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Abstract

We consider an n-level quantum system with Hamiltonian H and density

matrix ρ where the dynamics are generated by the Liouville equation. The

n2-dimensional vector space V on which H and ρ act is spanned by a rep-

resentation of the Lie algebra u(n). Dynamical symmetries are manifest in

a Hamiltonian living in a subspace of V which is spanned by a subalgebra

of u(n). This gives rise to certain constants of motion, the exact nature

of which depends on the structure of the subalgebra. We have developed

a procedure to automate the generation of maximal sub-algebra chains of

u(n) and the detection of dynamical symmetries and their corresponding

constants of motion. By way of example, we consider several configurations

for sub-recoil laser cooling by means of velocity selective coherent popu-

lation trapping, (VSCPT) in which the states of the system are products

of internal atomic states and external momentum states. In particular we
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find that for certain values of the family momentum p, the Hamiltonian

exhibits additional dynamical symmetry, leading to additional constants

of motion, to which we attribute the coherent population trapping in the

velocity selective dark state.
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I. Bloch Sphere

The Bloch sphere is a well known way of representing the dynamics of

a two level atom[1] with dipole moment d interacting with a near reso-

nant electromagnetic field E. The pseudospin vector S = (u,v,w) has

components Si = 〈σi〉, where the σi are the usual Pauli spin matrices:

σ1 = |1〉〈2|+ |2〉〈1| ,
σ2 = i (|1〉〈2| − |2〉〈1|) ,
σ3 = − (|1〉〈1| − |2〉〈2|) ,

(1)

and satisfy the commutaion relations

[
σi , σj] = 2i εijk σk . (2)
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In the electric dipole and rotating wave approximations, with ∆ ≡ ω−ω0

the detuning from exact resonance, and Rabi frequency Ω ≡ d ·E/2h̄, the

dynamics of the pseudospin vector take the form[2] of precession about an

effective “magnetic field,” or torque vector Γ = (Ω,0,∆):

ih̄Ṡ = [S , H]

Ṡi = εijk Γj Sk .
(3)

It is in terms of the motion of this pseudospin vector that the well known

phenomena of π & π/2 pulses, photon echo, Ramsey fringes, etc. are so

easily visualized. (See figure 1.)
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Figure 1: The two-level atom Bloch sphere. The axes u, v and w represent the ex-
pectation values 〈σi〉 of the Pauli spin matrices. The pseudospin vector S precesses
about the torque vector Γ , determined by the Hamiltonian of the system.
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II. Introduction to Lie Algebra

Before discussing n-level systems, we review some of the basic concepts

of the theory of Lie algebras. A Lie algebra g is an n(< ∞) dimensional

complex linear vector space which is closed under the under the Lie prod-

uct, [ , ]. This product satisfies the following

• Antisymmetry:

[x , y] = −[y , x] , ∀x,y ∈ g (4)

• Linearity:

[ax+ by , z] = a [x , z] + b [y , z] , ∀a, b ∈ C; ∀x,y, z ∈ g (5)

• Jacobi Identity:

[x , [y , z]] + [y , [z , x]] + [z , [x , y]] = 0 , ∀x,y, z ∈ g . (6)
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Let {xi} be a basis for the vector space of g. Since g is closed under the

Lie product, we can write

[xi , xj] =
n∑
k=1

cijk xk , i, j = 1,2, . . .n , (7)

where the constants cijk are called the structure constants for the algebra.

These constants determine all of the properties of g.

An important concept for discussing dynamical symmetries is that of a

subalgebra. A (proper) subalgebra, g′, of g is a vector space of dimension

less than that of g that is closed under the Lie product. Thus, g′ ⊂ g if

and only if

[x , y] ∈ g
′ , ∀x,y ∈ g

′ . (8)
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Of the many representations of abstract Lie algebras, the most relevant for

studying the dynamics of the Liouville equation are the matrix represen-

tations. For every Lie algebra, g, there exists a one-to-one correspondence

between the elements of g and the elements of the set of m×m matrices

where the Lie product is represented by the matrix commutator. Thus

for x,y ∈ g

x 7→Mx, y 7→My and [x,y] 7→MxMy −MyMx , (9)

whereMx andMy arem×m matrices. The Killing form provides a natural

inner product on the matrix representation:

(Mx , My) ≡
1
2

trMxMy . (10)
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Of particular interest is the algebra associated with the set of all trace-

less n×n Hermitian matrices Let H(n) denote this set. Notice that H(n)
is a vector space, and it is easily seen that

[x , y] ⊂ H(n) , ∀x,y ∈ H(n) . (11)

Let {λi}ni=1 be a basis for H(n) then we can write

[λi , λj ] = 2i
∑
k

fijk λk . (12)

This is the algebra su(n).

We can choose this basis such that

(λi , λj) = δij . (13)
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Since {λi} is a basis for H(n), any matrix a ∈ H(n) can be written as

a =
n∑
i=1

αiλi , (14)

where

αi = 1
2 traλi . (15)

If we augment the set {λi} with the identity matrix we obtain a basis for

the space of all Hermitian n × n matrices. This corresponds to the alge-

bra u(n). Since the identity matrix commutes with all the other elements

of the basis, the properties of u(n) are only trivially different from those

of su(n).
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III. Bloch Hypersphere for n-level systems

With the use of the concepts in section II, the Bloch sphere picture gen-

eralizes in a natural way to the case of multilevel systems interacting with

polychromatic fields.[3] The density matrix ρ and Hamiltonian H (which

we take to be traceless) are n×n Hermitian matrices which we can expand

as

ρ =
1
n

I +
1
2
Sj λj ,

H =
h̄

2
Γj λj .

(16)
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The λj are as in (12). The coefficients Sj and Γj in the expansions above

are the n-level pseudospin and “torque” vectors, and are evidently

Sj = tr(ρλj) = 2(ρ , λj) ,

h̄Γj = tr(Hλj) = 2(H , λj) ,
(17)

That is,

S =
(
{ujk},{vjk},{wl}

)
, (18)

where,

ujk = |j〉〈k|+ |k〉〈j| ,
vjk = i (|j〉〈k| − |k〉〈j|) ,

wl = −
√

2
l(l + 1)

|1〉〈1|+ · · ·+ |l〉〈l| − l|l + 1〉〈l + 1|︸ ︷︷ ︸
n2−1

 , (19)
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and

Γ =
(
−Ω1, . . . ,−Ωn−1,0, . . . ,0,∆1, . . . ,∆n−1

)
. (20)

The dynamics of the system are generated by the Liouville equation

i h̄ ρ̇ = [H , ρ]. (21)

From this and (16) it easy to show that the n-level pseudospin vector

dynamics are described by a generalized precession equation:

Ṡi = fijk Γj Sk , (22)

in exactly the same manner as the two-level system.
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Figure 2: Dynamics on the n-level Bloch hypersphere. Hamiltonians generate
dynamical trajectories in u(n), which map onto paths on the n2 − 1 dimensional
hypersphere representing states of the system. There may exist patches on the
sphere which are dynamically inaccessible from certain initial states.
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IV. Trace Invariants and Dynamical
Accessibility

In multilevel systems, there exist constants of motion in addition to the

energy, 〈H〉, and the total population, trρ = 1. Consider any scalar

function of the density matrix f(ρ). It follows directly from the Liouville

equation and the cyclic properties of the trace that cf ≡ tr f(ρ) is a

constant of the motion:

ċf = tr
(
f ′(ρ)ρ̇

)
,

=
1
ih̄

tr
(
f ′Hρ− f ′ρH

)
,

= 0 . (23)
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It is then natural to ask how many of these constants are functionally in-

dependent. One way to answer this is to consider a representation where

H is diagonal. In such a representation the diagonal elements of the den-

sity matrix do not evolve in time; thus there exist n such functionally

independent constants of motion. One natural way[3] to enumerate these

constants is as

ci = trρi ; i = 1, . . .n . (24)

(Since trρ does not evolve, we consider in what follows only the traceless

part of the density matrix.) One consequence of the existence of such

conserved quantities is the phenomenon of coherent population trapping.

For example[3], one can show that for a three level (Λ) system it is not

possible to transfer 100% of the population from an incoherent mixture of

levels |1〉 and |2〉 to level |3〉 by Hamiltonian evolution. In this case such
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population trapping is a consequence of trρ2 = const. Such behavior is

well known in classical mechanics, where it goes by the name of dynami-

cal accessibility.[4] The importance of this behavior is that some states of

the system may simply not be connected to other states by Hamiltonian

evolution. (Since the density matrix for a pure state is a projection oper-

ator ρ2 = ρ, any pure state is dynamically accessibly from any other pure

state.) We are currently investigating the relevenace of such questions of

dynamical accessibility to the fields of coherent control and quantum state

engineering.
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Figure 3: Example of nonconservation of trρi invariants with conventional numeri-
cal methods. Here we have solved the Optical Bloch Equations for a 4-level, 3-laser
STIRAP-like excitation of Li Rydberg atoms.[5] Although trρ is conserved, the higher
order invariants show some loss as the evolution progresses. We are investigating the
application of exactly conservative integrator techniques to address this situation.
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V. Dynamical Symmetries

Consider a general n-dimensional traceless Hamiltonian matrix H. Using

the basis of su(n) we can write

H =
∑
i

hiλi . (25)

For a generic Hamiltonian, one would expect that hi 6= 0, ∀i. Let g′

be a sub-algebra of su(n). Denote the basis of g′ by {λa} and consider a

Hamiltonian that can be expressed using only those basis vectors belonging

to g′; that is consider

H =
∑
a

haλa . (26)
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To see how this structure affects the dynamics generated by the Liouville

equation we decompose the traceless part of the density matrix as

ρ =
∑
a

ρaλa +
∑
µ

ρµλµ , (27)

where {λµ} denotes those basis vectors of su(n) not contained in g′. Now

ρ̇ = i h̄
∑
a,b

ρahb [λa , λb] + ih̄
∑
µ,b

ρµhb [λµ , λb]

=
∑
i

ρ̇iλi .
(28)
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Since g′ is a subalgebra, [λa , λb] ∈ g′ and we have

ρ̇c = 2h̄
∑
ab

ρahb fbac ,

ρ̇ν = 2h̄
∑
µb

ρµhb fbµν ,
(29)

from which we see that the dynamics decouple. The projections of ρ

onto {λa} evolve independently of the projections of ρ onto {λµ}. Notice

that this decoupling depends critically on g′ being a subalgebra. The

dynamics of ρa can be analysed without considering ρµ.

By a dynamical symmetry we mean a special structure (“symmetry”) of

the Hamiltonian that leads to this decoupling of the dynamics of ρ. To see

how this leads to constants of motion, suppose that g′ = su(m), m < n.
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Then in addition to the n constants trρi, i = 1 . . .n, there will be m

constants tr ρ̂i, i = 1 . . .m where

ρ̂ =
∑
a

ρaλa . (30)

In general these constants will be functionally independent of the trace

invariants of the full system. The same general idea holds when g′ is some

algebra other than su(m).



23

VI. A Procedure for Determining
Dynamical Symmetries

The problem of finding the dynamical symmetries of given is somewhat

subtle; it is not enough to simply check for each subalgebra whether the

Hamiltonian can be expanded using only the basis vectors of that subal-

gebra. This subtly is made clear by applying a unitary transformation to

the basis vectors of su(n). Let

λ′i = U†λiU , i = 1,2, . . . , n2 . (31)

Now

[λ′i , λ
′
j ] = U† [λi , λj ]U = 2i fijkλ

′
k , (32)

and

h′i ≡ (H , λ′i) = (U HU† , λi) = βij (H , λj) , (33)
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where

βij = (λ′i , λj) . (34)

Thus {λ′j} is also a representation of su(n) but the expansion coefficients

of H are different. Since both H and U HU† generate the same dynam-

ics, we must not only examine the given Hamiltonian but all unitarily

equivalent Hamiltonians.

Fortunately there is a systematic method for performing an exhaustive

search for dynamical symmetries of a given Hamiltonian H. One begins

by constructing a list of maximal subalgebras of the dynamical algebra of

the Hamiltonian. By examining only maximal subalgebras one can per-

form the full search in a recursive manner which tremendously reduces

the actual number of subalgebras that need to be analyzed. (This is im-

portant as the total number of subalgebras of su(n) grows better than

exponentially in n.)
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For each maximal subalgebra, the most general Hamiltonian, HSA, is con-

structed using the basis of the subalgebra and its characteristic polynomial

is computed. This polynomial is compared with the characteristic poly-

nomial of H. If it is possible to make these polynomials agree for some

choice of the expansion coefficients of HSA then we know that H and HSA

are related by a unitary transformation and that H has a dynamical sym-

metry corresponding the maximal subalgebra used to construct HSA. The

process is continued by taking the subalgebra just found and computing

all of its maximal subalgebras looking for additional symmetries. In this

way one “descends” a chain of subalgebras until no further symmetry of

the Hamiltonian is present.

In essence what we are doing is classifying all n× n (traceless) Hermitian

matrices modulo their spectral characteristics. This is precisely what one

would expect; the constants of motion that arise due to the dynamical
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symmetries are a consequence of various (potentially complex) relation-

ships between the eigenvalues of the Hamiltonian. The most general n-

dimensional Hamiltonian will have unrelated eigenvalues and will (obvi-

ously) admit no dynamical symmetry.
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VII. Example

Consider a 3-level system with Hamiltonian

H =


1
3 d −a 0
−a −2

3 d −b
0 −b 1

3 d

 (35)

The characteristic polynomial for H is

w3 −
(
a2 + b2 +

1
3
d2

)
w +

1
3
a2d +

1
3
b2d+

2
27
d3 . (36)
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The algebra su(3) has a two maximal subalgebras, u(2) = su(2) ⊕ u(1)
and su(2). A basis for the maximal su(2) subaglebra is

λ1 =


0 1 0
1 0 0
0 0 0

 , λ2 =


0 0 1
0 0 0
1 0 0

 , λ3 =


0 0 0
0 0 i

0 −i 0

 , (37)

and the general form of the Hamiltonian is

Hsu(2) =


0 h12 h13

h12 0 ih23

h13 −ih23 0

 , (38)

where h12, h13 and h23 are real. The characteristic polynomial of Hsu(2)

is

w2 −
(
h2

12 + h2
13 + h2

23

)
w , (39)
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which implies that H exhibits the su(2) symmetry only for d = 0.

We take as our basis vectors for u(2)

λ1 =


0 1 0
1 0 0
0 0 0

 , λ2 =


0 −i 0
i 0 0
0 0 0

 , λ3 =


1 0 0
0−1 0
0 0 0

 ,

λ4 =
1√
3


1 0 0
0 1 0
0 0−2

 .

(40)

A generic Hamiltonian for this subalgebra is

Hu(2) =


h11 h12 0
h12 h11 0
0 0 2h11

 , (41)
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where h11 and h12 are real. Equating the characteristic polynomial for H

and Hu(2):

w3 −
(
a2 + b2 +

1
3
d2

)
w +

1
3
a2d +

1
3
b2d+

2
27
d3

= w3 −
(
3h2

11 + h2
12

)
w + 2h3

11 − 2h11 h
2
12 , (42)

we obtain equations for the free parameters h11 and h12

This equation has many solutions, one solution is

h11 = −d
6

and h12 =
1
2

√
4a2 + 4b2 + d2 (43)

Hence there exists a unitary transformation U such that U HU† has the

form of Hu(2).
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Since u(2) = su(2) ⊕ u(1) is a direct sum subalgebra, the dynamics gen-

erated by Hu(2) factor (trivially) once again. The su(2) part is spanned

by {λ1, λ2, λ3} while the u(1) part is spanned by {λ4}. The direct sum

structure of u(2) means that λ4 commutes with all the other basis vectors.

Thus

[λ4 , Hu(2)] = 0 , (44)

and we see that the projection of ρ into λ4 is a constant of motion. The

remaining conservation laws are given by

trρs and trρ2
s (45)

where

ρs =
3∑
i=1

(ρ , λi)λi . (46)
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Since we have taken ρ to be traceless, only the second of these gives a

nontrivial result. Explicitly we have

c1 = (ρ , λ4) =
√

3
2
(
ρ11 + ρ22

)
,

c2 = trρ2
s =

1
2
(
ρ2
11 + ρ2

22

)
+ 2ρ12 ρ21 − ρ11 ρ22 .

(47)

From these expressions we can extract simpler constants of motion:

k1 = ρ11 + ρ22,

k2 = ρ12 ρ21 − ρ11 ρ22 .
(48)

To obtain the form of the constants of motion in the basis of H we replace

the elements of ρ in the above with the corresponding elements of UρU†.



33

Where U is the unitary matrix that bringsH into the form of Hu(2). There

are many such matrices; for example

U =


cosθ 0 sinθ

0 1 0
sinθ 0−cosθ

 , (49)

where tanθ = a/b. Using this transformation, our conservation laws be-

come

k1 =
(
a2 − b2

)
ρ11 + a2 ρ22 + ab

(
ρ13 + ρ31

)
,

k2 = a2
(
ρ12 ρ21 − ρ11 ρ22

)
+ b2

(
ρ11 ρ22 + ρ2

22 + ρ23 ρ32

)
+ ab

(
ρ13 ρ22 + ρ12 ρ23 − ρ22 ρ31 + ρ21 ρ32

)
.

(50)
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| − 1g〉

| 0e〉

|+ 1g〉

| − 1g〉

| 0e〉

|+ 1g〉

|p〉 |p〉

|p− h̄k〉 |p+ h̄k〉

Ω Ω

Ω

|p+ h̄k〉 |p− h̄k〉 |p+ h̄k〉

|p− h̄k〉|p− h̄k〉 |p− h̄k〉 |p+ h̄k〉

|p− 2h̄k〉 |p〉 |p+ 2h̄k〉

| − 1g〉

| 0e〉

|+ 1g〉

Figure 4
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VIII. Application to Sub-recoil Cooling

Much of laser cooling can be understood in terms of a semiclassical picture

where point-like atoms undergo optical pumping processes in inhomoge-

neous light fields. The limiting factor in such cooling is the random mo-

mentum kicks from individual photon scattering events; the widths of the

resulting momentum distributions are a few “recoil momenta”: pr = h̄k.

When atoms are cooled to near the recoil limit, the deBroglie wavelength of

the atoms becomes comparable to the wavelength of the light being used

to cool them, and a fully quantum mechanical treatment of the atomic

momentum must be employed.
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In order to breach the recoil limit, it is necessary to be able to “turn

off” spontaneous emission, which we do by not making transitions to the

excited state. One way of doing this is to make use of coherent population

trapping to optically pump atoms into a velocity selective dark state by

means of a random walk in momentum space. This is referred to as velocity

selective coherent population trapping (VSCPT).[6] We now apply our

formalism of dynamical symmetries to this means of subrecoil laser cooling,

considering the cases where p = 0 and p 6= 0.
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We consider several configurations for 1-D transverse VSCPT cooling of

a J = 1 → 1 system (appropriate to the 2 3S1 → 2 3P1 transition in

metastable helium.) The simplest (see figure 4) is the σ+−σ− polarization

configuration applied to the J = 1 → 1 system. This results in a 3-level

Λ-system with states {|0e, p〉,| ± 1g, p± h̄k〉}. The Hamiltonian is

H =


(p− 1)2

2m
1
2 Ω 0

1
2 Ω δ +

p2

2m
1
2 Ω

0 1
2 Ω

(p+ 1)2

2m

 ;

this is the system treated in the preceding example. For p = 0, this

Hamiltonain exhibits the su(2) symmetry.
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The next more complicated system is the 5-level system created in the

lin⊥lin polarization configuration. Here the states of the system are

{|0e, p〉,| ± 1g, p± h̄k〉,| ± 1g, p∓ h̄k〉}. The Hamiltonian for this system

is

H =



(p− 1)2

2m
0 1

2 Ω 0 0

0
(p+ 1)2

2m
1
2 Ω 0 0

1
2 Ω 1

2 Ω δ +
p2

2m
1
2 Ω 1

2 Ω

0 0 1
2 Ω

(p− 1)2

2m
0

0 0 1
2 Ω o

(p+ 1)2

2m


.
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When the angle between the polarizations of the counterpropagating laser

beams between 0 and π/2, the momentum families are no longer closed,

and higher velocity VSCPT peaks can be observed[7]. The simplest sub-

system describing such a situation is the 8-level system shown in the third

part of figure 4. Here the higher order dark state is not an exact eigenstate

of the total Hamiltonian, and the system exhibits only approximate dy-

namical symmetry for p = 0. We are currently working on incorporating

such situations into our methods.
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We can apply our method for finding dynamical symmetries to the Hamil-

tonian for the 5-level given above. The structure of this Hamiltonian

changes radically when p = 0. For this system the dynamical algebra

is su(5). This algebra is more complicated than su(3) having three maxi-

mal subalgebras so(5) ∼ sp(4), su(3) ⊕ su(2)⊕ u(1) and su(4) ⊕ u(1) of

dimensions 10, 12 and 16 respectively. It turns out that in this represen-

tation so(5) leads only to Hamiltonians having zero determinant and thus

not of interest.

For p 6= 0 the relevant subalgebra is su(3)⊕ su(2)⊕ u(1). This symmetry

leads to four constants of motion; the first three of which are given below.

The fourth constant is cubic in ρ and contains in excess of 220 terms and

is omitted for brevity.
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k1 = ρ14 + ρ25 + ρ33 + ρ41 + ρ52 ,

k2 = ρ11
2 + ρ11 ρ14 + ρ12 ρ21 + ρ15 ρ21 + ρ12 ρ24 + ρ15 ρ24

− ρ11 ρ25 − ρ14 ρ25 + 2ρ13 ρ31 + 2ρ23 ρ32 + ρ11 ρ33

− ρ14 ρ33 − 2ρ25 ρ33 + 2ρ33
2 + 2ρ13 ρ34 + 2ρ23 ρ35

+ ρ11 ρ41 − ρ25 ρ41 − ρ33 ρ41 + ρ21 ρ42 + ρ24 ρ42

+ 2ρ31 ρ43 + 2ρ34 ρ43 + 2ρ11 ρ44 + ρ14 ρ44 − ρ25 ρ44

+ ρ33 ρ44 + ρ41 ρ44 + ρ44
2 + ρ21 ρ45 + ρ24 ρ45

+ ρ12 ρ51 + ρ15 ρ51 + ρ42 ρ51 + ρ45 ρ51 − ρ11 ρ52

− ρ14 ρ52 − 2ρ33 ρ52 − ρ41 ρ52 − ρ44 ρ52 + 2ρ32 ρ53

+ 2ρ35 ρ53 + ρ12 ρ54 + ρ15 ρ54 + ρ42 ρ54 + ρ45 ρ54 ,

(51)
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k3 = ρ11
2 − ρ11 ρ14 + ρ12 ρ21 − ρ15 ρ21 − ρ12 ρ24 + ρ15 ρ24

+ ρ11 ρ25 − ρ14 ρ25 + ρ11 ρ33 − ρ14 ρ33 − ρ11 ρ41 − ρ25 ρ41

− ρ33 ρ41 − ρ21 ρ42 + ρ24 ρ42 + 2ρ11 ρ44 − ρ14 ρ44

+ ρ25 ρ44 + ρ33 ρ44 − ρ41 ρ44 + ρ44
2 + ρ21 ρ45 − ρ24 ρ45

− ρ12 ρ51 + ρ15 ρ51 + ρ42 ρ51 − ρ45 ρ51 + ρ11 ρ52 − ρ14 ρ52

− ρ41 ρ52 + ρ44 ρ52 + ρ12 ρ54 − ρ15 ρ54 − ρ42 ρ54 + ρ45 ρ54 ,

k4 = ρ11
2 ρ14 + ρ11 ρ14

2 + ρ12 ρ14 ρ21 + · · · .

(52)
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For p = 0 the Hamiltonian gains additional symmetry; the su(3) piece de-

composes into su(2)⊕u(1) and the projection of the Hamiltonian onto u(2)
vanishes leaving a u(1) ⊕ u(1) symmetry. The complete dynamical sym-

metry is su(2) ⊕ u(1) ⊕ u(1) ⊕ u(1). The procedure for computing the

conservation laws is essentially the same as in the other cases. This sym-

metry leads to the 6 new constants of motion shown below. (We omit the

full expression for k2 for reasons of space.)
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k1 = 3ρ12 − ρ14 + 3ρ15 + 3ρ21 + 3ρ24 − ρ25 + 5ρ33 ,

− ρ41 + 3ρ42 + 3ρ45 + 3ρ51 − ρ52 + 3ρ54 ,

k2 = −ρ12
2 + ρ12 ρ14 − 2ρ12 ρ15 + ρ14 ρ15 − ρ15

2 + · · · ,

k3 = 2ρ11 − ρ14 + ρ25 + ρ33 − ρ41 + 2ρ44 + ρ52 ,

k4 = ρ12 − ρ15 − ρ42 + ρ45 ,

k5 = ρ21 − ρ24 − ρ51 + ρ54 ,

k6 = ρ14 + ρ25 + ρ33 + ρ41 + ρ52 .

(53)
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IX. Future Work

We plan to employ the conserved quantities determined by the methods

described here in the solution of the optical Bloch equations using exactly

conservative integration algorithms.[8] Such methods have the advantage

of explicitly conserving all constants of motion during numerical integra-

tion of the dynamical equations. We also plan to investigate the role

of dynamical accessibility in present proposals for coherent control and

quantum state engineering.

The effects of non-Hamiltonian processes such as spontaneous emission

have been ignored in this work except for the role they play in populat-

ing the trapping states. Future work will address these issues, as well as
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the investigation of approximate symmetries due to the fact that in con-

figurations such as lin-angle-lin VSCPT, the momentum families are not

closed.
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