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Abstract

It is shown that for trapped particle modes in tandem mirrors, the pressure of the passing

particles in the anchor region introduces a stabilizing term proportional to the sum of the

anchor’s field line curvature and total diamagnetic pressure. The theory is applied to the

proposed gas dynamic trap experiment.

Trapped particle modes in tokamaks® and tandem mirrors? arise from “electro-
static” perturbations that are localized to the region of unfavorable curvature. At low
beta, these electrostatic modes do not prdduce any significant line bending, so that the iﬁ—
stability can be driven by the unfavorable curvature. In tandem mirrors® and other mirror
machine variants such as the gas dynamic trap,*5 this instability can have growth rates
that are on MHD time scales if there is a sufficiently small number of confined particles
sampling both the good and bad curvature regions (these are called the passing particles).
If there are a different fraction of positively and negatively charged passing particles, then
with a large enough fraction of passing particles the trapped particle modes can be sta-
bilized by a charge uncovering mechanism. 2 However, this mechanism is somewhat fragile
as the system is still susceptible to dissipative instabilities® or the removal of the charge

‘uncovering mechanism at short wavelengths due to: (1) the ion finite Larmor radius charge
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uncovering mechanism cancelling the eléctrons’ axial charge uncovering mechanism;* (2)
the bounce frequency of ions in the stabilizing anchor region being less than the wave
frequency.”

In this note we point out that it is in principle possible to stabilize a trapped
particle mode with strong anchor stabilization. The mechanism of stabilization arises from
the observation that the trapped particle mode’s drive for destabilization is proportional
to a Weighted average of the drifts of both passing particles and particles trapped in the
center cell. Past analyses tended to ignore the contribution to the instability drive from
the passing particles as it was assumed that the passing particle partial pressure was too
small to make a significant contribution té the term proportional to the curvature drive.
However, with proper design, the passing term can be important, especially if one takeé

advantage of the following aspects:

(1) The unfavorable curvature drive from the tra.pped particles can be made propor-
tional to P e/ LcB. where P, is the central-cell pressure (sum of perpendlcular plus
parallel pressure) and L. length of the central cell, and B, the typical magnetlc
field of the central cell, while the favorable passing particle contribution at low
beta is proportional to fP./L 4B, where fP, is the partial pressure contribution

of the passing particles in the anchor region, L4 the length of the anchor and

B4 the typical magnetic field in the anchor. Thus, for f > ijB; one achieves a
robust stabilization of trapped particle modes.

(2) With a strongly stabilized anchor region, the contribution of the passing parti-
cles to the curvature drive will also include a stabilizing diamagnetic contz{ibution
due to the enhancement of grad—B particle drifts arising from the pressure gradi-
ent. Thus, if the stable anchor region contains a plasma at finite beta, Ba, the
stabilizing contribution of the passing pai‘ticles will be proportional to:

IR 4 f1BaLa
BA LA frp_A
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where 7, 4 is the plasma radius in the anchor and fLP, is the partial perpendicular
pressure of passing particles in the anchor.
As high beta MHD anchor regions can be readily established, it would appear that
-tandem mirrors can be designed to.'be free of trapped particle modes. Similar stability
considerations apply to the gas dynamic trap although the contribution from £, in this
- case does not appear to be significant.
In the remainder of this note we will justify the above statements and apply our
theory in detail to the gas dynamic trap. |
We now consider a response to an eigenfunction that does not induce any bending
energy. If the anchor region is strongly stabilizing, the mode amplitude in the anchdr
region will be very small compared to the a.mpli;;ude in the central-cell régidn, and the
response is flute-like. If the central cell’s axial length is much larger than the anchor’s
axial length, and wry < 1, Wlth w the wave frequency and 74 a passing particle’s transit
time through the anchor region, then the quadratic form governing the response of the

system (neglecting'bending energy and magnetic compressibility) is given by,”-3

/ / ds Pk ¢2 D(P, + Py + nzmzv“)
Da
N EANT
2 l2p2 | Y [ @
+ n;m;w* [7“B (Da (B)) + B2,
- D[4 2
a7, 4p2y = | ¥ 2
+n;m;A [r*B (Da (’I‘B)) + (€% — }

_ZS;;?/da gz‘sz/dedp, (w%. : aF)/ (w wd(T))

+O(x*r*) =0 A ‘ | (1)

where we have taken the perturbation to be finite only in the azimuthally symmetric
regions of the plasma (|s| < L.) so that we are justified in considering eigenfunctions of

the form ¢ $(a) exp(i£f) where £ is the mode number and  the azimuthally angles, the
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field line curvature is then only in the Vo direction and in the paraxial approximation it
is given by & = d’r/ds?, the magnetic field B is given by B = Va x V8 so that « is
the magnetic flux with da = Brdr (at low beta=B(s)r?/ 2), s is the distance aldng a field

line, n; = { d®vF; is the density of species 7 and Fj the equilibrium distribution function,

1 _ 092
g; the charge, ¢ = Emj'uﬁ + pB(s, ) + ¢;®(s, a) is the particle energy, p = mgi is the
g d .
magnetic moment, 7(s) = / (’U||(€+S)) Te = 7(Lc), 7 = 7(Lp) with vy, L) = 0
M ’ :

(note that the kinetic term only includes those particles whose turning point L, is greater

than Lc),
_ OB N mjvﬁfn -
W = g; Oo g;Br =WB T Wk
8B kB 1DP, . P—P
%" BDa » 1@

1 and || refer to perpendicular and parallel the magnetic field,

—fw D(P;B) £ 1DBDH;

A=
n;Bg; Da o 2n;q? B Da Da

— 3”J_ ﬂ_ .
m/ —F;, Da_Va V.

The validity of Eq. (1) requires L4 /L. < 1 and wgg > wg, Where wga and wy, are wy in
the anchor and central-cell regions respectively. The inclusion of wg4 in the kinetic term
of Eq. (1) gives rise to the principal new effect of this paper.

For 51mphc1ty we have neglected a finite bending energy term d.lscussed in Ref. 8.
We have 1ncluded a someWhat unconventlonal term in the curvature that.is due to the
addltlonal momentum flux arising from the axial outflow of the plasma.? This term is
essential for establishing flute stability of the gas dynamic trap. Note that the integral in
the kinetic term in Eq. (1) only includes those passing _particles species that are confined.

We now analyze Eq. (1) for the stability of the £ = 1 displacement-like mode at
low beta (hence a%%Brz) in the paraxial limit (kr < 1). For systems with very long
central cells, the higher /-modes are assumed FLR. stabilized, although more detailed of

the higher £-modes may also be appropriate.
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In order to annihilate the response of the large FLR term, the perturbed eigen-
function in the central cell is taken to have the form ¢ « o!/2. After some manipulation of

terms with the assumption that x/r is independent of o, the dispersion relation becomes

/0°° da { l;/—[; % [—; (2Pc + nmzﬁﬁ) + n;miwz]J

2. 2.2 2

Lmax w I .
T q;T
+2 E / ds {—#npsj -+ —]B—-—wnpsj :

k  12DP,; DP 4 |
. TP A g 2
B?2r 2 Da Da J} 2)

where P, is the central-cell pressure (where P, = By), npsjs Plps;, Bps; are for passing |

particles of species j; the density, the partial perpendicular pressure and the partial parallel
pressure, all in the anchor region and Ly, represents the overall effective half-length
of the system. We _observe that we have the usual curvature drive in the centfél cell
weighted by the central-cell pressure, as well as the stabilizing contribution from the anchor
region, which includes both the favorable curvature from that regioﬁ and the favorable
diamagnetic well contribution from the pressure stored in the anchor. Because there is
favorable curvature in the anchor region, one can support a local beta comparable to unity

there and/or have a large favorable curvature there by providing a short anchor length.

Thus, although the partial pressure of the passing particle is small, there is a possibility

that the total favorable weighting from the anchor, surpasses the unfavorable weighting

from the central cell. We can rewrite Eq. (2) as,

W (1+ Q) — wwsAQ + Wmpo — Mmpa = 0 (3)

Lmax d3q2 e}
_ 3
9=l J 51 | d“"f”“/ &

where

(-

) fZ';: Lmax ds s
UJ*ZAQ =4 Z q;5 T . E A domps K
i UL
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FYIV.[HDC = / da/ ) dSK’ 2P + nlm,'U” /K
4 1 [ Lmax gpe :
Ovmpa 7dE 22 A do . B2, (PJ-psj + Pllpsj)
. ] . c
Ly co
max daa DP,,; D
2 d Lk P

* ;/L 5_/0 B Da Da “‘J

K = / ds / nﬁnZ

Stability is then always guaranteed if Q%pmna > Yepme. The precise stability

condition is

wi; > 4(YumEme — le\/lHDA) AQ?

Now let us apply this trapped particle mode theory to the gas dynamic trap _

experiment being planned.* The gas dynamic trap is a symmetric mirror machine that is
stabilized by momentum flux arising from the outflow of the plasma. A schematic diagram
of the experiment is shown in Fig. 1 and planned plasma parameters is shown in Table
1. There is a long centrél cell of length L., shaped in such a manner as to minimize the
unfavorable curvature drive. At the ends there is a high mirror ratio, R, (e.g., ~ 80 as
in Table 1). The collisionality of the plasma is such that v; > vy In R/L.R, where v; is
the ion collision time, and vy; the ion thermal speed. In such a range of collisionality, the
plasma distribution will be ﬁear a Maxwellian in the central cell, with the density nearly
constant until one approaches the mirror throat. In the throat region the plasma escapes

with an outward particle flux given by

ZLﬂ:const . . ‘ (5)

" B
At the mirror throat the ions have an exit velocity comparable to their thermal

speed. The dénsity is somewhat reduced from the central-cell density by roughly a factor

of two. Beyond the throat all the ions are lost, but most of the electrons are reflected
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by an ambipolar potential that is present to maintain charge neutrality. These reflected
electrons, which have primarily parallel pressure (the perpendicular motion is converted
to parallel motion by the expanding magnetic field), will play the role of passing particles
in the trapped particle theory. |

As the magnetic field expands, the ion thermal speed reaches an exit speed =
3vthi at L=Lmax.'® Over most of the expander this exit speed has only a small variation
compared with the change of density and 'mé,glietic field Whjch vary nearly together to
maintain the equality of Eq. (5). At the end of the expander, the magnetic field is at a

low value, and the major contribution to the stabilizing term is,

e *® dsk ~ D : |
Eﬂow:/O do ﬁQSD nzmlv” v | L (6)

In the detailed design for the gas dynamic trap based on the figures in Table 1, the

contribution from Lg.,, stabilizes the flute mode, whose eigenmode structure is qg = ¢gpal/?

and is independent of s. For the parameters in Table 1, it is larger than the destabilizing

Lammr = - / / ds“¢2 [P+R) (")

by roughly a factor of three. Ballooning mode analysis of this conﬁguratlon predicts a

flute contribution,

large central MHD critical beta limit, ~ 0.5. 1

In the trapped particle theory, where there is zero perturbatioh in the end-cells,
the direct ion momentum term does not contribute as the flowing ions _do. not return to the
central cell. However, the electron pressure term does produce a stabilizing contribution to
the dispersion relation. As ?7ﬁ ~ 1003, Plpse & Onzmzv”, and for the parameters shown

in Table 1, one finds that
(%) L
max dSli .
Lanchor = —2¢0/ do‘/ Ez_Pllpse ~ 1Laow ~ .3LNVHDF- (8)
o . JIL. T

At low beta, the quantity £.nd,0r is the additional stabilizing term that enters trapped par-

ticle mode theory. For the present désign of the gas dynamic trap experiment £, cmor does
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not appear large enough to guarantee robust stability to the trapped particle interchange
mode. However, if one can modify the design by making the ratio of expander length to cen-
tral cell smaller by a factor of three, or lower the mirror ratio (roughly Eancho;' & 1/Buax)
to 25, one can obtain robust stability to the curvature driven trapped particle mode. Even
if the robust stabilization condition (Ql%/LHD A > Ympc) is not satisfied, stability can still
be achieved by satisfying Eq. (4). For the gas dynamic trap, AQ /Q = —1, and we choose
T. = T; = 150eV, and the scale lengths given in Table 1. Then |

Nps 2Lez 1 7’
np L RaH

~1

Q=

2L,

where np, /ng = 1/2, =3.6/7 = .5, rp=1lcm. is the plasma ré,dius, where ay is the

c

ion Larmor radius in a 2kg central-cell magnetic field, and ng the central-cell density. We

estimate Yepmo/w2, as

2ipe 20 2 x (.11 |
Mo, 2 2x( )_32:1.7?><10—1.
w3,  LZa%  T2-(6x10°9)

Consequently, from Eq. (4) the stability condition for the base case is satisfied but close

to mafginal stability.

MMG—Q?V‘HDA) (HQ)N 68( >2m.9<1.
3

wg; ’71%41-11)0 AQ? 1
We now consider the stability criterion, as the parameters 7 = T, Bczo (Beo is the nominal -
[+

central-cell magnetic field of 2kg and B, is a variable central-cell magnetic field) and R

are varied. In terms of these parameters we have

150
%‘M’C = 1.7 % 10— (
w*z T

Q=_AQ:(150>%

ﬂfva _ 3 <_8_0_> _
’YMHDO R
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Then, using the same scale parameters as before, the stability condition becomes,

80
1.5
80 (R)
15 S CLVA
T O(R> 1_25/rR |

where the units of 7 is in electron volts. Without the anchor stabilization term (the term.
“25/R”) stability requires for R=80, 7 < 75eV, while with this term 7 < 177eV is prechcted
for stability. Thus there is a substantial increase in the region predicted to be stable. In
Table II we list the threshold of the normalized temperature for the onset of the trapped
particlg mode, as a function of the mirror ratio R. Observe, that the stable regime widens
quite significantly at lower mirror ratios. |

- In summary this study shows that the stability for the curvature driven trapped
part1cle mode is close to the planned expenmental parameters. By a suitable variation
of parameters it may be possible to 1dentify the trapped particle mode and to determine
whether a more quiescent plasma is obtained as :ﬁhe f.ridpped‘ particle stabilization conditions
are more strongly fulfilled. More generally, we have shown that it is in principle possible
to stabiiize trapped particle modes in a robust manner in tandem mirrors, and it ﬁay be

worthwhile to attempt to design configurations to satisfy the condition B rma > Yrmo-
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Table I

PARAMETERS OF THE EXPERIMENT

Initial plasma density
Temperatufe of heated pla‘sma
Mirror-to-mirror length
Plasma radius

Expander length

Mirror field

Mirror ratio

Injection eneféy: -

Trapped injection current
Durétion oi" “thé irﬁéctiéﬁ pulsé
Density decay time

Plasma £ in the solenoid

11

4% 108cm=3

150 eV
7Tm
11 cm
1.8m
o7
80
20 keV

250 A

0.25 ms

10%
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Table I

STABLE “TEMPERATURE” RANGE FOR GIVEN MIRROR RATIO

Mirror Ratio R
100

90

80

70

60

50\

40

30

25

Maximum Stable “Temperature” (eV)
T > 72

T >112

> 17T

7> 285
T > 486
7> 912

T > 2100

> 9200

No Instability |
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Figure Caption

Schematic figure of gas dynamic trap. 4Top figure is the radial and axial shape of the
plasma flux tube. Bottom figure is the variation of magnetic field along the axis. Central
region has a half-length of L., an expander iength of Ly, and a mjdpléne magnetic field
value of B,y and a peak magnetic field of RB,q. | |
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