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Abstract

A theory of magnetic fluctuation,dyn&mics) the'dynamo
mechanism, and ahqmalous therhal transport in the Reversed
Field Pinéh ié presénted.A Nonlinear generation of and
coupling to m22 modeé is advanced as an ﬁ:lAtearing modgs
sustain the magnetic configuration and stébilize themselves by
lowering the safety factor on axis (é(O))_are elucidated. The
nonliﬁeaf dynamics of resistive interchange ﬁodes is
discusséd. Stbchastic magnetic field transport arguments are
used to estimate anomalous thermal conductivity and

confinement scalings.
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1. INTRODUCTION

Recently,_resulté from several Reversed Field Pinch (RFP)
experiments have shed light on the structure of the observed
magnetic fluctuations[l'zvs], their role in dynamo
activity[4], and, in at least one case[l], their relation to
anomalous thermal transport. It is widely Believed that
resistive tearing and interchange instabilities drive the
magnetic fluctuations. Thus, a theory of the nonlinear
evolution of interacting tearing modes is required for an
understahding of RFP operation. Imn this paper, the results of
several theoretical and computationél'investigations.of the
multiple helicity nonlinear interaction of.téafing_and'
rgsistive intérchanée médes are summarized. _Thé.implicatibns;ﬁg'
of these results‘for models of dynamo activity and.anomalous
thermal E?anéport are discussed.

This paper'ié divided into five sections.. Section 2
éontains a presentation of the plasma model. The dynamics of
m=1 tearing modes is discussed in Section 3. in SectionlS.l,
the theory of multiple helicity nonlinear tearing»modé
interaction is presented. In Section 3.2, the'magﬁétiq field
profile modification induced by m=1 tearing ﬁodes is
addressed. Mechanisms for dynamo ac#i#ity (a—effect) and
'quasilinear saturation are described. Section 4 contains a
 discué$ion of the,npnlinéar evolu£ion of resistive interchange
modes. In Section 5, the implications of the results of

Section 3 and 4 for anomalous thermal transport are discussed.
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2. PLASMA MODEL - REDUCED MHD FOR RFP
The parameters of current RFP discharges indicate that
resistive MHD is an adequate plasma model. Recently, a ﬁew .
set of reduced resistive MHD'equatiéns for RFP plasmas has

_ been derived.[5] These equations,

d : .
5% =B+ Ygp+nC . (1)
—D% V.23 =p . Ye<peB/BF) (2)
B° . v
V2472 )y = <B>-¥(39/3 |
(Vg+77 )x = <B>-¥(8y/ar) - (3)

for the flﬁid sfrgam function ¢, the parallel vector potential
component @, and x, determined from the éondition of radial

- force Salaﬁge,‘describe the basic dynamics of RFP blasmas.
Here C = (1/<§>2).1 . (<_B_>2211/—<5><g>~Va//—<_13>olxlr) is the
pérturbed parallel current (J), <B> and B are the average:And
total magnetic field, o is the denmsity and n is the
resistivity. Throughou£ this faper; times énd lengths are
normalized to Ta and a, fespectively; so that S—1=TA/TR, where
Tzl = |<B>I/(4ﬂp)1/2d ande§1=n/a2. A cylindrical model with
1coofdinates r, ﬁ,iz is used, and all fluctuationsvére eipanded
.in toroidal (n) and poloidal (m) harmonics, so thét

k°<B}=k” = (<Bw>/r)(mrnq(r) ) = =(<Bg>/r)(nq x).

Computational solutions of these equations manifest the basic‘

properties of RFP dynamics.
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3. DYNAMICS OF M=1 TEARING MODES

3.1 Theory of Multiple Helicity Nonlinéar Interaction

In the RFP, where the safety factér q(r) decreases
monotonically in radius, a épectrum‘of m:i tearing modes, with
iO<n<20‘and'resonant surfaces within the reversal surf&ce'(see
Figﬁre la), is destabilized by resistive diffusidn of the
magnetic configuration[s] away from a Taylor staté[7], thusl
resulting iﬁ the formation of magnetic islands; Due to.the
proximity of neighboring rational surfaces, where q(r1)=1/n
and q(r2)=1/n+1, respectively, the islands overlap for

fluctuation levels of (GBr/BO)Ea/ngrq'~52

, where e¢=a/R. For

- e~1/4, island overlap occurs at fluctuation\levels less than..
‘that which a;e observed.[ll Indeed, for SSIO?{ neighboring
magneticvislands overiap while the tearing modes are still in

.the linear gfoﬁih phése. 'Thus, stroﬁg nonlinear mode .
in£eraction,‘which.geﬁerates turbulenée aﬁd magnetic field
line‘stochasticity, occurs throughoﬁt the RFP core.

As a cdhsequence of the'nonlinear.interactioﬁ of the'
islands formed at ry and ro, an m=2, n’=2n+l1 current sheet and
island are resonanfly driven (see Figure 1b). The m=R,

n’=2n+l mode .is linearly stable (A _o<0) and is further

stabilized by flattening of the equilibrium current gradient
by (global) m=1 modes. Thus, the driven (stable) m=2 modes
nonlinearly absorb energy from the primary m=1 modes, which

saturate when the rate of coupling of energy to m=2 balances

the rate of equilibrium magnetic energy release by m=1's.
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This progressive current filamentation process (cascade)
continues with the generation of m 2 3, and eventually
terminates‘when the driving energy (tapped through m=1 modes)
is resistively dissipated at small scales and depleted by
quasilinear profile modifiéation.

The natural methods for theoretical analysis of these
.phenomena are those of renorﬁalized turbulence theory. The
A ‘derivation of spectral equations and the extraction of
quantitative résults[B] were facilitated by observing that the
region of resonént teéring mode interaction is located wel}
within the reversal surface, ﬁhere Boz>Boﬁ‘ Hence,
conventionall9] reduced resistive MHD ié aﬁ édequate plasma
model. Using standard methods[10], it fdllows_that fhe
equations for kinetic and magnetic energies Eﬁ and Eg,‘wherg

k=(m,n), are:

JEE |
—k _ i [d k,J,—[d Vg ¥> <I>”
ar ARy Ky T/ dx <pVig¥>y<d>
(1 n® 8 gy | (4)
+ /dx ‘Zt a llg]Ak“ A " (_ ’-'—) : .
k n : '
By ~2
_f = 1deJ"Kk"(pK - de(J '>K/S
nz 6 X“ ’
K’ nll = Awl_{‘“
AI .
wl_g Q,Q, : : ‘




where:

2’ .
I(z.s) = [<(Vg¥)®><(V,0) ?§+<(Vﬂ¢)2>£g(Vr¢)2>§]
and Aw.is the nonlinear decorrelation frequency. Equations

(4) end (5) indicate that m=1 mode saturation occurs when

—fax ) <pVg¥>1 p<I>’
n

- , 6(x") 2 2 '
= Jax Y ag pel 207 <V o <(Vp#)™>1 0
n,n _ - SYe,n" ‘ '
i.e. when coupling (by interaction with neighboring m;l’s)~to
stable m=2 modes (A3 p»=—|A5 ,»|<0) balances growth due to
<J>"ré1axation. The nonlinear decorrelation frequency Aw is-
~determined by the m=1 fluctuation level (since m=1 modes are
| . . . L . 11/2
the dominant  fluctuations), and is Aw (6B/Bo)rms/|A2a| .
Here n and n’ are the mode numbers for test (n) and background

(n’) m=1's and (6B/B..) is the root mean square m=1

o’/rms
fluctuation level in the RFP‘core. Energy coupled to m=R is.
then scéttered to mgé bf»simifér procesées, and ultimately
dissipated by resistive diffﬁéioh at small scales (1a?ge_m,n).,
Analytical results indicate that a poﬁer law énergy spectrﬁm
(Emfmfa,a~1) characterizes the nonlinearly generated modes.

A physical interpretation of the saturation mechanism is
that the multiple helicity interaction of neighboring m=1's
with stable (A'<0), driven m=R'’s geﬁerétes a nonlinear JxB
force which stabilizes the m=1 mode by opposing the growth of

-m=1 vorticity. Note that this scenario is the opposite of




—7—
that discussed in Reference [11] where the nonlinearly driven
mode has positive A’, and thg resulting nonlinear
destabilization‘triggers the onset of the major disruption in
tokamaks .

In order to obtain a quantitative estimate of the
saturated m=1 fluctuation level, it is necessary to calculate
the left side of Eq. (8). Since m=1 tearing modes do mot
exhibit a Rutherford phase and because the islands overlap for
very modest fluctuation levels (6B/B~10—8 for e£1/4), a
straightforward recourse is to calculate the driving term.
using linear eigenfunctions. One finds that
(6B/B,) s = <7m;17A)/|Aéal1/2, where 7m;1TA~S‘1/3 is the m=1
mode linéar growth rate. 'HoweVer, a (mofe appropriate)

: nonlinear calculation of <¢(Y§w)>1’n[13] ana the inCiusion of
the effects of quasilinear fléffening 6f <J>’ may yield
modifications to thisvresultf |

Numerical solut;on of the nonlinear, full inéompressibie
_MHD equatioﬁs can be used td iestvandvclarify aspects of fhe'
theory. The reliability of this type of calculation ié
extensively discuésed iﬁ Reference [14]. Previous numerical
calculatioﬁs[15] indicated that multiple helicity coupling
effects play a significant role in the nonlinear evolutién and
saturation of ﬁ;l tearing modes in RFP. As an additional test
here, in Figure 2, the temporal evolution of,the ﬁ;l,,n=12
‘mode kinetic eneréy including coupling to m%z, n=23 (fhrough

interaction with m=1, n=11) is compafed to the m=1, n=12 |

kinetic energy evolution when the m=R, n=R3 is omitted. It is
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apparent that muliiple helicity coupling to m=2 plays a
significant role in the nonlinear saturation of m=1 tearing
modes in the RFP. 1Indeed, since the number of large m,n ﬁodes
. {the ultimate energy sink) retained in the numerical
calculation is severely limited, the effects of multiple
helicity interactionlﬁre probably considerably more
significant than indicated by Figure 2. It is useful to note
that the appargnt discrepancy between these results and those
reported by'othér investigators[16r17] is probably due to fhe
unphysical aspect ratio (e~1) used in.their cylindricél
geémetry calculatiohs. Noting that (6Br/Bo)Ee/ﬁ2rq'~52 is
'required for island overlap, it is clear that taking e~1
implies that an unphysically large fluctuation level is
necessary (for overlap).' This misrepresents the actual.
dynamics by diminishing the effects of multiple helicity
interaction. An extensive discussion of the numerical
calculations, inciuding‘comparisons with studies of the
tokemak disruption, is contained in Reference [14].

The results of iﬁe.numérical calculations can also be
used to reconcile the theoretical prediction of the nonlinear
generation.of fluctuations with mgg,[8] with tﬁe eXperimentél
observation that neariy all the fluctuation power spectrum has
m=0 ér ﬁ=1 (including harmonics generated by toroidal
diétortion).[l] In Figure 3, ﬁ,&(r)/Bo (obtained from the
numericﬁl solution) for m=1, n=11,12, and m=2, n=R3 are
plotted as a function of radius. Note that the m=2 §,lSt

fluctuation is much more localized than the m=1 fluctuation,




_9_
and that, near the wall, (B,),_o/(By) _; < 107%. Thus, it is
not surprising that magnetic coil arrays located outside the
liner, or (in the case of internal probes) at the edge of the

plasma, detect comparatively little m>R signal. -

3.2 Quasilinear Dynamics of Magnetic Fields

Experimental evidence has linked dynamo events (increases
in |<B,>| near r, . ,;) to m=1 MHD activity.[4] Due to their
large radial extent and comparativély high fluctuation levels,
it is not sﬁrprising that m;i tearing modes can.induce
signifidant magnetic field profile modificaiion. Their
effects_;n the evélution of the average toroidal field <Bz(r)>
at and beyond the reversal surface, and on the safety factér qFEis
(on axis) are of particular interesth

An understanding of profile modification effects requifesi
a quantitative estimate of <ﬁxﬁ>, the average electric field
induced by turbulence (m=1 modes).[8:17] Since the phénomena
of interest occur at radii away from the m=1.resonancé'
surfaces in the core, a (renormalized) quasilinéar caléulatién
of <ﬁx§>,_using the exterior'region, ideal MHD eqﬁation
B=Zxﬁx<§>‘to.re1ate B to displacemgnt &, is valid. When £ has
the form of a kink diéplaéemenﬂ, the.avérage poioidal electric
field <E;> induced by’(m:l) turbulence and resistive diffusion

"near the reversal surface r, is given by:

EOIE

<Ey(r)>=—{ 2 [(1—nq(r)) Awl,n]<B@(r)>
n
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- é <J0(r)>} | | (7a)

and near r 1 is given by

wal

<Ey(r)> = - {(§[§% 18, n(r)1Flaw; [)<B,(r)>

- é <3 4(r)>) - . (")

where g(r) is the radial displacement and v=Awf. It is
jmportant to recall that Aw refers to the ‘decorrelation rate
7 fof the saturated, stationary turbulence, and not the linear
growth raﬁes of the m=1 modes. Féraday’s law
(9<B(r)>/3t=—Vx<E(r)>) shows that the condition for the local
balance.of turbulent generation of <Bz(r)>-with decgy by |
resistive diffusion is simply <Eﬂ(r)>=0. |

Equations (%a,b) indicate that when (i) 3<Bz(r)>/6f <0
and q(r)<1l/n (dq/dr<0 in RFP) at tﬁe reversal surface, and
(ii) a|§1’n(r)|2/ar<o and <Bz(r)> iéireversed at‘tﬁe wall,

then; <Ew(r)>*0 tor (%) ~(SAw)_1/2. Thus, m=1! tearing mode

rms
fluctuation levels of (£).. ~(6B/B ) ~§"*/3 and aw~s71/3
-(which are consisfent.with the results of Section 3.1) can
induce modificgtibns in <Bz(r)> which offset resistive
diffusibn, thﬁs maintaining the magnetic coﬁfiguration,

| Some’physical insight iﬁto the dynamo mechanism‘may‘be
obtained by éx&mination of the z componentbof the curl of

Eq. (7a), which implies that 3<B,>/3t—(1/S)V <B,>~0<J >, where

o = Z(l—nq(r))|§1,n(r)IgAwlyn/r. Thus, it is apparent that
n




helical m=1 modes "twist’ toroidal current into the poloidal
direction, thus generating <BZ(r)> acording to an a—effect[18]
.relation. The directional asymmetry necessary for this
c—effect is a consequence of the radial dependence of

Ky (dq/dr{O) imposed by the magnetic configuration structure.
Also, in the RFP, global m=1 modes convert poloidal field
magnetic energy density (tapped at the mode resonance surfaces
in the core) into toroidal field energy demsity. Thus, the
.RFP dynamo is merely a process of redistributidn of magﬁetic
energy and current density, and must be maintained:by an
external driving agent, such as the toroidal electfic.fiéld.

A very important feature of the .quasilinear dynamiés of
m=1 tearing modes in RFP is that they.cause a dééréase'in thes-
value of~q(0).i.Néarvﬁhe~origin, the‘evolution of q is given
by[17] o
dqg d

d

© 8t T dr

LB )2 @
n

VThus, the m=1 modes tend to stabilize thémselves by lowering
Q(O), thereby pushing their resonant surfaces into thé origin.
This process is another possible m=1 mode saturation

mechanism. Hence, while resi§tive diffusibn away from a.
Taylor state‘destabilizes the m=1 modes, the finite amplitude
fluctuations act to oppose this frend and stabilize themselves
by lowering q(O),aﬁd, in the process, drive <B > toward
reversal. Since the competing effects balance for

8) _ ~(Shw) V25713 tor aw~s71/3 it is not surprising that
rms : _
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full nonlinear and quasilinear numerical calculations reveal
qualitatively similar temporal evolution of F and ¥, while

exhibiting grossly different fluctuation dynamics. Finally,

it should be emphasized that quasilinear theory alone does not

sufficiently characterize the saturated state.

4. NONLINEAR INTERACTION OF RESISTIVE INTERCHANGE MODES

The RFP is characterized by strong shear, average
unfavorable curvature, §nd high ﬁp, where typiéaliy ﬁp~10%.
Hence, it is not surpriéing that the resistivé interchange
mode has been propoéed as a candidate for the explanation of
the observed magnetic fluctuations and confinément
deterioration in RFP. Previous[19] and contemporary[gol

investigations have been primarily computationalll9], or are

based on simple dimensional‘anélysis.[go] Here, the resu1tstof>*

an:anaIYtical investigation[zll’of resistive pressure dfiven
turbulence are summarized and compared to the results of
.pafticle siﬁulation. The basic approach is similar to that
used in the study of resistive ballooning mode turbulence‘[zz]
The noﬁlinear dynamics of resistive interchange modes are
most easily investigated using a simple elecfrostatic pressure
convection model based on reduced MﬁDI Using Ohm’'s law to
eliminate the current J”, it follows that the basic equations

are:

3p
at

+ Ypxze¥p =~V 0d<p>/dr (9)




2 R - ( )2
3t \) (p + V¢XZ°VV_L§0 —SV ¢-—KV19p (10)

where p is the pressure, Vﬁo) = <b>+V, and « is the curvature
parameter (x>0). The linear growth rate ¥y and radial mode
width A\ are 7=S_1/8(K<p>'kﬁ)2/3 and A = S_I/B(K<p>')1/6(kﬁ)_1/3,
where k”_k”

It is commonly believed that resistive interchahge modes
saturate when the turbulénce level is sufficient t§ diffuse a
parcel of préssure a disﬁahge A in one growth time 7—1, ile,
wheh D=7A2, where D is the ' diffusion coefficient for turbulent

convection. To examine this mixing length theory,

renormalized fluid.equations for p, and Vf¢k,

—ik,<p> "oy (11)

2.2 ' :
= Sk”2X Py~ 1/<k,&pK . . (12)

have been derived. Here D = ) k&2<¢ > /Awk” is the fluid
turbulence diffusion coeffici%ht and Cp= Y <(V ¢)2> /Awk”,
a term which is a consequeﬁce of‘symmetrizgtion, ensures that
the energy conserving prdpefty fd3x¢(V¢xg.VVE¢)=O is preserVeé

in the renormalized theory. Thus, the kinetic energy evolves

according to:
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8 k

where aEk/8t=0 at saturation. Note that the resistive field
line bending term ~kﬁz_28 damps the‘growth of Ek, and opposes
tne drive due to <p>’ relaxation. The saturated state may be
characterized by the diffusion coefficient D and & nonlinear
mixing length AE' The asymptotic balance of the anomalous
viscosity (voriticity diffuéion) and (resistive) field line
bending terms of Eq. (12) imb}ies that Akz(kﬁgs/D)_l/e. X
Taking pk~—1kﬁ<p> wk/(D/Ak) k’2 28~kﬁz sz and requiring
SEk/8t=O yvields D=K<p>'L§/S and thus, by substitution,
AK=S_1/3(K<p>')1/6(k,i)—1/3. Note that A=) and D=yA%.. Thus ..
the simple mixing length theory is vindicated. Noting that
Am£~D/A£, it fnllows that the electrostatic fluctuation level
is_(ew/Te)rms"(D/psCskﬂAg)rms and, using Ohm’s law, N
(6B1/Bo) s ™F ;‘/35'2/3 | |

A three dlmen81onn1 electrnstnt1c part1c1e 51mulat10n[23]
has been used to inveétigaté the nonlinear, multiple,helinity
interaction of resistive interchange mndeé in a sneared slab,
where curvature is modeled by a gravity’forne. In Figure 4,
the n—averaged value of eq /T obtained from the simulation
results is plotted versus m. Agreement with the prediction of

mixing length theory is'good. Extensions to the regime of

large diamagneiic frequency (w;e>7) are in progress.

= = —[dx Z (kxS o | P~ikkgo_ ) ) . (13)
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5. ANOMALOUS THERMAL TRANSPORT AND SCALING LAWS

Experimental evidence has linked heat transport along
stochastic magnetic field line generated by the overlap of m=1
tearing modes with confinement in the HBTXIA pinch.[I] Using
the saturated state mégnetic fluctuation level obtained in
Section 3, a qﬁasilinear estimate of fhe (collisionless)
thermal conductivity XE in the core region is
XE~(.01)VTeaS—2/8, where vy, is the electron thermal velocity.
Balancing heaf loss with ohmic_h?ating yields (for plasma
density proportional to currenf f;) Te~1§7‘ For.S~105, ﬁp~10%
is predicted. The temperature sca1ing and»ﬁp value_are in

reasonable agreement with experiment.

In comparison, following the procedure of Reference [22]§~.

the (collisionless) electron thermal condﬁctivity which
results fr;m mégnetic fluciuations driven by resistive
interchange modes ié XE;(E/Q)gﬁB/ZVTea/S~g Balancing ﬁeat loss
with ohmic heating'Yield;»(for density préportional to Ip)
Te~Ip and ﬁp~(q/a)(me/mi)1/6~10%. Thus, the thermal loss
prediction for resistive interchange modes is qualitatively
similar to that'fqr m=1 tearing modes, but smaller in |
magnitudel Also, electromagnetic resistive interchange'
modes[lg] and, especially near the plasma edge, rippling

modes[24,85] may cause significant losses.
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FIGURE CAPTIONS

a) RFP q(r) profile with location of resonances (not to
scale). b) Location of primary (m=1) and nonlinearly
driven (m=2) modes (not to scale).

Comparison of kinetic energy evolution with and without m=2
coupling.

Comparison of raaial structure of m=1 and nonlinearly driven
m=2 modes.

Comparison of fluctuation level from simulation with mixing

~

length theory for resistive interchange mode saturation

level.
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