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Many astrophysical plasmas and some laboratory plasmas are relativistic: either
the thermal speed or the local bulk flow in some frame approaches the speed of
light. Often, such plasmas are magnetized in the sense that the Larmor radius is
smaller than any gradient scale length of interest. Conventionally, relativistic MHD
is employed to treat relativistic, magnetized plasmas; however, MHD requires the
collision time to be shorter than any other time scale in the system. Thus, MHD
employs the thermodynamic equilibrium form of the stress tensor, neglecting pressure
anisotropy and heat flow parallel to the magnetic field. Recent work has attempted to
remedy these shortcomings. This paper re-examines the closure question and finds
a more complete theory, which yields a more physical and self-consistent closure.
Beginning with exact moments of the kinetic equation, we derive a closed set of
Lorentz-covariant fluid equations for a magnetized plasma allowing for pressure and
heat flow anisotropy. Basic predictions of the model, especially of the dispersion

relation’s dependence upon relativistic temperature, are examined.

I. INTRODUCTION

A plasma is relativistic if either the thermal speed—the rms speed of the individual
particles—measured in the fluid rest-frame, or the local bulk flow measured in some relevant
frame approach the speed of light. Such plasmas are ubiquitous in astrophysical phenomena
(eg, galactic and extra-galactic jets [6], accretion discs of active galactic nuclei [12], and
electron-positron-ion plasmas in the early universe [3], [16]; and in some laboratory fusion
experiments.

Often (eg [1], [4], [11]), relativistic plasmas of interest are magnetized—meaning the dy-
namics are dominated by the magnetic field. The dynamics of such plasmas are typically
described with magnetohydrodynamics (MHD), which captures the large-scale electromag-

netic features of a magnetized plasma (eg, E x B drifts). A relativistic MHD closure has



been presented by Anile [2]. Despite MHD’s success at capturing some of the large scale
physics, MHD plasmas are based on the use of a stress tensor whose origin is based on
thermodynamic considerations (thermal equilibrium) rather than electrodynamics, in which
electromagnetic forces dominate.

Chew, Goldberger, and Low [5] (CGL) present an early departure from the conventional
MHD treatment of the stress tensor by allowing gyrotropic pressure: the CGL tensor dif-
ferentiates between pressures parallel and perpendicular to the magnetic field. However,
CGL neglects to include heat flow parallel to the magnetic field, which can be rapid in low
collisionallity plasmas. Partly for this reason, the double adiabatic assumption used by CGL
to achieve closure is not valid in many physical situations.

Hazeltine and Mahajan [7] (hereafter referred to as I') attempted a more physical rela-
tivistic closure with gyrotropic pressure and parallel heat flow. However, close scrutiny of
the Hazeltine-Mahajan model revealed fundamental deficiencies. The details of the deficien-
cies are covered in § II. The closure method employed in I uses the stress tensor as the
constitutive relation for the fluid closure. The form of the stress tensor is derived from exact
fluid equations together with orderings characterizing a magnetized plasma. Predictably,
such an approach does not provide a closed system. Closure is achieved through a represen-
tative distribution function, consistent with relativity, magnetization, pressure anisotropy,
and heat flow.

To achieve our closure, we take an approach parallel to I; we use I as a guide in the

search for a more physical and self-consistent relativistic, magnetized fluid closure.

II. CRITIQUE OF HAZELTINE AND MAHAJAN (2002)

We begin by discussing the covariant fluid closure of I. We refer the reader to I and other
related papers to observe the full treatment of the system rather than re-iterating both the
relativistic closure and the non-relativistic limit here.

Study of the closure presented yielded several major shortcomings of the original model:

1. The first and most pertinent deficiency is apparent from the linearized, non-relativistic
equations of motion. It is manifested by examining the electro-static response of the
electron pressure anisotropy, Ap. = pﬁ — pS . Parallel (perpendicular) here refers to

being parallel (perpendicular) to the magnetic field. One finds that Ap, ~ m;/me,



leading to grossly exaggerated estimates of the electron anisotropy under the typical
MHD assumption of vanishing electron inertia. Such anomalous scaling of the pressure

anisotropy is not observed in conventional MHD or kinetic MHD.

The source of the anomalous scaling of the pressure anisotropy is the use of a single
parallel heat flow, @, rather than separating the parallel heat flow into the parallel
flow of parallel heat, g, and the parallel flow of perpendicular heat, g,. When a
single heat flow is used, the evolution of parallel and perpendicular pressure are both
coupled to parallel gradients of the heat flow, and the evolution of the single heat flow is
driven by parallel pressure gradients. Using separate heat flows results in the expected
evolution of the pressures and heat flows, namely dpy/dt ~ Vq, dp,/dt ~ V|q.,
dq)/dt ~ Vpy, and dq, /dt ~ Vp..

Though separating the two forms of parallel heat is relatively common in the liter-
ature (see eg [5], [13], [15]), the distinction between the heat flows does not appear
in the stress tensor, which forms the constitutive relation for a fluid plasma closure.
Therefore, I attempts a closure involving the single heat flow, which corresponds to

the sum: QH =q|+qL.

Including separate heat flows involves modifying the distribution used in I and using
higher-order moment equations to obtain evolution equations for the two heat flows.

However, the stress tensor is not changed.

Relatedly, I does a very poor job predicting the onset of the mirror instability. The
source of this error is the unusual coupling of the pressures and heat flows noted above.
The use of a relativistic bi-Maxwellian accurate to first order in the pressure anisotropy
provides a better estimate of the mirror instability but still does not agree fully with
kinetic MHD. However, a relativistic bi-Maxwellian retaining second-order pressure
anisotropy terms captures the correct mirror instability. Note that, keeping accuracy
to this order is reasonable since the fourth-rank moment (energy-weighted stress) will

naturally have terms second-order in the anisotropy.

. Examining the thermodynamics of I leads to a thermodynamic temperature of the

following form:

2
(p+34p)
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where p is the scalar pressure and Ap is the pressure anisotropy. This form makes
thermodynamic calculations awkward and can lead to confusion with the more typical

definition of the thermodynamic temperature, T' = p/n.

Also in I, the enthalpy density, h, is defined to be
h=wu+py,

where u is the internal energy density. Typically, enthalpy is defined to be h = u + p.
Again, there is nothing inherently incorrect with this definition, but it can also lead

to confusion.

These shortcomings are addressed here by modifying the distribution in I to approxi-
mate a non-relativistic bi-Maxwellian expanded for small pressure anisotropy with only
first-order terms retained, and by making a small modification to the (0,0) component

of the stress tensor.

3. Approximate parallel and perpendicular projection operators were used in I as anni-
hilators of the gyroscale portions of the exact moment equations to derive evolution
equations for the parameters of the fluid system. Use of these operators leads to nearly
redundant evolution equations which only agree in the non-relativistic limit. Thus,
the redundancy leads to spurious instabilities in the moderate to ultra-relativistic
temperature regimes of linear theory. This issue is solved by replacing the projection

operators with more fundamental annihilators and discussed further in § IV B.

4. The form of the relativistic heat flux evolution equation provided in I omits relevant
terms from the gyrophase dependent portion due to an ordering error. Also, the
non-relativistic form of the closure presented in Hazeltine and Mahajan (2002b/c)
contains algebraic errors which, when combined with the omission noted above, lead

to an incorrect evolution equation for the parallel heat flux.

III. RELATIVISTIC PLASMA CONCEPTS

Here, we review some basic properties of relativistic electromagnetic theory, define what

it means for a plasma to be magnetized, discuss some of the consequences of magnetization,



and present the moments used in our theory. Because the majority of this material was
covered in I, the present treatment is brief.

We use the Einstein summation convention throughout, with Greek indices running from
0 to 3 and Roman indices from 1 to 3. Boldface type typically represents the 3-vector portion
of a 4-vector, for instance an arbitrary 4-vector C* may be written as C* = (C°,C). All
speeds are normalized to the speed of light, so that ¢ = 1. We use n* = diag{—1,1,1,1}

as the signature for our Minkowski tensor.

A. Magnetized Plasma

We make use of the following Lorentz scalars formed from the Faraday tensor, F', and its

dual, F:

1
§FWF’“’ =B*-E*=W (1)
]' v —

57" Fop = E-B=AIV. (2)

The latter relation is of significant importance because A, or equivalently Ej, will be a small
parameter of our theory.

Two conditions must be satisfied for our plasma to be considered magnetized:

1. The two electromagnetic field invariants must satisfy

W >0, (3)

A< (4)
2. The thermal gyroradius must be small compared to any gradient scale length:
)< 1, (5)

where 0 is the ratio of the thermal gyroradius of any plasma species to any gradient

scale length.

We assume the ordering A ~ ¢ for convenience. We will implicitly use this definition of a

magnetized plasma throughout the following analysis.



B. Quasi-Projectors

As is typical in a magnetized plasma, notions of parallel and perpendicular to the field
play important roles. Thus, we need a covariant meaning for parallel and perpendicular.

Such a meaning is provided by

e = —Fun (6)
b, = —e. (7)

e and b become approximate perpendicular and parallel projection operators in the mag-
netized limit. In a frame in which the transverse electric field vanishes (a subset of the
instantaneous rest-frame (R)), the action of e and b on an arbitrary 4-vector C,, = (Cj, C)

is given by

W C| R = (C°,C)), (8)

Oyl = (0,CL). 9)

| and L have the typical three-dimensional meaning: Cy = BB -C/B* =bb-C, C, =
C — C, where b is the standard abbreviation b = B/B.
Gradients of the projection operators will be used implicitly later in our analysis. Thus,

we present their forms. To do so, we begin by recalling the Maxwell stress tensor
aB o kB 1 off KA
O = Fn Fr7 — Z__Ln FoF

and observe

2 W’
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Maxwell’s equations (13) and (14) presented in the following section imply

0,0" = —F"" ],



where 0, = a%u' Thus, it is straightforward to show
v F L 1% 1 v v
o,b;, = VI}; JV + (577“ — bu) 0, log W, (10)
v F vV v 1 v v
Oyel, = — V?/ JY + (577# — e#> 0, log W. (11)

C. Closing Maxwell’s Equations

Since plasmas are strongly coupled to the electromagnetic field, we must consider a closure
involving Maxwell’s equations. The coupling of the electromagnetic field to a plasma enters
a fluid description through the second-moment equation, which constitutes the conservation
of energy-momentum (Tsikanshvili et al. (1992)). In relativistic form, the second-moment

equation takes the form

8,T" — F™.J, =0, (12)

where 7 represents the the total (summed over all species) energy-momentum tensor for the
plasma and J, is the current density 4-vector. Thus, the second-moment equation is used

as a constitutive relation for magnetized plasmas, providing closure to Maxwell’s equations:

0, F" = J, (13)

67Fa5 + aaFg,y + 8/3FW = 0. (14)

It remains to compute the the current density in a magnetized plasma.

Equation (12), when composed with F*, provides two components of the current density

FH
W, =——-0,T". 15
‘ L (15)

There are two independent components because the perpendicular quasi-projector has a

two-dimensional null space. Charge conservation

8,J" =0 (16)

and quasi-neutrality

J'U, =0 (17)



provide the two remaining components of the current density, where U* = (v,~yV) is the local
4-velocity of the fluid, with 42 = (1 — V2)™" the relativistic dilation factor. That equation
(17) provides a good representation of quasi-neutrality will be presented in § IIID.

We conclude that knowing the plasma stress tensor, and thus the current density, is

sufficient to close Maxwell’s equations.

D. Moments

Our analysis involves moments up to and including the fourth rank. We express each

moment in terms of the distribution funtion f(z,p), where p represents the four-momentum

P
Sy "
Tos / d;_f Fpop. (19)
M = / %fpapﬁp”, (20)
R = / %fp“pﬁp”pé. (21)

3 . .
Here, % represents the invariant momentum-space volume, where

p’ = v/m? + p2. (22)

I'“ is the 4-vector fluid particle-flux density, 77 is the stress-energy tensor, M%7 is typically
referred to as the stress flow tensor, and R*?"° will be referred to as the energy-weighted
stress tensor.

The exact moments of the collisionless kinetic equation associated with the four requisite
moments for our analysis represent particle conservation, momentum evolution, stress-flow

evolution, and energy-weighted stress evolution:

9. = 0, (23)



0,T°" = eFP°T,, (24)
oM = e (FPT) + FT)) , (25)
Oa R = e (F7M)* + F7" M)’ + F M) . (26)

Note in the second and higher moment equations, the left hand side involves the macro-
scopic scale, while the right hand side deals with the short gyroscale. Thus, the small-
gyroradius limit is obtained formally by allowing the charge to become arbitrarily large,
e — 00.

No restrictions on the size of higher order moments is assumed. Our analysis does not
require higher moments because we only need those corresponding to the scalar coefficients
appearing in the energy-momentum tensor. This tensor provides the framework for the
closure of the plasma-Maxwell system.

At this point, we restrict our analysis to a plasma with a single ion species in the interest
of simplicity. We define the Lorentz scalar T'}, = [ d®pfgr to be the rest-frame density, ng,

and define the fluid velocity of a species to be
Ut =T*"/ng. (27)

In order to satisfy quasi-neutrality, we require, to leading order, the electrons and ions
have the same rest-frame densities, and reside in the same approximate rest-frame to avoid
arbitrarily large current densities; we do not restrict plasma flow, however. Equation (17)

then follows as the leading order expression of quasi-neutrality.

E. Gyro-Ordering

We must now determine evolution equations for the four components of the flux density.

First, we note that all moments can be expanded in the form

_m n
" =T + Ty,
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where the parenthetical subscript refers to the order of the term with respect to the gyrora-

dius (d). Thus, equation (24) provides

FlyT o =0, (28)

where we distinguish the lowest order Faraday tensor, F (’g)’ = Fm (E” = O), from its first-
order counterpart
F(T)/ = F" — F(%l)/ X EH'

Recalling the action of the Faraday tensor on a four-vector, equation (28) implies
[y E 4+ T x B =0, (29)

which reproduces the familiar MHD Ohm’s law, E 4+ V x B = 0. As such, equation (28)
fixes the two perpendicular components of the flow. The particle conservation law, equation
(23), fixes another of the components.

At this point, we drop the ordering subscripts and use I'* and U* to refer to the zeroth-
order fields from this point on. Similarly, we drop the ordering subscript from the Faraday

tensor where it is nonessential. We can now write the flow in the form

" =vng (1, V) + Vg), (30)

where Vi = E x b/B, Vj =bb -V, and v is evaluated at the lowest order flow velocity.

Before moving on, we note that equation (24) has become

0,11 = eFlT 1y, + eFlT o), (31)

taking gyro-ordering of the moments and the Faraday tensor into account.
The remainder of this paper is devoted to computing the stress tensor. Conventional
MHD avoids this issue by assuming the stress tensor has the thermodynamic equilibrium

form

T = pp™ + hUMU, (32)

where p is the pressure and h the enthalpy density. This form only pertains to the highly

collisional regime in which thermal relaxation occurs more rapidly than any other process
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of interest. Thus, our analysis can be viewed as taking place in a regime of much lower
collisionallity. We ignore collisions altogether and compute the stress tensor subject to

electromagnetic forces alone.

IV. COVARIANT EVOLUTION EQUATIONS
A. Magnetized Stress

We use the magnetized limit of equation (25) to find

ForTP 4 FPTe = 0. (33)

We use indicial symmetry of the stress tensor, antisymmetry of the Faraday tensor, along
with properties of the projection operators to conclude the stress tensor must have the

following form:

T = pn*® + hUU” + lAp (2k°K7 — e*P)
s (34)
+ Q) (k:aUﬂ + Uak;ﬁ) ,

where p = (p| + 2p1)/3, Ap = pj — p1, Q), and h are Lorentz scalars corresponding to
pressure, pressure anisotropy, total parallel heat flow, and enthalpy density respectively. We
differentiate between the parallel flow of parallel heat, ¢, and the parallel flow of perpen-
dicular heat, ¢, with Q) = ¢ + ¢. and AQ) = %qH — %qL. It is important to note that
this distinction does not enter at this order in the moment equations. The total parallel
heat flow is the only distinct component that appears in the stress tensor. This stress tensor
differs from that in I primarily in notation. Here, the enthalpy presented corresponds to
the standard thermodynamic definition, & = u + p, where u = TH is the energy density. In

I, h=u+p.
k* must satisfy e®’ks = 0 to satisfy force balance and U,k® = 0 to preserve the sig-

nificance of p| and p;. These constraints on k* leave free only one component, which
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corresponds to the Lorentz boosted unit vector b. Thus,

_ U
\vai4

W ([ B? B? E
=7 g2 (WVH,b+WVVE+W”E).

Two evolution equations are provided by equation (31), once we identify an annihilator of

ka

(35)

the I'(1), term. Appropriate choices in the magnetized limit are k& and U, since k, (U, ) F* ~
0. We find

B
k,ﬁyT’w = 6”3\/—WE|| (36)

and

U,.0,T = 0. (37)

These equations advance the parallel momentum and total scalar pressure/energy respec-

tively.

B. Subtleties of Annihilator Choice

The evolution equations in I make use of the projection operators as annihilators of the
gyroscale dependent portions of the moment equations, (18) - (21). This annihilator choice
leads to subtle inconsistencies in the derived evolution equations, resulting from implicit,
redundant use of evolution equations. Further, the inconsistencies cause spurious instabilities
to develop in the linear theory for moderate to ultra-relativistic temperatures.

Consider first the parallel projection operator. We can write the operator in terms of U*
and k" as b = k'kY — UFUY + O (A\?). Similarly, we can write e®” = pt* + UFUY — kFEY +
O (\?). If we operate on the third rank moment equation, (20), with U*U", the resulting
equation would be an evolution equation for the total energy which agrees with that found
at the second rank, (37), only in the non-relativistic limit. Therefore, operating with b
would result in the implicit usage of a redundant energy equation that disagrees with the
lower rank derived equation in all but the non-relativistic limit. The redundancy continues
to higher order and with usage of the perpendicular operator. Thus, we avoid using the
projection operators as annihilators in favor of more fundamental tensors in our system, U*

and k*.
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C. Magnetized Stress Flow

The expression for M7 given in I does not allow for separate parallel and perpendicular
heat flows. The three auxiliary parameters appearing in the stress flow tensor employed in
I only permit dependence of the stress flow on py, p1, and . We modify the model for
the stress flow t include an additional auxiliary parameter (m4 in what follows) to permit
the freedom of having two parallel heat flows.

In the magnetized limit, the fourth-rank conservation law determines the form of the

stress-flow tensor

[l Mﬁﬁw) =0, (38)

where the super(sub)-script parentheses indicate indicial symmetrization over non-
contracted indices:

77(04[3 U = naﬁUv + na'yUﬂ + nﬁ’yUa'
We are also constrained by the definition of the stress-flow (equation (20)) and particle flux
(equation (18)). From the definitions, it can be seen that contracting two indices of the

stress-flow reduces to the momentum flux
MY = —m?*ngU". (39)

Given the above two constraints and assuming the only 4-vectors appearing in the stress-flow

are U* and k*, the stress-flow must have the form

MPY :anRUaUﬁUV+kaM,‘:BV, (40)
k
where
M =Py 4 6UUPUY, (41)
M = p P 44U UPU7, (42)
M3? = B g 4 6UCUPEY, (43)

2
MfﬂV — p@Bry) _ gn(aﬂ kv)’ (44)
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and the my, are scalars to be determined later. The M), also satisfy M,.] = 0, so that the
second constraint above is satisfied.
We construct an evolution equations for the magnetized stress-flow by finding annihilators

for the right-hand side of equation (25). Two such equations are:

B
VW

k’ak’ﬁaﬁMﬁaﬂ = 2e Q”E”, (45)

B 2
(Uakﬁ + U,Bka) aHM/-;Oéﬁ = —26\/WEH (h + gAp) . (46)

These equations can be considered to advance the parallel pressure and total parallel heat
flow respectively.

We note that we cannot evolve the two parallel heat flows individually at this order. This
is because evolving the separate heat flows requires a time-like (0-component) derivative of
the elements of the stress flow containing each parallel heat flow. It will become clear after
evaluating the my that such separation is not possible in this order.

The m;, appearing in the stress flow can be taken to be auxiliary parameters of our system.
Thus, we will need to express them in terms of the dynamical variables appearing in our
system. As such, it is convenient to examine the instantaneous rest frame components of

the stress flow in terms of the my, which are listed in Appendix A.

D. Magnetized Energy-Weighted Stress

We construct the energy-weighted stress tensor in much the same way as the three pre-
vious tensors. We begin with the constraint provided by the fifth-rank conservation law in
the magnetized limit

Fles RBY) — . (47)

Our second constraint follows from the definitions of the energy-weighted stress (equation
(21)) and the stress (equation (19)) when contracting two indices of the energy-weighted

stress

Ry’ = —m?T7 (48)
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Our third constraint follows from contracting all four indices of the energy-weighted stress

where —p =T = —u + 3p.

Unlike the third rank tensor whose indicial symmetrization is straightforward, the fourth
rank tensor will have unique symmetrizations based on each tensor’s construction, which
are given in Appendix B.

The following expression gives the simplest fourth-rank tensor that satisfies the above

constraints, without introducing new independent variables

ROBYS _ 2 [U(a UsT) 4 SPUQUﬁUVUJ

50
_ Q“k(aUﬁUVU‘S)} ‘f‘ZT’kR?gWS, (50)
k
where
Ry = 5?4 on' P U U (51)
+48U°U°UU?,

R;ﬂvﬁ = @B 19 4 gpB ) 4 o @B ) (52)
52

+64U°U°UD?,
Rgﬁ% = n@BUIED) — U KPR ED, (53)
Rzﬁvé — peB L9 _ gl@ kﬁlﬂk‘s), (54)

R?ﬁvé = @B p19) 4 9p(aB v 9)

(55)

+ 208U + 16UUPUU?.

It can be seen that the R’ = 0 so that R% = —m2T" and Rzg = m?p. The extra
terms multiplying m? in equation (50) account for over counting certain elements of 7%

due to symmetry conditions on R.
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Again, we construct evolution equations for the energy-weighted stress by identifying

annihilators of the right-hand side of equation (26)
kakgk(;&yR“BV‘; = 3€iE” (m1 + mQ) . (56)
vW

This can be viewed as evolving the parallel component of the parallel heat flow.

As in the stress flow tensor, the r; can be viewed as auxiliary parameters. Thus, we need
to express them in terms of the rest-frame components of the energy-weighted stress. Such
expressions are provided in Appendix A.

We now have evolution equations for ng, p, p, @), q|, and the three vector components
of I'*. We will take these to be our set of dynamical variables. We consider the enthalpy,
h, to be an auxiliary parameter in much the same way we treat the my and r; as auxiliary
parameters. Thus, our fluid system is nearly closed; however, we still need to evaluate the
auxiliary parameters in terms of the dynamical variables. For this, we need a distribution

function.

V. DISTRIBUTION FUNCTION
A. Choosing a Distribution

Since we have auxiliary parameters not yet related to our dynamical variables, we require
a distribution function to close our fluid system. Any lowest order distribution chosen must:
be gyrotropic, solve the drift-kinetic equation, and reproduce the stress tensor, equation
(34). Satisfying the first requirement is straightforward. The second is difficult to imple-
ment in a fluid treatment and typically abandons the fluid point of view in favor of kinetic
MHD, making the drift-kinetic equation part of the closure [10], [14]. The third requirement
restricts us to any of a class of distributions that reproduce the stress tensor.

Therefore, we choose a representative distribution from the equivalence class of distri-
butions reproducing the stress tensor, capable of also representing the fluid equations of
motion. The parameters in the distribution are proportional to the dynamical variables of
the fluid system and evolve according to the fluid equations. We use such a parameterized

distribution in place of the drift-kinetic equation to close our system.
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B. Explicit Form

After examining previous literature [13], [15], it became clear in non-relativistic theory,
a bi-Maxwellian (or two-temperature Maxwellian) is a good choice for capturing features of
kinetic theory in a fluid approach. As such, our distribution can be considered the relativistic

analog of the non-relativistic bi-Maxwellian. Our distribution has the form

f(x,p) = fu {1 + A+ (A4 A paePpy
+ (B4R patps
+ PaP PP <Akak5 KRS 4+ A*etPer® (57)
+ A**kak%%) + Qab*pg [1 +Q
+ pu (" + QK'E") py]}

where f); is a relativistic Maxwellian. The A scalars describe pressure anisotropy, while the
() scalars measure heat flow. Thus, our distribution can be parametrized by our dynamical
variables: ng, p|, p1, q, and g . The form of our distribution mirrors that found in I only
in the first three terms and the last term multiplying the square brackets. Note that we do
not simply write the distribution in the standard non-relativistic form with the directional
temperature dependence in the exponent. If we were to make such an attempt, evaluating
moments of the distribution would become intractable.

Recall that a relativistic Maxwellian has the following form

far(z,p) = Nage /T

where P* = p" 4 eA* is the canonical momentum, U, P* defines the invariant energy, T'(x)
the scalar temperature, and Ny, (x) the scalar normalization factor. In the rest frame, we

have
fur = Nye 7T,
Moments of the rest frame Maxwellian have the form

/°° s on,—¢yrrsr _ 1-3--(2n— DEW(C)
0o V1+s? ¢r ’
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where K, is the n'® MacDonald function, s = |p|/m, and ¢ = m/T. We can now compute

the normalization factor

B nRecb/T
C ATm2T Ky (C)’

where ® = A° is the electrostatic potential. Thus, the rest frame Maxwellian is

Ny

ngeP"/T

T 4rm2T K (()

Returning to evaluating the parameters of our distribution, we compare our distribution

fur (58)

to the non-relativistic bi-Maxwellian expanded for small pressure anisotropy to determine

A*/A, A /A, A*/A, and A**/A. Doing so yields

f(@,p) = far {1+ A+ A (pac™py = 2pab""py)
+ A (pac®ps + 4pab™’pp)
+ Apapgpyp(; (4k“kﬁk7k5 + e
— 4K + Qubpg [1 +Q
+ pu (" + QK'E") ]}

For reference, expanding a bi-Maxwellian for small pressure anisotropy yields

N mn (02 U
f(z,v) = —1/3 &XP [—7 (—L + —>]
prH Py D

N _mnv2 mnAp

= 1 2 _ o
¢ { 62 (vi — 20f)
Ap*  mnAp® 9

+ 6]72 - 18p3 (UJ- + 4U||)
1 [mnAp 2 1 " 9 9

+ i (—p2 ) (41)“ +v] — 41}”%) )

where N is the normalization factor, v is the particle velocity, p; and p, refer the the
parallel and perpendicular pressure, and p and Ap refer to the scalar pressure and pressure
anisotropy.

In the instantaneous rest-frame with coordinates oriented such that B = (0,0, B), our
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distribution reduces to

(59)

where p| and p, here refer to parallel and perpendicular components of momenta.

C. Scalar Moments

We choose A and @ to ensure that the rest-frame density is Maxwellian and the rest-
frame flow velocity vanishes. A and A are chosen so that p = nT = 5 (TH + 2T} and
Ap = T3 —T}L'. Ais chosen by matching the non-relativistic limit (¢ = m/T — oo) of RH33
to its bi-Maxwellian counterpart, “p;pi. @3 is chosen to satisfy T% = Q), and Q is chosen
by matching the non-relativistic limits of the elements of the stress flow tensor involving heat
flow to their bi-Maxwellian counterparts, ie M = 2mQ = ME? + 2ME"? = 2mq) + 2mq, .

Thus, in the rest-frame, the distribution function becomes

h@m:hm%_k%géci_%v

m2  m?

1Ap2K4 1 APZCK4 ﬁ+4p_ﬁ
m2 m2

4 2,2
LAY, 4ﬂ+ﬁ_4p”pL (60)
72 p? m*  m? m?
ngrp| Ky | K3 Q) — qu_ﬁ
pQ KgIC CKQ | 3 m?
2

where p and Ap refer to pressure and pressure anisotropy, while p; and p, refer to parallel

and perpendicular momenta. Explicitly, the scalar components of the distribution are

¢ = mn/p, (61)
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A= %%Ap—i’z, (62)
B=-p o (64)
A= %Ap—f (65)
Q=220 (66)
Qs =—q1 277313 Ing (67)
Q=34 (68)

_ K3z Ky
WherelC_K2 K-

VI. CLOSED FLUID EQUATIONS

A. Covariant Closure Summary

We have chosen ng, V|, p|, pL, q, and g1 as the dynamical variables of our collisionless,
small gyroradius fluid system. The covariant evolution equations for the chosen dynamical

variables of our system are:

0,0% = 0, (69)

By, (70)

U,.0,T™ =0, (71)

B
v

kokgO. M = 2¢ QE|, (72)
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B 2
U,kg + Ugky) 0, MFP = —2¢ E (h+ ZA ) 73
( 3 Jé] ) \/W I 3 p ( )
huksksd, R — 302
aNgR§ 7R = 36 WE” (m1 + mg) s (74)

where the flux, I'®, stress, T%?, stress flow, M*%7, and energy-weighted stress, R*%"°, are
given by equations (18)- (21) respectively, and the my, are given in Appendix A. Therefore,

equations (69)- (74) constitute a closed covariant set of fluid equations.

B. 3-Vector Form

It is often convenient to express fluid equations in 3-vector form, sacrificing explicit
Lorentz covariance. As such, we present the 3-vector form of our closed fluid system here.

We begin by noting the following identities

d d
UV@V e
T T ar

d
k" v = 7
0 ds

where d/dt is the conventional convective derivative and 7 represents the proper time.

The explicit forms of (70) and (71) can be express as

dV d d dl dV
hk-’y——{—ﬂ—l- @ - Q) OgnR—l—Q”k-—
dr ds dr dr ds (75)
1, dlogW 2 B
—=-A —Apd, kH = —F
6P gy T3P = e Bl
d dl d 2 d
L ponyyptlosnn G 25, AV
dr dr ds 3 ds (76)
1. dlogW dV
_Z _ k. — — Eh—
6 dr @y dr @0, 0,
where
ok = —— 1B L (V) — B (b x V) - (4V)
VW LY dt (77)
B 1dlogW

2 ds



From the third moment equations, we have from equations (72) and (73)

1
%(ml +mg) + (my + mo) <2k AV OgnR)

3

—mlegW—i-?)i m —l—lm
Y s ds 3 g

B
v

1 av
+ (mg + —m4) O k" 4 12mgvk - -
-

= 2e Q”E”.

i 5 _ 1 + i ( + )
dr e 3m4 ds T
+

av dlogW
(5m1 + 3m2) ’)/k', o — o8

1
dr §m2 ds
dV dl
+ (7m3 + —m4> vk - y 6ms CENR

1 dlogW 9 av

k. —
2 dr +mnRy

B 2
E (h+ZAp).
G ||( +3 P)

Turning to the energy-weighted stress, we have from equation (74)

=€

d d
——(57’3—|—37’4)+

o oy (3ry + 677)
dV dV 3d
1 k. — k. — ———1
+ 18ry7y I + 17y (307 7T 5 s og W)

d A%
— (br3 + 3ry) (—d— logng + 37k - —)
T

ds
av. 3d
+ 75 (67k~—+——10gW)

dr ~ 2ds
dV B
+ 3m2p|wk . E = 36\/_WEH (m1 + m2) s

where the r; are given in Appendix A.

C. Non-Relativistic Limit

22

(78)

(80)

We now present the fully non-relativistic (NR), ¢ = 2 > 1 and V| ~ V| ~ ("2, form

of our closed system. Since labelling the rest-frame is somewhat inappropriate in this limit,

we use n = ng. We also use the common notation V| = b- V.
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In the NR limit, equations (69), (75), (76), (78), (79), (80), become after some

manipulation
dn
- V= 1
a T 0, (81)
dV
mnb - —=+ Vipy + (pr = py) Vi log B = enF, (82)
d p B?
Pl 108 ( = ) +2V)g) +2 (41 — q)) Vylog B =0, (83)
d
pig;log (%) + VgL =21V log B =0, (84)
d qB*\ |, 3p|o P
Q\\a log ( |7|14 ) + EEHV”E” =0, (85)
d A
aplog (5) + w22 - PG og 5 — o, (86)
14 n m ''n mn

The NR limit of our closure coincides with a bi-Maxwellian MHD closure in which gyro-
viscous components of the stress tensor are retained as presented by Ramos [13]. As such,
the system produces dispersion relations whose numerical coefficients coincide with those
obtained through kinetic theory, and the system correctly predicts the onset of the mirror

and firehose instabilities.

D. Linear Predictions

Having completed our closure, we now examine some basic predictions of the linearized
relativistic system. Linearizing equations (15) and (69)- (74) about an isotropic equilibrium
with no heat flow, equal electron and ion equilibrium temperatures, and non-relativistic flow
speed yields a lengthy set of equations presented fully in Appendix C. We present the
linearized version of equation (72) to compare with the non-relativistic limit of the same

equation as an example:
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~ ot (16 + ?ﬁz%)) o
( ) (Cs) 5ps 2 K4(€) 6Aps
%)) T3V K" p
. . 2 4(Cs) cos 5@”3
3<1 A >/c<¢>) )= (87)
K4(Cs) OAQ)s
PRGRE) 0
+2<5K2§8 L ov =0,
—3v on (5p|| 0s Qs 0s Qs
3 Cs + v (0) ) 2 cos () p )
—zcsfq-av:o,

where v = w/k, k, = ky [k, cos(0) = ky/k, v4 = B*/uo(m; + m.)n, subscript s denotes

species, superscript T denotes a sum over the species, and

F¢) = [Cs + 2?8 < G Kiﬁm

Using the full set of linear equations, we plot the phase velocity squared versus (; (ie, the

inverse temperature) in figure (1) for v4 = 107%, § = 30°, and m;/m,. = 1833. Also plotted
in figure (1) as the dashed lines are the linearized version of the non-relativistic equations,
(81)- (86). From lowest to highest phase speed for large (, we have the slow magnetosonic,
two ion acoustic, shear Alfven, fast magnetosonic, and two electron acoustic modes.

For the plotted parameters, the electron modes are the first to show significant deviation
for increasing temperature at roughly 100keV. At this temperature, the non-relativistic
theory begins to predict superluminal phase velocities for the electron acoustic modes. Also
of note, the phase velocity of the shear and slow magnetosonic Alfven modes behave quite

differently in the ultrarelativistic regime. In this regime, the correct dispersion relation is

U2 ~ (Cl;ge) 'U124,

where the non-relativistic theory would simply state v? ~ v%.
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1 100 10* 10°

FIG. 1: Phase velocity squared versus ¢; = m;/T for the general linearized evolution equations (solid) and

their non-relativistic limit (dashed) are plotted. v} = 107%, 8 = 30°, and m;/m, = 1833
VII. SUMMARY

Maxwell’s equations are closed in a magnetized plasma when the 4-vector current can be
expressed in terms of the stress tensor,

TH — Z T'U'V7

species

where TH is the stress tensor of the individual plasma species. This closure procedure is
given by equation (15) and later equations.

Thus, a closed fluid description of plasma dynamics relies on equations that fix the
evolution of the stress tensor of each plasma species. For this reason, the stress tensor is said
to provide the constitutive relation for a plasma fluid closure. We obtain our description of

the stress tensor, equation (34), via electromagnetic constraints rather than the simplier
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MHD thermodynamic arguments

1
T = pp™P + hUUP + =Ap (21{:‘1]{:3 — ea'g)
s (89)
+ Q) (/{JO‘U”B + Uakﬁ) ,
where b and e*? are approximate projection operators introduced in §II1I. The fluid 4-

velocity, U#, and the heat flow, Q) k" = (qH + qL) k*, are constrained by

FrUY =0, (90)
ek’ =0, (91)
U,k" = 0. (92)

Equation (90) provides the first of our evolutionary constraints by reproducing the
familiar EZ x B drift. We still need evolution equations for the two remaining free components
of the flow, I'*, which are the rest-frame density, ng, and the parallel flow, V). Also, from the
stress tensor, we need to evolve p = (p+2p.)/3, Ap = p; —p., h, and the two components
of the rest-frame heat flow, ¢ and ¢, .

Quasineutrality, equation (17), requires that ng be the same for all species, while the
other quantities in the stress tensor are free to vary from species to species. Thus, we choose
the following six parameters ng, V|, p|, p1, q|, and g, as our dynamical variables. The
evolution equations for the six dynamical variables of our system in various forms are given
in §VI.

At this point in the closure, we have ten scalar auxiliary parameters which are not fixed.
These are the enthalpy density, h, the four scalar parameters, my, of the stress flow, and
the five scalar parameters, r;, of the energy-weighted stress. We express these auxiliary
parameters via a representative distribution, which is parameterized by our dynamical vari-
ables. Thus, the distribution evolves according to equations (69)- (74), and our auxiliary
parameters can be expressed in terms of the dynamical variables, as presented in Appendix
A.

Our closure provides a more accurate physical description of relativistic, magnetized fluid
plasmas than previously presented by Hazeltine and Mahajan [7]. The system allows detailed
study of various astrophysical and laboratory plasmas at a more realistic level than MHD.

Also, in the non-relativistic limit, our closure reduces to a set of equations presented by
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Ramos [13] obtained via a bi-Maxwellian closure in which gyroviscous terms of the stress
tensor are retained. In forthcoming papers, we will explore the thermodynamic properties

of an imperfect relativistic plasma through the inclusion of collisions.
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Appendices

A. AUXILIARY PARAMETERS

Here, we list the non-vanishing rest-frame moments of the third and fourth rank in terms
of the auxiliary parameters my and r, and express the auxiliary parameters of our system
in terms of the dynamical variables. We orient our rest-frame such that B = (0,0, B).

The non-vanishing components of the third rank moments are

2
MI%OO =m"ng + 3Imi + my,

1
MI%(B = 5m3 - §m4,

011 022
MO = M9 =

033
Mp™ = my + mao,

2
]‘[113 223
R — R — m3 - §m4,

M§33 = 3ms + my.

And for the fourth rank, we have

R(I]%OOO _ m2 (u + 3p) -+ 157“1 + 10712 + 4T57
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RWM = RY?* = m®p, +5ry + 1o + 75,

RORP:B = m2p|| + 57“1 + 8T2 + 27"5,

0003 2
Rp™ =m”Q) — 3rs — 3ry,

0113 _ p0223 __

RS — 500 3y,

R}%lll _ R?%Q22 — 3R}%122 _ 3T1,

1133 2233
RR :RR :T1—|—T2+7’5,

R¥% = 3r| + 6rs.

The auxiliary parameters of our system are determined by evaluating the rest frame

moments above via our distribution function, equation (60)

Kg 1 K4 Ap2 1K4K3
K, 3 PQ_+_§T_<6 K2
L
9K3Ky 18K,/ |’

mQH 1_2K4 1—|—2Q
3KK32+3Q]’

m _mQH K4 2(1—@)
YT KKs 2+3Q
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"Uoar DKy 37TV KG

1K,Ks 5 K2 1K

A2 - v 4 -t
+ap <6 KZ  0KsK, 2K,))
1m K4 2 K2 K5
= AP AP A T

"2 ZnR[p pK3+ P ( 3K3K2+K2>:|’

m? K 2 K
rs = — QKo = 550 )

¢ K3K 2+3Q K,

. _2m? K, o  543QK;
LT3R\ T T 230K, )

o lm 2K5
5= QHRAp }(27
where
K5(¢, K5((,
e - K6)  ElG)

B KQ(CS) - K4(Cs)

We can also now express the enthalpy density in terms of our dynamical variables by look

at T =h—p

B. FOURTH RANK SYMMETRIZATION

The construction of R will involve tensors of the three following forms, aside from

fully asymmetric and fully symmetric

1. Symmetric times asymmetric, ie n®*U7k?. This form will have 12 terms in the sym-

metrization

Agaﬁ’yfs) _ Aa575+Aa557+Aa575+A065/@7
_i_Aayﬂ&_'_Aayé,B_'_AﬁSay_i_Aﬁé'ya

+Aﬁ'yo¢5_|_Aﬁ'y5a_+_A6’yaﬂ_'_A6'yﬁa.
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2. Symmetric times symmetric, ie n®?U7U?. This form will have 6 terms

Agaﬁvé) = AP 4 porBs | padBy | pByad

+ Aﬁ‘sa’Y + Aa’YOéﬁ'

For the special case of a fourth rank composed of the two identical symmetric second

rank tensors, ie n°’n°, only the first three terms contribute to symmetrization.

3. Third rank symmetric times a four-vector, ie k*UPUYU?. This form has four terms

Aéaﬁ'ﬂs) :Aaﬁ'yé_'_Aﬁa'yé_i_A'yaﬂé_i_Aéaﬁ'y‘

C. LINEARIZED EVOLUTION EQUATIONS

Here, we present the full set of linearized equations (15) and (69)- (74) about an
isotropic equilibrium with no heat flow, equal electron and ion equilibrium temperatures,

and non-relativistic flow speed:

115—n — cos (0)dv) —ky - v =0, (93)

n

K3((s) ops 2 5Ap,
CRyc) T s B g esB)— .
. U5Qus igsn

P kp I
on 5p5 5Q||s
Csf(gs)?]; + (1 - CSf(CS)) v » -+ cos (9)7 (95>

=0,
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— UG (f(Cs) - BEEE)) on

+ G ( ¢) + Kal&) 51’8 ng K4 Mps
Q(CS p
5Q||s

)
2 4(Cs)
3(1 5K3(CS)IC(())COS(0) ) (96)
1@ (0)5AQHS

KS(CS) (Cs) b

KS(CS)
K5(Cs)

+2

+2G;

k, -6v=0,

: 5
Cs (Cs + 5§2E§ ;) vov) + (s f () cos (9>£

¢ (f(Cs) K (6, >> cos() P

K2(Cs) p
2O Ki(C) - 6Ap,
T30 0,

. K4( s) ’U(SQHS
i)
_ qunc K3((s)

"K(G)

(97)

Ky(G)\ o on
Kl )COS(Q)n

K3(¢s) ops A K4(G
- (f )+ 2K2(<s)) s O "3RG
)

)
F e (Fekale) - 2xae
)

_ 2 uBs(G) OAQys _igen Ks(Gs
BKG(CIK(C) p kp Ka(G) "

[(Q Kal) | ¢ K?’(Ce)) v? — (G + ) cos (9)2} 5V

(6K Eg; + Cs) vov| + (f(Cs)
0Aps
p

ic s ()

O
Qs
P

K>(G) K> (Ce)
. opT
— (G + Ce)UAkJ_ (kj_ 5V> - Ukj_% (99)

+ -k
3n oy
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