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Harbinger: Localized and periodic solutions and Inverse problem

Vlasov Poisson equilibrium in some frame =⇒

distribution function=f(E) where E = mv2/2 + eφ =⇒

φxx = −∂V (φ)
∂φ ←− pseudo-potential −→ pulse, periodic, double

layer, ... BUT →



E2

E1

self-consistency loop

f(E)⇒ φ(x)⇒ f(x, v)

φ⇒ ‘topology’

energy partition

f =
∑
i fi(E)χi(E)

χi = 1 on region i, else 0

orbits with v = 0

f+(E) = f−(E)

generalized function sol

f = f+(E)H(v) + f−(E)H(−v)

inverse problem

choose φ⇒ trapped ptles



Two Problems:

ut − 6uux + uxxx = 0 ←→ ψxx + [λ(t)− u(x, t)]ψ = 0

KdV Schrödinger





Inverse Scattering Problem

ψ ∼ Te−ikx ψ ∼ e−ikx+Reikx

ψn ∼ cn(t)e−κnx

← u(x, t)

Remarkable Facts

• κn(t) =
√
−λn(t) = κn(0)

• cn(t) = cn(0)e4κ
3
nt

• R(k, t) = R(k,0)e8ik
3t |T |2 + |R|2 = 1

• T (k, t) = T (k,0)



Solution

u(x,0)⇒ scattering data {κn(t), cn(t), T (k, t), R(k, t)} ⇒ B(x, t)

Gel’fand-Levitan equation

K(x, y, t) +B(x+ y, t) +
∫∞
x K(x, z, t)B(y+ z, t)dz = 0

solution of KdV

u(x, t) = −2dK(x,x,t)
dx

Whence??

Quotes

• “You are trying to solve the inverse scattering problem.”

• “It unfolded like a lily.”





Torus Breakup: The Basic 2 DoF Hamiltonian Dynamics Result

∃ Action-Angle Variables: H(q1, q2, p1, p2)→ H(J1, J2)

φ1, φ2 ignorable ⇒ foliation by tori

e.g. field lines of tokamak equilibrium

@ Action-Angle Variables: (broken tori almost always the case)

• KAM theorem → applies near integrable

• JMG residue theory→ applies near and far from integrable

Physically more important than KAM (last barrier to transport).
Conceptually more interesting (describes local behavior).

——————————

1952 (Kruskal) −→ 1968 (JMG) −→ 1979 (JMG) −→

MacKay (renormalization), del-Castillo-Negrete, PJM (nontwist:
resiliency of reverse shear torus) ...
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Symplectic Maps

Standard (Twist) Map:

x′ = x+ y′

y′ = y −
k

2π
sin(2πx)

Standard Nontwist Map:

x′ = x+ a(1− y′2)
y′ = y − b sin(2πx)

Parameters:

a measures shear, b, k ripple

Shearless Curve:

for b = 0 ,
∂x′

∂y
−−2ay′ = 0 =⇒ y = 0



John’s Idea

The sudden change from stability to instability of scads of nearby
periodic orbits signals the breakup of invariant tori.

John’s Example

For which k-value of standard map is the (last) torus with rota-
tion number ω∗ = 1/γ, the inverse golden mean, critical?

Rotation Number:

ω := limn→∞xn
n lifted to IR q−profile ∼ ω−1

——————————

Extensions of John’s method:

ω∗ := quadratic irrational, e.g. 1/γ,1/γ2 periodic cf expansion

Shearless curve of standard nontwist map:

For b = 0 obvious, for b 6= 0



Greene’s Method

1. Approxmate invariant torus (far from KAM limit) by sequence
of periodic orbits with rotation numbers

ωi =
ni
mi

, ni,mi ∈ Z

such that

lim
i→∞

ωi = ω∗

Example: γ = golden mean = (
√

5 + 1)/2 1/γ = [0,1,1,1 . . . ]
with convergents

ai =
Fi
Fi+1

, Fi, Fi+1 ∈ Z

where Fi = Fibonacci numbers, which are truncations of contin-
ued fraction expansion

Higher and higher order −→

looks more and more like invariant torus



Greene’s Method (Continued)

2. Calculate Residues

R :=
1

4
[2− traceDTn]

for sequence of periodic orbits and consider

limRi =


0 torus exists
∞ torus does not exist
Rc ∼ .25 torus critical

For the standard map Greene calculated

kc = .971635 . . .

for criticality of the 1/γ torus, the last torus.

How did he do it?

Used involution decomposition to obtain periodic orbits ∼ 106.



Involution Decomposition

Birkhoff, de Voglaere, Greene

Discrete Symmetries (e.g. time reversal) =⇒

T = I1 ◦ I2 ,
where

I1 ◦ I1 = I2 ◦ I2 = identity map

Reduces 2-dimensional root search to a 1-dimensional search
along symmetry sets.

• Enables one to obtain periodic orbits of order 108 with 13 place
accuracy!

• Problem: for nontwist systems, periodic orbits do not exist for
all convergents!



Nontwist (Shearless) Results

• We first found (a, b) for 1/γ by ‘intelligent search’ such that

residue limit to a period-6 cycle at criticality

{R∗1, R
∗
2, . . . , R

∗
6}

That is, there exist six convergent subsequences.

Doing this for periodic orbits of order 106

a ≈ 0.686049 b ≈ 0.742497002412

• Subsequently, many results related to other shearless tori. Re-

cently for [2,2,2,2, ...] a new kind of breakup.



Basic Idea: Plasma models in Eulerian variables, noncanoncal
variables, are Hamiltonian field theories in tems of noncanonical
Poisson brackets linear in field variables.




