport does not appear to be a problem to energies
of perhaps 2000 TeV although substantial crystal accelerating gradients are required. The
results are a consequence of the strong multiple scattering and the stringent requirements
on the beam emittance imposed by the channeling. Reducing the multiple scattering relaxes
constraints; in particular, the accelerating gradient can be reduced proportionally. To this
end, we have been considering the properties of some novel materials in order to access their
potential in this application. One of these, porous Si, appears promising but presently little is
known about its properties as they pertain to particle channeling. Researéh to address some
of these issues is in progress.?? Should these prove to be satisfactorily channel particles, they
may also be of interest in the problem of the production of stimulated channeling radiation as
well. Here it has been demonstrated theoretically that channels with radii somewhat larger
than the naturally occurring ones are advantageous.

Lastly, we observe that the theory can be extended in a straightforward way to treat the
problem of particle transport in curved crystal channeling.”® We will present our results for

this in a subsequent paper.
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Appendix

It is straightforward to show that all of the integrals appearing in a,b and & can be obtained

as a linear combination of

s1 duetettiviu
I:E = '/s‘o ———u3/2
S0 = Brz/po and

s1 = PBr/a(az + po) .

We want to evaluate this in two limits: frz < 1 and Brz > 1.

For Brz > 1, we change variables and then integrate by parts:

2
Iy = 41 /m dwe™
=4 —=

wo (w + 2\/?)2

- w d 1
= 4ie* e ( ) e dw

wo dw w4+ 2\/Z7

where

Wo = %/S0 F Wk and

wy = i,/57 F2VE .
So

I 4 4,;[ P +2/W1 P

= -4 | ———= we
* w2V |y, e

= (w1 dwe v’
+o/E /w = \/Z}

(A1)
(A.2)

(A.3)

(A9)

(A.5)

(A.6)

(A7)

(A.8)

The second term is the difference of two error functions and its asymptotic expansion is
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known. To evaluate the last integral, rewrite the integrand:

2

e 1 de™v
w+2vVE  2w(w +2VE) dw

Then integrate by parts and repeat this procedure. In this way, a pair of asymptotic expan-

2

(A.9)

sions of the form

- (F2VE +iy/51)?
s (al + = ) (A.10)
Ve ETET
and
—(F2VE +iy/31)?
- (ﬁ+@+---) (A.11)
1k 81 89

are obtained. Because of the exponential factor and fSrz > 1, the contribution from the

upper endpoint is dominant. We have

. 4% L L .
Iy ~ —4ie** exp — (4L + 4\/E_ 31) {z\/_ NoET ARNCE) Fi/2 \/51/7:}
2vVEke? exp — <4k - 4\/E; - 51)

T (A.12)

+

The lowest order terms cancel and the surviving dominant contribution gives
\
:|:4 -|-81

2\/?81

The next order terms are smaller by 1/s;,/4k which is just the small parameter in the expan-

Iy = (A.13)

sion of the Whittaker’s function. Thus to proceed to higher order would require the inclusion
of the higher order terms of the asymptotic expansion of the Whittaker’s function.

For small Brz, two integrals must be evaluated:

Brpo/a+Brz Jye¥ ,
I :/ el Z—Zei‘l’m and (A.1)
Brpo/a U

Brpo [a+Brz %
I= [ e (A.13)

Brpo /e u/?
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— Prm/a /"R” du(l 4 u+u?/2+ )
0

u3/?

(A.14)

1/2
r 2ePrPo/e ( = ) 1- -—1-3 : (A.15)
Brpo (1 + %) Y _
Po

Similarly
- 3/2
Br/o w

— 9¢Prpofa [V Prpo/o(1+5) dy et4Vky
\/Brro/a y?

Writing y? = —d—;y& and integrating by parts, we have

1/2 +4i, [k Brpo/a(1+£2)
@ ) Brmofa | Edin/EBrpo/a _ &

Brpo 1+ az/po

El(ﬂ:4i k Brpo —El(ﬂz' @(H%)
\ o 84 Po

\

(A.16)

(A.17)

I:tﬁz(

+ 8iV/k ePrmo /> , (A18)

where Ey is the exponential integral. For all cases of interest M‘fﬂ = -]Z;f > 1, so these can

be expanded further:

I ~ o N VR Saro/alitas/r) . (A.19)
16V Brpo (1 + az/po)

19



