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Abstract

Stabilization of the “resistive shell mode” is vital to the success of the “advanced
tokamak” concept. The most promising reactor relevant approach is to apply ex-
ternal feedback using, for instance, the previously proposed “fake rotating shell”
scheme [R. Fitzpatrick & T.H. Jensen, Phys. Plasmas 3, 2641 (1996)]. This
scheme, like other simple feedback schemes, only works if the feedback controlled
conductors are located inside the “critical radius” at which a perfectly conduct-
ing shell is just able to stabilize the ideal external kink mode. In general, this
is not possible in a reactor, since engineering constraints demand that any feed-
back controlled conductors be placed outside the neutron shielding blanket (i.e.,
relatively far from the edge of the plasma). It is demonstrated that the fake
rotating shell feedback scheme can be modified so that it works even when the
feedback controlled conductors are located well beyond the critical radius. The
gain, bandwidth, current, and total power requirements of such a feedback sys-
tem for a reactor sized plasma are estimated to be less than 100, a few Hz, a
fews tens of kA, and a few MW, respectively. These requirements could easily be
met using existing technology. It is concluded that feedback stabilization of the
resistive shell mode is possible in a tokamak fusion reactor.

PACS: 28.52.Av, 52.30.Jb, 52.35.Py, 52.55.Fa



I Introduction

The “advanced tokamak” concept! aims to simultaneously maximize the plasma
beta,? the energy confinement time, and the fraction of the current due to the non-
inductive bootstrap effect.? The eventual aim is, of course, to design an attractive
fusion power plant which can operate in steady state, at high fusion power density,
with low recirculating power.* The beta limits in advanced tokamak designs are
invariably set by low mode number external kink modes. As is well known,
external kink modes can be stabilized by placing a perfectly conducting shell
sufficiently close to the edge of the plasma.® In fact, acceptable beta limits are only
obtained in advanced tokamak designs if the effect of a close fitting ideal shell is
taken into account in the magnetohydrodynamical (MHD) stability calculations.
In reality, of course, a stabilizing shell possesses a small, but finite, resistivity.
According to conventional theory, a close fitting resistive shell can convert the
fast growing external kink mode into a mode which grows on the comparatively
long L/R time” of the shell, but it cannot completely stabilize the mode.® The
residual slowly growing mode is termed a “resistive shell mode.” The growth
time of this mode is generally much shorter than the typical pulse length of
a tokamak discharge. The resistive shell mode can, therefore, give rise to the
premature termination of the discharge.? It follows that the full advantages of

the advanced tokamak concept are only achievable if the resistive shell mode is

somehow stabilized.

There are two main approaches to suppressing the resistive shell mode. The

first involves spinning the plasma toroidally using unbalanced neutral beam injec-



tion (NBI). It turns out that the resistive shell mode is stabilized above a certain
critical rotation rate.!® There is a broad consensus of opinion'®~!? that, under
most circumstances, the critical rotation velocity in tokamaks is around a few
percent of the Alfvén velocity.!® Such a large rotation velocity is often achieved
in present day tokamaks, and does, indeed, appear to give rise to the stabiliza-
tion of the resistive shell mode.'* > However, it is highly unlikely that this level
of toroidal rotation could ever be maintained in a tokamak reactor by realistic
levels of NBI power, because of the large plasma volume required by a reactor,
plus the fact that in a big device NBI must be performed with high energy (and,
therefore, low momentum) neutral particles. For instance, on the International
Tokamak Experimental Reactor (ITER)!® (major radius 8 m, toroidal magnetic
field strength 6 T, plasma number density 102° m~3) realistic levels of NBI (i.e.,
50 MW of 1 MeV negative ion beam injection) are estimated!” to drive a central
toroidal rotation velocity which is only a fraction of a percent (i.e., 0.4%) of the
Alfvén velocity: this is almost certainly insufficient to stabilize the resistive shell

mode.

The second method of suppressing the resistive shell mode is to employ a
network of feedback controlled conductors surrounding the plasma. In principle,
this approach is more likely to work in a reactor than the alternative approach
of spinning the plasma toroidally. Two feedback schemes have been proposed:
the “intelligent shell”® (which was originally developed to stabilize the resistive
shell mode in reversed field pinches (RFPs) ), and the “fake rotating shell.” 1 Both
schemes lead to fairly modest current, power, and bandwidth requirements for the

feedback amplifiers. However, the latter scheme has the advantage that, unlike



the former, it does not require extremely high gain feedback circuits (which,
in practice, are often problematic). Both schemes only work if the feedback
controlled conductors are situated inside the radius at which a complete perfectly
conducting shell causes the ideal external kink mode to become marginally stable.

Henceforth, this radius is referred to as the “critical radius.”

The major issues which must be addressed when designing a feedback system
for a tokamak reactor are threefold: space, maintainability, and survivability.2°
By definition, there is a large flux of neutrons emanating from a reactor plasma.
This necessitates surrounding the plasma by a thick neutron absorbing blanket.
Certain critical tokamak components (in particular, any super-conducting compo-
nents) may require additional shielding. The net result is that there is very little
free space in the immediate vicinity of the plasma. It is, of course, vitally impor-
tant that any feedback system in a reactor is capable of being repaired without
the need to dismantle a large part of the device (in particular, any parts which
have been strongly irradiated by neutrons). Finally, it is difficult to see how feed-
back controlled conductors which are required to carry substantial currents could
survive for long in a high neutron flux environment, since conventional low resis-
tance materials (e.g., copper, silver, aluminium) degrade rapidly when irradiated
by neutrons. Thus, space, maintainability, and survivability constraints virtually
dictate that the closest a network of current carrying, feedback controlled conduc-
tors can be placed to the plasma in a tokamak reactor is just outside the neutron
shielding blanket. Unfortunately, this implies that under most circumstances the
network is situated well outside the critical radius for stabilizing the external kink

mode. At first sight, this would seem to imply that it is impossible to reliably



feedback stabilize the resistive shell mode in a tokamak reactor. The aim of this
paper is to demonstrate that this conclusion is false. It turns out that the fake
rotating shell feedback scheme can be modified so that it works even when all of

the feedback controlled conductors are situated well outside the critical radius.

II The fake rotating shell feedback scheme
A Introduction

It is convenient, at this stage, to review the salient features of the fake rotating

shell feedback scheme. This scheme is described in more detail in Ref. 19.

B Basic definitions

Consider a large aspect ratio, low beta, tokamak plasma?' whose magnetic flux
surfaces map out (almost) concentric circles in the poloidal plane. Such a plasma
is well approximated as a periodic cylinder. Standard cylindrical polar coordi-
nates (r, 6, z) are adopted. The system is assumed to be periodic in the z-
direction, with periodicity length 2w Ry, where Ry is the simulated major radius

of the device. It is convenient to define a simulated toroidal angle ¢ = z/Ry.

Suppose that the plasma is surrounded by a thin conducting shell of radius
rw > a (where @ is the minor radius of the plasma). The radially integrated

perturbed current pattern flowing in the shell is specified by a current stream



function J, (0, ¢) via
01y = VJy A (1)

The perturbed magnetic field can be written in term of a perturbed poloidal flux
function ¥ (r, 6, ¢) using
0B =Vy A z. (2)

The perturbed magnetic flux in the shell is defined

U (0,¢) = ¢(rw, 0, ). (3)

Consider an m/n mode for which a general perturbed quantity takes the form
A(r,0,¢) = A(r) el(mf—nd), (4)

The poloidal flux eigenfunction zﬁ(r) satisfies the “cylindrical tearing mode equation”?

1d( dj m? . 107y -
m(ﬁ)rzwge(nq/mﬂo’ (5)

where By(r) is the equilibrium poloidal magnetic field strength, j,(r) is the equi-
librium toroidal plasma current (with js(r > a) = 0), ' denotes d/dr, and

alr) = 722 )

is termed the “safety factor.” Here, By is the (approximately constant) equilib-
rium toroidal magnetic field strength. It is assumed that there is no “rational sur-
face” lying within the plasma (i.e., there is no solution to ¢(r < a) = m/n). The

eigenfunction zﬁ(r) satisfies physical boundary conditions at » = 0 and r = oc.



In general, zﬁ(r) is continuous across the conducting shell whereas dzﬁ(r) /dr is

discontinuous. The “shell stability index” for the m/n mode is defined

B d@; A r=Ty4+

This quantity is uniquely determined by the plasma equilibrium, the mode num-
bers m and n, and the radius of the shell. It is easily demonstrated that the m/n
external kink mode is unstable (in the absence of the shell) whenever A,, > 0.12

Finally, Ampere’s law integrated across the shell yields

A

impg Jy = Ay Wy (8)

C The fake shell

Suppose that the shell in question is actually a “fake shell” made up of a network
of resistors and inductors (see Fig. 1). Let Af and A¢ be the angular spacings of
the network cells in the poloidal and toroidal directions, respectively. In the limit
mAf < 27 and n Ap < 27, where the network is sufficiently fine that there is
little phase variation of the mode between neighbouring cells, the currents flowing
in the network can be approximated as a continuous distribution of the form given
in Eq. (1). It is easily demonstrated that the current which flows around the
network loop centred on (6, ¢) is approximately given by the local value of the
current stream function Jy, (6, ¢). Consider, for the sake of simplicity, the limit in
which the poloidal inductance and resistance of the network are negligible. This

limit corresponds to n?r, A¢ < m?2RyA0 provided that inductance and resistance
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Figure 1: Schematic diagram showing a single loop of a uniform two dimensional
network of resistors and inductors surrounding the plasma. The loop is centred
on the point (0, ¢). The resistances of the poloidal and toroidal legs of the loop
are Rg and Ry, respectively. The inductances of the poloidal and toroidal legs are
Ly and Ly, respectively. The current which flows around the loop is Jy, (0, ¢).



per unit length of the network are approximately the same in the poloidal and

toroidal directions. The circuit equation for an individual network loop yields
— 5B, plasma T'w R0 A0 AP — v Ly (mAQ)ij = Ry (mA9)2 jw, (9)

where 7 is the growth rate of the mode, Ly and R4 are the inductance and

resistance, respectively, of a toroidal leg of the loop, and

R m Au )\ -
5B7'plasma =1 E <1 + %) 9 (10)

is the radial magnetic field at the loop due to the perturbed currents flowing in

the plasma.

Equations (8), (9), and (10) can be combined to give the “dispersion relation”

of the network,

_ # (11)
77-11) - 1 . Aw/Ac’
where )
Hom R()AHAgb
— 12
Tw R4(mAg)? (12)
and )
A, = Hom RoAAG (13)
L¢,(mA9)2
Here,
= poRg Ag
Ly, =Ly — — 14
¢ ¢ 2m A0 (14)

is the inductance of a toroidal leg of an individual network loop due to the short
wavelength (i.e., of order the size of the network loop) components of the magnetic

field. Equation (11) has the same form as the dispersion relation of a conventional



shell containing vacuum gaps.?? Here, 7, is the effective L/R time of the shell,

and A, is related to the effective area fraction of gaps in the shell f via

1

F =15 a.2m (19)

In the absence of the fake shell, the external kink mode is marginally stable
when A,, = 0, and is unstable whenever A,, > 0. In the presence of the shell, the
resistive shell mode is unstable for A, > A,, > 0. The modified marginal stability
criterion for the external kink mode is A,, = A.. For A,, > A. the external kink
mode escapes through the holes in the network at some (extremely rapid) rate

determined by the plasma inertia. Henceforth, A. is termed the “critical stability

index” of the shell.

D The fake rotating shell

Suppose that each loop in the network is accompanied by a high impedance
sensor loop of equal area which measures the rate at which magnetic flux escapes
through the loop (see Fig. 2). The voltage generated in an individual sensor loop
is

~ d

V(t) = _E (5Br plasma rwR0A9A§b + L¢ (mAQ)zjw> . (16)

This signal can be integrated to give
t
D) = / V) dt
0
= — (0B prasma rw RoAIAG + Ly (mA0)2J,,) (17)

assuming that the mode amplitude is negligibly small at time ¢ = 0. Suppose that
the integrated signal is amplified by a factor 1/7 and then fed into the network,

10
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Figure 2: Schematic diagram showing a few loops of a uniform two dimensional
network of resistors and inductors, surrounding the plasma, which is subject to
feedback. The low tmpedance loops containing the resistors and inductors are
denoted the power loops (the resistors and inductors are not shown for the sake
of clarity). The signals detected by the high impedance sensor loops are integrated,
amplified, and then fed into the power loops, as shown.
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as shown in Fig. 2. The modified circuit equation for a network loop takes the

form

. Af .
Vi =2 = Ry (mAB)? J,. (18)

-
Equations (8), (10), (16), (17), and (18) can be combined to give the modified

dispersion relation of the network,

_,mAH_I_ Ay /Tw
T T T I T A A

(19)

This is the dispersion relation of an incomplete shell of L./R time 7, and critical

stability index A., which rotates poloidally with the velocity

A
v = — w20, (20)

T

Thus, the feedback causes the network to act like a “fake rotating shell.” The

effective rotation velocity is determined by the amplification factor 1/7.

E Stabilization of the resistive shell mode

Suppose that the plasma is surrounded by a complete non-rotating shell of radius
r, and L/R time 7,. This, in turn, is surrounded by a fake rotating shell of radius
rw, effective L/R time 7,, and critical stability index A.. Thus, ry, > 7, > a.
The first shell represents the vacuum vessel in a conventional tokamak where
the vessel is situated relatively close to the edge of the plasma. In the vacuum
region outside the plasma the most general solution of Eq. (5) is some linear
combination of ™ and r~™ functions. Using this fact, it is easily demonstrated

that the dispersion relation for an m/n mode in the presence of the two shells

12



takes the form

(A, — E,))(Ay — Ey) — (Eyw)? =0, (21)

where

Ay = YTy, (22)

and (after rearranging Eq. (19))

(v +182y) 70
Ay = , : 23
15 (7 +120)7/ A (23)
where
0, — ~ mAb (24)
T

is the effective angular rotation frequency of the fake shell. The remaining terms

in Eq. (21) are given by

2m 2m
N s B N | e
_2m (7w /70)%™
(rw/ry)?™ — 1’
2m (1o [14)™

(rw/ry)?™ — 17

E, (25)(b)

E’U’LU

(25)(c)

Here, r. is the critical radius beyond which a complete perfectly conducting shell
is unable to stabilize the external kink mode. It is assumed that the vacuum

vessel lies within this critical radius, so that r, < r..

It is convenient (and fairly reasonable) to assume that the L /R time of the
vacuum vessel is much longer than the effective L /R time of the fake shell. Thus,

Ty > Ty. With this ordering, plus 2,7, ~ O(1), the resistive shell mode root

13



(i.e., the root with v, ~ O(1)) of Egs. (21)—(25) can easily be shown to take

the form
2m 1— 022[(re/70)?™ = 1]/[1 = (ry /7)™
TU ~ ~
! (rc/rv)zm —1 14+ “Qw2
2 2,
i —, (26)
(rw/rv) mo— 1 1 —|— QwQ
where
A Qw%w ~ m
2y = 5 [1— (ro/Fw)*™]. (27)
Here,

2, 1/2m 1 1/2m
Tw = T (1+ Ac> = Tw <m> ) (28)(&)

%::m0+39:%(i%> (28) ()

As far as the plasma is concerned, the fake shell acts like an incomplete rotating

shell, with the area fraction of gaps f given in Eq. (15) and the effective L/R
time 7,,, which is located at the radius r,,. Alternatively, the fake shell as like
a complete rotating shell, with the effective L /R time 7,,, which located at the
“effective radius” 7,,.1% 22 Note that the effective radius of the fake shell is always

larger than the actual radius of the network of feedback controlled conductors.

It is clear from Eq. (26) that, in the absence of feedback (i.e., 2,, = 0), the
resistive shell mode takes the form of a non-rotating mode growing on the L /R
time of the vacuum vessel. Feedback causes the resistive shell mode to propagate
in the direction of apparent rotation of the fake shell, but it also modifies the

growth rate of the mode. If the effective radius of the fake shell 7, lies beyond

14



the critical radius r. of the m/n mode then feedback always causes an increase
in the growth rate. However, if r. > 7, then feedback causes the growth rate
to decrease. In the latter case, there is a critical value of the effective angular
rotation frequency of the fake shell 2,, beyond which the resistive shell mode
is stabilized. The corresponding critical value of ¢ = 7, A8/7 in the feedback

circuits 1s
(rw ) 2m

VO = PSP = )

The critical “voltage gain” G = 1/|y|7 in the feedback circuits (i.e., the ratio of

ge = 2 (29)

the voltage put out by an individual feedback amplifier to that which is generated

by magnetic induction in the corresponding network loop) is given by

G _T <rw>2m (re)”™ — (ro)*™ (30)

mAl T, E

It is easily demonstrated!® that the critical current which must be supplied by

an individual feedback amplifier is of order

wRoABAP b, w0 b,
TIvg Ko

I, ~

where b, is the perturbed radial magnetic field strength at radius r,,. The total
power which must be supplied by the feedback amplifiers is

2 2m I,°Ry 5 27°r, Ry b,?

P. ~
A0 Ay 2 Je 140 Tw

(32)

Note that the total power expended by the feedback system whilst stabilizing the

resistive shell mode is independent of the number of cells in the network.
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F  Summary

The fake rotating shell feedback scheme consists of a combination of passive and
active elements. The main passive element is the stationary shell (i.e., the vacuum
vessel). The active element is the network of feedback controlled conductors,
surrounding the stationary shell, which constitute the fake rotating shell. The
feedback scheme is capable of stabilizing the resistive shell mode provided that

the effective radius of the fake rotating shell lies inside the critical radius.

IIT A reactor relevant feedback scheme
A Introduction

In most tokamak reactor designs'® 23 the plasma is surrounded by an extremely
close fitting “first wall” (i.e., the plasma facing components), which is generally
made of some highly conducting material. Outside the first wall is a thick neutron
shielding blanket which is surrounded by the vacuum vessel, the toroidal field
coils, and the poloidal field coils, respectively. The fake rotating shell feedback
scheme can be implemented in a reactor with the first wall playing the role of the
innermost passive stabilizing shell. It is assumed, for the sake of simplicity, that
the vacuum vessel is sufficiently resistive that its /R time is much less than that
of the first wall. Thus, the vacuum vessel can be neglected for the purposes of this
investigation, since a resistive shell mode which grows on the L /R time of the first
wall only excites weak eddy currents in the vessel. As is discussed in Section I,

space, maintainability, and survivability constraints demand that the network of

16



feedback controlled conductors be placed outside the neutron shielding blanket
(i.e., rather a long way from the edge of the plasma). Thus, the first wall (radius
Ty, L/R time 7,) certainly lies well within the critical radius r. for the m/n
mode, whereas the fake rotating shell (effective radius 7, effective L/R time 7,,)
probably lies outside this critical radius. Under these circumstances, the feedback
scheme described in Section II is incapable of stabilizing the resistive shell mode.
Fortunately, it is possible to modify this scheme in such a manner that the resistive
shell mode can be stabilized even when all of the feedback controlled conductors
are situated outside the critical radius. The necessary modifications are described

below.

B Relocation of the sensor network

The active element of the fake rotating shell feedback scheme consists of two
networks of conductors situated at the same radius, r,. The first network is
made up of high impedance conductors which carry virtually no current, and
is responsible for detecting the mode. The signals generated by this network,
after suitable integration and amplification, are fed into a second, low impedance
network which carries substantial currents and can, thereby, modify the growth
rate and propagation frequency of the resistive shell mode. Henceforth, the first
network is termed the “sensor network” and the second network is termed the

“power network.”

Suppose, for the sake of argument, that the sensor network is relocated to some

radius r; which is different from that of the power network, r,,. It is assumed that

17



the two networks still contain an equal number of cells in the toroidal and poloidal
directions. Furthermore, these cells are located at the same angular positions,

and remain interconnected according to the scheme set out in Fig. 2.

Equation (16) specifies the voltage generated in an individual cell of the sensor
network when the radius of this network coincides with that of the power network.
This expression can be rewritten

V(1) = — o (imRoA0AG T, + Ly (mA0) 1), (33)

where use has been made of Eqgs. (8), (10), and (14). The first term on the right
hand side is due to m/n helical magnetic fields generated by the m/n currents
flowing in the plasma and the power network. The second term is due to short
wavelength (i.e., of order the size of the network cells) magnetic fields generated
by currents circulating in the power network. The latter fields are very strongly
localized in the vicinity of the network. In fact, the short wavelength fields decay
effectively to zero on a radial length scale d,, = r,, A0/27 < r,, (assuming that
rwAf < RyA¢p). Thus, if |r; — ry| 2 dyy (as is assumed to be the case) then the

signal detected by an individual cell of the relocated sensor network is given by
d N
Vi(t) = - (i mRoAOA u'/l) , (34)

where ¥ = t)(r;) is the value of the m /n flux eigenfunction at the sensor network

radius. This signal can be integrated to give

A

Vi(t) = /0 t Vi(t) dt = —imRyAOAG T (t), (35)

assuming that the mode amplitude is negligibly small at time ¢ = 0. If the

integrated signal is amplified by a factor 1/7 and then fed into the power network,

18



in an analogous manner to that shown in Fig. 2, then the circuit equation for an

individual loop of the power network takes the form (see Eq. (18))

. A .
V—i=2V = Ry (mAB)? J,,. (36)

The corresponding dispersion relation for the power network is written

. mAd )P, N Aw/Tw
T I AL A, T 1 Ay A

(37)

Suppose that the sensor network is located somewhere between the passive
shell and the power network, so that r, < r; < ry. The m/n flux eigenfunction
in this region is given by

sy = b, ()" = /)
(ro/Tw)™ = (ro/rw) ™™
(rfro)™ = (rfr) "™ 5

(1w /T0)™ = (Pw/T)™™ ’

+ T,

where ¥, = 1)(r,) is the value of the flux eigenfunction at the radius of the passive

shell. It follows that

!ﬁl !ﬁv
— = Qy — + Oy, (39)

where

Vo (40)(a)

(
A <T_>m (r)™™ = (ro)™™ (40)(b)
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The dispersion relation for an m/n mode in the presence of the passive shell

and the power network can be written®*

AW, = E U, + Ey,Y,, (41)(a)
Ap Wy = EyWy+ Eyy ¥, (41)(b)

where A, is given in Eq. (22), and (after rearranging Eq. (37))

Y Tw T 182, (1 + /ﬂ_ﬁv/&f/w)

Ay , 42
1+ 7w /A (42)
with
A0
Dy = —0rgy ——, (43)
T
and

o (g)m ()™ = ()™ m

Equations (41) and (42) can be combined to give the quadratic dispersion

relation
Y2 (1 = Ey/Ae) TwTy
=Y (BwTo + By (1 = Byoo /Ac)Tw — 100 TwTy)
+ (EwEyoo — 1247w (Ey — Kk Eyy) ) =0, (45)
where
2
B = Bt s 40y
Buw = By Low) 2m (46) (b)



It is again assumed that 7, > 7, and (2,7, ~ O(1). The resistive shell mode

root of the dispersion relation (45) (é.e., the root with y7, ~ O(1)) takes the

form
EwEyoo — 1247w (Ey — K Eyy)
v & , 4
T By — 12070 (47)
or
Evoo [1 —I' (QwTw/Ew)z(Ew/Ewoo - Kva/Evoo)}
e = 1+ (207w/Ew)?
Qw w va va Ew -
Y Cl (Eow/ ") (48)
E, L+ (24p7w/Eyw)?
The above equation reduces to
2m 1= 02,2[(re/r)*™ = 1]/[1 = (ro/r)*™]
T’U ~ ~
! (re/ro)Pm =1 40,2
2 D
—i —, (49)
(ri/ro)®™ =114 02
where
A (20 Tw 2m
2, = o (1= (ry/rw)®™]. (50)

It is clear from a comparison of Egs. (26) and (49) that when the sensor network
is displaced from the power network then the effective radius of the fake rotating
shell is determined solely by the radius of the sensor network. In fact, the effective

radius becomes equal to the radius of the sensor network.

The resistive shell mode can be stabilized provided that the sensor network is

located inside the critical radius 7. of the m/n mode (i.e., provided that r; < r.).
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It is easily demonstrated from Eq. (49) that the critical value of g = 7, A8/

which must be exceeded in order to stabilize the resistive shell mode is given by

i\ (1y)?™
%:2(—) . (51)
o) P = P =
The critical voltage gain G = (ry/r;)™/|y|7 in the feedback circuits (i.e., the

ratio of the voltage put out by an individual feedback amplifier to that which is

generated by magnetic induction in the corresponding loop of the power network)

Go__ T <r_w>2m (re)*m — (ro)*™ (52)

~ mAb Tw \ Ty (re)?m — (r)?™

The corresponding critical current which must be supplied to the power network

1s

by an individual feedback amplifier is of order

I ~ g, 200 (53)
o

where b, is the perturbed radial magnetic field strength at the sensor network.
The total power which must be supplied by the feedback amplifiers is
5 2m2r; 2Ry b,2

54
H0Tw ( )

PCNgc

It is clear from Eqgs. (51)—(54) that the optimum location for the sensor network
is somewhere between the radius of the passive shell r, and the critical radius
re. As the radius of the sensor network approaches either that of the passive
shell or the critical radius, the current and power which must be supplied by
each feedback amplifier in order to stabilize the resistive shell mode both tend to
infinity. Note that it is possible to stabilize the resistive shell mode even when the

power network (radius r,,) is located well beyond the critical radius, provided that
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the sensor network is situated inside this radius. Nevertheless, it is advantageous
for the power network to be placed as close as practically possible to the plasma,
since the critical voltage gain, current, and power in the feedback circuits increase

like 7, 2™, r ™, and r,2™, respectively, as r, — oo.

The second root of the dispersion relation (45) takes the form

Ew . Q’UJT’UJ
1~ Bo/A. 1- Ey/A,

(55)

YTw =

Since F,, < 0, this root is clearly stable.

C Summary

In the fake rotating shell concept the combined action of the sensor network and
the power network create the illusion of a rotating shell surrounding the plasma.
In the original concept (see Section II) both networks are located at the same
radius, r,,. It turns out that in this case the effective radius of the fake rotating
shell, 7, is somewhat larger than r,, (see Eq. (28)(a) ). This occurs because the
sensor network is able to detect the short wavelength magnetic fields generated
by the currents circulating in the power network (i.e., the second term on the
right hand side of Eq. (33) ). If, however, the sensor network is slightly displaced
from the power network, so that the short wavelength fields decay before reaching
the sensor network, then the effective radius of the fake rotating shell becomes
equal to the (approximately) common radius of the two networks, r,,. The fake
rotating shell is only able to stabilize the resistive shell mode when its effective

radius is less than the critical radius, r..
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It is clear from the analysis of Section III.B that the effective radius of the
fake rotating shell is determined solely by the position of the sensor network. In
fact, if the sensor network is placed between the passive stabilizing shell and the
power network then the effective radius of the fake rotating shell becomes the
same as that of the sensor network. The sensor network is basically a set of flux
loops which carry very little current. As such, it can be constructed from thin
wires made of some high resistance (compared to copper), low activation mate-
rial (e.g., vanadium). Since the network carries little current, it is not subject to
large electromagnetic stresses and, therefore, does not require a bulky mechanical
support structure. Thus, although it is difficult to conceive of putting a network
of current carrying conductors (such as the power network) inside the neutron
absorbing blanket (because the conductors have to be fabricated out of some
low resistance, high activation material such as copper, and because the conduc-
tors are subject to substantial electromagnetic stresses and, therefore, require a
bulky mechanical support structure) it is possible to conceive of placing a high
impedance detector network (such as the sensor network) inside the blanket. In
fact, the sensor network is likely to take up so little space that it may be possible
to place many networks inside the blanket, so that if the main sensor network fails
during the lifetime of the reactor then a replacement is immediately available, and
there is no need to disassemble the reactor. Thus, a reactor relevant version of
the fake rotating shell feedback scheme can be constructed by placing the sensor
network inside the neutron shielding blanket, with the power network outside the
blanket. This scheme is capable of stabilizing the resistive shell mode provided
that the radius of the sensor network lies inside the critical radius. In principle,

the power network can be placed arbitrarily far away from the plasma. However,
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the power required to stabilize the resistive shell mode increases strongly as the
radius of the power network increases, so it is clearly advantageous to place this

network as close as practically possible to the plasma.

IV  The virtual fake rotating shell
A Introduction

The reactor relevant feedback scheme described in the previous section consists
of three elements; a close fitting passive shell, radius r,, a high impedance sensor
network, radius r;, and a low impedance power network, radius r,,. It is assumed
that r, < r, < r,. The passive shell and the sensor network are both located
inside the neutron shielding blanket, whereas the power network is located outside
the blanket. It is possible to envisage placing the sensor network inside the
blanket because this network carries very little current and can, therefore, be
fabricated out of a low activation metal, such as vanadium, without the need for
extensive mechanical support. Nevertheless, from an engineering standpoint, it
is far simpler to place the sensor network outside the blanket, just like the power

network.

Recall, from the previous section, that the combined action of the sensor
network and the power network create the illusion of a rotating shell surrounding
the plasma. The effective radius of this fake rotating shell is the same as the
radius of the sensor network. It is possible to stabilize the m/n resistive shell

mode provided that the effective radius lies inside the critical radius for the m/n
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mode, r.. This is likely to be the case if the sensor network is situated inside
the neutron shielding blanket, but not otherwise. Thus, the feedback scheme
outlined in the previous section is unlikely to work when the sensor network is
located outside the blanket. Fortunately, it is possible to modify this scheme in
such a manner that the resistive shell mode can be stabilized even when both the
sensor network and the power network are situated beyond the critical radius.

The necessary modifications are described below.

B Multiple sensor networks

It is clear from the previous analysis that the effective radius of the fake rotating
shell is determined by the radius at which the helical magnetic fields diffusing
through the passive shell are detected. Thus, it is plausible that if the fields at
some radius r. are reconstructed, using signals derived from a sensor network
located well outside this radius, and fed into the power network in the usual
manner, then the effective radius of the fake rotating shell becomes r.. This
being the case, it is possible to produce a fake rotating shell whose effective
radius lies well inside that of either the sensor network or the power network:

4

this type of shell is termed a “virtual fake rotating shell.” The possibility of a
virtual shell (i.e., a shell whose effective radius lies well inside the radii of the

associated feedback controlled conductors or sensor loops) was first suggested by

C.M. Bishop and M.K. Bevir.'®

According to Eq. (38), it is possible to uniquely reconstruct the m/n flux

eigenfunction 1&(1“) throughout some current free region given the value of the
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eigenfunction at two different radii in this region. This suggests that it may be
possible to construct a virtual fake rotating shell using signals derived from two

sensor networks located at two different radii.

Consider a modified feedback scheme consisting of a power network (radius
rw, effective L/R time 7,, critical stability index A.) connected to two sensor
networks (radii r; and r;). The signals detected by the two sensor networks are
integrated, amplified by factors 1/7 and 1/7/, respectively, and then fed into the
power network. By analogy with Eq. (37), the dispersion relation of the power

network becomes
- mAl @l/ﬁw e mAf f’l'/j/w A [T
=1 1
i T 1-Ay/A. T 1-AgJA, T 1— Ay /AL

(56)

where W = 4(ry) is the value of the m/n flux eigenfunction at the radius of the
second sensor network. Suppose that the first sensor network lies between the
passive shell and the power network, so that r, < r; < r,, but that the second
sensor network lies beyond the power network, so that v > r,. The m/n flux

eigenfunction in the region r» > r,, is given by

rw
Thus,
2%
~— — Oy, 58
: (58)
where

Q= <:—lw>m (59)

Equation (56) can be rearranged to give

A Tw + 1827w (1 + K @v/@w)
v 1+ 7y /A

: (60)
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with
Dy = — (O + gy 7'/7") mAH, (61)

T

oo o (m) 2

Qo + Qur T/T" \ T (re)?™ — (1ry)%™

Here, by analogy with Eq. (44), r. is the effective radius of the fake rotating shell.

and

The dispersion relation for the resistive shell mode is given by Eq. (49), with r;
replaced by r.. Thus,

vry 2m 1= 02,2[(re/re)*™ = 1]/[1 = (ro/re)*™]
o (TC/TU)Zm —1 ;

2m 2.

—1 — 63
(re/rv)Qm - 1 1—|—.(2w2 ( )
where
AN QwTw m
Dy = =~ (1= (ro/rw)*™]. (64)

It is easily demonstrated that

N <1)\(rw/m)2m>1/2m, (65)

1—A
where .
T r
A= —— | —
7)) o9
and also that
Qw _ _mAH r_w m (re)Zm . (rv)Zm (rw)Zm o (rl)Zm - (67)
m ) )T )P ) ()

Note that the effective radius of the fake rotating shell is less than that of the

inner sensor network (and the power network) as long as 0 < A < (r;/7,,)?™. This
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implies that 1/7" < 0; i.e., the signals from the outer sensor network must be
inverted, as well as integrated and amplified, before they are fed into the power

network.

According to Egs. (63), (64), and (67), the feedback scheme has a stabilizing
effect on the resistive shell mode provided that the effective radius of the fake
rotating shell lies between the critical radius and the radius of the passive shell;
i.e., provided that r, < r. < r.. It follows that stabilization of the resistive shell

mode is only possible when the parameter A lies in the range

(" ()™ ) ()
ol = (e = () = ()P

Here, it is assumed that r. < r,,. If r. > r,, then the lower limit becomes —oo.

(68)

Equation (63) specifies the growth rate of the m/n resistive shell mode for the
case where the m/n external kink mode is unstable in the absence of an external
shell. In the opposite case, where the m /n external kink mode is stable, the factor
(r.)®™ is replaced by some negative number. Clearly, the feedback scheme has a
stabilizing effect on intrinsically stable modes provided that the effective radius of
the fake rotating shell, r., lies outside the radius of the passive shell, r,, and has
a destabilizing effect otherwise. Note, from Egs. (65) and (66), that the effective
radius ¢ncreases monotonically with increasing poloidal mode number. Thus, if
re > 1, for m = 1 then this inequality is bound to be satisfied for all m > 1,
and, hence, there is no danger of the feedback scheme inadvertently destabilizing

some modes. The condition which must be satisfied reduces to
2 2
T S 7’_[ (7’1) (’I“v) ) (69)
= =\ ) )= )2
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The critical value of g; = 7, A8/7 which must be exceeded in order to stabilize

the resistive shell mode is given by

e - 2(7%>m¢<rc 7= (re) 77/ (e 2

% ()2 (70)

Likewise, the critical value of gy = —7,,A8/7" takes the form

o =2 (%) e

()" — (re)?”
X (rw)Qm _ (rl)Qm ) (71)

The critical voltage gain G = (/7)™ (1 — A\)/|v|7 in the feedback circuits (i.e.,

the ratio of the voltage put out by an individual feedback amplifier to that which is

generated by magnetic induction in the corresponding loop of the power network)

G T <_w>’” (re)™ — (ry)*™ (72)

mAO 1, \ (re)?™ — (re)?™

The corresponding critical current which is driven in the power network is given

1S

by
RoAQAgb <7"l bT (7“1) T br (rl/)>
I. ~ +
Ry T T/
ruw A0 b, (7,
Ko
where )
g =2 (rw) (74)



Here, the variation of the radial magnetic field strength in the immediate vicinity
of the power network is approximated as b,(r) oc r~(m*+1)  The total power
expended by the feedback amplifiers is given by

2 2m IRy 5 2w%r,2Ro b,2(rw)

P, ~
A0 Ay 2 Je 140 Tew

(75)

C Summary

A power network straddled by two sensor networks is capable of mimicking the
action of a rotating shell whose radius lies well inside those of either the power or
sensor networks. This scheme could be used to actively stabilize the resistive shell
mode in a reactor relevant configuration in which all of the feedback controlled
conductors and their associated detector arrays are situated outside the neutron

shielding blanket.

V  Summary and discussion

The proposed scheme for stabilizing the resistive shell mode in a tokamak fusion
reactor is sketched in Fig. 3. The plasma (minor radius a) is surrounded by a
tight fitting, highly conducting first wall (radius r,, L/R time 7). The first wall
is surrounded by a thick neutron shielding blanket. The vacuum vessel (which lies
outside the blanket) is assumed to be sufficiently resistive that it has no influence
on the stability of the resistive shell mode. The blanket is surrounded by three
networks of conductors: two high impedance sensor networks (radii 7; and ry,

with r; < rp ), with a low impedance power network (radius r,, effective L/R
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Figure 3: Schematic diagram showing the proposed scheme for stabilizing the
resistive shell mode in a tokamak reactor
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time 7, ) sandwiched between them. Note that, from an engineering standpoint,
the feedback scheme is far easier to implement in a reactor if all three networks
can be placed outside the blanket. The signals detected by each cell in the two
sensor networks are integrated, amplified (by factors 1/7 and 1/7’ for the networks
situated at radii r; and ry, respectively), and then fed into the corresponding cell
of the power network, in an analogous manner to that shown in Fig. 2. The net
result is that the networks mimic the action of a rotating shell of L/R time 7,
located at some radius r. which lies inside the radii of all three networks. The
effective radius of the fake rotating shell is determined by the ratio of the two
amplification factors, 1/7 and 1/7’. The effective rotation frequency of the shell
depends on the magnitude of the amplification (the larger the amplification, the
faster the shell appears to rotate). Stabilization of the m/n resistive shell mode
is possible provided that the effective radius of the fake shell lies outside that of
the first wall, but inside the critical radius r. at which a perfectly conducting
shell is just able to stabilize the m/n ideal external kink mode. Stabilization is
achieved once the effective rotation frequency of the fake shell exceeds a value
of order 1/7,. Note that if r. < r, or r. > r. then the feedback scheme has
a destabilizing effect on the mode. For a reactor possessing a thick blanket the
critical radius is likely to lie well inside the radii of the three networks. However,
contrary to conventional wisdom, this does not prevent the feedback scheme from
being able to stabilize the resistive shell mode (provided that r., < r.). For a
mode which is intrinsically stable in the absence of an external shell the feedback
scheme has a stabilizing effect when r. > r, and a destabilizing effect when
re < 1Ty. Clearly, it is vitally important to ensure that the effective radius of the

fake shell never becomes less than that of the first wall, otherwise the feedback
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scheme is likely to have a detrimental effect on plasma stability.

Suppose that the two sensor networks are equidistant from the power network,
so that r, = r,, —d and r» = r, + d. The radial spacing d determines the
minimum possible number of network cells in the poloidal direction. Recall, from
Section III.B, that the sensor networks must be located sufficiently far away from
the power network that they are unable to detect the short wavelength magnetic

fields generated by currents circulating in latter network. This implies that

Al d
— 3 —. (76)
2T Ty

Furthermore, if the feedback scheme is required to stabilize resistive shell modes
whose maximum toroidal mode number is N then the minimum possible number

of network cells in the toroidal direction is given by 2N + 1.9

It is convenient to fix the effective radius of the fake rotating shell for m =1
modes to be same as the radius of the passive stabilizing shell, r,,. This criterion
determines the ratio of the amplification factors via

() h -

/7 \r ) (ry)? — ()2

Note that in this configuration the feedback scheme has no effect on the growth

rate of the m = 1 resistive shell mode. However, this is not a problem since toka-
maks are conventionally operated with sufficiently high values of the edge safety
factor ¢, that they are stable to (predominantly) m = 1 external kink modes. The
fact that the effective radius r. increases monotonically with increasing poloidal
mode number ensures that r. > r, for all m > 1. Thus, there is no danger of the

feedback scheme inadvertently destabilizing any m > 1 external kink modes.
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Figure 4: The ratio of amplification factors —(1/7")/(1/7) evaluated as a function
of the radius of the power network according to Eq. (77). The network spacing is
d = 0.057,.
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Figure 4 shows the ratio of amplification factors calculated, using Eq. (77), as
a function of the radius of the power network for d = 0.05r,. The ratio is zero
(i.e., there is zero feedback from the outermost sensor network) when the inner
sensor network touches the passive shell, and asymptotes to unity (at which point
the feedback signals from the two sensor networks are equal and opposite) as the
radius of the power network tends to infinity. At fixed r, the ratio increases

monotonically as the network spacing d is decreased.

The effective radius of the fake rotating shell for m > 1 is calculated using

1_)\ w 2m, 1/2m
o= (LA 75

where A\ = —(7/7")(r/ri)™. Figure 5 shows the effective radius evaluated as a
function of the radius of the power network for poloidal mode numbers in the
range 2 to 5 using the values of —7/7’' shown in Fig. 4. It can be seen that the
feedback scheme allows the effective spacing between the fake rotating shell and
the passive shell to be reduced by more than a factor of two with respect to the
spacing between the power network and the passive shell. At fixed r,, the effective

radius increases monotonically with increasing m and decreasing d.

The critical voltage gain in the feedback circuits which must be exceeded

before the resistive shell mode is stabilized takes the form
(79)

where

= (T’_w>2m (re)”™ — (ro)™ (80)
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Figure 5: The effective radius r. of the fake rotating shell calculated as a function
of the radius of the power network, using Eq. (78), for d = 0.05r,. The solid line
corresponds to m = 2, the dotted line to m = 3, the short dashed line to m = 4,
and the long dashed line to m = 5. Note that re = r, for m = 1.
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The corresponding critical current which flows in the power network is

I~ p A0 () (81)
Ho
where
2 m m
h= v Tw . (82)

VI = 7 = ()

The above formulae are obtained using the rather crude approximation that the
perturbed radial magnetic field varies as b,(r) oc 7~ (™+1) outside the passive
shell. The critical total power expended by the feedback amplifiers is given by

B2 2m2r 2Ry b,2(ry)

HOoTw

Pe

(83)

Equations (79)—(83) are valid for all three implementations of the fake rotating
shell feedback scheme discussed in this paper. In other words, these equation are
generic to the fake rotating shell concept. The principle difference between the
three implementations is the manner in which the effective radius of the fake ro-
tating shell is determined. In the original implementation (see Section II), where
the sensor network and the power network are situated at the same radius, the
effective radius lies outside the common radius of the networks because of short
wavelength inductive coupling between the networks. In the second implemen-
tation (see Section III), where the sensor network is situated inside the power
network, the effective radius is the same as that of the sensor network. Finally, in
the third implementation (see Section IV), in which two sensor networks straddle
the power network, the effective radius lies inside the radii of all three networks.
The third implementation is clearly the most reactor relevant, and is, therefore,

the one adopted in this paper.
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Figure 6: The parameter g calculated as a function of the critical radius, using
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the dotted line to r,, = 1.4r,, and the dashed line to r,, = 1.6r,. Note that
re =1y for m=1.
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Figures 6 and 7 show the parameters g and h evaluated as a function of the
critical radius r., for m = 3, using the effective radii shown in Fig. 5. It can
be seen, for instance, that if the power network is located relatively far from
the plasma at r,, = 1.6, then the feedback scheme is capable of stabilizing all
m = 3 external modes whose critical radii lie beyond 1.3 r,, provided that the
parameter g (which is directly related to the gain in the feedback circuits) exceeds
a critical value of about 28. The corresponding critical value of the parameter
h is about 4.2. These critical values can be used to calculate the current and
power requirements of the feedback system using Eqgs. (81) and (83), respectively.
The parameter g increases strongly with increasing poloidal mode number m and
increases weakly with decreasing network spacing d. The parameter h increases
strongly with increasing poloidal mode number m and weakly with decreasing
network spacing d at comparatively low values of the critical radius r., but varies

in the opposite direction at higher values of r..

The major radius, average minor radius, and on-axis toroidal magnetic field
strength of the proposed ITER!® tokamak are Ry = 8.1 m, a = 3 m, and By = 5.7
T, respectively. The first wall possesses an average minor radius of r, ~ 1.1a
and an L/R time of 7, ~ 1 .25 Consider a fake rotating shell feedback system
which is required to stabilize the m = 3 resistive shell mode in ITER at perturbed
magnetic field levels of up to 1% of the edge poloidal magnetic field strength: i.e.,
br(1y) S 6x 1073 T (assuming that g, ~ 3.5). Suppose that the sensor and power
networks are located outside the vacuum vessel, so that r,, = 1.6 a, and that the
radial spacing between the networks is d = 0.05 a. According to Eq. (76) the

minimum number of network cells in the poloidal direction is 32. Eight cells in
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the toroidal direction are sufficient to enable the system to stabilize instabilities
with toroidal mode numbers in the range n < 3. According to Egs. (77) and (78),
the effective radius of the fake rotating shell for an m = 3 mode is r. = 1.24 a.
Suppose that the feedback system is required to stabilize the m = 3 resistive shell
mode whenever its critical radius lies beyond 1.3 a. This implies that the m = 3
kink stability boundaries of the plasma are equivalent to those calculated in the
presence of a perfectly conducting shell located at radius 1.3 a (this is sufficiently
close to the plasma to significantly increase the 3 limit'4). Using Eqgs. (80) and
(82), the critical values of the parameters g and h are calculated to be 23 and
7, respectively. It follows from Eq. (81) that the peak current which flows in
the power network is around 20 kA. Assuming that this network is constructed
out of 5 cm diameter copper wires (resistivity 1.7 x 1078 Qm 26), it follows from
Eq. (12) that its effective L/R time is 7, ~ 0.75 s. According to Eq. (79), the
critical voltage gain in the feedback circuits is around 50. Finally, Eq. (83) gives
a peak power expended by the feedback amplifiers of about 3 MW. Note that the
above estimates are slightly inaccurate since the ordering 7,, < 7, (which was
adopted purely for the sake of simplicity) is not very well satisfied in this case. (It
turns out that the power expended by the feedback amplifiers, as a function of 7,
attains its minimum value at 7,, ~ 7,, so the situation under consideration is near
optimal.) The vacuum vessel (whose L/R time in ITER is smaller than, but still
comparable with, that of the first wall) is also likely to give rise to modifications
of the above results. Nevertheless, the above calculations can probably be relied
on to give, at least, an order of magnitude estimate of the current and power
requirements of a resistive shell mode feedback system on ITER. The current and

power levels mentioned above fall well within the acceptable bounds. Note that
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the feedback amplifiers only have to respond to magnetic fields which are able to
diffuse through the first wall. Thus, the bandwidth of the amplifiers need only
be Af ~ 1/7,.

In conclusion, it appears likely that a feedback system which mimics the effect
of a relatively close fitting ideal shell can be installed on a tokamak reactor,
despite the fact that all of the feedback controlled conductors and sensor loops
are located relatively far from the plasma (i.e., at least outside the blanket,
and possibly outside the vacuum vessel). The gain, bandwidth, current, and
total power requirements of the system are extremely modest (i.e., less than
100, a few Hz, a few tens of kA, and a few MW, respectively), and could easily
be achieved using existing technology. Thus, an “advanced tokamak” reactor

appears eminently feasible.
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