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Abstract

A formalism is developed for optimizing the design of feedback coils placed around
a tokamak plasma in order to control the resistive shell mode. It is found that
feedback schemes for controlling the resistive shell mode fail whenever the dis-
tortion of the mode structure by the currents 
owing around the feedback coils
becomes too strong, in which case the mode escapes through the gaps between
the coils, or through the centres of the coils. The main aim of the optimiza-
tion process is to reduce this distortion by minimizing the coupling of di�erent
Fourier harmonics due to the feedback currents. It is possible to de�ne a quan-
tity �0 which parameterizes the strength of the mode coupling. Feedback fails for
�0 � 1. The optimization procedure consists of minimizing �0 subject to practical
constraints. If there are very many evenly spaced feedback coils surrounding the
plasma in the poloidal direction then the optimization can be performed analyt-
ically. Otherwise, the optimization must be performed numerically. The optimal
con�guration is to have many, large, overlapping coils in the poloidal direction.

PACS: 28.52.Av, 52.30.Jb, 52.35.Py, 52.55.Fa



I Introduction

Pressure gradient driven external kink modes often limit the maximum achievable
� in tokamak plasmas.1 Since fusion reactivity scales roughly like �2, a practical
method of improving the stability of external kink modes would clearly be of very
great bene�t to the magnetic fusion program. Actually, it is well known that
external kink modes become much more stable in tokamaks when the plasma is
surrounded by a close �tting, perfectly conducting shell.2 Unfortunately, such a
scheme is quite impractical: all realizable conducting shells in reactor relevant
tokamak experiments possess non-negligible resistivity. When a tokamak plasma
is surrounded by a close �tting, resistive shell, the relatively fast growing external
kink mode is converted into the far more slowly growing \resistive shell mode."
The latter mode grows on the characteristic L/R time of the shell, and generally
has virtually identical stability boundaries to those of the external kink mode in
the absence of a conducting shell.3 (Rapid plasma rotation can have a stabilizing
e�ect on the resistive shell mode, relative to the free boundary external kink
mode,4�6 but this e�ect is expected to be negligibly small in a reactor-sized
plasma, and is, therefore, neglected in this paper.) The L/R time of a conventional
resistive shell is long compared to most plasma time-scales, but is still generally
much shorter than the duration of a tokamak discharge. Thus, it is necessary to
stabilize the resistive shell mode, as well as the external kink mode, in order to
have any chance of raising the limiting � of a tokamak plasma using an external
conducting shell.

Consider a large aspect-ratio, low �, circular cross-section tokamak plasma
surrounded by a thin, uniform, resistive shell.7 (In low-� tokamaks, external kink
modes are driven unstable by current gradients, rather than by pressure gradients.
However, the interaction of a current gradient driven external kink mode with
an external conducting shell is essentially the same as that of a pressure gradient
driven mode. This paper, therefore, concentrates on current driven external kink
modes, since these are far easier to treat analytically than pressure driven modes.)
The plasma and shell are approximated as a cylinder of radius a, and a concentric
cylindrical shell of radius rw > a, respectively. Consider a simply connected
circuit C which lies entirely within the shell. Let S be the surface which spans
C, and also lies entirely within the shell. The sense of circulation around C is
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assumed to be such that the normal to S points radially outwards. The perturbed
circuit equation for C takes the form

KC = �
�w �C ; (1)

where

KC = rw

I
C

�0 �I �dl (2)

is (proportional to) the line integral of the radially integrated perturbed eddy
current density �I(�; z) around C, and

�C =

Z
S

�B �r̂ dS (3)

is the perturbed magnetic 
ux linking C. Here, (r; �; z) are standard right-handed
cylindrical polar coordinates, �B is the perturbed magnetic �eld, and

�w = �0 �w�wrw (4)

is the L/R time, or \time constant," of the shell. The quantities �w and �w are
the shell thickness and conductivity, respectively. Finally, 
 is the growth-rate of
the resistive shell mode.

Note that all of the analysis in this paper is performed in the \thin shell" limit,
in which the skin depth of the perturbed magnetic �eld in the shell material is
much less than the thickness of the shell, but much greater than its radius. In
this limit, there is negligible radial variation of the perturbed magnetic �eld and
the perturbed eddy current density across the shell. The thin shell limit is valid
whenever

�w
rw

� j
j�w �
rw
�w
: (5)

It is reasonable to adopt this limit provided that the thickness of the shell is
much less than its minor radius, as is assumed to be the case, and also that the
analysis is restricted to those cases in which the external kink mode is unstable
in the absence of a conducting shell, but would become completely stable were
the resistive shell replaced by a perfectly conducting shell.
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Equation (1), which is valid for all circuits C which lie within the shell, com-
pletely speci�es the physics of the shell. For an m;n resistive shell mode, the
physics of the plasma and the vacuum region surrounding the shell can be summed
up in a single relation,

KC = ��m;n
w �C ; (6)

which is also valid for every circuit C lying within the shell. The parameter
�m;n
w is called the \shell stability index" for the m;n mode, and can be uniquely

determined from the linearized equations of marginally stable ideal magnetohy-
drodynamics (MHD) in the region outside the shell. Equations (1) and (6) yield
the dispersion relation for the m;n resistive shell mode,


�w = �m;n
w : (7)

According to this dispersion relation, if the shell stability index �m;n
w is positive

then the mode grows (without rotation in the laboratory frame) on the L/R time
of the shell. However, if �m;n

w is negative then the mode is stable.

Consider a general circuit C lying within the shell. Suppose that a thin
feedback coil, running along the path of C, is installed just outside the shell. The
feedback coil is accompanied by a high resistance detector loop which measures
the perturbed magnetic 
ux �C linking the coil. Let the feedback controlled
current driven around the coil be proportional to minus the 
ux linking the coil.
The feedback modi�ed circuit equation for C then takes the form

KC = �(
�w +�m;n
w Q)�C ; (8)

whereQ is the \gain" in the feedback circuit. Suppose that every circuit contained
within the shell is modi�ed by feedback in the manner described above. It follows
that every circuit is governed by Eq. (8). Equations (6) and (8) can then be
combined to give the feedback modi�ed dispersion relation for the m;n resistive
shell mode:


�w = �m;n
w (1�Q): (9)

In the absence of feedback (i.e. Q = 0), all of the eddy currents which are
required to 
ow in the shell by the \outer solution" (i.e., the linearized equations
of marginally stable ideal MHD in the region outside the shell) are generated by
magnetic induction inside the shell, entailing the growth of the mode (assuming
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that �m;n
w > 0). As the gain, Q, in the feedback circuits is gradually increased

from zero, an increasing fraction of the required eddy currents is supplied by the
feedback coils, and less current is generated by induction, so the growth-rate of
the mode is reduced. Eventually, when Q = 1, all of the required eddy currents
are supplied by the feedback coils, and there is no need for any inductive current,
so the mode does not grow. For Q > 1, the feedback coils supply too much eddy
current, and a negative inductive current is generated in the shell, which causes
the mode to decay.

Of course, the feedback scheme outlined above is completely impractical, since
it would require an in�nite number of feedback coils: one for every possible circuit
in the shell. In a practical feedback system, which employs a �nite number of coils,
only a small fraction of the circuits contained within the shell can be modi�ed
by feedback. In other words, only a select few circuits are governed by Eq. (8),
the remainder are governed by Eq. (1). It seems likely, therefore, that a practical
feedback scheme is going to be far less e�ective than the ideal scheme outlined
above. The main question addressed in this paper is as follows. Is it possible to
optimize the design of the feedback coils, subject to certain practical constraints
(e.g., only a �xed number of coils, or only a certain fraction of the shell covered
by coils), such that the feedback scheme approaches as closely as possible to the
ideal feedback scheme described above?

II Preliminary analysis

A Introduction

Standard cylindrical coordinates (r; �; z) are adopted. The plasma is approxi-
mated as a cylinder of radius a. The system is assumed to be periodic in the z
direction, with periodicity length 2�R0, where R0 is the simulated major radius
of the plasma. It is convenient to de�ne a simulated toroidal angle � = z=R0.
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B Basic de�nitions

The perturbed magnetic �eld is written

�B = r ^ ẑ; (10)

where  (r; �; �) is the perturbed poloidal magnetic 
ux. The magnetic �eld can
only be written in this form provided that����1r @ @�

�����
���� 1R0

@ 

@�

���� : (11)

Fourier transformation of the perturbed poloidal 
ux yields

 (r; �; �) =
X
m

	m(r) exp [ i (m� � n�)] : (12)

All perturbed quantities are assumed to possess a common toroidal mode number,
n. In the large aspect-ratio tokamak limit, characterized by [see Eq. (11)]

jmj � jnj �w; (13)

where �w = rw=R0 � 1, the linearized equations of marginally stable ideal MHD
reduce to2

1

r

d

dr

�
r
d	m

dr

�
�
m2

r2
	m +

�0 J
0
�

B� (nq=m� 1)
	m = 0: (14)

Here, B = (0; B�(r); B�) is the equilibrium magnetic �eld, q(r) = rB�=R0B� is
the \safety factor," and J 0� � dJ�=dr is the radial derivative of the equilibrium
\toroidal" plasma current, �0 J�(r) = (1=r)d(rB�)=dr.

C Shell physics

Suppose that the plasma is surrounded by a thin, rigid, concentric, conducting
shell. In the thin shell limit, it is possible to unambiguously de�ne a \shell 
ux"

	w(�; �) �  (rw; �; �); (15)
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where rw is the minor radius of the shell. Note that even though  is continuous
across the shell, in general, its radial derivative is discontinuous.

In the thin shell limit, the eddy currents induced in the shell have no signi�cant
radial variation. Hence, the radially integrated perturbed eddy current density
can be written

�0 �Iw = rJw ^ r̂; (16)

where Jw(�; �) is the eddy current stream-function. It is helpful to de�ne the
quantity

�	w(�; �) =

�
r
@ (r; �; �)

@r

�rw+
rw�

; (17)

which parameterizes the jump in the radial derivative of  across the shell.

Amp�ere's law radially integrated across the shell yields

�	w =
@Jw
@�

(18)

in the large aspect-ratio limit. Ohm's law combined with Faraday's law gives


�w
@	w
@�

= r 2
w r

2Jw; (19)

where the shell time constant, �w, is de�ned in Eq. (4).

It is helpful to Fourier transform the shell 
ux 	w(�; �) and the function
�	w(�; �):

	w(�; �) =
X
m

	mw exp[ i (m� � n�)]; (20a)

�	w(�; �) =
X
m

�	mw exp[ i (m� � n�)]: (20b)

Equations (18) and (19) yield

�	mw = imJmw ; (21)

and

�w 	

m
w = imJmw ; (22)

respectively, in the large aspect-ratio limit.
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D Asymptotic matching

Equation (14) governs the structure of the resistive shell mode in the \outer re-
gion" (i.e., everywhere apart from inside the shell). This equation is manifestly
singular at any \rational 
ux surface," for which q = m=n, expect when such
surfaces are situated in the vacuum region outside the plasma (where J� = 0).
A physically acceptable solution of Eq. (14) must satisfy physical boundary con-
ditions at r = 0 and r = 1, with 	m continuous across the shell. In addition,
	m must be zero at any rational surface lying inside the plasma. The latter con-
straint comes about because modes which interact strongly with the shell tend
to rotate very slowly in the laboratory frame, and, therefore, do not reconnect
magnetic 
ux inside the plasma, which is usually rotating substantially faster
than the rate of resistive reconnection.8 In general, there is a discontinuity in the
radial derivative of 	m at r = rw. The shell stability index

�m
w =

�
r
d	m

dr

�
	m

�rw+
rw�

(23)

is uniquely de�ned for every poloidal harmonic, except for the m = 0 harmonic.
The m = 0 harmonic is a special case because the inequality (13) is not satis�ed
for this poloidal harmonic, so the usual large aspect-ratio tokamak approxima-
tions break down. Note that the quantity �m

w is equivalent to the quantity �m;n
w ,

de�ned in Sect. I: the superscript n is redundant, since all perturbed quantities
are assumed to possess a common toroidal mode number, n.

Asymptotic matching between the \inner region" (i.e., the shell) and the
\outer region" yields

�	mw = �m
w 	mw : (24)

Equations (21), (22), and (24) reduce to the standard dispersion relation for the
m;n resistive shell mode:


�w = �m
w : (25)
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E The resistive shell mode

In general, for physically plausible plasma current pro�les, at most one of the
�m
w is positive at any given time.9 Suppose that �m0

w > 0, with �m
w < 0 for all

m 6= m0. Here, the m0; n harmonic is termed the \central harmonic." It follows
that the m0; n resistive shell mode is unstable, with growth-rate


�w = �m0

w ; (26)

and that all other resistive shell modes are stable.

Now, the solution of Eq. (14) in the vacuum region outside the plasma consists
of a linear combination of r+jmj and r�jmj functions. It easily follows that �m0

w

can be written in the form

�m0

w =
2m0

(rc=rw)2m0 � 1
; (27)

assuming that m0 > 0. The quantity rc is termed the \critical radius." According
to Eqs. (26) and (27), the growth-rate of the resistive shell mode asymptotes to
in�nity as rw ! rc. In fact, rw = rc corresponds to the ideal stability boundary.
For rw > rc, the m0; n ideal external kink mode becomes unstable, and grows on
some extremely short time-scale determined by plasma inertia. In the following,
it is assumed that rw < rc, so that the only unstable mode is the m0; n resistive
shell mode.

For side-band harmonics (i.e., m 6= m0), it is usually a good approximation
to write

�m
w ' �2jmj: (28)

In the limit jmj � 1, this approximation becomes exact.

F Summary

This section describes the theoretical foundation upon which the analysis in the
remainder of this paper is built.
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III The feedback modi�ed dispersion relation

A Introduction

Suppose that a set of feedback coils is installed immediately outside the shell.
The radially integrated current density carried by the feedback coils is written

�0 �If = rJf ^ r̂; (29)

where Jf (�; �) is the feedback current stream-function. Equations (22) and (24)
remain valid, so


�w 	
m
w = imJmw ; (30a)

�	mw = �m
w 	mw ; (30b)

but Eq. (21) generalizes to

�	mw = im (Jmw + Jmf ): (31)

Equations (30) and (31) yield

imJmf = (�m
w � 
�w)	

m
w : (32)

B The feedback coils

The distribution of feedback coils is assumed to be toroidally symmetric. It
is further assumed that there are su�cient, closely spaced coils in the toroidal
direction that there is negligible coupling of di�erent toroidal harmonics by the
feedback currents.

Suppose, for the sake of simplicity, that all of the feedback loops are identi-
cal, and consist of thin, rectangular, saddle coils, as illustrated in Fig. 1. The
poloidal and toroidal angular extents of each coil are �� and ��, respectively.
Furthermore, the angular widths of the toroidal and poloidal legs of each coil are
�� and ��, respectively. Suppose that there are M coils in the poloidal direction,
with the kth coil centred on poloidal angle �k.
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δθ

φ

δφ

Figure 1: An individual feedback coil

Let Ik be the total current circulating around the kth coil. For the sake of
simplicity, this current is assumed to be uniformly distributed throughout the coil.
It follows from Eq. (29) that

@Jf
@�

=

8><
>:
��0Ik=�� for �k +��=2� ��=2 < � < �k +��=2 + ��=2

+�0Ik=�� for �k ���=2� ��=2 < � < �k ���=2 + ��=2

0 otherwise

;

(33)
in the large aspect ratio limit, where k runs from 1 to M . Now,

Jmf =

I
@Jf
@�

e�im�

im

d�

2�
; (34)

giving

Jmf =
2�0
� ��

sin(m��=2) sin(m��=2)

m2

X
k=1;M

Ik e
�im�k : (35)
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Note that the common e�in� dependence of perturbed quantities has been ne-
glected for ease of notation.

C The feedback algorithm

Suppose that the kth feedback coil is accompanied by a detector loop, of equal
area, which measures the perturbed magnetic 
ux

�k =

Z
kth coil

�B �r̂ dA = R0�� f	w(�k +��=2)� 	w(�k ���=2)g (36)

passing through the coil. It is easily demonstrated that

�k = 2 iR0��
X
m

sin(m��=2)	mw e im�k : (37)

The feedback algorithm adopted in this paper is very straightforward: the
current driven through each feedback coil is directly proportional to minus the
perturbed magnetic 
ux linking the coil. It follows that

�0 Ik = �

�
�m0
w ��

2R0��

�
Q�k; (38)

where Q is the \gain" in the feedback circuits. Note that this de�nition of the
gain is entirely consistent with that employed in Sect. I.

D The dispersion relation

Equations (32), (35), (37), and (38) can be combined to give the in�nite dimen-
sional matrix eigenvalue equation

(G� � I)	w = 0; (39)

where � = 
�w, 	w is the vector of the 	mw values, I is the unit matrix, 0 is the
zero vector, and

Gmm0

= �m
w �

mm0

��m0

w Lmm0

: (40)
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Here,

Lmm0

= Q̂
m0

m

sin(m��=2) sin(m��=2) sin(m0��=2)

sin(m0��=2) sin
2(m0��=2)

X
k=1;M

e i (m
0�m) �k

M
; (41)

where

Q̂ =
Q

Q0
; (42)

and

Q0 =
�

2

m0

M

1

sin(m0��=2) sin
2(m0��=2)

: (43)

Note that there is no coupling to the m = 0 harmonic, since L0m0

= Lm0 = 0 for
all non-zero values of m and m0.

Equation (39) can be solved using standard methods. The physical eigenvalue
of the G-matrix gives the feedback modi�ed growth-rate of the resistive shell
mode. The corresponding eigenvector gives the Fourier harmonics of the shell

ux. It is possible to reconstruct the currents Ik circulating around the feedback
coils using this information. However, it is generally simpler to solve directly for
the coil currents, as described below.

Equations (32), (35), (37), and (38) can also be combined to give the square,
M -dimensional, homogeneous matrix equation

AÎ = 0; (44)

where Î is the vector of the
Îk = Ik e

�im0�k (45)

values, and
Akk0 = �kk0 �Bkk0 : (46)

Here,

Bkk0 =
Q̂

M

m6=0X
m

�m0
w

�m
w � 
�w

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

e i (m�m0)(�k��k0 ):

(47)
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The dispersion relation can be expressed as a polynomial in the feedback modi�ed
growth-rate 
 of the resistive shell mode by setting the determinant of the A-
matrix equal to zero. The eigenvector of the A-matrix, corresponding to the
eigenvalue zero, speci�es the currents circulating around the feedback coils.

E Summary

This section describes the derivation of the feedback modi�ed dispersion relation
of the resistive shell mode. The feedback coils are all assumed to be identical,
rectangular saddle loops, located immediately outside the resistive shell. Further-
more, the con�guration of coils is assumed to be such that there is no signi�cant
coupling of di�erent toroidal harmonics by the feedback currents. The feedback
algorithm adopted in this paper is such that the current driven around each coil
is directly proportional to minus the magnetic 
ux linking that coil. The con-
stant of proportionality is assumed to be the same for every coil. There are two
di�erent ways of writing the feedback modi�ed dispersion relation. Firstly, the
dispersion relation can be written in the form of a matrix eigenvalue equation
[see Eq. (39)] in which the feedback modi�ed growth-rate of the resistive shell
mode is eigenvalue and the Fourier harmonics of the shell 
ux are the elements
of the eigenvector. Secondly, the dispersion relation can be written in the form
of a homogeneous matrix equation [see Eq. (44)] in which the currents 
owing
around the feedback coils are the elements of the eigenvector. In the latter case,
the solubility condition [i.e., det(A) = 0] allows the dispersion relation to be
expressed as a polynomial in the feedback modi�ed growth-rate of the resistive
shell mode.
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IV Evenly spaced coils

A Introduction

Suppose that the feedback coils are evenly spaced, so that

�k = (k � 1)
2�

M
(48)

for k = 1;M . It follows that

1

M

X
k=1;M

e i (m
0�m) �k =

�
1 if m0 = m+ jM

0 otherwise
; (49)

where j is an integer. Thus, from Eq. (41),

Lmm0

= Q̂

(
m0

m
sin(m��=2) sin(m��=2) sin(m0��=2)

sin(m0��=2) sin2(m0��=2)
if m0 = m+ jM

0 otherwise
:

(50)
It is clear from Eqs. (39), (40), and (50) that only the

m = m0 + jM (51)

poloidal harmonics need be included in the calculation of the feedback modi�ed
growth-rate of the intrinsically unstable m0; n resistive shell mode.

B The dispersion relation

Retaining only the poloidal harmonics speci�ed above, the A-matrix reduces to

A = I�B 1; (52)

where 1 is an M -dimensional square matrix whose elements are all unity, and

B =
Q̂

M

m=m0+jMX
j;m6=0

�m0
w

�m
w � 
�w

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

: (53)
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Here, use has been made of Eqs. (46) and (47). The solution of the homogeneous
matrix equation (44), with the A-matrix given by Eq. (52), is

Îk = Î ; (54a)

B = 1=M; (54b)

where Î is a constant. Thus, the currents circulating around the feedback coils
are given by

Îk = Î e im0�k ; (55)

and the feedback modi�ed dispersion relation of the m0; n resistive shell mode
takes the form

1 = Q̂

m=m0+jMX
j;m6=0

�m0
w

�m
w � 
�w

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

: (56)

C Approximate solution of the dispersion relation|I

The dispersion relation (56) can be written

1 = Q̂

�
�m0
w

�m0
w � 
�w

� �

�
(57)

where

� =

m=m0+jMX
j; j 6=0;m6=0

�m0
w


�w ��m
w

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

(58)

parameterizes the strength of the coupling between the intrinsically unstable
m0; n harmonic and the various side-band harmonics (i.e., those m;n harmon-
ics for which m 6= m0). This coupling takes place because the currents which
circulate around the feedback coils do not possess pure m0; n helical symmetry.

Suppose that the coupling to the side-band harmonics is negligible (i.e., � =
0). This is likely to be the case when the m0; n resistive shell mode lies close
to marginal stability (i.e., when �m0

w is small and positive). In the absence of
side-band coupling, Eq. (57) can be rearranged to give10


�w = �m0

w (1�Q=Q0); (59)
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where use has been made of Eq. (42). This dispersion relation is of the same
form as the dispersion relation (9) obtained for the idealized feedback scheme
discussed in Sect. I, except that in the idealized scheme the critical value of the
gain beyond which the mode is stabilized is Q = 1, whereas in the present scheme
the critical value of the gain is Q = Q0. Recall, from Eq. (43), that

Q0 =
�

M��

1

sin2(m0��=2)
: (60)

Here, it is assumed that m0�� � 1, as seems reasonable.

Two conditions must be satis�ed in order for the present feedback scheme
(in the absence of mode coupling) to become as e�cient as the idealized scheme
discussed in Sect. I. Firstly, the poloidal extent of each feedback coil must equal
half the poloidal wave-length of the intrinsically unstable m0; n harmonic. In
other words,

�� =
�

m0
: (61)

Secondly, a su�ciently large number of feedback coils must be placed around the
plasma that there are no gaps between the toroidal legs of the coils. In other
words,

M =
�

��
: (62)

When these two conditions are satis�ed, Q0 = 1, and the present feedback scheme
becomes indistinguishable from the idealized scheme discussed in Sect. I. Note
that the optimum con�guration is to have many, large, overlapping coils.

In reality, of course, it is completely impractical to place a su�cient number
of feedback coils around the plasma that there are no gaps between the toroidal
legs of the coils. It is, however, practical to match the poloidal extent of each
feedback coil to the poloidal half-wave-length of the central harmonic. Thus, in
a realistic feedback scheme the optimum value of the critical gain is

Q0 =
�

M��
� 1: (63)

It is clear that, in the absence of coupling to side-band harmonics, a realistic
feedback scheme is just as capable of stabilizing the resistive shell mode as the
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idealized scheme discussed in Sect. I. Admittedly, a realistic feedback scheme is
far less e�cient than the idealized scheme (i.e., the critical gain is far higher in
the former case), but this merely implies that the former scheme requires much
more powerful feedback ampli�ers than the latter.

D Approximate solution of the dispersion relation|II

The mode coupling parameter � can be written

� '

m=m0+jMX
j; j 6=0;m 6=0

�m0
w


�w + 2jmj

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

; (64)

where use has been made of Eq. (28), which is generally an excellent approximation.9

In the limit

�w �M; (65)

the mode coupling parameter becomes independent of the growth-rate and re-
duces to

� ' �0 =
�m0
w

2m0

m=m0+jMX
j; j 6=0;m 6=0

m 2
0

jmj2
sin(jmj��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

: (66)

In this limit, the feedback modi�ed dispersion relation (57) can be rearranged to
give


�w = �m0

w

1� Q̂ (1� �0)

1 + Q̂ �0
: (67)

It can be seen, by comparison with the dispersion relation (59), that the main
e�ect of mode coupling is to increase the critical value of the gain beyond which
the resistive shell mode is stabilized. In fact, the critical gain becomes

Qc =
Q0

1� �0
: (68)

In the absence of mode coupling (i.e., �0 = 0) the critical gain reverts to the
value (i.e., Qc = Q0) obtained in Sect. IV.C. Note, however, that if the mode
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coupling is too strong then the critical gain goes to in�nity, and the feedback
scheme becomes incapable of stabilizing the resistive shell mode. The critical
value of the mode coupling parameter above which the feedback scheme fails is
�0 = 1.

It is clear that mode coupling has a highly deleterious e�ect on feedback
stabilization schemes for the resistive shell mode. In fact, if the coupling becomes
too strong then a given feedback scheme is incapable of stabilizing the mode, even
at very high values of the gain. It follows that, when optimizing the design of the
feedback coils for the control of external modes, the principle objective should be
to reduce mode coupling (i.e., to make the parameter �0 as small as practically
possible).

The approximate dispersion relation (67) implies that in positive feedback
(i.e., when the gain Q is negative) the growth-rate of the resistive shell mode
becomes in�nite when Q = �Q0=�0. In fact, this is not the case, because the
inequality (65), which is used in the derivation of Eq. (67), breaks down when
the growth-rate becomes large. It is demonstrated in Appendix A that when Q
is large and negative the growth-rate is �nite, positive, and directly proportional
to �Q.

E Evaluation of the mode coupling parameter

In the limit
M � 1; (69)

the expression (66) for the mode coupling parameter reduces to

�0 '
�m0
w m0

M2 sin(m0��=2) sin
2(m0��=2)

�̂0(M��=2;M��=2); (70)

where

�̂0(x; y) =
1X
j=1

sin(j x) sin2(j y)

j2
: (71)
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It is easily demonstrated that

�̂0(x; y) =
x

2

�
ln

�
2 j sin yj

x

�
+ 1

�
+O(x3); (72)

provided that j sin yj � x. For the special case in which j sin(M��=2)j �M��=2,
the expression (66) takes the special value

�0 '
�m0
w m0

M2 sin(m0��=2)
~�0(x); (73)

where

~�0(x) =
1X
j=1

sin(j x)

j2
= x

�
ln

�
1

x

�
+ 1

�
+O(x3): (74)

It follows from Eqs. (69){(74) that, in the limit

M � 1; M��=2� 1; (75)

the mode coupling parameter �0 can be written in the form

�0 '

8<
:

(m0=M)
(rc=rw)2m0�1

[ln(4 jsin(M��=2)j=M��)+1]
sin2(m0��=2)

for jl (2�=M) ���j � ��

2 (m0=M)
(rc=rw)2m0�1

[ln(2=M��) + 1] for jl (2�=M) ���j � ��
:

(76)
Here, l is an integer, and use has been made of Eq. (27). Note that the toroidal
legs of the feedback loops overlap whenever

jl (2�=M)���j < ��: (77)

Thus, the upper limit in Eq. (76) corresponds to the case where the toroidal legs
of the feedback loops do not overlap, whereas the lower limit corresponds to the
case where the toroidal legs of the feedback loops exactly overlay one another.
In the latter case, the con�guration of feedback loops is best described as an
interconnected network of feedback controlled conductors, rather than a set of
independent feedback coils.
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F Design of feedback coils|I

Consider the limitM � 1, discussed in Sect. IV.E, in which there are very many
feedback coils surrounding the plasma in the poloidal direction. It is possible to
identify four di�erent regimes. Firstly, non-overlapping coils, characterized by

M�� < 2�; m0�� � 1: (78)

Secondly, an interconnected network of coils, characterized by

M�� = 2�; m0�� � 1: (79)

Thirdly, slightly overlapping coils, characterized by

M�� > 2�; m0�� � 1; (80)

and, fourthly, highly overlapping coils, characterized by

M�� � 2�; m0�� � O(1): (81)

The �rst three regimes are illustrated in Fig. 2.

Using the results of Sect. IV.E, the values of the mode coupling parameter �0
corresponding to the four di�erent regimes described above are as follows. For
both non-overlapping and slightly overlapping coils,

�0 '
(M=m0)

(rc=rw)2m0 � 1

[ln(4 jsin(M��=2)j=M��) + 1]

(M��=2)2
: (82)

For a network of coils,

�0 '
2 (m0=M)

(rc=rw)2m0 � 1
[ln(2=M��) + 1] : (83)

Finally, for highly overlapping coils,

�0 '
(m0=M)

(rc=rw)2m0 � 1

[ln(4 jsin(M��=2)j=M��) + 1]

sin2(m0��=2)
: (84)
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Non-overlapping coils

Figure 2: Three di�erent feedback coil con�gurations

Recall, from Sect. IV.D, that the feedback scheme under investigation in
this paper fails completely when the mode coupling parameter �0 exceeds unity.
Thus, when comparing two di�erent feedback coil con�gurations, the con�gura-
tion which is most e�ective at stabilizing the resistive shell mode is always the one
with the smallest value of the mode coupling parameter �0 (assuming that the
plasma equilibrium and shell radius are the same in both cases). Con�gurations
with comparatively large values of the mode coupling parameter are only capable
of stabilizing the resistive shell mode when the shell radius rw is signi�cantly
less than the critical radius rc (i.e., when the resistive shell mode is only slightly
unstable). On the other hand, con�gurations with comparatively small values of
the mode coupling parameter are capable of stabilizing the resistive shell mode
even when the shell radius is only slightly less than the critical radius (i.e., even
when the resistive shell mode is highly unstable). Of course, all coil con�gura-
tions fail when the shell radius exceeds the critical radius and the resistive shell
mode converts into an ideal external kink mode.

It is clear from Eq. (82) that both non-overlapping and slightly overlapping coil
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con�gurations possess comparatively large values of the mode coupling parameter
�0. These con�gurations are, therefore, relatively ine�ective at stabilizing the re-
sistive shell mode. Note that �0 /M in Eq. (82), implying that non-overlapping
and slightly overlapping coil con�gurations become progressively less e�ective as
the number of feedback coils in the poloidal direction is increased. The main
reason for the ine�ectiveness of these con�gurations, in the limit M � 1, is the
fact that the poloidal extent of each feedback coil is inevitably much less than the
poloidal half-wave-length of the intrinsically unstable m0; n resistive shell mode.

It is clear from Eq. (83) that an interconnected network of feedback coils
possesses a comparatively small value of the mode coupling parameter �0. This
con�guration is, therefore, fairly e�ective at stabilizing the resistive shell mode.
Note that �0 / 1=M in Eq. (83), implying that a network becomes progres-
sively more e�ective as the number of feedback coils in the poloidal direction is
increased. A comparison of Eqs. (82) and (83) shows that a network is more e�ec-
tive at stabilizing the resistive shell mode than either non-overlapping or slightly
overlapping coil con�gurations provided that

M > 4m0 (85)

(i.e., provided that there are more than four coils per period of the m0; n mode
in the poloidal direction). It follows that the only e�ective coil con�guration
in which the poloidal extent of each individual feedback coil is much less than
the poloidal half-wave-length of the m0; n mode is one where neighbouring coils
touch, so as to form an interconnected network.

It is clear from Eq. (84) that a highly overlapping coil con�guration possesses
a particularly small value of the mode coupling parameter �0. This con�guration
is, therefore, extremely e�ective at stabilizing the resistive shell mode. Note that
�0 / 1=M in Eq. (84), implying that a highly overlapping coil con�guration be-
comes progressively more e�ective as the number of feedback coils in the poloidal
direction is increased. It follows from Eq. (84) that the most e�ective coil con�g-
uration is one in which the poloidal extent of each feedback coil is equal to the
poloidal half-wave-length of the m0; n mode [see Eq. (61)], and M is not an even
multiple of m0.

In conclusion, the only coil con�gurations which are e�ective at stabilizing the
resistive shell mode, in the limit M � 1, are ones in which either neighbouring
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coils touch, so as to form an interconnected network, or the coils are highly
overlapping and poloidal extent of each feedback coil is equal to the poloidal half-
wave-length of the m0; n mode. The latter con�guration is slightly more e�ective
than the former.

G Numerical results

Strictly speaking, the conclusions of Sect. IV.F are only valid in the limitM � 1,
in which there are very many feedback coils surrounding the plasma in the poloidal
direction. In order investigate the more realistic limit in which there are only a
few feedback coils surrounding the plasma in the poloidal direction it is necessary
to resort to numerical techniques. The results described below were obtained by
solving the matrix eigenvalue equation (39) using the Lmm0

values speci�ed in
Eq. (50). The shell stability indices �m

w were calculated using a \Wesson-like"
plasma current pro�le,2

J�(r) = J�(0)

�
(1� r2=a2)qa=q0�1 r � a

0 r > a
; (86)

where a is the minor radius of the plasma. The associated safety factor pro�le
takes the form

q(r) = qa

8<
:

r2=a2

1�(1�r2=a2)qa=q0
r � a

r2=a2 r > a
: (87)

Here, q0 and qa are the values of the safety factor on the magnetic axis and at
the plasma boundary, respectively. Su�cient poloidal harmonics were included
in the calculation to determine the growth-rate of the resistive shell mode to an
accuracy of less than 1%. Typically, this required about 160 harmonics.

Figure 3 shows the feedback modi�ed growth-rate of the 3; 1 resistive shell
mode (normalized with respect to the time-constant of the shell) plotted as a
function of the gain in the feedback circuits (normalized with respect to the
critical gain Q0 needed to stabilize the resistive shell mode in the absence of
coupling to side-band harmonics). The plasma equilibrium is characterized by
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Figure 3: The feedback modi�ed growth-rate 
 of the 3; 1 resistive shell mode
plotted as a function of the gain Q in the feedback circuits. The growth-rate is
normalized with respect to the time constant �w of the shell. The gain is normal-
ized with respect to the critical gain Q0 needed to stabilize the mode in the absence
of coupling to side-band harmonics. The plasma equilibrium is characterized by
q0 = 1:3 and qa = 2:9. The critical radius for this equilibrium is rc = 1:38 a. The
radius of the shell is rw = 1:1 a. The feedback coils are characterized by M = 3,
�� = 60�, and �� = 10�.
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q0 = 1:3 and qa = 2:9. The critical radius is rc = 1:38 a and the radius of the
shell is rw = 1:1 a. The feedback coils are characterized byM = 3, �� = 60�, and
�� = 10�. It can be seen that the growth-rate versus gain curve exhibits all of the
features predicted in Sect. IV.D and Appendix A. As the gain is increased from
zero, the growth-rate is reduced. However, at large positive gains the growth-
rate asymptotes to a constant value. The critical gain above which the mode
is stabilized is larger than the critical gain Q0 needed to stabilize the mode in
the absence of coupling to side-band harmonics. As the gain is decreased below
zero, the growth-rate increases. At large negative gains the growth-rate becomes
linearly proportional to �Q, and increases very rapidly as Q is decreased. The
good agreement between the analytic results of Sect. IV.D and Appendix A and
the numerical results described above suggests that the qualitative behaviour
of the feedback scheme is independent of the number of coils in the poloidal
direction.

Figure 4 shows the shell 
ux 	w(�) calculated at two toroidal locations 90�

apart (in �) for the case in which the feedback gain Q is just large enough to
stabilize the mode (i.e., Q = 3:615Q0). The other parameters are the same as
those used in Fig. 3. The solid curve corresponds to a particular toroidal phase
of the 3; 1 resistive shell mode at which there is zero 
ux through the feedback
loops, and so no feedback is applied. The dashed curve corresponds to a phase
at which 
ux through the feedback loops attains its maximum value, and so
strong feedback is applied. It can be seen that the feedback reduces the mode
amplitude, as expected, but also distorts the poloidal structure of the mode, so
that the mode is no longer a pure poloidal harmonic. The distortion of the mode,
which is achieved via coupling to side-band harmonics, has a deleterious e�ect on
the feedback scheme, since it tends to reduce the ratio of the 
ux through each
feedback loop to the amplitude of the mode, thus, e�ectively, reducing the gain
in the feedback circuits.

Figure 5 shows the shell 
ux 	w(�) calculated at two toroidal locations 90�

apart (in �) for the case in which the feedback gain Q is large and positive
(i.e., Q = 20Q0). The other parameters are the same as those used in Fig. 3.
As before, the solid curve corresponds to a particular toroidal phase of the 3; 1
resistive shell mode at which there is zero 
ux through the feedback loops, and
so no feedback is applied. Likewise, the dashed curve corresponds to a phase
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Figure 4: The shell 
ux 	w evaluated as a function of the poloidal angle � for
a feedback gain of Q = 3:615Q0. The solid and dashed curves show the 
ux
evaluated at two toroidal locations 90� apart (in �). The dotted curves indicate the
positions of the feedback coils. The plasma equilibrium is characterized by q0 = 1:3
and qa = 2:9. The central harmonic and critical radius for this equilibrium are
3; 1 and rc = 1:38 a, respectively. The radius of the shell is rw = 1:1 a. The
feedback coils are characterized by M = 3, �� = 60�, and �� = 10�.
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Figure 5: The shell 
ux 	w evaluated as a function of the poloidal angle � for a
feedback gain of Q = 20Q0. The solid and dashed curves show the 
ux evaluated
at two toroidal locations 90� apart (in �). The dotted curves indicate the positions
of the feedback coils. The plasma equilibrium is characterized by q0 = 1:3 and
qa = 2:9. The central harmonic and critical radius for this equilibrium are 3; 1
and rc = 1:38 a, respectively. The radius of the shell is rw = 1:1 a. The feedback
coils are characterized by M = 3, �� = 60�, and �� = 10�.
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at which the 
ux through the feedback loops attains its maximum value, and
so strong feedback is applied. It can be seen that when the feedback gain is
large and positive the distortion of the poloidal structure of the mode is very
marked. The distortion causes the ratio of the 
ux through each feedback loop
to the amplitude of the mode to tend to zero as Q ! +1. In other words,
the distortion prevents the e�ective feedback gain from increasing as strongly as
the nominal gain, Q, as Q ! +1. This accounts for the fact that the mode
growth-rate does not decrease linearly as Q is increased, but, instead, eventually
saturates at some constant value [see Eq. (67) and Fig. 3]. Of course, if the
mode distortion is su�ciently strong then this saturation can take place before
the growth-rate becomes negative, in which case the feedback scheme is incapable
of stabilizing the mode.

Figure 6 shows the shell 
ux 	w(�) calculated at two toroidal locations 90�

apart (in �) for the case in which the feedback gain Q is large and negative (i.e.,
Q = �5Q0). The other parameters are the same as those used in Fig. 3. As
before, the solid curve corresponds to a particular toroidal phase of the 3; 1 resis-
tive shell mode at which there is zero 
ux through the feedback loops, and so no
feedback is applied. Likewise, the dashed curve corresponds to a phase at which
the 
ux through the feedback loops attains its maximum value, and so strong
feedback is applied. It can be seen that when the feedback gain is large and neg-
ative the distortion of the poloidal structure of the mode becomes extreme. The
distortion is such as to greatly enhance the shell 
ux in the immediate vicinity of
the toroidal legs of the feedback loops. It is clear that when strong positive feed-
back is applied the robustly unstable mode driven by the feedback coils deviates
markedly from a pure m0; n harmonic.

H Design of feedback coils|II

The analytic results of Sect. IV.F can easily be extrapolated to the case where
there are only a few coils surrounding the plasma in the poloidal direction. These
results predict that when M � O(1) the performance of the feedback scheme
should improve as �� increases and rw=rc decreases. The analytic results of
Sect. IV.F also predict that the optimum poloidal angular width of each feedback
coil should be half the poloidal wave-length of the intrinsically unstable m0; n
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Figure 6: The shell 
ux 	w evaluated as a function of the poloidal angle � for a
feedback gain of Q = �5Q0. The solid and dashed curves show the 
ux evaluated
at two toroidal locations 90� apart (in �). The dotted curves indicate the positions
of the feedback coils. The plasma equilibrium is characterized by q0 = 1:3 and
qa = 2:9. The central harmonic and critical radius for this equilibrium are 3; 1
and rc = 1:38 a, respectively. The radius of the shell is rw = 1:1 a. The feedback
coils are characterized by M = 3, �� = 60�, and �� = 10�.
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harmonic; i.e., (��)opt = �=m0. In the following, these predictions are compared
with numerical results.

Figure 7 shows the critical gain Qc needed to stabilize the 3; 1 resistive shell
mode plotted as a function of the angular width �� of the toroidal legs of the
feedback coils. Qc is normalized with respect to the critical gain Q0 required to
stabilize the mode in the absence of side-band coupling. The other parameters
are the same as those used in Fig. 3. It can be seen that Qc decreases as ��
increases. In other words, the performance of the feedback scheme improves as
the width of the toroidal legs of the feedback coils increases, which accords well
with the predictions of Sect. IV.F. The underlying physical explanation for this
behaviour is as follows. It is clear from Eq. (67) and Fig. 5 that the feedback
scheme is defeated whenever there is a strong local distortion of the mode struc-
ture in the vicinity of the toroidal legs of the feedback coils. Such a distortion
is facilitated when the toroidal current density in the feedback coils is relatively
high. Of course, for a �xed mode amplitude the toroidal current density de-
creases as the width �� of the toroidal legs of the feedback coils increases. It
follows that �� should be made as large as practically possible in order to lessen
the toroidal current density in the feedback coils and, thereby, reduce the mode
distortion. Note, however, that this conclusion is premised on the assumption
that the feedback currents 
ow in a relatively uniform manner around the feed-
back coils. There is, undoubtably, an upper limit to �� above which it becomes
impractical to drive approximately uniform currents around the feedback coils.
This limit is likely to depend principally on the construction of the coils and
the speci�cations of the feedback ampli�ers. However, it is reasonable to assume
that as long as �� � �=m0 (i.e., as long as the width of the toroidal legs of
the feedback coils is much less than the poloidal half-wave-length of the mode)
it is relatively straightforward to construct feedback coils which carry uniformly
distributed currents.

Figure 8 shows the critical gain Qc needed to stabilize the 3; 1 resistive shell
mode plotted as a function of the poloidal angular extent �� of each feedback
coil. Qc is normalized with respect to the critical gain Q0 required to stabilize
the mode in the absence of side-band coupling. The other parameters are the
same as those used in Fig. 3. Data is shown for three values of the edge safety-
factor: qa = 2:91, for which the mode is highly unstable; qa = 2:90, for which
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Figure 7: The critical gain Qc required to stabilize the 3; 1 resistive shell mode
plotted as a function of the angular width �� of the toroidal legs of the feedback
coils. The critical gain is normalized with respect to the critical gain Q0 needed to
stabilize the mode in the absence of coupling to side-band harmonics. The plasma
equilibrium is characterized by q0 = 1:3 and qa = 2:9. The critical radius and the
radius of the shell are rc = 1:38 a and rw = 1:1 a, respectively. The feedback coils
are characterized by M = 3 and �� = 60�.
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the mode is moderately unstable; and qa = 2:85, for which the mode is only
slightly unstable. It can be seen that when the mode is only slightly unstable
there is a wide range of values of �� for which the performance of the feedback
scheme is close to optimal (i.e., Qc ' Q0). However, the performance degrades
rapidly as the mode becomes more unstable. This degradation proceeds most
slowly when �� ' 60�; i.e., when the poloidal width of the feedback coils is
close to the analytically predicted optimal value, �=m0 = 60�. When the mode
becomes very unstable the feedback scheme fails completely unless �� lies very
close to the optimal value. However, even in this case, the critical gain needed
to stabilize the mode is strongly increased by mode coupling. Note that when
there are only a few coils surrounding the plasma in the poloidal direction the
optimum con�guration is for the coils to be non-overlapping. Overlapping coils
only become the optimum con�guration when

M > 2m0: (88)

I Design of feedback coils|III

The results of Sect. IV.H were obtained by solving the matrix eigenvalue equation
(39) and then searching for the critical value of the feedback gain, Qc, at which
the growth-rate 
 of the resistive shell mode becomes zero. There is, however,
a far simpler method of calculating Qc. Note, from Eq. (68), that Qc=Q0 is
completely determined by the mode coupling parameter �0. This parameter is
easily evaluated by summing the series (66). In fact,

�0 '
�0

(rc=rw)2m0 � 1
; (89)

where

�0 =

m=m0+jMX
j;j 6=0;m6=0

m 2
0

m2

sin(jmj��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

: (90)

Here, use has been made of Eq. (27). The feedback scheme is incapable of stabi-
lizing the resistive shell mode when

�0 � 1: (91)
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Figure 8: The critical gain Qc required to stabilize the 3; 1 resistive shell mode
plotted as a function of the poloidal angular extent �� of each feedback coil. The
critical gain is normalized with respect to the critical gain Q0 needed to stabi-
lize the mode in the absence of coupling to side-band harmonics. The triangular,
square, and circular data points correspond to qa = 2:91, 2:90, and 2:85, respec-
tively. The corresponding values of the critical radius are rc = 1:35, 1:38, and
1:65, respectively. The plasma equilibrium is characterized by q0 = 1:3. The ra-
dius of the shell is rw = 1:1 a. The feedback coils are characterized by M = 3 and
�� = 10�.
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This corresponds to
rc � re; (92)

where
re = rw (1 + �0)

1=2m0 : (93)

Thus, in the limit in which the gain Q is large and positive, the plasma is stable
when rc < re and unstable when rc � re. In other words, the feedback modi�ed
stability boundaries of the plasma are the same as those of a plasma surrounded by
a perfectly conducting shell of radius re. The quantity re is termed the \equivalent
radius" of the feedback modi�ed resistive shell. Obviously, in order for the shell to
be e�ective at stabilizing external modes it must have a relatively small equivalent
radius. Thus, a given feedback scheme can be optimized by minimizing re subject
to practical constraints. The critical gain Qc needed to stabilize the resistive shell
mode is related to the equivalent radius via

Qc

Q0
=

(rc)
2m0 � (rw)

2m0

(rc)2m0 � (re)2m0
; (94)

assuming that
re > rc > rw: (95)

Note that when rc > re the feedback scheme is incapable of stabilizing the re-
sistive shell mode. On the other hand, when rw > rc the resistive shell mode is
intrinsically stable, and so there is no need to switch the feedback system on.

Figure 9 shows the equivalent radius re, evaluated from Eqs. (90) and (93),
plotted as a function of the poloidal angular extent �� of each feedback coil for a
case in which there are four evenly spaced feedback coils in the poloidal direction,
and the poloidal mode number of the intrinsically unstable harmonic is m0 = 3.
The equivalent radius is normalized with respect to the radius rw of the resistive
shell. Note from Eqs. (90) and (93) that

re(�� + k�) = re(��); (96)

where k is an integer, so it is only necessary to calculate re for �� in the range 0�

to 180�. Broadly speaking, it can be seen that the equivalent radius re tends to
in�nity (i.e., the feedback scheme becomes completely ine�ective) whenever the
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Figure 9: The equivalent radius re plotted as a function of the poloidal angular
extent �� of each feedback coil. The equivalent radius is normalized with respect
to the radius rw of the shell. The solid, dotted, and dashed curves correspond to
�� = 5�, 10�, and 20�, respectively. The central harmonic is m0; n = 3; 1. The
feedback coils are characterized by M = 4.
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poloidal extent of each feedback coil is equal to an integer multiple of the poloidal
wave-length of the intrinsically unstable harmonic; i.e., whenever

�� = k
2�

m0
; (97)

where k is a non-negative integer. On the other hand, the equivalent radius
attains a minimum value (i.e., the feedback scheme is optimized) whenever the
poloidal extent of each feedback coil is equal to a half-integer multiple of the
poloidal wave-length of the intrinsically unstable harmonic; i.e., whenever

�� = (2k + 1)
2�

m0
; (98)

where k is a non-negative integer. The smallest area feedback coils which give
optimal performance are such that the poloidal extent of each coil is equal to half
the wave-length of the intrinsically unstable harmonic; i.e., �� = �=m0 = 60�

(see Sect. IV.H). Note that in this con�guration the coils do not overlap [see
Eq. (88)]. It is clear from Fig. 9 that the equivalent radius re is far less sensitive
to variations in the angular thickness �� of the toroidal legs of the feedback coils
than to variations in ��. Note that re decreases as �� increases (see Sect. IV.H).
According to Fig. 9, when properly optimized, a feedback scheme employing four
evenly spaced coils in the poloidal direction can make a resistive shell interacting
with a 3; 1 external mode act like a perfectly conducting shell whose radius is
approximately 20% larger than that of the resistive shell. The strong variation
of re with �� exhibited in Fig. 9 suggests that a feedback scheme which employs
a small number of coils in the poloidal direction can only be optimized for one
particular poloidal mode number (i.e., a scheme optimized for m0 = 3 modes is
unlikely to work e�ectively for m0 = 2 or m0 = 3 modes).

Figure 10 shows the equivalent radius re, evaluated from Eqs. (90) and (93),
plotted as a function of the poloidal angular extent �� of each feedback coil
for a case in which there are eight evenly spaced feedback coils in the poloidal
direction, and the poloidal mode number of the intrinsically unstable harmonic is
m0 = 3. The equivalent radius is normalized with respect to the radius rw of the
resistive shell. The variation of re with �� is broadly similar to that exhibited
in Fig. 9. The \features" in the re versus �� curves at �� = 45� and 135�,
which are evident in Fig. 10, correspond to the cases where the (toroidal legs of
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Figure 10: The equivalent radius re plotted as a function of the poloidal angular
extent �� of each feedback coil. The equivalent radius is normalized with respect
to the radius rw of the shell. The solid, dotted, and dashed curves correspond to
�� = 5�, 10�, and 20�, respectively. The central harmonic is m0; n = 3; 1. The
feedback coils are characterized by M = 8.
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the) feedback coils touch so as to form a single layer network and a triple layer
network, respectively. In general, the coils touch so as to form an l-layer network
whenever

�� = l
2�

M
: (99)

According to Eqs. (76), (89), and (93), an l-layer network has a smaller equivalent
radius than similar coil con�gurations in which the coils do not touch if

2 sin2(l � m0=M) < 1: (100)

Likewise, an l-layer network has a larger equivalent radius than similar coil con-
�gurations in which the coils do not touch if

2 sin2(l � m0=M) > 1: (101)

According to Eqs. (100) and (101), a single layer network (�� = 45�) should
have a larger equivalent radius than non-touching coil con�gurations with similar
values of ��, a double layer network (�� = 90�) should have exactly the same
equivalent radius as non-touching coil con�gurations with similar values of ��,
and a triple layer network (�� = 135�) should have a smaller equivalent radius
than non-touching coil con�gurations with similar values of ��. Furthermore, ac-
cording to Eqs. (76), (89), and (93), all networks should have the same equivalent
radius, irrespective of the number of layers which they contain. It can be seen
that all of these predictions are borne out in Fig. 10. Note that the feature at
�� = 45� has the e�ect of displacing the optimum value of �� (i.e., the value at
which re is minimized) so that it becomes slightly larger than 60�. The optimum
con�guration consists of overlapping coils [see Eq. (88)].

Figure 11 shows the equivalent radius re, evaluated from Eqs. (90) and (93),
plotted as a function of the poloidal angular extent �� of each feedback coil for
a case in which there are sixteen evenly spaced feedback coils in the poloidal
direction, and the poloidal mode number of the intrinsically unstable harmonic
is m0 = 3. The equivalent radius is normalized with respect to the radius rw of
the resistive shell. Features are evident in the re versus �� curves at �� = 22:5�,
45�, 67:5�, 112:5�, 135�, and 157:5�, respectively. These features correspond to
cases where (the toroidal legs of) the feedback coils touch so as to form networks
[see Eq. (99)]. Note that, as expected, the value of re is approximately the
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Figure 11: The equivalent radius re plotted as a function of the poloidal angular
extent �� of the feedback coils. The equivalent radius is normalized with respect
to the radius rw of the shell. The solid and dotted curves correspond to �� = 5�

and 10�, respectively. The central harmonic is m0; n = 3; 1. The feedback coils
are characterized by M = 16.
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same for each network. The many features have the e�ect of 
attening the re
versus �� curves, so that re=rw is more or less constant, and fairly close to unity,
over a wide range of values of ��. In fact, the only values of �� for which
re=rw becomes much larger than unity correspond either to the case where the
poloidal angular extent of each feedback coil is close to an integer multiple of the
poloidal wave-length of the intrinsically unstable harmonic, or to the case where
the poloidal extend of each feedback coil becomes su�ciently small that the coils
do not overlap (see Sect. IV.F). It is clear that a feedback scheme which employs
a large number of overlapping feedback coils in the poloidal direction can easily
be optimized so that it works e�ectively for a range of poloidal mode numbers
(i.e., a scheme optimized for m0 = 3 modes is also likely to work e�ectively for
m0 = 2 and m0 = 3 modes).

J Summary

This section deals with feedback schemes in which the feedback coils are equally
spaced in the poloidal direction. For such schemes, the feedback modi�ed dis-
persion relation of the resistive shell mode can be reduced to a relatively simple
algebraic expression [see Eq. (56)]. Careful examination of this expression reveals
the importance of coupling to side-band harmonics (i.e., harmonics other than
the intrinsically unstable harmonic) by the non-sinusoidal currents circulating in
the feedback coils. This coupling has a deleterious e�ect on the ability of a given
feedback scheme to stabilize the resistive shell mode. In fact, if the coupling
becomes too large then the scheme is incapable of stabilizing the mode. It is
possible to de�ne a parameter �0 [see Eq. (66)] which measures the strength of
the coupling to side-band harmonics. Feedback stabilization of the resistive shell
mode fails when �0 � 1. Thus, a given feedback scheme can be optimized by
minimizing �0 subject to practical constraints. It is possible to obtain a simple
analytic expression for �0 [see Eq. (76)] in the limit in which there are very many
feedback coils surrounding the plasma in the poloidal direction. This expression
indicates that the optimum con�guration is for the coils to overlap strongly in
the poloidal direction. Numerical calculations are performed which indicate that
the mechanism by which mode coupling defeats a given feedback scheme involves
a strong local distortion of the poloidal structure of the resistive shell mode in
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the vicinity of the toroidal legs of the feedback coils (see Sect. IV.G). Finally,
it is demonstrated that a feedback modi�ed resistive shell of radius rw has an
analogous e�ect on the stability of external modes to a perfectly conducting shell
of radius re > rw (see Sect. IV.I). Here, re is termed the \equivalent radius" of
the feedback modi�ed shell. The equivalent radius can be calculated numerically
by performing a simple summation [see Eqs. (90) and (93)]. A given feedback
scheme can be optimized by minimizing re subject to practical constraints (this
is equivalent to minimizing �0).

V Non-evenly spaced coils

A Introduction

Suppose that the feedback coils are not evenly spaced in the poloidal direction.
In practice, this is often the case because, for engineering reasons, it is di�cult
to install feedback coils on the inboard side of a toroidal device. Thus, in most
tokamaks the feedback coils are all located on the outboard side of the device.
This section describes how the analysis of Sect. IV can be modi�ed and extended
to deal with non-evenly spaced feedback coils.

B Two coils

The simplest non-trivial example of non-evenly spaced feedback coils is that where
there are two coils which are not diagrammatically opposite one another in the
poloidal plane. This case corresponds to M = 2, �1 = +��=2, and �2 = ���=2
(where �� 6= 180�), in the notation of Sect. III. The elements of the B-matrix [see
Eq. (47)] can be written

B11 = B22 =
Q̂

2
(g � b11); (102a)

B12 = B �
21 =

Q̂

2
(g � b12); (102b)
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where

g =
�m0
w

�m0
w � 
�w

; (103)

and

b11 =

m6=0;m6=m0X
m

�m0
w


�w ��m
w

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

; (104a)

b12 =

m6=0;m6=m0X
m

�m0
w


�w ��m
w

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

e i (m�m0)�� :

(104b)

The feedback modi�ed dispersion relation for the resistive shell mode is ob-
tained from the solubility condition for Eq. (44) [i.e., det(A) = 0],

[1� Q̂ (g � b11)=2]
2 � Q̂2 (g � b12)(g � b �12)=4 = 0: (105)

This expression can be rearranged to give


�w = �m0

w

1� Q̂ (1� b11) + Q̂2 [b 2
11 � jb12j

2 � 2 b11 + 2Re(b12)]=4

1 + Q̂ b11 + Q̂2 (b 2
11 + jb12j

2)=4
: (106)

There are two regimes of interest. For �0 < 1, where

�0 =
1

2

�b 2
11 � j

�b12j
2

�b11 � Re(�b12)
; (107)

the resistive shell mode is unstable for Q in the range 0 < Q < Qc, where

Qc =
2Q0

1� �b11 + j1� �b12j
; (108)

and is stable for Q � Qc. For �0 � 1, the resistive shell mode is unstable for all
positive values of the gain, Q. Here,

�bij = lim

!0

bij : (109)
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It can be seen that the parameter �0, de�ned in Eq. (107), plays an analogous
role to the mode coupling parameter �0 de�ned in Sect. IV. In particular, the
feedback scheme is only capable of stabilizing the resistive shell mode provided
that �0 < 1.

An alternative, and far simpler, method of determining the form of the gen-
eralized mode coupling parameter �0 is described below. In the limit Q̂! 0 and

 ! 0, the solubility condition for Eq. (44) [i.e., det(A) = 0] reduces to���� g � �b11 g � �b12

g � �b�12 g � �b11

���� = 0: (110)

The root g = g0 of this equation (which is linear in g) is given by

g0 =
1

2

�b 2
11 � j

�b12j
2

�b11 �Re(�b12)
: (111)

It is clear from Eq. (103) that if g0 < 1 then 
 < 0 in the limit Q̂ ! 1. On
the other hand, if g0 � 1 then 
 � 0 in the limit Q̂ ! 1. It follows that only
g0 < 1 is consistent with the successful feedback stabilization of the resistive shell
mode. Thus, the generalized mode coupling parameter �0 can be identi�ed with
the root g0 of Eq. (110). It follows that �0 is simply the root of���� �0 � �b11 �0 � �b12

�0 � �b�12 �0 � �b11

���� = 0: (112)

C General solution

Suppose that there are M feedback coils in the poloidal direction, with the kth
coil centred on poloidal angle �k, where k runs from 1 to M . By analogy with
Eq. (112), the generalized mode coupling parameter �0 is the root of

j�0 1� P j = 0; (113)

where

Pjk =
Rjk

(rc=rw)2m0 � 1
; (114)
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and

Rjk =

m 6=0;m 6=m0X
m

m 2
0

m2

sin(jmj��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

e i (m�m0)(�j��k): (115)

Here, use has been made of Eqs. (27), (28), (104), and (109). Note that Eq. (113)
is linear in �0, so this equation possesses a single root. As before, the feed-
back scheme is only capable of stabilizing the resistive shell mode provided that
�0 < 1. Thus, the optimization procedure is to minimize �0 subject to practical
constraints.

By analogy with Sect. IV.I, a feedback modi�ed resistive shell of radius rw
has the same e�ect on the stability of external modes as an ideal shell of radius
re. The equivalent radius re is given by

re = rw (1 + �0)
1=2m0 ; (116)

where �0 = [(rc=rw)
2m0�1]�0. The parameter �0 can be obtained, more directly,

as the root of
j�0 1�Rj = 0; (117)

where the elements of the R-matrix are speci�ed in Eq. (115). Thus, an alterna-
tive optimization procedure is to minimize re subject to practical constraints.

D Numerical results

The following results were obtained by solving Eqs. (116) and (117) for the case
where the feedback coils do not cover the whole surface of the plasma. To be
more exact, if there are M coils in the poloidal direction (where M > 1), then
the coils are centred on the poloidal angles

�k = f

�
1�

1

M

��
k � 1

M � 1
�

1

2

�
; (118)

for k = 1 to M , where f is the fraction of the plasma surface covered by coils.
It is easily demonstrated that when f = 1 (i.e., when the whole surface of the
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Figure 12: The equivalent radius re plotted as a function of the poloidal angular
extent �� of the feedback coils. The equivalent radius is normalized with respect
to the radius rw of the shell. The solid, dotted, short-dashed, and long-dashed
curves correspond to f = 1, 0:75, 0:5, and 0:25, respectively, where f is the
fraction of the plasma surface covered by feedback coils. The central harmonic is
m0; n = 3; 1. The feedback coils are characterized by M = 5 and �� = 10�.
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plasma is covered by coils), Eqs. (116) and (117) yield the same value for the
e�ective radius re as Eqs. (90) and (93).

Figure 12 shows the equivalent radius re, evaluated from Eqs. (116) and (117),
plotted as a function of the poloidal angular extent �� of each feedback coil for
a case in which there are �ve coils in the poloidal direction which do not neces-
sarily cover the whole surface of the plasma. The poloidal mode number of the
intrinsically unstable harmonic is m0 = 3. The equivalent radius is normalized
with respect to the radius rw of the resistive shell. When the coils completely
cover the surface of the plasma (i.e., when f = 1) the optimum con�guration
is for �� to be about 50�, which corresponds to non-overlapping coils. As the
fraction of the plasma surface covered by the coils is gradually decreased, the per-
formance of the optimum coil con�guration initially improves (i.e., re decreases).
For instance, when the coils only cover half the surface of the plasma (i.e., when
f = 0:5) the optimum con�guration is for �� to be about 60�, which corresponds
to overlapping coils, and the corresponding value of re is signi�cantly less than
that for the case where the coils cover the whole surface of the plasma. Note,
however, that if the fraction of the plasma surface covered by the coils becomes
too small (i.e., f � 0:25) then the performance of the optimum coil con�guration
rapidly worsens (i.e., re increases) as f decreases.

The above results suggest that when there are only a few feedback coils in the
poloidal direction, so that the optimum con�guration when the coils cover the
whole surface of the plasma is for the coils to be non-overlapping, it is advanta-
geous to recon�gure the coils so that they do not cover the whole surface of the
plasma, as long as the coils overlap in the new con�guration. In other words, the
advantages of having overlapping coils can o�set the disadvantages of having a
set of coil which does not cover the whole surface of the plasma. Of course, this
process can only be taken so far: it is never advantageous to have a set of coils
which only covers a tiny fraction of the plasma surface. It is easily demonstrated
that when there are many feedback coils in the poloidal direction, so that the
optimum con�guration when the coils cover the whole surface of the plasma is
for the coils to overlap, it is never advantageous to recon�gure the coils so that
they do not cover the whole surface of the plasma.

47



E Summary

This section deals with feedback schemes in which the feedback coils are not
equally spaced in the poloidal direction. For such cases, it is still possible to
de�ne a mode coupling parameter �0 which must be kept less than unity in
order to allow the schemes to successfully stabilize the resistive shell mode. �0 is
calculated by setting the determinant of some matrix equal to zero [see Eq. (113)].
Each element of this matrix can be evaluated by performing a simple summation
[see Eq. (115)]. A given feedback scheme can be optimized by minimizing �0
subject to practical constraints. It is possible to convert �0 into the equivalent
radius re of an ideal shell which has the same stabilizing e�ect on external modes
as the feedback modi�ed resistive shell [see Eq. (116)].

When there are only a few coils surrounding the plasma in the poloidal direc-
tion, the optimum con�guration is not for the coils to cover the whole surface of
the plasma, since this forces the coils to be non-overlapping. Instead, the opti-
mum con�guration is for the coils to overlap, but only partially cover the surface
of the plasma. On the other hand, when there are many coils surrounding the
plasma in the poloidal direction, the optimum con�guration is always for the coils
to cover the whole surface of the plasma.

VI Summary and conclusions

The main aim of this paper is to develop a formalism for optimizing the design of
feedback coils placed around a tokamak plasma in order to control the resistive
shell mode. To achieve this goal it is �rst necessary to understand the mechanisms
by which feedback schemes for stabilizing the resistive shell mode fail to operate
e�ectively. It is demonstrated in this paper that the principle failure mechanism
is the distortion of the mode structure by the currents circulating around the
feedback coils. If this distortion becomes su�ciently strong, it causes the mode
to escape through the gaps between the coils, or through the centres of the coils.
The principle goal of the optimization process is to reduce mode distortion by
minimizing the coupling of di�erent cylindrical Fourier harmonics due to the
currents circulating around the feedback coils. It is possible to de�ne a quantity
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�0 which parameterizes the strength of the coupling between di�erent Fourier
harmonics due to the feedback currents. Feedback fails for �0 � 1. The optimum
con�guration of the feedback coils is simply that which minimizes �0, subject to
certain practical constraints (e.g., only a �xed number of feedback coils, or only
a certain fraction of the plasma surface covered by coils).

For the case in which there are very many evenly spaced feedback coils sur-
rounding the plasma in the poloidal direction, it is possible to derive an analytic
expression for the mode coupling parameter �0 [see Eq. (76)]. Thus, in this case,
the optimization process can be performed analytically (see Sect. IV.F). For the
case in which there are only a few evenly spaced feedback coils surrounding the
plasma in the poloidal direction, the mode coupling parameter �0 is obtained by
performing a simple summation [see Eqs. (89) and (90)]. Clearly, in this case,
the optimization process must be performed numerically [see Sect. IV.I]. Finally,
for the case in which the feedback coils are not evenly spaced in the poloidal di-
rection, the mode coupling parameter �0 is obtained by setting the determinant
of some matrix equal to zero [see Eq. (113)]. Each element of the matrix is cal-
culated by performing a simple summation [see Eqs. (114) and (115)]. Thus, in
this case, the optimization must also be performed numerically (see Sect. V.D).

The optimal con�guration is for the poloidal angular extent of each feedback
coil to equal approximately half the poloidal wave-length of the resistive shell
mode (see Figs. 8 to 12). This inevitably leads to the overlapping of neigh-
bouring coils when there are many coils surrounding the plasma in the poloidal
direction. In fact, the only e�ective coil con�guration in which the poloidal ex-
tent of each feedback coil is much less than the poloidal half-wave-length of the
resistive shell mode is one in which neighbouring coils touch, so as to form an in-
terconnected network of feedback controlled conductors surrounding the plasma
(see Sect. IV.F). When there are only a few coils surrounding the plasma in the
poloidal direction, the optimal con�guration is not for the set of coils to cover
the whole surface of the plasma, since this forces the coils to be non-overlapping.
Instead, the optimum con�guration is for the coils to overlap, but only partially
cover the surface of the plasma (see Sect. V.D). On the other hand, when there are
many coils surrounding the plasma in the poloidal direction, the optimum con-
�guration is always for the set of coils to cover the whole surface of the plasma
(see Sect. V). A feedback scheme which employs a small number of coils in the
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poloidal direction can only be optimized for one particular poloidal mode num-
ber (see Sect. IV.I). On the other hand, a feedback scheme which employs a large
number of overlapping feedback coils in the poloidal direction can easily be op-
timized so that it works e�ectively for a range of poloidal mode numbers (see
Sect. IV.I).

It is always possible to convert the mode coupling parameter �0 into the
equivalent radius re of an ideal shell which has the same stabilizing e�ect on
external modes as the feedback modi�ed resistive shell [see Eqs. (89) and (93)].
Thus, an alternative optimization procedure is to minimize re subject to practical
constraints.

Some of the above results (in particular, the result that the optimal poloidal
angular extent of each feedback coil is approximately half the poloidal wave-length
of the resistive shell mode) are similar to those obtained in an earlier study11

which deals with a fundamentally di�erent type of feedback algorithm to that
studied in this paper. This suggests that the optimal feedback coil con�guration
for stabilizing the resistive shell mode may be a property of the mode rather than
the feedback algorithm. In other words, the optimization method outlined above
may well be independent of the details of the feedback algorithm.

All of the calculations in this paper are performed in cylindrical geometry.
As is well known, in toroidal geometry the poloidal wave-length of the resistive
shell mode varies with poloidal angle.12 Thus, in toroidal geometry the optimum
poloidal extent of each feedback coil, which is approximately half the poloidal
wave-length of the resistive shell mode, is likely to vary with poloidal angle in an
analogous manner to the poloidal wave-length of the resistive shell mode.
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A Positive feedback

Consider the analysis of Sect. IV. Suppose that the gain Q in the feedback circuits
is large and negative, so that the m0; n resistive shell mode is subject to strong
positive feedback, and its growth-rate, consequently, becomes very large. In the
limit


�w �M; (A1)

the mode coupling parameter � reduces to [see Eq. (64)]

� '
�m0
w


�w
�1; (A2)

where

�1 =

m=m0+jMX
j; j 6=0;m6=0

m0

m

sin(m��=2) sin2(m��=2)

sin(m0��=2) sin
2(m0��=2)

: (A3)

In this limit, the feedback modi�ed dispersion relation (57) can be rearranged to
give


�w = �m0

w (�Q̂)(1 + �1): (A4)

Thus, when the gain Q is su�ciently large and negative, the growth-rate of the
m0; n resistive shell mode becomes directly proportional to �Q.

In the limit
M � 1; (A5)

the expression (A3) for the parameter �1 yields

�1 '

(
1

2 sin2(m0��=2)

�
2�
M�� � 1

�
for jl (2�=M) ���j � ���

2�
M�� � 1

�
for jl (2�=M) ���j � ��

: (A6)

Here, l is an integer. Note that �1 � 1 for a realistic set of feedback coils (i.e.,
one with ��� 2�=M).

52


