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Abstract

When resonant magnetic perturbations are imposed on a toroidally confined plasma, mag-
netic stochasticity can arise. It is shown that the transport of electrons in the stochasticity
can lead to self-consistent magnetic fields which greatly reduce, or heal, the stochasticity in
steady state. These currents occur if there i\s another plasma transport pfocess operating
in which the radial fluxes of electrons and ions are not automatically equal. The:healing

effect can be quite strong in stellarator plasma confinement devices for fusion applications.




Stochasticity and islands are important in many physical systems. In plasma physics,
magnetic islands and stochastic behavior of the magnetic field can greatly increase the
plasma transport.! To diffuse radially, electrons travel rapidly along the stochastic field
. lines. ‘Parallel currents which can result from this parallel motion have been neglected in
_ previous treatments.? Here we-show that the resonant magnetic fields causing the stochas-
.ticity can be substantially modified by these currents. The stochasticity can be greatly
reduced, or “healed”, for a particularly simple case of interest: when the magnetic fields
are time independent. This situation occurs in stellarator-é, where the stochasfi(:ity arises
from external field coils® and equilibrium Pfirsch-Schliiter currents.*?

A radial electron particle flux occurs in steady st-éfe only if there is anothéi' plasma
transport process operating such that the electron and ion fluxes are not automatically
equal (e.g., neoclassical transport in non-axisymmetric configurations®). Thus, the steady
state has balancing charge losses from e.g., neoclassical processes, and parallel.electron
motion. We will show that healing of resonant magnetic perturbations occurs for neoclas-
sical transport rates of interest for fusion applications in stellarator confinement devices.
Also, it occurs for neoclassical transport rates much smaller than would arise from electron
motion in the unhealed magnetic fields.

This healing is akin to dielectric shielding. When an external field is applied to a
dielectric medium with a large susceptibility, the induced charges in the medium shield
out the external field. The particle transport of electrohs by parallel motion in a stochastic
field gives it a large magnetic susceptibility to resonant magnetic perturbations. |

The stability of a healed stochastic steady state is not considered here. We expect that
magnetfc perturbations away from the steady state will decay if the tearing mode stability
parameter,” A’, is sufficiently negative. This is indicated by previous analysis of tearing
mode stability in a stochastic field,®%1° although these are not strictly applicable since
- they neglect the self-consistent effects like those described here. The possibility that modes
~ with A’ >.0 may be nonlinearly stabilized in some circumstances is under investigation.

The origin of the self-consistent parallel currents is most easily visualized in the casé
of partially overlapping islands (élthough our quantitative results are for the strongly

overlapping limit). First consider Fig. 1(a), which shows a surface of section of an island,
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including a contour of constant radius. Note that the magnetic field points downward
though the contour on the right side of the island, and upward on the left. Now consider
an island surrounded by a stochastic region due to nearby islands of different heliéity,
Fig. 1(b).. The magnetic field direction through the plane now ﬁuctuatés, but on average it
is -still»downward-on-the right and:-upward on the left.. Consider. electrons moving parallel
to the field. If thére is a net radial flux of electrons downward through the cohtour; there
must be a higher electron density on the right than on the left. However, for electrons
traveling a.ntif)arallel to the field, a downward flux implies a higher density on the left.
Thus equal radial fluxes of electrons with both directions implies a net current on the right
and opposite current on the left. These currents have the same helicity as the island and
so produce a similar magnetic perturbation. _ |

Such a radial electron flux arises in steady state if there is another charge loés process
which operates perpendicular to field lines, rather than parallel to ﬁéld lines. For example,
particles which are mirror trapped by variations of the niagnetic ﬁéld strength can trans-
port across field lines by magnetic drifts in a non-axisymmetric gec‘;)me’cry.6 Note that the
radial transport of such trapped particles does not itself produce ;large parallel currents
along field lines, unlike the case of electron transport in stochasti;: fields, where parallel
motion is intrinsic to the transport. |

We now estimate the size of the self-consistent currents for the case of signiﬁcaﬁtly
overlapping islands. Consider for simplicity a sheared slab geom;etry periodic in y and
z, and where z plays the role ofl the radial direction. Initially there is a magnetic. field
By = By [2 + (z / Ls) g}] . Externally produced, time independent ;esonant magnetic per-
turbations 6B.yx; are then imposed, which, along with the plasma jresponse 6Bing, result
in stochésticity. Label their Fourier harmonics in the y and z directi;on by the wavenumber
k = ky§ + k.2. The total magnetic field By + 6B has a slight tiltjin the radial direction
. duetoz-6B =%-6Bijng + % - 6Beyt. An individual pérticle with barallel Velocity v|| has
a radial velocity vz - 6B/B, where B = |By|. The average radial electron current from
stochastic motion is thérefofe | '
(4z) = (672 - 6B/B) - (1)

where 63 is the parallel electron current, and the average is over a surface of constant
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radius, and over the statistics of the fluctuations.

Breaking Eq. (1) into the various helicities, we have
oy =Y (657" 5Bk/B> (2)
k .

We now heuristically estimate the importance of self-consistency effects. The motion of a
single particle is only correlated with a given harmonic near its respective rational surface;
call the correlation distance Az.. Thus at d given radius, only terms from nearby rational
surfaces contribute. Deﬁoté the tYpical spacinig between rational surfaces as A; then Eq. (2)

is roﬁghly .
Az, 2

<J'a:> B ~ 5Bk5.7” . ‘ (3)

Thus the magnitude of § jl’]“ is

A B
5.7” ~ Jz_‘—‘w-’ (4)

The induced radial magnetic perturbation Z - 6Bf ; can be simply computed using the
“constant ¢”7 approximation of tearing mode theory. If Az ki < 1, where k is the
wavenumber perpendicular to By, (kyG + k22) x Bo| / By, then
Al 4m ' :
5B1nd 7r dxj” ~ '—6‘]” A:Cc (5)
kL
where A’ is the tearing mode stability parameter. Typlcally —A' / k. is somewhat greater

than one.
Self-consiétency is important when 6 Bjyg ~ 5Bext. This gives the criterion

A k .
£-6BE .\ [(2-6B < 4_7I‘<j$>}\k_l. | (6)
B B ¢c B A ,

Note that Az, canceled out of this result. We will see that healing necessarily occurs

for ‘
5Bext < 4m (jz> Ak ()
B s ¢c B A"

_ but-is also possible for larger §Bext, since £ - §B can be smaller than 2 - §Bext in Eq. (6)
- due to the healing effect.
The electron (7,) is the same size as the ion (J,) in steady state. For neoclassical

transport in stellarators, the latter can be estimated from the global particle confinement
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time, 7,, by j; ~ ern / Tp, with r the plasma radius and » the particle density. For typical
fusion reactor plasma parameters, r ~ 2m, B ~ 57, and n can be derived from 8 =
8rnT / B? = 1, with temperature T = 10keV. We estimate 7p from the Lawson criterion

nry = 2 X 102% sec /m3, and take A-~ r/4, which is crudely true for low mode number

perturbations.” From Eq. (7), £ : 6Bext / B ~ 10~2, which can give very large overlapping

islands and stochas’uc tra.nsport

We now give a more quantitative analysis of stochastic healing when the stochastlc
electron transport can be described using quasi-linear theory. Electrons can be described
with the drift-kinetic equation. We neglect variations in the magnetic field strength for
simplicity, so the velocity space can be parameterized by the parallel and perpendicular

velocity v and v, . The distribution function f obeys

of o @®

d .
Ef (x,v”,v_L,t) +vb-Vf+ —b E—a—v—“- =0

where b is a unit vector in the direction of the magnetic field, and E is the electric field;
note that the E x B drift usually present in Eq. (8) is not important in what follows.
All quantities g are split into parts averaged over a flux surface (g) and fluctuating

parts 6g. Fluctuating quantities are Fourier analyzed in y and z

8 8 674y _, 06 fF B
5 )+ 35, Zk: (v b7 *6 1) Z <6E o, > 0, (9)
35f k 3 ’ ¢ 9 (f) ,

+ Higher Order Nonlinear Terms = 0,

where we take 6 E|| = 6b; (E;). The second term in Eq. (9) is the divergence of the radial

particle flux from stochasticity (the third term is usually very small).

For eteady state stochastic fields in the quasilinear limit, the higher order nonlinear
terms may be replaced by a diffusion operator,? D9? / 0z2. We take Az, to be thin so that
6b, and average quantities can be treated as spatially constant. We then Fourier analyze
Eq. (10) in z, resulting in a first order ordinary differential 'eqﬁation in the transform
variable. Standard techniques show that |

2T

7I'me

Ls
ky

/d:z:dvv”&f = —7bb,

dn  n dT ne(E;) _
(E T T T ) | (1)
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and Az, = (LyD / kyv e) . Note that Eq. (11) is independent of D, for roughly the same
reason that f dzby) was independent of Az, in the heuristic argument.

Let us assume that all the resonant § B* have nearly the same amplitude and ky. To
find. the. particle flux from the spatially overlapping resonance:regions, we space average

over a distance L > Az, and use Eq. (11),

r=- de/ v 6b7 kaf’“>dv_Dn<1d”+ig+ﬂﬂ> (12)

ﬁ dr 2T dz T
with _
2T \ /2 §B*|?* 1
D = —_— —. 13
. <7rme) LB kX (13)

Equations (11)- (12) agree with previous results;® 11 note that the electron flux vanishes

for a particular radial electric field, corresponding to a positive plasma potential. Thus

' n
I, =~ 1)H (1-E,/E) |

where L is a perpendicular gradient scale length, and Ey is the value of the radial electric

field for which I, = 0.

The induced magnetic perturbation 5Bmd caused by this transport can be computed

from Egs. (5) and (10)

5;-5_B{§1d=mo'(1—Er/Eo)ﬁ-5B’° S (14)

where
Ko = 47mn —zﬂeLs/cBLLA'. ' (15)
me :

Thus, 6Bjpnq is related to the stochastic electron particle flux. For parameters of interest

in fusion research kg ~ 102. Since 6B = 6Bex; + 6Bina, we have

5Bk = 3. 5Bext/ [1 + iKo <1 - i—o)} | | | (16)

Thus as the‘particle flux increases, 6 B decreases due to the induced parallel currents. Since
D depends on 6B, Egs. (11)-(12) become |

1- E,/E o
gsz <$ 5Bext> / 0 (17)

I~ .
B 1+x2(1-E,/Bo)”

Me
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A graph of this appears in Fig. 2. Near E, = Ej, I, is an increasing function of E,, until
1—-E, / E~1 / Koj; then I'. decreases due to the healing.

In steady state, I, = J, / e = I',, where J, is the charge flux from all other non-
~.intrinsically ambipolar processes (e.g., non-axisymmetric neoclassical transport). Without
_such a process, I, = 0, which implies E, = FEqy; and-thus no hea‘ling.» Consider the case

when various amounts of I',, are present, as shown in Fig. 2. We suppose that I, = 0 when
E, = E,, and generally E, # Ej; in fact they usually have different signs. For small I,
labeled I'! in Fig. 2 ,there are three roots of I, = I',; only the two near E,, and Ey are
stable (stable here means that if E, is perturbed away from the root, the resulting charge
flux causes E, to relax back). The root near E, has substantial healing, and the one near
Ey has negligible healing. For sufficiently large values of I',, such as I'? in Fig. 2, only the

Toot with healing is present. The criterion for this situation is in fact equivalent to Eq. (7).

Note that since ko is large, a non-ambipolar transport mechanism much weaker than that -

which would arise from the unhealed magnetic stochasticity can cause the latter to heal.
Also, note that even for less transport than that given by Eq. (7) , one root (the one near
En) has healing; this corresponds with Eq. (6) when 6B < 6 Bext:

Note that for extremely strong healing, xo (1 — EO/E,) >'1 / A’ Az, the constant
¢ approximation may break down. Then the ﬁnal amount of healing may be less than
| predicted by Eq. (15), though it is still substantial.

The main assumption in the above is that the islands overlap. However, the resonant

perturbationis may begin with non-overlapping islands, or Eq. (16) may imply this (and

thus exceed its range of Validity). Thus, we now examine the non-overlapping, single
helicity limit. ' |

Self-consistent éurrents arise in a manner similar to the partially overlapping case.
Electrons flow across flux surfaces by some non-intrinsically ambipolar process until they
- reach the region near the island separatrix. If the transport along field lines is very rapid,
. they cross the island by-parallel motion along lines near the separatrix, producing parallel
currents. We again assume slab geometry, and here consider perturbations independent
of z. The total current ,pa,ésing through the radial contour in Fig. 1 by flow along the

separatrix is IyB / B, where I is the total current along the separatrix, and B is the
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magnetic field perpendicular to 2, By = = Bo§+ 6B. If the current entering from the top
L, .

of Fig. 1 is I, , we have
B,
5 =

This.allows us to estimate the size of the induced magnetic field using the “constant ”

I I;. ' (18)

~approximation. There is ohe diﬂicﬁlty with this; B varies along the separatrix, and
vanishes near the z-point. Thus there are current spikes there. If the island is left-right
symmetric, howevber, the current spike to the left of the z-point has the opposite sign to
that from the nearby spike just to the right. The magnetic field from this current dipole
can be shown to be of the same size as that caused by currents from the region away from
the z-point, where B ~ _BoAa:I/Lz, with Az,— the island width, Az? ~ LS:E . 5B/Bky.
Parity considerations show that the induced field is 90° out of phase with the total field
causing the island, so we have '

Z-6Bing _

_ 0y 8:6B Ly anliky
5 |

9
zI.’%oéBl Az; c¢BrA’ (19)

where C is a numerical factor of order unity, which could be obtained by exactly solving
the equations for the parallel current.

'The equation £ - (6B — §Bipg = 6B.yx;) can now be manipulated into the form

£-6B\* LI (el 2(ky\*  [%6Bexs\’ o)
B A:c? crB A B )
Using the expression for island width in terms of -6 B, one can show that this equation ha;s.

~ solution only for (I”kL/cBrA') VLsky < 1; this corresponds to 6Biyq S 6Bexs. When

I, exceeds this, there is no steady state solution with an island width large enough for

Eq. (18) to be valid. - Then equilibrium is lost and the resonant magnetic field evolves
in time, so that additional parallel currents are produced by an inductive magnetic field.
Numerical calculations are in progress with a model incor_por#ting the above. effects as
well as an inductive ﬁéld. Preliminafy results indicate that in the single‘ helicity case the
. island.simultaneously rotates and decays, eventually reaching a small amplitude. Results
for more éxtensive'parameter scans will be report‘ea in detail in the future, both for the
above single helicity case, and for the multiple helicity case with marginally overlapping

islands.
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Figure Captions

Fig. 1(a) Cross-section of magnetic island, the main component of B is out of the page.
Fig. 1(b) Magnetic island with some stochasticity.
Fig. 2 - - Radial particle fluxes from stochasticity I, and other processes I',, versus

.-radial electric field.

11




I IR

cev s

P OIS I )

P ST NN N )




t

A

VoL

2 S T




