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APPENDIX A. SELF-ADJOINTNESS OF THE FORCE
PERATOR F

The goal of Appendix A is to show that the force operator F is

self-adjoint; that is

| f n ¥ dr = | &-Fn)dr (A1)

where & and 7 are two arbitrary vectors satisfying the boundary condition
n-E=n-n=0 on the surface. This corresponds to the perfectly

conducting wall boundary condition.
The integrand can be written as

0 FE =1 ig(VxB)xQ+;1:)(VXQ)xB

+ V(&-Vp + ypV-8) (A.2)

withQ =V X (§ X B); The last term is integrated by parts yielding

n-F@® =1- i(vxm><Q+i(vxq>xB+V(E-Vp)

— (VB -/ - (A3)

One now writes § = §. + gb,m=n.%F nyb. The term in the square
bracket in Eq.’(A.3) has no parallel component; specifically,

;]‘—B-(VXB)XQ= —Q-IJXB=-Q-Vp
=V-[Vp X EXB)= —V-[(&-Vp)B] (A4
b.  B-V(E-Vp).=V [ VP)B]

Clearly, the parallel component cancels. Consequently one finds

a.

0K =~ W +1

where I is a function only of the perpendicular components of & and n:

K m) = s+ | L (7 X B) X Q@+ (7 X Q) X B+ V(5. VP)
Ko Ko

(A.5)

L-.u':{n3

B Vp=90
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The last term is now integrated by parts and the first two terms
rewritten using standard vector identities:

1=;}m (Q- VB + B-VQ - V(B Q)] — .- VPV 1 (A5

The three terms inside the square brackets in Eq. (A 6) are expanded as |

follows: o b

.- (Q-VB) =mn, -[(B-VEL) VB — (EJ.‘VB)'VB] — B(n - w)V-E,
1. (B-VQ) B-V(n.-Q) - Q'(B'Vﬂ.l.)f
—V'[('LL'Q)B]"(B‘VEJ."g_L'VB )
BV-E.)-(B-Vn.o) (A7)
(B-VEL)- (B V) + (B VB) (B 4 h
B’y ®)V: EJ..
—q.-VB-Q)=-V-[(B-Qn.]+ B QV-n.
—B¥(V -E)(V+n.) — [E. - VB2 + BYEL W]V .

In the second and third terms, full divergence contributions have been
dropped since they mtegrate to zero. Combining terms one finds

n-FE) = —;—(V gV 1u)——(B VE.)-(B-Vn.)
- yp(V-E)(V-m)

2

B B?
E,-Vip + 5 +EE;-K Ven,

20

B?
- ZE(nl‘lf)V-§¢
4+ R . ' : (A8
where
PoR = Mo (B '_VEJ_) -VB — (8- ) VB] + (.- VB)- (B-Vny)
o c ( A. 9)

The middle line is simplified by noting that &, -V(p + B*2p0) = (B?
pio)(&.. - ¥). The quantity R can be rewritten by usmg the two identities

V- (I @ VB)IB) = - (B-Vn.)" (8. VB)
9 +m.-(B,VE) VB -+, - (BEVV)B
L. V)(B-VB) =1, (€. VB)- 9B+, - (BE;VVB) (A.10)
(W )
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To within a divergence term which integrates to z€ro, R is given by
2

B
= —(.8.: VP + o - (A.11)

1
R=—>n. (& V)B- VB
Uo

-~

The final result is
[n-8@) de = — [ an] L B-¥8) - @8- V) + (V- D0

B2
+ ;;(V By + 28 0)(Veny 20, (A.12)

2

4B B
— —— . K . + :VV + R
Yo &, (1. K) (n.8. N\p 210

which is clearly a self-adjoint form by inspection.

B7)0 = (%7 :¢)
T % B o+ b (b7, =
Al V4 + B
"~ z
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