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Abstract

Parallel current in an anisotropic high—beta extremely low aspect ratio
tokamak plasma is calculated from the linearized drift kinetic equation. It
is found that it depends on the radial gradients of the parallel plasma pres-
sure and the magnetic field strength. It can be expressed as the sum of the

bootstrap current and the Pfirsch—Schliiter current.
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I. INTRODUCTION

Stability plasma ( limit in low aspect ratio tokamak plasmas can be very high
(2 50%).17* Here, 3 is the ratio of the plasma pressure to the magnetic field pressure.
Because of the strong auxiliary heating power, equilibrium plasma pressure in such plasmas
is likely to be anisotropic, i.e., parallel (to the magnetic field B) plasma pressure pj is not
the same as the perpendicular plasma pressure p, . It will be interesting to investigate pres-
sure gradient driven parallel plasma current, i.e., bootstrap and Pfirsch—Schliiter in such
plasmas.

For simplicity, we only calculate the parallel current in the aspect ratio A — 1 limit.
Thus, the results are valid in the edge region of an extremely low aspect ratio tokamak.
In that limit, parallel current is not sensitive to the details of the heating mechanisms.
The detailed calculations for A away from unity will be addressed separately. A general
expression for the Pfirsch—Schliiter current can be obtained from the momentum equation
and the conversation laws of particle and charge. Parallel current can be expressed as the
sum of the Pfirsch-Schliiter current and the bootstrap current.

This paper is organized as follows: In Sec. II, elementary force balance in anisotropic
pressure equilibrium is discussed. In Sec. III the leading order collisionless solution of the
linearized drift kinetic equation is obtained. From this solution, parallel plasma flow and
current are calculated. It is shown in Sec. IV that exactly the same expression of the
parallel plasma flow can be obtained from the momentum equation and the conservation
law of particles. Based on this result, a general expression of the Pfirsch—Schliiter current is
derived, and an expression of the bootstrap current is calculated. Concluding remarks are
given in Sec. V. The proof that a conventional expression for the radial drift velocity is also

valid in anisotropic pressure equilibria is shown in Appendix A.



II. EQUILIBRIUM FORCE BALANCE

Anisotropic pressure equilibrium is maintained by the force balance equation®®

1
JxB=V.p" (1)

where c is the speed of light, J is the plasma current density, p* = pjnn + py (I —an), the

superscript ¢ denotes total pressure, n = B/|B|, and I is the unit tensor. It is obvious that
B-V.p' =0 (2)

which implies
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n- Vp|t| = (pﬁ - pi) B (3)
Equation (1) can be expressed explicitly in terms of pj and p', :

1 V.B
ST X B =V + ) ) (4)

where 7' = 1+ 47 (p', — pfj)/B* We can define a quantity K such that’

%K:vam. (5)

Using Eqgs. (3)—(5), we can show that

1 VB

“K x B=Vp,—(pl —p')—. 6

c D (p” P1) B (6)
For an equilibrium distribution function fy = fo(e, 1, %), pjj(¥,0) = p{(B,¢) and p' (¢, 0) =
p' (B, 1), where ¢ is the particle energy, p is the magnetic moment, ¢ is the poloidal flux

function, and 6 is the poloidal angle, Eq. (6) reduces to

1KxB—%HV¢ (7)
c ol
which is the same as that in Ref. 5. Note that from Eq. (5),

B-K=1J-B. (8)



It is obvious from Eq. (5) that
V-K=0 9)
The cross—product of Eq. (6) with V) yields
K -Vy=0. (10)

Note that in general J - Vi # 0 in anisotropic pressure equilibria
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where I = RB;, R is major radius, and B; is the toroidal magnetic field strength. However,
(J - V1) = 0 where the angular brackets denote flux surface averaging.
The Grad—Shafranov equation for anisotropic pressure equilibrium is derived in Refs. 5-7,

and will not be repeated here.

III. SOLUTION OF THE DRIFT KINETIC EQUATION AND PARALLEL

CURRENT

The linearized drift kinetic equation in an anisotropic high g tokamak plasma can be

written as

B
vﬁ-VflJrvd-VfoJrvLﬁ-V(

U”ﬁ-VXﬁ 8f0_
Q

B ne =) (12

where fi is the perturbed particle distribution function, vy is the drift velocity, v is the
parallel particle speed, fj is the equilibrium particle distribution function, Q = eB/Mec is
the gyrofrequency, B = |B], p is the magnetic moment, e is the charge, M is the mass and
C(f1) is the collision operator. In general, fy = fo(e, 1, 1) where € = v?/2 + e®/M, and @
is the electrostatic potential. The collision operator C'(f;) includes both Coulomb collision
and heating operator. Note that df,/0u term in the drift kinetic equation® should be kept
here.

The equilibrium distribution function f; satisfies
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v - Vfo = C(fo). (13)

For simplicity, we only choose the leading order collisionless solution féo) of Eq. (13) to
approximate fp. In that case n -V féo) = 0, and <C( éo)>>b = 0 determines féo). The
angular bracket ( ), here, denotes bounce averaging.

In the collisionless limit, i.e., trapped particle bounce frequency is greater than the

effective collision frequency, the leading order equation of Eq. (12) is

_ v B _ vyn-Vxn\ Jf
Noting that
) 7% . [U” 8f0
vi- Vo= 5B V(—Q>—8w. (15)

We integrate Eq. (14) to obtain

__ﬂ% §v||ﬁ-V><ﬁ8f0

=~ o e ele ) (16)

where ¢ is an integration constant. Note that in general I = I(1,6), and 9(I7%)/90 = 0.7

To determine g, we need to solve the next order equation of Eq. (12)
wi - V= CO(f)). (17)

It is obvious that the detailed expression of g depends on the collision operator C(fi).
However, in the A — 1 limit, g = 0 as long as C(f}) is an even function of vj. Here, we

adopt such an assumption. Note that ¢ satisfies

(e()),=o. (18)

The function g is, then, an odd function of o = v /|vy|. In the A — 1 limit, all the particles
are trapped. Trapped particles satisfy the reflection boundary condition, i.e., go—y = go—_
at the reflection point. To satisfy the reflection boundary condition g must vanish. We
would also like to note that if C'(f) is an even function of o, our results will remain valid

even if fél) is included in Eq. (1).



A general expression for parallel mass flow V| regardless if g vanishes or not can be

obtained by taking the (Bv|) moment of Eq. (16):

_Lelop) LOB |y, 20
BNV, = o0 (pH )38¢+N66w
JB 4
A= (b = p1) + BGi(v). (19)

where N is plasma density Jj is parallel current density, and G i (1)) is related to the moment
of g and is a flux function. Both pj and p, are functions of ¢ and . Note that Egs. (16)—(19)

are valid for all species. In the limit of A — 1,Gy(¢)) — 0, and the parallel current J| is

a¢ B o

As can be seen from Eq. (20) that parallel current depends on the radial gradients of the

a t
B = —c l —I(p—1') % ! aB] (20)

parallel plasma pressure pltl and magnetic field B.

IV. SOLUTION OF THE FLUID EQUATION, PFIRSCH-SCHLUTER

CURRENT, AND BOOTSTRAP CURRENT

The leading order steady state momentum equation, for a single species, is’

1
Ne<E+EV><B>:V-p, (21)

where V' is the plasma flow velocity, FE is the electrostatic electric field. The parallel com-

ponent of Eq. (21) is
NeB-E=B-V -p. (22)

For an equilibrium distribution function of the form fy = fo(e, 1, %), Eq. (22) is automati-

cally satisfied.> The perpendicular flow velocity, calculated from Eq. (21), is

J 1
NVL—_E <TJ—4—BXVT>+;+;(T—1)J”+ BQBXV’I/)
19B  0Op| 0P



The quantity 7 is defined as 7 = 1 + 4w (p. — p|)/B?, where p, and p are anisotropic
pressure for each individual species. Although the local radial flux NV | - Vi # 0 in
general, (NV| - V1) = 0. Substituting Eq. (23) into V - (NV') = 0, and solving for NV,
we obtain

N‘/” T—1 J|| Ic 1 0B (‘9pH 0P

5 - gtom (p) — @%_aw Ne ¢ 0 + G (¥), (24)

where G (1) is an integration constant. Note that Eq. (24) and Eq. (19) are identical. To
obtain such an agreement one has to keep 0fy/0u in the linearized drift kinetic equation.
Since Eq. (23) is valid for all species, an expression for parallel plasma current can be

constructed to obtain

0 op!
Br'Jy = Ic [(pt — pi)é% — a%”] + B*G(y). (25)

It is obvious that Eq. (25) can also be obtained directly from V - J = 0. The integration
constant G(¢)) can be determined to be, from <BJH> =0,

BJ e l(pl — p ) 428 — ]
G(w) - <§92/72>< I — ) (26)

Substituting Eq. (26) into (25), we find
(BJ)) B> (Ic[ , ,.10B 0] B JIc[ , 108 Op|
B = Ty ot {F [@” "0 %1 (BT <? l@” "B os %D}
(27)

The term in the curly brackets in Eq. (27) vanishes after flux surface averaging. The variation
of the bootstrap current in a flux surface has the form 7'.J, = (J,B) B/ (B*/7"). We can

define a Pfirsch-Schliiter current as

Ic 10B O B2/t 10B O
BJps = l(p” pL)E% - %1 - <sz7't> < [(P PL)B I 8]zb|]>’ (28)

and a bootstrap current

= e T4 (- 0t) 3 5 ) (20)



The sum of the bootstrap current and the Pfirsch—Schliiter current is the same as the parallel
current in Eq. (20).

The evolution equation for (I7) is

olr')  4r K-V
oy ¢ B-VO (30)

Because 9(I7%)/00 = 0, (K - V /B - V) is a function of ¢ only. From Eq. (4), one finds

K,-Vo Ic [0p] . .\ 10B
er = o ) 55 G

With Eq. (31), we obtain

c 0 T:ﬂ El%_(t t)laB]' (32)

—— Z (IF — —_ =
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Noting that K| = 7'J, we can express K|/B as Br'J;/B?. Note that in the A — 1 limit
—(e/4m)o(I7") /Oy = 0 from Eq. (20).

V. CONCLUDING REMARKS

Because the equilibrium parallel face balance equation

8p1|t| t i\ 1 0B
90 (p” —pL)E%- (33)
When pj (1, 0) = pj(B, ) and p', (¢, 0) = p' (B,),> and Eq. (33) is reduced to
pﬂ -l o apﬂ
B 0B’ (34)

With Eq. (34), the quantity [(p| —p, )0 B/ B —0p| /0] in Secs. 11T and IV can be simplified

to

108 0j(w.6) 0 (B.Y) 5
B oy o o

(pf — )

Therefore, both bootstrap current and Pfirsch—Schliiter current can be expressed in terms

of the radial gradient of parallel plasma pressure evaluated at constant B, i.e.,



(JyB) = —c <W> ) (36)
Ic Opt(B, B2/rt | Ic Op4(B,
JpsB:__c pj(B,v) n /Tt [ 1Ic py(B,v) . (37)
Tt oY (B2/tty \ 1t O
The total parallel plasma current in the A — 1 limit is then
opl (B,
B = 2B (38)

o

Note that the definitions for bootstrap current and Pfirsch—Schliiter current are not
unique as can be seen from the definition given here and that in Ref. 7. One can also
define a Pfirsch—Schliiter current as (B7'J,s) = 0 instead of (B.J,s) = 0. In this case, the

Pfirsch—Schliiter current is

Br'Jys = Ic [(pﬁ r') ;gi Zlm
_ B <BZ>* <Ic [(pt );gi gZD (39)
and
(Br'Jy) = — <Ic [g¢ + (o} - 7') %g—ﬂ > (40)

The total parallel current, which is the sum of Eqgs. (39) and (40), is
BJj = if l g];” + (v - ") ég—ﬂ :

Total parallel current, as it should be, does not depend on the definitions we choose. One
way to remove this ambiguity is to examine the electron parallel friction force expression
Fj.. If the electron friction force has the same dependence on Jj as in the isotropic case,
namely, <BF||6> x <BJH>, the definition that requires (B.J,s) = 0 seems to be a proper
choice. If, however, <BFH6> x <B7'tJ||> , (BT1'J,s) = 0 is the proper one. If <BF||6> has a J|
dependence different from the two possibilities discussed, the definition for Pfirsch—Schliiter
should change accordingly. If we assume, in general, <BF||6> X <B73J||>, we can choose
(BPJ,s) = 0. Here P is a function of (¢,0), and has the property that P — 1 as 7 — 1.
With this definition,



Ic 1 0B Op|
BJps = [(pt _pi) - —1

Tt Boy oy
B>/ B2\ "'/I .\ 10B Op}
I 10B Op}
(PBJ,) = <T—f77 l(Pﬂ —pi> Bov %1 > ; (42)

and the total parallel current is

B? (PB.J,)

BJ” = = —<’PB—t2> + BJps,

which is identical to Eq. (20).

In conclusion, expressions of the parallel current in the A — 1 limit for anisotropic,
high—3 tokamak plasmas are derived. It is found that it depends on the radial gradients of
parallel plasma pressure and magnetic field strength. This current can be decomposed in

terms of the bootstrap current and the Pfirsch—Schliiter current.
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Appendix A: Radial Drift Velocity in Anisotropic High-Beta Tokamak Plasmas

Here we show that the well-known expression for the radial drift velocity”®

Vgq - V’(ﬂ = U”ﬁ -V (%) y (Al)

is still valid in anisotropic, high—( tokamak plasmas.

Recall that the radial drift velocity can be written as®

_M.V@H%ﬁxVB-V@Wr%ﬁX(ﬁ'Vﬁ)'V‘b' (42)

For an anisotropic, high—3 plasma, the curvature n - Vn is

PR B x K _ 1
therefore,
i e L
nx(n-vn)-Vy = g X (BXx K)-Vy+ TthB X V(7'B) - V1. (A4)

Note that the first term on the right-hand side of Eq. (A4) vanishes. The radial drift velocity
is

R 2
In-vo[ 0o ﬁa_BJrﬂg(TtB). (A5)

Ve VU= ——p— ¢ T a0 T 7a a9

It is straightforward to show that Eq. (A5) is identical to Eq. (Al) by noting that
d(It")/00 = 0.
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