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Abstract

This paper describes the theory and particle simulations of ultrarelativistic
particle acceleration caused by shock waves in a collisionless magnetized plasma.

Since knowledge of field strengths and structures is necessary for the analysis of
particle motions, theories of magnetosonic waves are reviewed first: (1) linear and
nonlinear magnetosonic waves in a single-ion-species plasma, (2) those in a two-ion-
species plasma, (3) those in an electron-positron-ion (EPI) plasma, and (4) parallel
electric field. The first topic contains a general introduction to the magnetosonic
wave. The second and third topics are concerned with three-component plasmas,
in which the magnetosonic wave is split into two modes; the plasma behavior
can thus be considerably different from that in a single-ion-species plasma. The
fourth topic is the electric field parallel to the magnetic field, Ej, in a nonlinear
magnetosonic wave. It is shown that £ can be strong even in low frequency,
magnetohydrodynamic phenomena.

Next, nonstochastic particle acceleration caused by the intense electric and
magnetic fields formed in a shock wave is studied with theory and with fully kinetic,
fully relativistic, electromagnetic, particle simulations. The subjects include (1)
electron trapping and acceleration, (2) energization of thermal and relativistic ions,
(3) heavy-ion acceleration and resultant damping of nonlinear pulses in a multi-
ion-species plasma, and (4) positron acceleration due to F} in the shock transition
region in an EPI plasma. In addition to these processes near a shock front, (5)
the evolution of large-amplitude Alfvén waves generated behind a shock front and
acceleration of electrons in the Alfvén wave region are examined.

Simulations demonstrate particle acceleration caused by these nonlinear magne-
tohydrodynamic waves to ultrarelativistic energies much higher than those of solar
energetic particles. The acceleration theory based on the investigation of nonlinear

waves quantitatively accounts for these simulation results.
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Chapter 1

Introduction

Cosmic rays have been investigated for nearly a century and are still attracting
increasing attention from plasma, particle, and astrophysics communities [1]- [13].
Their acceleration mechanism, however, remains unresolved. Unlike the studies
of plasma-based accelerators initiated by John Dawson et al. in the late 1970’s
[14,15], in which detailed comparisons between the experiments, theories, and
simulations are possible, it is quite difficult to directly observe the acceleration
processes of cosmic rays produced in the distance, although we have a huge amount
of experimental data, such as time variations of x-ray and gamma-ray emission
associated with solar flares [3].

Because of the rapid increase in the power of computers, however, we can now
perform simulations that solve large-scale plasma behavior and individual relativis-
tic particle motions in a self-consistent manner. Their precise information about
particle motions and electromagnetic fields would enable us to create new theo-
ries for particle acceleration and to test existing theories. With use of relativistic
particle simulations, in fact, several distinct nonstochastic particle acceleration
mechanisms caused by shock waves in a magnetized collisionless plasma have been
found and analyzed in the past few decades [16]- [30]. Furthermore, to account
for the field structures that lead to energization of particles, nonlinear wave theory
has been developed [31]- [36]: A coherent theory for nonlinear waves and parti-
cle acceleration mechanisms has thus been constructed. This paper reviews these

studies.



Before looking at detailed theories, however, we briefly describe in this chapter
some fundamental properties of cosmic rays for the readers who are not familiar

with them and then outline the structure of this paper.

1.1 Cosmic rays

The origin of the research of cosmic rays may date far back to 1912, when Hess
revealed that radiation causing ionization in the atmosphere comes from the sky.
In 1930’s, it was recognized that the main component of the cosmic radiation is
high-energy particles. For several decades since then, their observations were the
major experimental way to analyze elementary particles. For instance, mesons pre-
dicted by Yukawa and positrons predicted by Dirac were both discovered through
observations of cosmic rays. We now know that cosmic rays contain protons, heavy
ions such as He, C, and Fe, neutrons, electrons, and positrons.

Although cosmic rays are still investigated from the viewpoint of particle physics,
the main concern has shifted to the mechanism of cosmic-ray acceleration: How
and where do they gain energies, and what is their highest energy?

To explore cosmic rays, we analyze the data of particles and photons arriving
at the earth from the space. High-energy particles emit electromagnetic waves (or
photons) with a wide range of frequencies: from radio to gamma rays generated by

bremsstrahlung, synchrotron radiation, and various nuclear reactions such as
p+p—=p+p+a’, (1.1)

70— 2y, (1.2)

i.e., a neutral pion (7%) with a rest mass energy of 135 MeV produced by a collision
of two protons (p) quickly decays into two photons (). Besides these processes,
by scattering low-energy photons such as cosmic microwave background, energetic
particles can also create high-energy photons; this process is called the inverse
Compton scattering. These radiations, as well as particles, give information con-

cerning cosmic rays [1]- [13]. For instance, comparison of the time variations of



photon fluxes with several different energy levels has revealed that the solar ener-
getic particles are promptly accelerated, within a few seconds [1]- [4], which was a
surprise because many people had believed that acceleration of solar energetic par-
ticle was a slow stochastic process in a turbulent plasma. Another simpler example
is that we can determine the locations (or directions) of the sources of cosmic rays
from photons, which, unlike charged particles, propagate straight even in the pres-
ence of magnetic fields. (Extremely high-energy particles have gyroradii greater
than the size of our Galaxy [13]. Their orbits can be viewed as nearly straight

within our Galaxy.)

1.1.1 Sources and energies of cosmic rays

The sun is the nearest cosmic-ray source. In association with solar flares, in which
the energy of coronal magnetic tubes is rapidly released, shock waves are generated,
electromagnetic waves from radio waves to gamma rays are emitted, and solar
energetic particles are promptly produced. Protons reach energy 1 — 10 GeV (in
terms of the Lorentz factor, v < 10), and electrons several tens of MeV (y ~ 100)
[1]- [4]. Energetic heavy ions are also detected near the earth; their elemental
compositions are, on average, nearly the same as that of the solar corona, i.e., the
background plasma of the acceleration site [5,6].

Supernova explosions create shock waves that expand in the interstellar medium,
producing a vast high-temperature plasma region inside the spherical shock front.
These shock waves are one of the sources of cosmic rays: From the observations of
x rays (due to synchrotron radiation) and gamma rays (due to inverse Compton
scattering), high-energy electrons with ~ 10 eV have been found near the shock
fronts of supernova remnants [37-39].

Pulsars are rapidly rotating neutron stars with spin periods < 1 s, having ex-
tremely intense magnetic fields (~ 10 G) [40,41]. Because of their strong electro-
magnetic fields, pulsars are thought to be an origin of cosmic rays [42]; indeed, TeV

gamma rays from the directions of pulsars have been detected [43]. Another pecu-
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liar point of pulsars is that they could create positrons in their magnetospheres [44].

1.1.2 Extremely high energy cosmic rays

The observed energy spectrum of cosmic rays extends up to ~ 10 eV with nearly
a power law distribution. However, it shows a sharp suppression at an energy of
~ 6 x 10 eV, which is consistent with the GZK cutoff, a theoretical prediction
made by Greisen, Zatsepin, and Kuz'min: Particles with energies higher than this
cutoff traveling over distances greater than ~160 million year length should not
be detected on the earth because they continue to lose their energies through in-
teractions with the cosmic microwave background radiation until their energies go
down below this threshold. The observed spectrum thus implies that the sources
of extremely high energy cosmic rays are extragalactic [7—10].

Furthermore, recent experiments have revealed that the arrival directions of
cosmic rays with energies above 6 x 10 eV are anisotropic and correlated with
the locations of active galactic nuclei, where massive black holes are supposed to

exist [12,13].

1.2 Acceleration models
1.2.1 Stochastic acceleration models

The Fermi acceleration model, in which particles are assumed to be energized
through collisions with “magnetic clouds,” was proposed in 1949 [45]; its modified
models such as “diffusive shock acceleration” were also presented later [46]. As
far as the author knows, however, the verification of these models with particle
simulations has not been made yet.

Counter-streaming instabilities [47-50] could possibly be a cause of cosmic rays:
Turbulent electromagnetic fields arising from those instabilities might boost en-
ergies of some particles. Despite a great number of such simulations, however,
ultrarelativistic acceleration such that v > 100 has not been demonstrated. For

example, in the simulations in Ref. [49] to investigate cosmic-ray acceleration in the
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vicinity of a supernova remnant shock wave, instabilities due to two proton beams
perpendicular to a magnetic field were examined. Even with a large relative speed
of the two beams, 12 vy, where vy, is the electron thermal velocity, the observed

highest speed of accelerated electrons was nonrelativistic, ~ 20vr,.

1.2.2 Nonstochastic acceleration due to shock waves

Collisionless magnetosonic shock waves are frequently observed in space plasmas in
association with strong disturbances such as solar flares and supernova explosions;
these disturbances are often accompanied also by the production of high-energy
particles [1-4,37-39]. Shock waves are thought to be related to particle acceleration
as well as to plasma heating in these phenomena.

Indeed, particle simulations have clearly demonstrated that shock waves cause
ultrarelativistic acceleration of particles to energies v > 100, which are comparable
to or higher than the level of solar energetic particles [16,17,22-30]. The strong
electric and magnetic fields formed in a shock wave directly and promptly accelerate
some fraction of particles to high energies with nonstochastic mechanisms. Various
kinds of particles have been found to suffer such processes: protons, electrons,
heavy ions, and positrons.

These studies have the following features:

1) The acceleration mechanisms are nonstochastic.

2) The theories for particle acceleration and for nonlinear waves have been devel-
oped from the first principles. These theories are consistent each other.

3) The acceleration and wave theories have been verified with fully kinetic, rela-
tivistic, electromagnetic simulations.

It is expected that extremely intense electric and magnetic fields are gener-
ated around pulsars, in the sites of supernova explosions, and in active galactic
nuclei. The results of the above studies suggest that rapid, nonstochastic particle
acceleration would take place in those rather small, localized regions, as well as in

solar flares and in interstellar shock waves. Observations of gamma-ray emission
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with fine time (or space) resolution are therefore desirable: They would provide us
with important information on the acceleration mechanisms as they did for solar
flares [3].

This type of acceleration is intriguing also from the viewpoint of energy dissipa-
tion in collisionless shock waves. There has been a widely accepted view on it [47]
that “some instabilities grow in collisionless shock waves, and resultant turbulent
electromagnetic fluctuations randomly scatter particles; thereby wave energies are
converted to thermal energies.” The nonstochastic acceleration, in which part of
the wave energy is directly converted to rather a small number of particles, is an

energy dissipation mechanism that is obviously different from those processes.

1.3 Structure of this paper

Theory and particle simulations of shock waves and nonstochastic particle acceler-
ation are described in this article, which consists of seven chapters including this
one for introduction.

Chapter 2 is devoted to the theory of nonlinear magnetosonic waves [31]- [36].
We first outline linear and nonlinear magnetosonic waves in a two-component
plasma consisting of electrons and ions. Field structures and strengths in soli-
tary waves and in shock waves are discussed. The next subject is the effect of the
presence of multiple ion species. In a two-ion-species plasma, the magnetosonic
wave is split into two modes; we derive their nonlinear evolution equations and
investigate the wave properties of the two modes. Similarly, we have two magne-
tosonic modes in an electron-positron-ion (EPI) plasma. Their wave properties,
such as the dependence of the linear dispersion relation on the positron density,
are examined. The final section of Chap. 2 shows that the electric field parallel to
the magnetic field can be much stronger in nonlinear magnetosonic waves than was
generally thought.

These studies provide a basis for the development of particle acceleration theory.

The readers who are not very interested in the details of the wave theory, however,
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could skip Chap. 2 and proceed to the subsequent chapters on particle acceleration.

Chapter 3 describes ultrarelativistic acceleration of electrons to energies v > 100
[16,17]. Some electrons are trapped near a shock front and then absorb a great
amount of energy there. This acceleration is strong in a rather intense external
magnetic field By such that [Q.| 2 w,e, where Q. (< 0) and wy. are the electron
gyrofrequency and plasma frequency, respectively.

Chapter 4 presents three types of ion acceleration [18]- [23]: energization due
to one reflection from the shock front, surfatron acceleration caused by multiple
reflections, and incessant acceleration of relativistic ions. The third one can occur
in relativistic particles if the shock speed wvg, is close to ccosf, where ¢ is the
speed of light and 0 is the angle between the wave normal and By; in this situation
particles with their speeds close to ¢ can move with the shock wave for long periods
of time and repeatedly gain energy from the transverse electric field of the shock
wave in association with their gyromotions. An example will be shown that the
Lorentz factor of an ion goes up stepwise to v ~ 160.

Chapter 5 shows that all the heavy ions that pass through a shock front are
accelerated by the transverse electric field in a multi-ion-species plasma with pro-
tons being the major ion constituent. Furthermore, their final speeds are nearly
the same, independent of particle species [24]. This surprisingly simple result is
consistent with the observations that the elemental compositions of energetic heavy
ions are similar to that of the background plasma of the acceleration site [5,6].

Chapter 6 treats positron acceleration [25-27]. In an EPI plasma, positrons
can be persistently accelerated along the magnetic field near the shock transition
region. We will show a simulation in which positron 4’s reach ~ 10* by the end of
the run (w,.t = 7000). Since the acceleration is not saturated, v’s would further
rise if one carries out a longer simulation with a larger system size.

Unlike Chapters 2-6, which focus on the phenomena near a shock front, the
theme of Chapter 7 is wave evolution and particle acceleration behind a shock front

[28-30]. A strong explosion in a plasma creates forward and backward shock waves.
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Furthermore, large-amplitude Alfvén waves are generated behind them. In the
Alfvén wave region, three types of electron acceleration have been observed. They
occur in weak magnetic fields (]€2.| < wype) as well as in strong ones. These processes
could therefore be found in shock waves in interstellar space with By ~ 107% G and
in coronal magnetic flux tubes with ~ 103 G.

In these chapters, calculations that are too lengthy for the main text are omit-

ted. Important ones are, however, given in Appendices.
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Chapter 2

Structure of nonlinear
magnetosonic waves

For the analysis of the motion of charged particles in a wave, information of the
electric and magnetic fields is needed. This chapter therefore describes some funda-
mental properties of low-frequency waves such that w < €2; in magnetized plasmas
and examine their field structures, where w is the wave frequency and €2; is the ion
gyrofrequency.

First, we give an introductory outline of linear and nonlinear magnetohydrody-
namic (MHD) waves in a single-ion-species plasma [1]- [20]. The field structures of
nonlinear magnetosonic waves are discussed based on the theory of finite-amplitude,
stationary, perpendicular waves and on the Korteweg-de Vries (KdV) equation that
is applicable to small-amplitude waves with arbitrary angles 6 between the wave
normal and the external magnetic field Bj. Besides, we obtain the field strengths
in a large-amplitude shock wave in a heuristic way.

Second, effects of multiple ion species are studied. In a two-ion-species plasma,
the magnetosonic wave is split into two modes [21,22], which are referred to as
the high- and low-frequency modes in this paper. Although the former has a finite
cutoff frequency of the order of €2;, the KdV equation is derived for each mode
[23-25]. Furthermore, simulations show that a long-wavelength, large-amplitude,
low-frequency-mode pulse quickly steepens and emits many short-wavelength, high-

frequency-mode solitons; the original low-frequency-mode pulse is thus damped.
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Third, the theory is extended to an EPI plasma, which also has the high- and
low-frequency modes. Their frequency domains, nonlinear evolution equations, and
field structures are examined [26,27].

Fourth, the electric field parallel to the magnetic field, £y = E-B/B, is studied.
Although it was generally thought that Fj was quite weak in low-frequency, long-
wavelength phenomena in a high-temperature plasma, it is shown that £y can be

strong in nonlinear magnetosonic waves [28,29].

2.1 Linear magnetosonic and Alfvén waves

This section gives an introduction to the theory of low-frequency, long-wavelength

waves in one- and two-fluid models.

2.1.1 Omne-fluid MHD theory

Z

A

Bo Vsh
0

Fig. 1

Figure 2.1: Schematic diagram of wave propagation and external magnetic field.
The waves are supposed to propagate in the x direction in an external magnetic
field By in the (z, z) plane. The propagation speed of a shock wave is denoted by

Vsh -

In the ideal MHD, there are three kinds of waves in a homogeneous plasma:

Alfvén wave, and fast and slow magnetosonic waves [1-3]. The Alfvén wave is an
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incompressible mode, propagating along the magnetic field. If we assume that the

external magnetic field is in the (z, z) plane, as shown in Fig. 2.1,
By = By(cos6,0,sin6) = (By0,0, B.), (2.1)

(for definiteness, both B,o and B,y are taken to be positive), and that infinitely

small-amplitude waves propagate in the x direction, such that
B = B + B expli(kz — wt)], (2.2)

then the linear dispersion relation of the Alfvén wave is given as

w = kva cos b, (2.3)
where v, is the Alfvén speed
By
= 2.4
VA (47Tp0)1/2’ ( )

with py being the equilibrium mass density. With use of vy and the sound speed
T\ /2
Cs = (ﬂ) , (2.5)
Po
where I' is the specific heat ratio and pg is the thermal pressure, the dispersion

relation of the magnetosonic waves is given as
SR = (1)2) {(vi + ) & [(02 + )2 — 2P eos? 0] 2} , (2.6)

where the upper (plus) and lower (minus) signs, respectively, correspond to the
fast and slow waves. The linear slow wave is usually heavily damped [4]. In the
following, the term “magnetosonic wave” indicates the fast wave, unless otherwise
stated.

In the MHD theory, the three modes have no dispersion: The frequency w is
proportional to the wavenumber k. As shown below, however, dispersion appears

in the two-fluid model.
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2.1.2 Two-fluid theory

The basic equations for the two-fluid model may read as

on;
a—tj + V- (njvj) = O, (27)
) qj Vp;
m; (a + (v - V)) v =B+ 2o, x B~ n—; (28)
0
(a + (v; - V)) p; = —Lp;V - vy, (2.9)
10B
T = E 2.1
c Ot VxE, (2:10)
10FE 41
EE:VXB_?XJ':anj’Uja (211>
V-E= 47anjqj, (2.12)
J
V- B =0, (2.13)

where the subscript j refers to ions (j = ¢) or electrons (j = e), m; is the mass, g;
is the charge, n; is the number density, v; is the velocity, p; is the pressure, and
I'; is the specific heat ratio.

From the cold (p; = 0), two-fluid model with no displacement current, one
obtains the dispersion relation for waves with propagation angle 6 as [5]
w2 w?

2 _ ()2
w Q]

ARk sin? 0 + w2 (1 + cos® 6)] Z
J

2 2
+(k? sin® 0 + w?) (Z woimQj> (Z %) w? + 'k'w? cos® 0 = 0, (2.14)

j -

where (); is the gyrofrequency,
;= q;Bo/ (mjc), (2.15)
(©2; includes the sign of the charge g;), w,; is the plasma frequency,

wpy = (4mnjoq; fmy)'?, (2.16)
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Figure 2.2: Linear dispersion relations of magnetosonic and Alfvén waves for var-
ious propagation angles #. Because the cold plasma model is used, the slow mag-
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and w is the sum of ij,
w2 = ngj. (2.17)
J

Figure 2.2 displays the dispersion curves of the modes in the frequency regime
wX ||, for which we have magnetosonic and Alfvén waves. Since the cold plasma
model is used, the slow magnetosonic wave is not present. The frequencies of the
perpendicular magnetosonic wave are given as

w? vi

oA 2.18
K21+ k2jw (2.18)

where ¢/w,. is the electron skin depth. In the limit of & — oo, the perpendicular

magnetosonic wave has the lower-hybrid-resonance frequency,
n = (]Q])2 (2.19)

At 6 = 0, the Alfvén and magnetosonic waves become left- and right-circularly

polarized, respectively, with the dispersion relation

2 2
Wy W W

22 = — — . 2.20
¢ w F Qz w F Qe ( )

Here, the upper and lower signs, respectively, correspond to the left- and right-
circularly polarized waves. The rotation sense of the latter is the same as that of
the electron gyromotion.

With use of the quantity x defined as [6]

e | i) /S| e
the perturbed transverse fields are related through
E. =ixEpn, (2.22)
By = —ixBu1, (2.23)
with
B, = Z—k Yl (2.24)
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The longitudinal electric field and density perturbation can be written as

) k% sinf
E:Jcl = —1 (1 + 7) mXEyl, (225)
p
nji Qjw N &csz cos? 0
njo |\w?—Q  w w2 1+ (c2k?/w?)sin0

ksind cE,
w BO .

2 2 2 2
- W W Wy §djw Q
" < 2 m) / (Z, uﬂ—Q?,) QY (2:26)

J

In the parallel propagation (0 = 0), E;; = 0, n;y = 0, and x = *£1; the waves with
x = 1 are right circularly polarized, while the ones with x = —1 are left circularly
polarized. In the oblique and perpendicular propagation (0 < 6 < 90°), E,; and

n; are finite.

0=30°—
2 0=60° -
10"+ L
L L “\\‘\\ . ,
%[ 10° ——————
| R |
10°F R .
102 10" 10° 10’

kva/Q;

Figure 2.3: Magnitudes of x for L- and R-modes as functions of k. Here, y =
—iE,1/Ey = 1By, /B,;. The rotation sense of the transverse fields of the R-mode
is the same as electron gyromotion. In the long-wavelength regime, |[y| > 1 or
|x| < 1, while in the short-wavelength regime, |x| ~ 1.

Figure 2.3 shows the magnitudes of x for R-mode [magnetosonic (or whistler)
wave with x > 0, with its transverse fields with right-handed rotation] and for
L-mode (Alfvén wave with y < 0) as functions of the normalized wavenumber
kva/Q; for & = 30° (thick lines) and for § = 60° (dashed lines). In the long-

wavelength regime, the R- and L-modes, respectively, are close to the magnetosonic
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and Alfvén waves described in the MHD; i.e., E,; and B,; are the dominant field
components in the R-mode while F,; and B,; are dominant in the L-mode. In
short-wavelength waves with kva/€2; ~ O(1), however, E,; and E,; are of the

same order of magnitude, and so are By; and B.;.

2.1.3 Long-wavelength magnetosonic wave

In the long-wavelength regime, the dispersion of the magnetosonic wave is weak

and the relation between w and k can be written in the form [7-11]
w/k = vyo(1 + pk?). (2.27)

Here, the phase velocity v, in the limit of £ = 0 is given by Eq. (2.6) with the
upper (plus) sign, with ¢s now defined as
1/2
> Lipjo
= | =" , (2.28)
> oy
and the dispersion coefficient y is

2 (v3y — ¢3) (1 (m; — me)*v3 cos? 6 >

T4 [0k (R mame (v — 03 cos?6)

(2.29)

/J/:

This coefficient strongly depends on the propagation angle 6. Let 6. designate
the critical angle at which p becomes zero [9-11]:

(m; — me)*v% cos? 6,

1— =0 2.30
mime(vgo — v} cos?0.) ’ ( )

from which one sees that 6. is close to 90°,
cos B, ~ (me/m;)Y2. (2.31)

For the angles 6, < 6 < 90°, the dispersion coefficient is negative, 9°w/0k? < 0,
and approximated as

o~ —cJwl, (2.32)
while for the angles § < 6., the coefficient is positive, 9*w/0k* > 0, and much

larger:

po~ e Jw? (2.33)

i’
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The ion inertial length c¢/w,; is identical to the quantity va /€2;.
If the displacement current is included and the pressures are ignored in the
two-fluid model, the phase velocity of the linear magnetosonic wave in the long-

wavelength limit becomes equal to the modified Alfvén speed [26,27],

A T (oaj A

(2.34)

For a high density plasma in a weak magnetic field, the Alfvén speed v, is much
lower than the speed of light, and thus v >~ v,; in which the displacement current

is unimportant in the magnetosonic wave.

2.2 Nonlinear waves

Nonlinear magnetosonic waves have been extensively investigated by many authors
since the early days of plasma physics, and these studies, mainly for a single-ion-
species plasma, have been reviewed in several textbooks [12-14]. The subjects of
this section are related to the central part of such studies: field structures in a
finite-amplitude, stationary, perpendicular magnetosonic wave; KdV equation for

small-amplitude waves; and field strengths in a large-amplitude shock wave.

2.2.1 Finite-amplitude stationary waves

With use of the cold two-fluid model, finite-amplitude-wave solutions were obtained
in 1958 for magnetosonic waves steadily propagating perpendicular to a magnetic
field [15,16]; later, this theory was extended to a weakly relativistic case [17]. We
here describe some important results of this theory, giving its detailed calculations

in Appendix A.

Basic properties

These solutions contain wavetrains and solitary waves. The solitary wave solutions

exist in the range of Alfvén Mach numbers

1<M<2, (2.35)
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with the maximum value of the magnetic field
B, = (2M — 1)B,. (2.36)

The plasma density, transverse electric field £, and electric potential ¢ are pro-
portional to (B, — By), with E, =0 and B, = 0.
The electron skin depth ¢/wy. gives a measure of the characteristic soliton width,

Cc
D~ —0mrmeo———. 2.
wpe(M _ 1)]_/2 ( 37)

Charge neutrality, which is assumed in the theory, makes the ion and electron

velocities in the z direction equal, v;; = v, = v,. Then, from the fluid equation of

motion (2.8) with p; = 0, it follows that
M;Viy + Mgy = constant, (2.38)

along the characteristics of the plasma, indicating that the change in v, is m;/m.
times as large as that of v;,. As a result, the magnetic structure of a perpendicular
magnetosonic wave is determined by the electron current, although this wave is a

low frequency phenomenon.

Electric potential

The longitudinal electric field F, arises from charge separation. The magnitude of

the electric potential (E, = —0¢/0x) is
e¢ = 2mvs (M — 1), (2.39)

which is of the same order of magnitude as the ion kinetic energy: In the wave
frame, where the y component of the electric field is constant, £, = E, (< 0)
(see Sec. 2.2.3), the plasma flows in the negative z direction; its velocity is v, =
—Muva = cEy /By in the upstream region. If there is a region where the magnetic
field B, sharply rises, then the speed of electrons, which move with the E x B drift
velocity cEyy/B,(z), would slow down there, while the ions with a much greater

gyroradius would penetrate there nearly keeping the same speed v, = —Muw,.
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This difference produces the electric potential (2.39) that is comparable to the ion
kinetic energy m;(Muwv,)?/2; the ions are then substantially decelerated to maintain
charge neutrality n; ~ n.. The potential, however, remains smaller than the kinetic

energy,

e < a0

Thus, the ions with the fluid speed v, = —Mw, are not reflected by the electric
potential [18].

Charge neutrality and pulse width in a strong magnetic field

If the magnetic field is rather strong,
[€2|

Wpe

2L (2.41)

charge neutrality (|n; —n.|/no < 1) breaks down in large-amplitude magnetosonic

waves with M — 1 ~ O(1). In fact, from Gauss’s law, it follows that

6¢ 2 (nl - ne)
~ -, 2.42
meDg wpe no ( )

Substituting Egs. (2.37) and (2.39) in Eq. (2.42) yields

Wpe

indicating that (n; — n.)/ng ~ O(1).
Furthermore, relativistic effects become important under these circumstances.
With the help of Egs. (2.37) and (2.39), one can estimate the E x B drift velocity

as
Vey _Ee ¢ 1]

~

(M —1)%2. (2.44)

B DB Wpe
This nonrelativistic estimate suggests that the electron fluid velocity in the pulse
region becomes relativistic if |(2.|/wpe 2 1 and (M — 1) 2 1. In such a case, the
pulse width is given as

c Q]
~ o 19Cel

D (M —1), (2.45)

Wpe Wpe
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which we find from Ampere’s law, 0B,/0x = (47/c)n.ev.,, by noting that the
current is approximately estimated as n.ec because v., ~ —c and that (B, —
By)/Bo ~ (M —1), which is obtained from Eq. (2.36). The relativistic pulse width,

in contrast to the nonrelativistic one (2.37), increases with the wave amplitude [17].

2.2.2 KdV equation for small-amplitude waves

For the magnetosonic waves with small-but-finite amplitudes, one can derive from
the original set of equations, (2.7)—(2.13), a single nonlinear evolution equation:
KdV equation for arbitrary propagation angles 6 [7—11,19,20]. The reductive per-
turbation method developed by Taniuti et al. [8,30,31] enables us to do this without
mathematical ambiguities for weakly dispersive waves with their frequencies given
by Eq. (2.27).

This method considers wave evolution in the stretched coordinates
€= (x — vpt), (2.46)

T =é%, (2.47)

where € is the smallness parameter representing the wave amplitude. This trans-
formation can be related to the phase of a linear monochromatic wave with weak

dispersion of the form (2.27) with the following equation:
kx — wt = k(z — vyt) — vpouk?t. (2.48)

If k ~ €'/2, the first and the second terms on the right-hand side of Eq. (2.48) are,
respectively, of the same forms as Egs. (2.46) and (2.47). The time variation of the
wave profile with small k£ would be quite slow in the frame moving with the velocity
v,0- The relation k ~ €/2, where k is now viewed as the characteristic wavenumber
of nonlinear pulses in the KdV equation, may be expected from Eq. (2.37) and will
be directly shown below by Egs. (2.56) and (2.57).

Physical quantities are then expanded as, for instance,

B.1 = B.g+¢€B.1 + 62322 oy (249)
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E,=€E  +&PFE,+--- . (2.50)

Charge neutrality n; ~ n, is assumed; hence, from the continuity equation it follows
that
Vig = Vg = Uy (2.51)
Applying the above transformation, (2.46) and (2.47), and expansion to the
two-fluid model, (2.7)—(2.13), we obtain, after some algebra (see Appendix B), the
KdV equation as

ale le ale aSle
—87_ -+ UPOQFO—8§ — Upo 853 = 07 (2'52>
where p is the dispersion coefficient (2.29) and « is given by

i sin 0 [303 (vZ) — 2 cos? 0) 4 (¢ + Tic? + Tec?) (v2) — v cos? 0)]

4“;%0(”;2)0 - Cg)[“ﬁo - (Ui +¢2)/2]

. (2.53)

o=

where ¢§ = I';pjo/[no(m; + me)] with j =4 or e [11]. The second and third terms
in Eq. (2.52), respectively, represent nonlinear and dispersion effects.

If the phase velocity given by Eq. (2.6) with the upper (plus) sign is used for
vpo in these equations, then Eq. (2.52) represents the KdV equation for the fast
magnetosonic waves. On the other hand, the phase velocity with the lower (minus)
sign gives the KdV equation for slow magnetosonic waves. Each KdV equation
with these coefficients is valid for finite pressure plasmas and for arbitrary angles
0 < 6 <90° In a cold plasma model with # = 90°, in which the slow wave does not
propagate, these coefficients reduce to « = 3/2 and pu = —02/(2%2)6), with vy, = va.

Equation (2.52) also has a stationary, solitary wave solution:

B, £ — JaBnT/S)

—= = 0B, sech’ ( (2.54)

By D

where 0 = 1 for 4 < 0 and 0 = —1 for > 0, B,, (> 0) is the normalized amplitude,

and D is the soliton width given by

12)u]\ "2
D= . 2.55
<aBn) (2.55)

The profile of a solitary wave is symmetric.
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The initial value problem for the KdV equation was solved numerically [32] and
analytically [33]. These studies have shown that the solitary waves are stable and
keep their identities in their space-time evolution, like individual particles; they are
therefore called solitons.

We now again restrict ourselves to the fast magnetosonic wave.

Because the dispersion coefficient p strongly depends on the propagation angle
6, the structure of the solitary wave also has strong dependence on 6. Quasi-

perpendicular pulses in the angles 6, < 6 < 90°, for which y ~ —c?/w?

hes Ar€

compressive (they have high plasma densities and magnetic fields), with their char-
acteristic pulse width D ~ (¢/wpe)/ B2, For the angles 0 < 6., on the other hand,
p ~ ¢*/w?;, and thus the coefficient of the third term in Eq. (2.52), —v,op, becomes
negative. The solitary waves are rarefactive (low plasma densities and magnetic
fields), with D ~ (c/wpi)/Brll/Q.

The longitudinal electric field E, (~ ¢/D) is thus much weaker in oblique waves
than in quasi-perpendicular ones (the dependence of the potential ¢ on 6 is rather
weak [11]). The E, x B, drift of electrons along a nonlinear pulse is thus slower in
the oblique case.

Since € ~ B, and the characteristic wavenumber k is related to D as k ~ 1/D,

we have
<k €2, (2.56)
Wpi

for oblique waves and
kL arn (2.57)
Wpe

for quasi-perpendicular waves.

2.2.3 Shock waves
Field profiles

In large-amplitude pulses with € ~ O(1), energy dissipation can occur even in a
collisionless plasma: Part of the wave energy is transferred to particles owing to

instabilities and particle acceleration. Such large-amplitude magnetosonic pulses
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Figure 2.4: Field profiles of an oblique shock wave with # = 45° obtained from a
particle simulation. The fields B;, F,, ¢, and F' have similar profiles, while B,
is approximately proportional to 0B, /0x. The quantity F in the bottom panel is
defined as F = — [ Eyds.

have asymmetric field profiles and are called collisionless shock waves. Their profile
could be approximated by a train of solitons of decreasing amplitude [12].

Figure 2.4 displays the field profiles of an oblique shock wave with a propagation
angle § = 45° obtained by a particle simulation [34] (the method of shock simula-
tion is described in Sec. 3.1.1). It clearly shows that B,, E,, and ¢ have similar
profiles, while B, is nearly proportional to 0B, /0z; E, and E,, which are not shown
here, are also proportional to 0B, /dx. These relations are mathematically proved
for small-amplitude waves [8-11] [perturbations are expressed in terms of B,; in
Egs. (B.28)-(B.37) in Appendix B], and simulations show that these relations ap-
proximately hold also in large-amplitude magnetosonic waves. The quantity F' in
the bottom panel is the integral of the parallel electric field, Ey = (E-B)/B, along
the magnetic field, ' = — [ E\ds, which will be examined in Sec. 2.5.1.
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Quantities in the wave frame

The profiles of the electric fields Ey, and E,,, where the subscript w refers to
quantities in the wave frame, are completely different from those in the laboratory
frame: In this paper, the term “laboratory frame” means the system where the
upstream plasma is at rest: The wave frame moves with the shock speed vy, in
the x direction relative to the laboratory frame. Since the time derivatives in the
fluid equations are zero in the wave frame, /0t = 0, it follows from Faraday’s
law that both FEy, and Ey. are constant in time and space. Because the plasma
velocity in the upstream region is vyo = (—vgy, 0,0), from the macroscopic relation
E, + v, x By /c = 0 and the assumption for the external magnetic field that
B0 = (Byz0,0, By.0), we find that

s sz
Ewy - EwyO - Ush 0, (258)

Ey, = 0. (2.59)

For one-dimensional propagation with 0/0y = 9/0z = 0, the x component of the
magnetic field is constant,

Bwa: - BW(BO - Bl:cOu (26())

where the subscript 1 denotes the laboratory frame. Also, we have the relation
Byzo = 7311B1z07 (261>

where 7, is the Lorentz factor corresponding to the shock speed vy,

—-1/2

Yon = (1= 03,/c?) (2.62)

Field strengths in a large-amplitude shock wave

We here compute field strengths in a large-amplitude shock wave such that M > 2.
In this calculation, we make use of the fact that the plasma density, magnetic field
B, and electric potential ¢ sharply rise in the shock transition region and take their

maximum values at the same point, say « = x,,, while the fields £, and B, become
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zero there. This analysis was first made for perpendicular waves [35]. Then, since
its theoretical predictions were confirmed to be consistent with simulation results,
this investigation has been extended to oblique waves [36], as described below.
We start from the cold, two-fluid model, Egs. (2.7)-(2.13) with p; = 0. Instead
of Eq. (2.8) though, we adopt a relativistic equation of motion:
m; (% + (v; - V)) (70;) = 4B + Lo, x B, (2.63)

where 7; is the Lorentz factor for the fluid velocity vj, ie., 7 = (1 —v}/c?) 712

This allows us to treat high-speed fluids: The Alfvén speed can be of the order of
¢ in a strong magnetic field.
Since the time derivatives are zero in the wave frame, the continuity equation,
(2.7), gives
Nj (T ) Vwja (Tww) = —NavjoUsh, (2.64)
where ny;o is the upstream density. We multiply the x component of Eq. (2.63) by

nw; and sum over particle species to have
2 : /ywj/UW]x 2 : ijy Vwjz
mJnWJUWJUU QJnW] w:p c sz - TBwy . (265)

Combining Egs. (2.11), (2.64), (2.65), and Gauss’s law, we find that

d B2 + B2 — E?%,
% <_ Z M0 Ush Vv j Uwjz T . ST =0, (266)
j
which is integrated to give
B2 + B2 — B, —E2,
z 87 0 Z mjnwovsh(’}/shvsh + PYW]UWJ‘I) (267>

J

As mentioned above, both By, and E,, are small near xy.,. Furthermore, vy, is
small in magnitude compared with the far upstream speed vy, because the plasma
density is high at x,, = x4, in a large-amplitude shock wave. Hence we obtain the
maximum value of B, as

szm o (1 7’rlz'7fLw()/ys‘hU32}1)1/2

Bow ~ B2 /87 (269
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Figure 2.5: Field strengths versus Alfvén Mach number for # = 90° and for 6 = 80°.
Theory (solid lines) and simulations (dots) for B,, E,, and ¢ are shown.
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Figure 2.6: Field strengths versus Alfvén Mach number for # = 60° and for 6 = 45°.
The dotted lines show ¢icma, the potential due to the E x B drift motion.
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where the electron term in Eq. (2.67) has been ignored.
We can then calculate field strengths in the laboratory frame. From Eqs. (2.58),
(2.61), and the relation

Blz = "sh [sz + (Ush/c)Ewy0]> (269>
it follows that
Blzm 2 (szm )
=145 ~1). 2.70
Blz() Tsh szO ( )

Substituting Eq. (2.68) in Eq. (2.70) and then using Eq. (2.61) and the relation

Nwo = YsuMo, We find the maximum value of By, as

9 2 1/2
(1+A> —1], (2.71)

2 i 2
v3 sin” 0

where vy and 6 are the quantities defined in the laboratory frame. The maximum

value of the transverse electric field Ej, is related to the magnetic field through

Elym = (USh/C)(Blzm - Blz0>~ (2.72)

Substitution of Eq. (2.71) in (2.72) yields

Evym 72hvsh 21)2h 1/2
— == |14+ "= 1. 2.73
Bi.o c * v3 sin? § (2.73)

Although the calculation for the electric potential is more lengthy, one obtains

its maximum value in a similar way under the assumption that By.o/Byzo 2 1

(0 > 45°) [36]:

4 > (G20 + sin 6 cos 0 m 202, 12 1|, 7
ePicm = MV n _osh —1], (2
© A Yeu(1 4 73, tan? 0)1/2 v3 sin? §

where the subscript C indicates that the potential is expressed in the Coulomb
gauge. The term proportional to 1/(1+ 2, tan?6)"/? in Eq. (2.74) arises from the
electron motion parallel to the magnetic field. The rest is due to the E x B drift,

20,2 1/2
(1+A> 1], (2.75)

2 o2
€P1Cmd = MUy sin” 0 %
v3 sin“ 0
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which is the main part of the potential. In the limit of § = 90°, Egs. (2.71), (2.73),
and (2.74) reduce to the results for perpendicular waves obtained in Ref. [35].
Figures 2.5 and 2.6 compare the theory (solid lines) and particle simulations
(dots) with m;/m. = 100 and |Q.|/wpe = 3 for four different propagation an-
gles [36]: 6 = 90°, 80°, 60°, and 45°. The dotted lines in the bottom panels show
the contribution from the drift motions, Eq. (2.75). The theory and simulations
have quite close values, particularly for large angles and for large Mach numbers.
(In addition to the assumption By,.o/Byzo 2, 1 in the theory, we note the simulation
result that wavetrains with noticeable amplitudes appear in front of a shock wave
in the case that 6 is small, in which short-wavelength waves have higher propaga-
tion speeds than long-wavelength waves.) The contribution of the parallel particle
motion to the potential becomes appreciable [the difference (¢ — ¢1oma) increases]

as the propagation angle 6 decreases.

2.3 Waves in a multi-ion-species plasma

Although the above wave theories have been constructed for single-ion-species plas-
mas, ionized gases usually contain multiple ion species. In space plasmas, there
are a small fraction of heavy ions, such as He, C, O, and Fe, in addition to the
major ion constituent H. The density ratio of He and H is ng./ng ~ 0.1, with the
densities of other heavy ions much lower than ny.. Fusion plasmas will contain
D, T, and fusion products He (neutrons will quickly go out of the plasma region).
This section concerns wave properties in multi-ion-species plasmas. For simplicity,

we use a cold plasma model, T} = 0.

2.3.1 Perpendicular waves in a two-ion-species plasma

Linear dispersion relation

In a two-ion-species plasma, the magnetosonic wave is split into two modes: high-
and low-frequency modes [21-24]. Figure 2.7 shows the dispersion curves for these

modes in a H-He plasma. As in space plasmas, the density ratio is nge/ng = 0.1;
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Figure 2.7: Linear dispersion curves of perpendicular magnetosonic waves in a H-
He plasma. In a two-ion-species plasma, there is a frequency domain near the ion
gyrofrequencies where the magnetosonic wave cannot propagate.
this ratio is used in all the figures for H-He plasmas in this section. The dispersion
curves of these two modes have large curvatures near the wavenumber k = k.,
which is quantitatively given below by Eq. (2.91).

Let “a” and “b” designate two different ion species with €, > €. Then, for
a plasma consisting of electrons and these ions, the cutoff frequency wygg of the
high-frequency mode is given as

Whto = (i + w—’%”>2 iAlnte (2.76)
0 B w

and the resonance frequency wyg at k = oo is

w}21fr = (W;%a + w}%b)Qg/w}%e‘ (277)

The frequency of the low-frequency mode approaches the ion-ion hybrid resonance

frequency wy, as k — oo [21,22],

w2 w2 QZQ2
Wit = (ﬂ + —pb) e b (2.78)

2 2 2 2y
Q2 Q) (w2, + wpb)

The following relation holds among these frequencies:

Qb < g < Whg < Qa. (279)

39



The magnetosonic wave cannot propagate in the frequency range wyy < w < Wyo-

The expressions for the resonance frequencies are valid for wy. /|| 2 1. If
the plasma density is quite low, wy./|€2| < 1, one must include the effect of
the displacement current in Maxwell’s equations. In the low density limit, i.e.,
Wpe/|Qe| < (me/m;)'/?, these resonance frequencies are given by wpy = €, and
wir = §p [21]. Here, we are concerned with the case in which the plasma densities
are not too low, wpe/|Qe| > (me/m;)V2.

The dispersion relation for the high- and low-frequency modes reads as

AT 250

2 20,2 ,2_ .2 2 _ 14
w C (whfrw whfrwlfr w )

In the long-wavelength region such that

kR Jwl, < me/mi, (2.81)
the low-frequency mode is approximated as [23]

w =~ vak (14 pk?), (2.82)

with

B A (W, +w£b +w12)6 72
= T\ T e

wﬁbwge 1 1)? n wgewga 1 1)’
Q202 \Q Q. Q2 \Q. Q,

where the Alfvén speed, vy = By/(4mpp)'/?, is defined with use of the average mass

, (2.83)

density,

Lo = NaoMyg -+ NpoMyp. (284)

For a two-ion-species plasma, the first term in the square brackets, which is pro-

portional to (2,1 — €, 1)2, is the dominant term, and g is approximated as

(2.85)

c? (naomanbomb)g/ 2 (Qq — )2 ?
ILL ~ — ~

- _
2WpaWph 0% Q. WpaWpb
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For a single-ion-species plasma, however, this term vanishes, and Eq. (2.83) reduces

to Eq. (2.32), ie., p ~ —c?/w?,. The dispersion in a two-ion-species plasma is

~ m;/m. times as large as that in a single-ion-species plasma.

In the range of wavenumbers
(me/m;)V/? < 021{:2/%36 < 1, (2.86)
the high-frequency mode is given by
w=wk [1 — Pk /(2w,)], (2.87)

where vy, is the characteristic phase velocity of this mode in the wavenumber range

(2.86),

(B + B P1e

2
wpe

Vnh =

W2 w2 1 1\2
14 222 [ — : 2.88
# oz (G- o) 259
The speed vy, is slightly higher than the Alfvén speed va, and in a single-ion-species

plasma it reduces to va.

Noting the relation

w2 w2b -1/2
vA:c( pa—i——p) : (2.89)
one can show the identity
Whto/Vn = Wigr/VA- (2.90)

Around the wavenumber k. defined by
kc = wlfr/UAy (291)

the dispersion curves of the high- and low-frequency modes both have large curva-

tures (Fig. 2.7). Furthermore, the following relation holds:
(2lu]) ke = (1 = 03 /o})"2, (2.92)

where the terms proportional to wy. /€. in u, Eq.(2.83), have been ignored.
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KdV equation for the low-frequency mode

As expected from the dispersion relation (2.82), the KdV equation for the low-
frequency mode [22,23] is obtained with the conventional reductive perturbation
method [8-11]; it has the same form as Eq. (2.52) with v,y = va, & = 3/2, and p
given by (2.83). The soliton width D is now

D = (8|ul/Ba)"". (2.93)

The characteristic wavenumber k£ and the amplitude € have a relation similar to
Eq. (2.57),
() 2k ~ €'/, (2.94)

Since the magnitude of the dispersion coefficient p is large, its characteristic soliton
width (~ c/wy;) is ~ (m;/m.)"? times as large as that of perpendicular pulses

(~ ¢/wpe) in a single-ion-species plasma.
KdV equation for the high-frequency mode

Even though the high-frequency mode has a finite cutoff frequency, one can derive
the KdV equation for this mode [5,23] as shown in Appendix C, with an expan-
sion scheme slightly different from the conventional reductive perturbation scheme.
Noting that the relation between w and k of the high-frequency mode is approx-
imated by a weak dispersion type, Eq. (2.87), in a large frequency domain [the

1/2

resonance frequency of the low-frequency mode is nearly (m./m;)*/* times as small

as that of the high-frequency mode], we suppose that
ckJwpe ~ €12, (2.95)
and that the wave amplitude is in the range
(me/mi)'? < e < 1. (2.96)

This ordering avoids the frequency domain of the low-frequency mode and focuses
on the wavenumber range (2.86) of the high-frequency mode, for which the dis-

persion relation (2.87) takes the same form as that of the magnetosonic wave in a
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single-ion-species plasma. The KdV equation obtained in this way has the same

form as Eq. (2.52) with vy = vn, p = —c*/(2w?,), and

o= 3 (14 Gl la = D)"Y
2 (W2, + w22l

The characteristic soliton width of the high-frequency mode is given by the electron

(2.97)

1/2

skin depth ¢/wpe, which is ~ (m./m;)"/* times as small as that of the low-frequency

mode. The nonlinear properties of the high-frequency mode resemble those of the

magnetosonic wave in a single-ion-species plasma.

L B
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Figure 2.8: Evolution of nonlinear magnetosonic wave. The low-frequency-mode
pulse with a width ~ ¢/w,; with rather a large initial amplitude, € = 0.2, quickly
steepens and emits short-wavelength (~ ¢/wye) pulses of the high-frequency mode.
This occurs if the initial amplitude of the low-frequency mode is large.

Nonlinear evolution of the magnetosonic wave has also been investigated with
one-dimensional, three-fluid simulations with full Maxwell equations [5, 23,24, 26].

If small-amplitude, solitary wave solutions are used for initial wave profiles, these
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pulses propagate steadily as the theory predicts. If their amplitudes are large,
however, the high- and low-frequency modes are coupled.

Figure 2.8 shows the evolution of a perpendicular solitary wave of the low-
frequency mode, with its initial amplitude being rather large, ¢ = B,;/By = 0.2,
where B, is the perturbed magnetic field [23]. Other simulation parameters are
as follows: m,/m. = 1000, my/ma = 4, qa/qe = —1, @/q. = 2, and ny/neo = 0.1.
The magnetic-field strength is |Q|/wpe = 0.5, so that ¢/va = 68.3 and v /v, =
0.967. The pulse quickly steepens, despite the fact that its initial profile is a solitary
wave solution of the low-frequency mode with a width ~ ¢/w,;. Short-wavelength
(~ ¢/wpe) pulses are then generated and go ahead of the original long-wavelength
pulse. Measurements of their propagation speeds and amplitudes indicate that
these short-wavelength pulses are solitary waves of the high-frequency mode.

This result shows that if a large-amplitude, low-frequency-mode pulse (or peri-
odic wave) is generated in a plasma, then large part of its energy is converted to
the high-frequency mode. Although linear magnetosonic waves cannot propagate
in the frequency domain wy, < w < wyrg, steepening of the low-frequency-mode
pulse produces higher harmonics with w > wyo along the dispersion line of the
high-frequency mode.

The condition for the nonlinear coupling is related to the amplitude € and
the frequency gap (wnso — wier). The weak-dispersion approximation of the low-
frequency mode, Eq. (2.82), is valid in the long-wavelength regime, k < k; if the
characteristic wavenumber of the pulse satisfies this, it will propagate steadily. By
virtue of Eqs. (2.90)-(2.92) and (2.94), one can prove [23,25] that the inequality

k < k. is equivalent to the relation € < 2A,,, where A, is the normalized frequency
gap,

Aw = M
Who
o [1 4+ nw0qp/ (1409a)] . (2.98)
[26/€2 + 15098/ (710040 )] /2[00 /L + 10046/ (Ma04a) '/

If the pulse amplitude of the low-frequency mode is greater than the normalized
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Figure 2.9: Dispersion curves for the high- and low-frequency modes and Alfvén
wave for § = 84° in a H-He plasma with nyge/ng = 0.1.

frequency gap,
e > 27, (2.99)

the perturbation scheme for the KdV equation breaks down. In this case, the
nonlinear coupling can occur; for the simulation parameters of Fig. 2.8, A, ~ 0.03,

and thus € (= 0.2) is much greater than 2A,,.

2.3.2 Oblique waves in a two-ion-species plasma

In addition to the high- and low-frequency modes, we have the Alfvén wave in
the oblique case 0 < 6 < 90°. Their linear dispersion relations in a cold plasma
can be obtained from Egs. (2.14)—(2.17), which are applicable also to multi-ion-
species plasmas if the summation ;18 taken over all particle species. We show in
Fig. 2.9 the dispersion curves of these three modes for propagation angle § = 84°
in a H-He plasma with the density ratio ng./ng = 0.1, where the lines H, L, and A
represent the high- and low-frequency modes and Alfvén wave, respectively [5]. The
gyrofrequencies are taken to be Qy/Qpe = 2 and |Q|/Qn = 1836. The resonance
frequency of the Alfvén wave is equal to the gyrofrequency of the heavier ions: e

in the present case.
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Figure 2.10: Normalized soliton width DBa/?/ (¢/wpe) for the low-frequency mode

in a H-He plasma. For comparison, the width in a single-ion-species plasma is also
plotted with the dotted line; the small panel shows an expanded view near 6 = 6..

Oblique low-frequency mode

In the low-frequency region, w < €2;, the low-frequency mode is approximated as

w =~ vpk(1 + uk?), (2.100)
with )
2 |2 2 4 2
Up | Ua Wpj Up Wpj
_ VA |[ANT Y o) 2.101
a 2 | e zj: Q;* ctsin? @ ( ; Q?) ( )

At the critical angle 6,

) E 2\ M2
.| va j j
0, = arcsin ~ (2} Q_p];) / ( j Q_p;‘f]) : (2.102)

(1 vanishes. The dispersion coefficient y; is negative for 84 < 8 < 90° and is positive
for 0 < 0 < 0,. The critical angle 6. in a multi-ion-species plasma is considerably
smaller than 6. in a single-ion-species plasma. It is 6, ~ 70° in a H-He plasma.
Nonlinear behavior of the low-frequency mode is governed by the KdV equa-
tion (2.52) with v,y = va, a = (3/2)sin6, and u = . Figure 2.10 shows the
soliton width D normalized to (c/wy.)/ By/?, where B, is the normalized amplitude
|B.1|/Bo [5]. The solid and dotted lines, respectively, the soliton widths in H-He

and in single-ion-species plasmas. As mentioned above, 0., < .. Furthermore, the
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normalized soliton width DB}/ /(¢/wpe) is ~ 40 even at § = 90° in a H-He plasma,
while it is order unity in a single-ion-species plasma.

Oblique high-frequency mode

The linear dispersion relation of quasi-perpendicular high-frequency waves for the
range of wavenumbers

me/m; < Ck Jwr, < 1, (2.103)

(the corresponding frequency range is ? < w? < [Q2.[€2;) is approximated as
w = vpk(1 + upk?® + fink™?), (2.104)

where py, and iy, are defined to be

2 cos? 0
S 1— 2.105
w2 7’]2 wz.Q- WQ.QZ
[y, = —2° 1-2y P~ P 2.106
= o ( 2 Gl 2 w;eﬂzn6> o B

with 7 being the small quantity [~ (m./m;)'/?] given by

n= (Z wii)m / We. (2.107)

Here, ), denotes the summation over ion species. We obtain Eq. (2.104) from
Eq. (2.14) ignoring small terms of the order of m./m; compared with the others.

Equation (2.105) indicates that at the critical angle 0, defined by
cos O =1, (2.108)

the dispersion is extremely weak. Numerical calculations show that 6., ~ 89° for
a H-He plasma; 64, is close to 6. of a single-ion-species plasma and considerably
greater than 6 of the low-frequency mode. Indeed, if we take ¢s to be zero and 6
to be close to 90° in Eq. (2.29), and if we apply Eq. (2.105) to a single-ion-species
plasma, then we find they are identical.

Figure 2.11 shows the dispersion coefficients p; and pu;, as functions of 6 near

6 = 90° for a H-He plasma [5]. The solid and dotted lines indicate that the values
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Figure 2.11: Dispersion coefficients u, and p; as functions of . The dashed lines
indicate that the values are negative. The critical angle for p is at § = 70°, which
is out of the region of the figure.

are positive and negative, respectively. At 6 = 90°, |uy| is ~ m./m; times as
small as |gy|. As 0 decreases from 90°, yuy, changes from negative to positive values
at the critical angle .,. The sign of y; also changes at the critical angle for the
low-frequency mode, 6., = 70°, as was shown in Fig. 2.10.

The third term on the right-hand side of Eq. (2.104) is negligibly small for
n < k*/w’, < 1. That is, for these wavenumbers, |unk*| > fink~? except for the
vicinity of 6 = 0.

For the wavenumbers such that
Ak w2, > (mefmi)'?, (2.109)

[i.e., for frequencies w? > Q2(m;/m,.)"/?], ignoring small terms of the order of

me/m; compared with the others, we can reduce the dispersion relation (2.14) to

ck? Akicos? o \ V2
= Q| | #* , 2.110
w = || (77 ck? + w2, + (c2k? +w12,6)2> ( )
which can be further approximated as
1 (n* 4 2cos®6) w2,
— || (1?2 202 (1= = Pe 2.111
w = [Qe|(n” + cos” 0) 2 (12 + cos? ) 2k2 )’ ( )
for large wavenumbers
kP Jwl, > 1. (2.112)
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Figure 2.12: Wavenumber at the inflection point, k¢, as a function of 6 for a H-He
plasma. The magnitude of ks sharply changes near 8 = 6.

The dispersion curve has an inflection point, the wavenumber of which is de-
noted by kiye. The second derivative 0w /0k? is positive for k < ki,¢ and is negative
for k > kie. By applying the condition 9%w/0k* = 0 to Eq. (2.14), we can numer-
ically calculate ki, as a function of 6 (Fig. 2.12). The wavenumber k;,¢ sharply
changes around the critical angle 6.,; in other regions, ki, is almost constant.

We can analytically obtain ks outside the small region around 6 = 6,,. From

Eq. (2.104), one finds ki, as

ha | (1Y ()" o119
Wpe 3|,uh‘ Wpe my; ’

for O, < 0 < 90°. For 6 < 0, Eq. (2.110) gives

1/2

chine [ (121" + 12° cos® 6 + cos* 0)'/? cos® § — (31" + 3n” cos® § — cos” 6)
n 3(n? + cos? 0)(n* + 2 cos? 0) ’
(2.114)

which indicates that ckint/wpe ~ O(1). If 0 < O, O*w/Ok? is positive in large part

Wpe

of the wavenumber region (2.103), while, in the case 04 < 6 < 90°, it is negative
in most part of that region.
We can now show the wavenumber region in which the magnitude of fi k=2 is

much smaller than that of uyk? so that the dispersion relation (2.104) is written as

w = k(1 + pupk?). (2.115)
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Figure 2.13: Normalized soliton width DBy/? /(¢/wpe) for high-frequency mode in

a H-He plasma.

The relation |unk?| = jink™2 holds at the wavenumber

hue ()" c ()" 2.116)
Wpe |,uh| Wpe m;

Hence, for 0 < 6 < 6o, where ki’ /w?, ~ O(1), Eq. (2.115) is valid in the range

of wavenumbers
Chimin” Jwie < PR Jwl, K Ching® Jw,. (2.117)
For 04, < 6 < 90°, where CQkinf2/wze ~ (me/m;)Y?, we have Eq. (2.115) in the

wavenumber region

Cling” Jwy € PR Jwl, < 1 (2.118)

For the wavenumber regions (2.117) and (2.118), the dispersion form becomes sim-
ilar to that of long-wavelength magnetosonic waves in a single-ion-species plasma.

The KdV equation for the oblique high-frequency mode has therefore been
derived [5]. As shown in Appendix C, it is given by Eq. (2.52) with the coefficients

Upo = Un, W = HUn, and
a=(3) wi)/ (2w |Qln*). (2.119)

With use of the normalized amplitude B, = B,;/By, the soliton width can be
written as D = [12|uy|/(aBy)]2. The normalized soliton width DBrll/Q/(c/wpe)

is depicted in Fig. 2.13 as a function of # for a H-He plasma [5]. The pulses are
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Figure 2.14: Dispersion relation of magnetohydrodynamic waves in a pure electron-
positron plasma. The lines M and A represent magnetosonic and Alfvén waves,
respectively. Here, § = 60° and |€2.|/wpe = 3.

compressive with the characteristic width ~ c¢/wy. for 64, < 6 < 90°, while they

are rarefactive with D ~ ¢/w,; for angles smaller than 6,.

2.4 Waves in an EPI plasma
2.4.1 Waves in a pure electron-positron plasma

Before discussing electron-positron-ion (EPI) plasmas, we look at the linear dis-
persion relation in a pure electron-positron plasma, where there are waves similar
to magnetosonic and Alfvén waves in an ordinary electron-ion plasma. From the
cold, two-fluid model, Egs. (2.7)—(2.13) with p; = 0 with the subscript j referring to

electrons (j = e) or positrons (j = p), one obtains linear dispersion relations [37]:

A2k? 202,
7 — 1 — m, (2120)
2.2 w? — 202 ) (w? — Q2 — 2?2
C _ ( pe)( e pe)' . (2121)
w? (W= 2w2 ) (w? — Q2) — 2w Q2 sin® 0

Figure 2.14 shows the dispersion relation of oblique waves with § = 60° in the
frequency domain w < |§2].
Line M in Fig. 2.14 represents the magnetosonic wave obtained from Eq. (2.120),

which is independent of #. This mode is linearly polarized, with its electric field
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parallel to the y direction, i.e., parallel to k x By. Since the positrons and electrons
have the same mass, the longitudinal electric field is not created [38].

From Eq. (2.120), one finds the dispersion relation of the magnetosonic wave as

54 212 —1/2
= = (1 + U—j}%) , (2.122)
'UA wpep
where
Wpep = (Wi + wh)?, (2.123)

vy is the Alfvén speed in an electron-positron plasma,

BO C|Qe|
= = 2.124
/UA (87Tneome) 1/2 wpep ? ( )

and v, is defined by Eq. (2.34). In the long-wavelength regime such that ck/wp, <
1, the dispersion relation is approximated as
~4 272
W vy ¢’k
— = 1——=—]. 2.125
k o < 22’;4% wgep) ( )

The density perturbation nj; is related to the magnetic perturbation B.; through
nj =~ njo(le/B0> sin@, (2126)

indicating that this wave is a compressional mode with n;;/n;o being of the same
order of magnitude as B,/ By.

Line A in Fig. 2.14 represents the shear Alfvén wave, which disappears at § =
90° and becomes linearly polarized at § = 0°. Both X and A are obtained from
Eq. (2.121), and their electric fields are in the (z, z) plane. The dispersion relation

of the Alfvén wave in the long-wavelength regime is given as

14 (1402 /¢ (02 /) sin2 0] 212
f:f}ACOS@(l—[ aal Gl Vi )Q(UAQ/E)SIH ]02 ) (2.127)
k 2(1 + vy /c?) w2,
Its density perturbation is
@2, %g 27Ak:sinc93y17 (2.128)
TLj() wpep Qj BO

from which one sees that n;j;/njo ~ (w/Q;)(By1/By). The density perturbation of

the Alfvén wave is small in the low-frequency regime, w/Q; < 1.
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Figure 2.15: Dispersion relations of perpendicular magnetosonic waves in EPI plas-
mas. Lines H and L show, respectively, the high- and low-frequency modes. Here,
the mass ratio is m;/m,. = 1836. The definitions of k. and ki, are given by Egs.
(2.140) and (2.146), respectively.

2.4.2 Perpendicular waves in an EPI plasma

If a plasma contains a single species of ions as well as electrons and positrons, the
magnetosonic wave is split into the high- and low-frequency modes. The linear

dispersion relation for perpendicular waves may be written as
2

2 2 21.2 2
“pj “pj ck RV
(C2ts) (Tate ) - (Sotah) -0 cm
J

J J

where the displacement current has been ignored, and the subscript j refers to
electrons (j = e), positrons (j = p), or ions (j = i). The details of the calculations
are found in Refs. [26,27]. Inspection of Eq. (2.129) indicates that w/€2; does not
depend on magnetic-field strength; it is a function of k, densities, and particle
masses and charges.

The dispersion relation of the high- and low-frequency magnetosonic modes is

plotted in Fig. 2.15 for four different values of n,/ne. Line M in Fig. 2.14 is split
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into lines H and L in Fig. 2.15: the high- and low-frequency modes. The structure
of the dispersion curves is similar to that of two-ion-species plasmas discussed in
Sec. 2.3, although there are some significant quantitative differences between them.

The frequency of the low-frequency mode goes from zero to the resonance fre-

quency

1/2
Tei TV
e a— , 2.130
Wi, (1 T Teiy) WLH ( )

as the wavenumber k increases from zero to oo, where
Tei = Me /My, (2.131)

vV = ni0/<neo + np()), (2132)

and wry is the lower hybrid frequency defined by Eq. (2.19). The high-frequency

mode has a cutoff frequency

Whio = %IQI = ugf (2.133)
and, as k — 0o, approaches the resonance frequency
whtr = |€el. (2.134)
The following relation holds among these frequencies and gyrofrequencies:
Q < wigy < wheo < Qp =[] (2.135)

This relation resembles Eq. (2.79); note that the gyrofrequency of light ions, Q,,
has been replaced by the positron gyrofrequency, which is equal to [Q.| and much
greater than €);.

As the positron density n, increases (namely, as n;o and v decrease), the dif-
ference (wnpo — wip) decreases; i.e., wpe goes down more rapidly than wy,. In addi-
tion, because wyg is unchanged, the frequency range of the high-frequency mode,

(Whtr — who), expands. In the limit of v — 1, i.e., ny — 0 and n;p — neo, we have

Wiy = WLH, (2.136)
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Whio = |2/, (2.137)

while in the limit of v — 0, i.e., n;o = 0,
Wiy = wafo = ;. (2.138)
With use of the Alfvén speed in an EPI plasma,

1/2 12
B B 1
SN - 0 12( Rl ) , (2.139)
ATy mjom; (87neome) V2 \ 1+ v/re;

the wavenumber k. appearing in Fig. 2.15 is given by

ke = witr/va, (2.140)

which is in terms of v and r;

kc el
e _ _Ta®V (2.141)
Wpep (14 1eiv)1/?

As in the case of two-ion-species plasmas, the dispersion curves of the low- and
high-frequency modes have large curvatures around k..
Using these quantities, we can express approximate dispersion relations. In the

long-wavelength domain such that k < k., the high-frequency mode can be given

2 2 k2
W o= Wiy {1 + (1 — _“;121;0) (1 — 521&) o]
e hf0 c

2 2 2 2 2 4

Wiy Wig Wigy Who Wigy k

(1 - =4+ =) - 21 — 2.142
" L’ﬁfo ( Wﬁfo " Qz) Q2 ( " Qg)} k4}’ ( )

(& €

as

while the low-frequency mode is

w 1 w2 w2\ k2
w_ [y e, v ) R 2.143
c=o 5 o T2 )2 (2.143)

If we ignore r,; compared with unity, then, from Eqs. (2.130) and (2.133), we have

w2 w2 v
1 — ey Pl 2.144
Wity + Q2 ry+v ( )

for the case v > 13, .

25



In the short-wavelength region such that k£ > k., the high-frequency mode is

given as

1+ k?/k? (w2, /wi) (K2 /K2)
2 —_ 2 c o Ifr hf0 c 2.145
V= Yo (1 + 2k Jw? 14 k2/k2 ’ ( )

where we have used the relation r,; < 1. The dispersion curve has an inflection

point (0*w/0k* = 0) at

1 W S 12 v 1/4
hp = —— (1 — Y P (. —(—" ) k. 9.146
f 31/4( w> c et y) (3<rei+u>3> (2.146)

ep

where we have assumed that ¢*k*/w?,, < 1. It is evident that ki > ke if v < 1.

In the wavenumber domain such that k& > k¢, the high-frequency mode is given
by
"Uhk

w= . (2.147)
(1+ k2 fw?,,)1?

Here, vy, is defined as

vh = |Qe|c/Wpep, (2.148)

giving a measure of the propagation speed of the high-frequency mode. The ratio

of vp to v, can be written as

v Toi 1/2
—A:< < ) , (2.149)

Unh Tei +v

which indicates that vy, is always greater than vs. By virtue of the relations wyyy =
wi /Q; and (2.149), k. given by Eq. (2.140) is found to be equal to wyeo /vy, if me/m;

is ignored. For the wavenumber domain
kint < k < Wpep/ ¢, (2.150)

the high-frequency mode can be approximated as

k2
- (1 - ) . (2.151)

pep

=| &

Effects of the displacement current

The Alfvén speed vy can be quite fast if By is strong, the plasma density is low,

Or Myp/nNeo is close to unity, for which full Maxwell equations should be used. If
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the displacement current is included in Ampere’s law, then Eq. (2.129) for the

dispersion relation of perpendicular waves is modified as follows:

2 2 21.2 2 2
Wi Wi c’k R A
(1_Zw2—Q?> (1_Zw2—Q§_w2>_<Z(w2—Q§)U =0

J J
(2.152)

In the long-wavelength regime k < k., the low-frequency mode can be written as

£ a1+ ), 2.153)
with
1 o4 w2, 2 AN
o= —= ZA Zﬂ _ A pJ
2 2 - Q? c? - Qi’

~ 6 Q2
O (92 o)

2
2wy,

02 02 c?
1+ =@ +r2)+rZ v+ [T+ —% ) . (2.154)
2(4(}1276 el el 2(,{)}278 el w}%ep

The high-frequency mode in the wavenumber region (2.150) is approximated as

W 1 o 2k?
(1= 22 2.155
k h ( 2 vﬁ w[%ep) ' ( )
with
Un

oh = ——5———=. 2.156
T AT /) (2.156)

In the rest of Sec. 2.4.2 and in Sec. 2.4.3, the displacement current is included.

Nonlinear perpendicular low-frequency mode

As expected from the dispersion relation, the KdV equation for the low-frequency
mode is derived [26] with the conventional reductive perturbation method [8,9]: It
takes the form of Eq. (2.52) with vy = 0a, @ = (3/2)(0a/va)?, and p given by
Eq. (2.154).

From Eq. (2.55), one obtains the soliton width Dy, which is plotted in the
top panel of Fig. 2.16 as a function of v = n;y/(neo + ny) for a Mach number

My = 1.25 [26]. The width Dy goes up as v goes down from v =1 to v ~ m./m;.
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Figure 2.16: Soliton widths and speed ratio 04 /0y, as functions of v = n;y/(neo +
nyo). The Mach numbers are taken to be 1.25. The mass ratio is m;/m. = 1836.

The top and second panels show the widths of the low- and high-frequency modes,
respectively.
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This is due to the fact that the current density parallel to the wave front decreases
with increasing positron density and thus the pulse width increases to keep the
same magnitude of magnetic perturbation. In the low-frequency mode in an EPI
plasma, electrons and positrons both move mainly with the E x B drift. Their
currents and the one due to the ion E x B drift cancel out. Consequently, the
current in a pulse region is created primarily by the ion polarization drift parallel
to the wave front. On the other hand, in a perpendicular nonlinear magnetosonic
wave in an electron-ion plasma, the electron current is much greater than the ion

current and determines the magnetic structure, as mentioned in Sec. 2.2.1.

107
Mi=1.25
{\l:)\ 2 |Qe|/(0pe:1
210 |
g
N
=
(] 10-3
107 1072
nl()/ (neo+np())

Figure 2.17: Magnitude of potential as a function of v = n;/(neo + ny0)-

The magnitude of the potential formed in a solitary wave is given as

1—r3v
=2 ﬂ(—“M—l. 2.1
ep MUy S (M ) (2.157)

In the limit of ¥ — 1 (no positrons), this reduces to
e = 2m;va (My — 1), (2.158)

which is identical to the potential in a cold, electron-ion plasma. Figure 2.17 shows
the magnitude of potential as a function of v for My = 1.25 [26]. It increases with
decreasing ion density, from v = 1 to v ~ m./m;. This is a reflection of the fact

that the Alfvén speed rises as v goes down. Because, for v 2 m./m;, e¢ is of the
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order of the ion kinetic energy measured in the wave frame, it increases with the
Alfvén speed. In a pure electron-positron plasma (v = 0), however, ¢ = 0.
The normalized amplitude of the magnetic field is given as
vi\ 2
By = 2(My — 1) <—A) . (2.159)
VA

This is identical to Eq. (2.36) if 04 = va.
Nonlinear perpendicular high-frequency mode

Although the high-frequency mode has a finite cutoff frequency, the dispersion
relation (2.151) in the wavenumber region ki < k < wpep/c suggests that this
mode is approximately governed by the KdV equation. Indeed, as in the case of the
high-frequency mode in a two-ion-species plasma in Sec. 2.3.1, we can derive the
KdV equation with the perturbation scheme focusing on this wavenumber region:

Under the assumptions that
W(re +v)]Y? < e< 1, (2.160)

and that
ril? < e, (2.161)

we obtain a nonlinear evolution equation for this mode [26]: Eq. (2.52) with v, =
Un, a = (3/2)(0n/w)?, and p = —[0y/(2vy)](¢*/wy,,) [see Eq. (2.155)].

The soliton width, Dye = 2(3 /vy ) (¢/wpep) Ba /%, is depicted in the middle panel
of Fig. 2.16 as a function of v. [The Mach number My is related to the normalized
pulse amplitude B, through My; = 1+ (0y/vn)?Bn/2.] The width Dy is insensitive
to v, close to ¢/wy. for a wide range of v.

The bottom panel of Fig. 2.16 shows the ratio of v to v,. The speed vy is
always smaller than 0y,; in particular, for v > 0.1, U5 /0y, is less than 0.1 for these
plasma parameters.

Another important feature of the high-frequency-mode soliton is that its po-

tential is negligibly small compared with that of the low-frequency mode: In the
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perturbation scheme for this mode, the longitudinal electric field is £, = 0 in the

lowest order.

Nonlinear coupling of high- and low-frequency modes in an EPI plasma

0.17 (Dpet = 4800

- —— positron | \1 o

001 T electron

-256 0 256

(x-v,t)/(c/w,,)

Figure 2.18: Snapshots of field profiles of high- and low-frequency-mode pulses.
The upper panel shows B, (thin line) and potential ¢ (thick line). The lower panel
shows vy, (solid line) and v., (dotted line). Short-wavelength, high-frequency-mode
pulses are emitted from a long-wavelength, low-frequency-mode pulse.

Similarly to the case of two-ion-species plasmas, high-frequency-mode pulses
can be generated from a nonlinear, low-frequency-mode pulse. From the conditions
k < k. and € ~ pk?, we find the upper limit of the amplitude of low-frequency-
mode pulses as €., ~ ,ukzg. As Fig. 2.15 shows, k. and the difference (wyro — wig)
decrease with increasing positron density. It is thus expected that their nonlinear
coupling becomes stronger as ny rises.

Three-fluid simulations for the investigation of nonlinear wave evolution in an
EPI plasma have been performed, and a result quite similar to Fig. 2.8 has been
reported [26]; i.e., many short-wavelength, high-frequency-mode pulses are gener-

ated from a large-amplitude, long-wavelength, low-frequency-mode pulse. This is
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shown by Fig. 2.18. At the same time, however, this figure reveals properties of
the high-frequency mode that are different from those in a two-ion-species plasma.
The high-frequency-mode pulses here have virtually no electric potential ¢, which
we see by comparing the profiles of B, and ¢. In addition, these short-wavelength
pulses have v, perturbations with v,, = —v.,. Here, the initial amplitude of the
low-frequency-mode pulse is € = B,; /By = 0.1, which is greater than €., = 0.024;
other parameters are m;/m. = 100, n;o/n. = 0.001, and |€2.|/w,. = 1. In another
simulation with the initial amplitude € = 0.01 (< €.y ), emission of high-frequency-
mode pulses was not observed until the end of the run (wp,t = 14,400). These

features are in accord with the theoretical predictions.

2.4.3 Oblique waves in an EPI plasma

From the cold, three-fluid model with full Maxwell equations, one obtains the linear

dispersion relation of oblique waves as [27]

2 21.2 2 2 27.2
Wpj ck Wy Wy Ak
(-5t ) |(-2%) (-Tte -

J

2
(A}2- Q Wz' c2k,2 o
- (Z(MTWQ?)UJ> (1 - - i ] =0, (2.162)

j J
Equation (2.162) gives six oblique waves as shown in Fig. 2.19 for n,/n. = 0.02
and Fig. 2.20 for n,/ne = 0.9, where the ion-to-electron mass ratio is taken to be
m;/me = 1836. These pictures indicate that in the low frequency regime such that
wX|€2|, we have three modes: Line A represents the Alfvén wave, while lines H
and L, respectively, show the high- and low-frequency modes of the magnetosonic
wave.

In the limit of £ — oo, these waves have resonance frequencies:

Whir — ‘Qe|, (2.163)
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Figure 2.19: Dispersion curves of oblique magnetohydrodynamic waves for four
different propagation angles in a cold EPI plasma with n,/n, = 0.02. In the
frequency regime lower than ||, there are three modes: high-frequency mode (line
H), low-frequency mode (line L), and Alfvén mode (line A). The high-frequency
mode is in the region w/€2; 2 100 for these parameters.
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Figure 2.20: Dispersion curves for n,y/ne = 0.9.
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for the high-frequency mode,
Wi 2 | Q| cos b, (2.164)
for the low-frequency mode (except for the vicinity of # = 90°), and
war >~ Q;, (2.165)

for the Alfvén mode. At 6 = 90°, wy is given by Eq. (2.130), and the Alfvén wave
disappears. At k = 0, the high-frequency mode has a cutoff frequency wysy nearly
equal to Eq. (2.133). Although wysy decreases with increasing positron density, it
is much higher than the ion gyrofrequency even at ny/n. = 0.9. Furthermore,
wy is much higher than €); at any angles and density ratios, so that the low-
frequency mode is less affected, particularly in the situation that n,g/n.o is low, by
the presence of high-frequency mode than in the case of two-ion-species plasmas.

In the long-wavelength region, the dispersion relation of the low-frequency mode
is given as w/k = 05 (1 + pk?) with the dispersion coefficient being

UA Wi A Wi 2
H="03 j Q_é_m(j Q_;”) , (2.166)

which resembles p in a two-ion-species plasma, Eq. (2.101). This mode is governed
by the KdV equation of the form (2.52) with v,g = 0a, @ = (3/2)(0a/v4s)?sin b,
and p given by Eq. (2.166) [27]. The soliton width is ~ ¢/w,; except for the vicinity
of # = 90°.

The critical angle 6., at which p becomes zero, is given as
(5a/c) (32, w2,/93)
N
(Zj Wps/ Qj)

We see from Egs. (2.166) and (2.167) that g > 0 for 0 < 6 < 0., and p < 0 for

sinf, =

(2.167)

0. < 0 <90°. Figure 2.21 shows the dependence of 6, on the positron-to-electron
density ratio for the case with m;/m. = 1836 and |2, |/wye = 1. Asn,g/neo increases

from zero to unity, 6. goes down from 88.1° to 0°. The decrease is particularly rapid
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Figure 2.21: Critical angle 6. as a function of n,/n.o. The mass ratio is m;/m,. =
1836. If the angle 6 is taken to be 89°, for instance, it is greater than 6. for any
values of ny/neo. If the angle is 85°, it is smaller than 6, for ny/n. < 0.8007.

for ny/neo 2 0.8. The propagation angle § = 89°, for instance, is greater than 6.
at any values of ny/n.; thus the solitary waves with this propagation angle are
always compressive. On the other hand, the angle 6§ = 85° is lower than 6, for
0 < nyo/neo < 0.8, for which we have rarefactive solitons, and is higher than 6, for
0.8 < nyo/neo < 1, for which we have compressive solitons.

In an EPI plasma, in contrast to a pure electron-positron plasma, the mag-
netosonic wave can have a large electric potential, the magnitude of which in a
low-frequency-mode solitary wave is given as [27]

(1 —r2)v (M — 1)

ed = 2m,; 0>
¢ A (v+7re) sin®6

(2.168)

For nj/ne ~ 1072, the potential is ~ 10% times as large as that in an ordinary
electron-ion plasma, ~ 2m,v3 (M — 1).

To this point of this section, we have considered the cold plasma model. Finally,
we summarize the result of finite-temperature theory for nonlinear magnetosonic
waves in an EPI plasma [28,29]. This theory will be used in the next section to
investigate the electric field parallel to the magnetic field, E = (E - B)/B.

From the set of three-fluid equations with finite temperatures coupled with full
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Maxwell equations, we derive the linear dispersion relation, which, in the limit of

w — 0, becomes

2 2 L2 2
¢ ¢ sin'f pj /0
72T 2 2 § : _ 2
UA Vg U 5 1 — c5cos?0 v,

2
w2 /2 w2,
+tan?d P / bl =0, (2.169)
(2; 1 — cicos?0 /v, ZJ: 1 — cicos?0 /v,

where ¢; is the speed related to the thermal speed,

DPjo

2 2
- =T,up;° =1, , 2.170
¢ iVT;j I njom; ( )
(for the details, see Ref. [29]). Assuming that the temperatures are low,
02
—- <1, (2.171)
pO
and therefore ignoring higher order terms of ¢? / Vo, We obtain
, V3 +cEsin?f
=== 2.172
T e (2172)
where ¢, is the sound speed
niol'iTio + npol 'y Tpo + neol' e Tro 12
Cs = : (2.173)
Ni0My; + NypoMy + NepMe

Calculating the phase velocity up to the terms of order k2, w/k = vpo(1 + pk?),

we find the dispersion coefficient u as
-l Z Z
o= 2¢? 02 sin 9
pj 2 pj 2
o e[(z e ) o (z ) (ze)
2
+ /Ui C0320 w_IQU w_zz)jcQ _—Ugcg w_gj
c2w? ; Q3 —~ J 2403 tan? 6 - Q)

which, in the limit of 7; = 0, reduces to Eq. (2.166). We have the KdV equation for

(2.174)

this mode in a warm plasma of the form (2.52) with v,y and p given by Eqgs. (2.172)
and (2.174), respectively; « is

~2 . 2
_ Uxsinf s vAsm 20 ] 9
= oz [3 + = P 2 (—5sin®0 + 3) + ( E 02 T >] (2.175)

A
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2.5 Parallel electric field

The electric field parallel to the magnetic field plays a crucial role in some particle
acceleration mechanisms: Examples are found in electron acceleration in Chap. 3
and in positron acceleration in Chap. 6. This section examine the strength of the
parallel electric field in nonlinear magnetosonic waves.

In the ideal MHD, perfect conductivity is assumed:

vx B
c

E + 0, (2.176)

from which it follows that the electric field parallel to the magnetic field is zero,

E-B
Bj=~5—=0. (2.177)

The parallel electric field was generally thought to be quite weak in MHD phe-

nomena in high-temperature plasmas. In fact, for instance, this is one of the main

reasons for the difficulty in explaining the heating of the solar corona [39,40].
Recently, however, it has been found that the parallel electric field can be strong

in nonlinear magnetosonic waves in collisionless plasmas [28,29].

2.5.1 Parallel pseudo potential

In the analysis of parallel electric field and particle acceleration in one-dimensional

waves, the integral of the parallel electric field along the magnetic field,
F= —/E”ds, (2.178)

is a useful quantity [34,41-43]. Since E| can contain both longitudinal and trans-
verse electric fields, F' is not an ordinary electric potential; we call F' the parallel
pseudo potential. The bottom panel of Fig. 2.4 shows F' in a shock wave. With
use of the relation ds/B = dx /B, Eq. (2.178) can be put into the following form:

“ E(z,t) - B(x,t)
Flot) = — / ) (2.179)

In many cases, the integral I is easier to measure than F).
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For a stationary wave, Eq. (2.179) becomes

B, By + EyoBB
Flz) = — / OB+0 05 g (2.180)

in the wave frame, where, as shown by Eqs. (2.58) and (2.59), E, = E,o and E, = 0.
(In the following, the subscript w for the wave frame is used only when necessary.)

By virtue of the second relation of Eq. (2.58), Eq. (2.180) can be written as

UsthOBy
F=— [ (B, — 22207 gy, 2.181
/ ( CBIO ) v ( )

where vy, is the wave speed. Using the electric potential ¢ and the z component of

the vector potential A (B, = —0A,/0x), we can express F' as

Ush BzO
F=¢—— A,. 2.182
o2 (2182)

As mentioned in Sec. 2.2.3, ¢ and B, have similar profiles in magnetosonic waves,
while B, is proportional to 0B,/0x. Hence, F has a profile similar to ¢ and A,,
unless the two terms on the right-hand side of Eq. (2.182 ) nearly cancel.

Since (E- B) is Lorentz invariant, we find from Eq. (2.179) the relation between

the quantities in the wave and laboratory frames as

Fy = VshE- (2183)

2.5.2 Parallel electric field and parallel pseudo potential in
nonlinear magnetosonic waves

Perturbation theory for F| and F' in an electron-ion plasma

As described in Sec. 2.2.2 and in Appendix B, the KdV equation is derived for
nonlinear magnetosonic waves with the reductive perturbation method. In the
finite beta theory [11], where beta is the ratio of the plasma to magnetic pressures,

the perturbation of electric potential is related to magnetic perturbation B, as

B (9 + Qi)(“;%o - Cg)”;%o Lepeo melspio
¢ = m Qe(v2, — v3 cos?0) +n(m»+m)_m»n (m; +me)
e\Yp0 A 0 7 e 100 i e
2 .
visingd B,
(vgo —¢2) Bo’ (2150
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[see Eq. (B.34) in Appendix BJ. The first term on the right-hand side of Eq. (2.184)
is mainly due to magnetic pressure, while the second and third terms are, respec-
tively, due to electron and ion thermal pressures; the third term is ~ m./m; times
as small as the second one. Equation (2.184) reduces to

FepeO ) le
no(m; +m.) ) By ’

edr ~ m; (vi + (2.185)

in quasi-perpendicular waves with sin # ~ 1, which clearly shows the contributions
of magnetic field and electron pressure.

In this perturbation scheme, the parallel electric field is proportional to the
electron temperature 7T.. As shown in Appendix B, the longitudinal electric field
E.1 and the z component of the transverse electric field E,; are given as

Ey odsin® [ (Qc+ Q)og, 2(Qelepeo + Ulipin) | @ Ba
By Qe [ (v —vicos?8) (v — 2)(Tepeo + Lipio) | 06 By’

(2.186)

E Qe + Qi)vjvi cosf 9 B,
z1 _ ( 5 )UpOZA COS ﬁ 1 . (2187)
By Qcc(vgy — v3 cos? 0) O By

The first term on the right-hand side of Eq. (2.186) and the field E,; are mainly

due to magnetic pressure. These terms cancel in the lowest order calculation of £,
E = Eycosf + E;sinf. (2.188)

With the aid of the relation between the magnetic perturbation B,; and density

perturbation n,
2 2
le o (UpO - Cs) E

— 2.189
By v sinf ng’ ( )
we can express the parallel electric field as
FeTe 0 ny
By = - — | — 2.190
I e Os (no) ’ ( )

where s is the length along the magnetic field [28]. Integration of Eq. (2.190) along
the magnetic field yields the parallel pseudo potential

eF = eFp =TT, (2.191)
no
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which resembles the electric potential in the ion-acoustic wave. We use the symbol
Fr when emphasizing that F' scales as T,. The magnitude of F' is determined by
the electron temperature, e <T,. Comparison of Eqgs. (2.184) and (2.191) shows
that the parallel pseudo potential F' is smaller than the electric potential ¢; their
difference is especially significant in low beta plasmas.

In some particle simulations [34,42], however, the magnitude of eF' far exceeds
the electron temperature (Fig. 2.4), suggesting that, other than thermal pressure,
there is a mechanism enhancing £y and thus F. We therefore consider a cold
plasma, T, = T; = 0, and carry out higher order calculations [28]. Since they are
lengthy, we present only important results to show the outline of the calculation.

Let us look at the parallel electric field up to the second-order terms:

E-B _E, B B, B\ , E\-B, E, B
= = 0(1— - °>+ = (2.192)

BI="3 By B2 By By
The lowest order term E, - B/ By is finite (proportional to 7;) in warm plasmas
and is zero in cold plasmas, as shown by Eq. (2.190). The term E;- By = E,;; By +
E.1B,, vanishes in both warm and cold plasmas: FE; and B, are perpendicular.
The term E5 - By/By is found to be expressed with lowest order quantities if
T, =T; = 0. That is, I appears in the second order in a cold plasma.

We obtain Ej and F' for quasi-perpendicular waves as

m;v2 c\? & B 1
B = A g T 2.1
I~ tane (wpe> 083 By’ (2.193)
ma? [ ¢ \? 0% B,
F=eFg=——2A = 2.194
T e (wpe) 962 B, (2.194)

which are proportional to B2 for a fixed normalized amplitude B,,/By; B,1 obeys
the KdV equation as described in Sec. 2.2.2. The subscript B is used to stress that
F'is determined primarily by the magnetic field. The fact that F' is proportional
to 0B, /0¢? indicates that F has a profile different from B,; [In the conventional,
lower order theory for a warm plasma, they have similar profiles, as shown by
Egs. (2.189) and (2.191)]. Furthermore, because 9%/9¢% ~ ¢ in the perturbation
scheme, F' in Eq. (2.194) is of the order of €*: eF ~ e*m;v3.
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Figure 2.22: Magnitude of F' as a function of pulse amplitude. The dots and the
lines Fp and Fp show simulation results, warm-plasma theory, and higher-order
cold-plasma theory, respectively. Here, the plasma beta value is of order unity, and
the simulation results are explained by the warm-plasma theory Fr.

Simulations for F' in an electron-ion plasma

These theoretical predictions have been verified with particle simulations, through
the observation of magnetosonic solitary pulses [28]. In the simulations, initial
profiles of fields, densities, and velocities are given according to the soliton theory.
Because n; and n. are taken to be exactly the same at ¢ = 0, the longitudinal electric
field E, is initially zero. In a self-consistent simulation, however, F, is created in
the evolution of the wave. The profiles of other physical quantities including £ are
also adjusted to their most stable forms. After the pulse propagation has become
stationary, the field strengths are measured.

Figure 2.22 shows the magnitude of F' obtained in this way as a function of the
pulse amplitude B.,;/By for a warm plasma, where the closed circles, dashed line,
and solid line, respectively, represent the simulation result, warm-plasma theory
(2.191) (denoted by Fr), and higher order cold-plasma theory (2.194) (denoted by
Fp). Here, the propagation angle is § = 88°, the speed of light is ¢/(w,.Ag) = 10,
where A, is the grid spacing, the electron thermal velocity vy, = (T,/m.)"/? is

vre/(WpeAg) = 2.0, and the strength of the external magnetic field is |2, |/wpe = 0.5,
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Figure 2.23: F versus pulse amplitude. Here, |{2|/wy. is higher, and vy, is lower
than those in Fig. 2.22. The simulation results (dots) are consistent with the higher
order cold-plasma theory F.

which gives the Alfvén speed as va/(wpeAg) = 0.25. For the present parameters,
Fr is much greater than Fz, and the simulation results are close to Fr.

Figure 2.23 shows the parallel pseudo potential in a low beta plasma, with a
lower T, [vre/(wpeAg) = 0.26] and a higher By (|€2¢|/wpe = 1.0) [hence, va /(wpedg) =

2 = m%], with other parameters kept unchanged. Here, Fj is much

0.5 and m.c
greater than Frr, and the simulation results agree with Fz much better than with
Fr.

In both Figs. 2.22 and 2.23, the propagation angle 6 (= 88°) is greater than
the critical angle 6., and thus the dispersion coefficient i is negative; accordingly,

pulses are compressive. Rarefactive pulses with 6 < . were also investigated; the

theory was confirmed to be consistent with simulation results [28].

F in shock waves

The above theories and simulations are for small-amplitude (¢ < 1) waves. We
now examine F' in large-amplitude (¢ 2 1) shock waves. Figure 2.24 shows the

values of F' (closed circles and triangles) and ¢ (open circles and triangles) formed

in shock waves at # = 60° with the amplitudes 2<B,1/Bo<10 in warm plasmas:
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Figure 2.24: Magnitudes of F' and ¢ in shock waves at § = 60°. The upper and lower
dotted lines show extrapolated |Fg| for |Q.|/wpe = 0.5 and 0.2, respectively. The
solid line represents the relation (2.195), which is consistent with the simulation
results.

Q| /wpe = 0.5 (circles) and 0.2 (triangles), and the electron temperature is the
same as that in Fig. 2.22. The dotted lines represent |Fj|, which we have drawn
by merely extrapolating F' for small-amplitude pulses, Eq. (2.194), to a larger
amplitude regime, while the solid line represents a phenomenological relation

B,
eF ~ (mva + FeTe)Fl, (2.195)
0

to which the simulation values of F' fit fairly well. Here, the dependence of eF’ on
the external magnetic-field strength has changed from eF ~ m;vie? in the small-
amplitude regime to eF' ~ m;v3e in the large-amplitude regime. In addition to
these studies, the low beta case has also been examined, and it has been found
that Eq. (2.195) is also consistent with simulation results.

These investigations confirm that Eq. (2.195) is applicable to both low and high
beta cases. Furthermore, as long as the shock wave has a steep profile near the
shock front, simulation results fit to Eq. (2.195) even if § < 6.. Another important
feature is that F is always smaller than ¢, although their ratio F'/¢ is larger than
those in small-amplitude waves.

The results of the theory and simulations for F' may be summarized as follows:
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Figure 2.25: Magnitude of F'/e of small-amplitude pulse as a function of ny/no
for the case Fr > Fp. Here, F/e is normalized to its value at n,/n.o = 0, i.e,
(F/€)n,0—0- The theory (solid line) and simulation result (dots) both show that F
decreases with increasing n,0/neo.

In small-amplitude pulses, the magnitude of F' is

eF ~ T Tee, (2.196)
in warm plasmas and

eF ~ mai e, (2.197)

in cold plasmas. In large-amplitude waves [e ~ O(1)], i.e., in shock waves, the
relation

eF ~ (muy + T.T,)e, (2.198)

explains the simulation results for both warm and cold plasmas. This indicates

that strong parallel electric field can form in nonlinear magnetosonic waves.

Theory and simulations for £ and /' in an EPI plasma

Next, we consider the low-frequency mode of the magnetosonic wave in an EPI
plasma. As proved in Chapter 6, a shock wave of this mode can accelerate positrons
to ultrarelativistic energies with its parallel electric field; thus, to obtain Ej is

crucial to understand this mechanism. Since even the linear theory requires a large
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Figure 2.26: Dependence of F/e2 on ny/neo for the case Fg > Fp. Here, the
propagation angle is 85° and becomes equal to 6, at n,y/n. = 0.26, around which
F'is quite large.

amount of calculations for oblique magnetosonic waves in finite beta plasmas, this
section shows only results of calculations; the details are found in Ref. [29].

Positrons act to reduce the magnitude of F'. For warm plasmas, Fj and F are

given as
w? w? W2 T.T: 0 (B
€EH = — <£F3Te - ﬂrpr - 2= Z) sin 0 cos 60— ( . ) ) (2199)
w? w? wZ Z & \ By
w? w2 W2 T.T: B
Fr= 27T, — Z22p T, — 2200 ) ging—=t 2.200
err (Wg wg p=p wlg) 7 ) sl BO ’ ( )

where Z is the ionic charge state, ¢; = Ze, and wfj = Zj wf,j. Equations (2.199)
and (2.200) indicate that the terms proportional to the ion temperature T; are
~ me/m; times as small as the terms proportional to 7. and to 7, and that Ej
and I’ decrease with increasing positron density n,, and become zero in a pure
electron-positron plasma (n;g = 0). As shown in Fig. 2.25, simulations verify the
theoretical prediction that F' decreases with increasing n,y. Here, a solitary wave
was generated in each particle simulation, and its field values were measured.

The parallel pseudo potential F' given by Eq. (2.200) goes to zero as T; — 0.

As in the case of electron-ion plasmas, we need higher order calculations to obtain
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E) and F in a cold plasma (7; = 0); they are given as

At njom? c\? & (B,
Ey=_—_""A E A — — z 2.201
I B2 tan 6 ( - q > (wp) &3 (BO) ’ (2.201)

J

Arph niom? c\? & (B,
Frn— — A I — ) — = . 2.202

J

Here, Maxwell’s equations with the displacement current have been used, and there-
fore the modified Alfvén speed v, which was defined by Eq. (2.34), appears. In the
cold plasma approximation, F is proportional to € and, if v3 < ¢?, proportional

to B2. If njoym; > neme, Egs. (2.201) and (2.202) can be approximated as

m;v3 c\* & (B
By — i7A — ) = z 2.2
eL tan (1 + 02 /c?) (wp) o3 (Bo) , (2.203)
m; 03 ¢\ 8 (B,
Fro— _ i7A ) = = . 2.204
€Erp Sin@(l—i—U%/CQ) <Wp) 852 (BO> ( 0 )

In the limit of n, = 0, for which w, >~ wy., Eq. (2.204) reduces to F in the cold,
two-fluid model, Eq. (2.194). Figure 2.26 shows I for § = 85° in a low beta EPI
plasma. In the vicinity of the n,/ne at which the critical angle 6, is equal to 6,
F becomes quite large. We recall that, as shown in Fig. 2.21, . decreases with
increasing np0/neo; thus, if ny/ne varies from zero to unity with 6 fixed at a value
not too close to 90°, 6. becomes equal to 6 at some value of n,y/n. Around this
density ratio, F' has large values. The critical angle 6. is smaller in Fig. 2.26 than
in Fig. 2.21 because the mass ratio of the former, m;/m, = 400, is smaller than
that of the latter, m;/m. = 1836.

At npo/ne = 1, both £y and F are zero, which we see from Egs. (2.201) and
(2.202). In pure electron-positron plasmas, the relation £ = 0 holds for both high
and low beta cases.

With regard to large-amplitude waves (shock waves) with € ~ O(1), the phe-
nomenological equation for the parallel pseudo potential

nio B
)
neo Bo

nepel’ ~ (Pvi + FepeO) (2205)
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Figure 2.27: Parallel pseudo potential F' versus positron density in shock waves.
The propagation angle is § = 60° and the amplitudes are B,;/By ~ 3, with other
parameters being the same as those in Fig. 2.23; a low beta case.

is consistent with the simulation results of both high and low beta cases. We plot
in Fig. 2.27 the dependence of I on the density ratio n,y/neo in the low beta case.
The effect of the critical angle 6. was not observed in shock waves with sharp field

profiles in the shock transition region. As n, — 0, Eq. (2.205) reduces to the

equation for electron-ion plasmas, Eq. (2.195).
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Chapter 3

Trapping and ultrarelativistic
acceleration of electrons

We now proceed to study particle acceleration. The first subject is electron ener-
gization triggered by reflection.

Shock waves can reflect electrons near the end of the main pulse. Here, the
“main pulse” designates the first large pulse in a shock wave (Fig. 2.4): The front
part of the main pulse is the shock transition region. As can be seen from Fig. 2.4,
the parallel pseudo potential F' takes small values near its end. Reflection occurs
near the end of the main pulse when F' becomes particularly small there in nonsta-
tionary shock evolution. The reflected electrons are rapidly accelerated and then
trapped in the main pulse region [1-3]. Simulations have demonstrated electron
acceleration to energies 7 > 100 due to this mechanism. This indicates that the
strong electric and magnetic fields formed in a shock wave can promptly accel-
erate electrons with a nonstochastic mechanism to energies higher than those of
solar energetic electrons: Their highest energy is several tens of megaelectronvolts
(7 ~ 100) [4,5]. Chapter 3 describes the theory and simulations of this mechanism:
reflection, acceleration, and trapping.

This process takes place in a shock wave propagating obliquely to an external
magnetic field. (Large-amplitude pulses such as quasi shock waves can also give
rise to the same type of particle acceleration. The term “shock wave” includes

these waves in this paper.) In an oblique shock wave, the electric and magnetic
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fields both have three components, so that the analyses of their structures and
of particle motions in them are rather complicated. To have a picture of the
acceleration process, we first look at simulation results. We will then consider its

physical mechanism and quantitative theory.

3.1 Particle simulation of shock waves

Collective and individual-particle motions are both important in plasma phenom-
ena. This is particularly true for particle acceleration. The electromagnetic fields
that energize some particles are created by collective plasma motions, and the
accelerated particles can also affect the electromagnetic fields.

Particle simulations enable us to analyze these strongly nonlinear and highly
relativistic phenomena in a self-consistent manner. Most of the simulation results
that are shown here have been obtained by use of one-dimensional, fully kinetic,
relativistic, electromagnetic codes. This section briefly describes this method [1, 6]
and then shows simulation results. More general and detailed descriptions on

particle simulation methods are found in Refs. [7]- [13].

3.1.1 Simulation method

To simulate collisionless plasmas, we use finite-size particles. Their sizes are usually
of the order of the Debye length Ap, which is taken to be comparable to the grid
spacing A, (numerical instabilities can grow if Ap < A,). In the one-dimensional
code, spatial variations are allowed only in the x direction, with the y and z direc-
tions being ignorable coordinates. The simulation particles, however, have three
velocity components (v, vy, v,). The trajectories of finite-size simulation particles

are advanced by the following relativistic equation of motion:

dp; A

% =qj /d.TS(x - mj) (E(l’,t) + Y . f(x’t)) ) (31)
dx ;
d_t] :’ij, (32)
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where p;, v;, and x; are, respectively, the relativistic momentum, velocity, and z
position of the j-th simulation particle; S(x — z;) is the form factor showing the
spatial distribution of the charge and mass of a finite-size particle with a Gaussian

shape,

S(x — ) = (271');1/2@ exp (-%) | (3.3)

with a (~ Ap) giving a measure of the particle size. The plasma current and charge
associated with each grid point are calculated from the positions and velocities of
the simulated particles. These are then considered to be sources that generate the
electric and magnetic fields. Fast Fourier transforms are used to calculate the field

quantities from Maxwell’s equations:

ikEn(k,t) = 4mp(k,t), (3.4)
8£t = ick x By(k,t) — 4nJ(k,1), (3.5)
8£t = ick x E(k,t). (3.6)

Here, k is the wave vector in the x direction, p(k,t) is the Fourier component of the
charge density at time ¢, and the subscripts “In” and “t” refer to the longitudinal

and transverse components, respectively; the transverse current Jy(k, t) is given by
Jo=J(k,t) — [k-J(k,t)k/k. (3.7)

The time integration is performed with a centered finite-difference scheme, the
leap-frog method.

As in the theory in Chap. 2, waves propagate in the x direction in an external
magnetic field in the (z, z) plane (Fig. 2.1): By = By(cos 6, 0,sin ) = (Byo, 0, B.o).
The transverse (y and z) components of B can be created in electromagnetic waves;
however, the x component is constant, B, = B,(, owing to the equation V- B = 0.

Figure 3.1 shows a schematic diagram of the initial density profile. The high-
density plasma (exploding plasma) has an initial velocity vy, while the low-density
plasma (surrounding plasma) is at rest at t = 0. The exploding plasma pushes the

surrounding plasma and creates a forward (right-going) shock wave. [In a large-size
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Figure 3.1: Schematic representation of initial density profile and velocity. The
plasma in the high-density region (exploding plasma) has a velocity vg, while that
in the low-density region (surrounding plasma) is at rest at ¢ = 0. Both B, and
vy are in the (z, z) plane.

simulation, a backward (left-going) shock wave is also observed, which is discussed
in Chap. 7. We are concerned with the phenomena near the forward shock front
in Chapters 3 through 6.] Both By and v, are in the (z, z) plane. We usually take
the angle between them to be 6, = 90° to prevent fast particles with v ~ |vg| from
moving along the field lines.

The plasma is isolated with the vacuum outside: the bounded plasma model
[11]. The simulation particles are confined in the region x;, < = < zg, being
specularly reflected at * = x1, and * = xr. The equation for the longitudinal
electric fields is solved under the assumption that there is no charge in the regions
x < xp, and x > xr. For the transverse fields, an absorbing boundary condition is
used: Electromagnetic fields leaving the plasma region is absorbed in the vacuum
regions [6].

The ion-to-electron mass ratio is taken to be m;/m. = 100 in this chapter.
The speed of light is ¢/(wpeAg) = 4, where wy, is the electron plasma frequency
calculated with use of the electron density averaged over the entire plasma region
z1, < ¥ < zg. The electron thermal speed vy, = (T./m.)? is vr./(Wpelg) =
0.4 with 7, = T}; |Qc|/wpe = 3; hence, the Alfvén speed becomes vy /(wpelg) =
1.2. [Figure 3.4 has different simulation parameters, such as m;/m,. = 400 and

¢/ (wpeAg) = 10.]
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3.1.2 Simulation results: Creation of ultrarelativistic elec-
trons in the main pulse

Figure 3.2: Electron phase space plots. The solid line in the bottom panel shows
the profile of ¢. We find ultrarelativistic electrons with v > 100 in the main pulse
region.

This section outlines the phenomenon of ultrarelativistic electron acceleration
in an oblique shock wave, with use of simulation results.

Field profiles in an oblique shock wave observed in a particle simulation have
been shown in Fig. 2.4. As mentioned there, the quantities B,, E,, ¢, and plasma
density have similar profiles, while B,, E,, and E, are approximately proportional
to 0B, /0x near the shock front. The magnetic field B, is particularly strong near
the shock transition region, the width of which is ~ ¢/wy,.

The electron acceleration discussed here takes place in the main pulse, which
is in 69552/ (c/wy) <705 in Fig. 2.4. Some electrons are reflected near the end of
the main pulse region and then accelerated and trapped in the main pulse.

Figure 3.2 displays electron phase spaces (z, p.), (z, py), (z, p.), and (z, 7),

where p = m.vyv, and each point represents an electron in the phase space at the
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same instant as that of Fig. 2.4 [2]. There are many ultrarelativistic electrons with
~ 2 100 in the main pulse region. The highest energy electrons are found near the
position of the strongest magnetic field, x = z,,, at which the electric potential ¢

also peaks.
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=}

[S—
S
=}
T
1

=
W
<

400 Opet 800

==

Figure 3.3: Time variations of positions (z — vg,t) and y and energy v of an ac-
celerated electron. After entering the shock wave from the upstream region, this
particle is reflected near the end of the main pulse region at time ¢t = t,1, acceler-
ated to v ~ 100 in the main pulse, and reflected again at ¢t = t,5. This particle is
trapped by the shock wave and oscillates in the main pulse region.

Plotted in Fig. 3.3 are the time variations of the positions (z — vg,t) and y
and energy v of an accelerated electron. The top panel indicates that this particle
coming from the upstream region begins to move with the shock wave after the
reflection at ¢ = ¢,; near the end of the main pulse region. After moving forward
for a short period, it returns to the end part of the main pulse and suffer the second
reflection there at t = ¢,5. That is, this particle is trapped by the shock wave in
the main pulse region. The oscillation periods of y and v, wy,t ~ 400, are the same
as that of (x — vgyt). Simulations show that this oscillation period becomes longer
as the particle energy rises. In addition to this long-period oscillation, we observe
a short-period oscillation due to relativistic gyromotion, with a period wp.t ~ 30

around the time of the highest energy of this particle, w,.t ~ 780.
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Figure 3.4: Trajectories of an accelerated electron (thick line) and a test electron
(thin line) in the (z,y) plane. Although these two particles have the same initial
positions and velocities, reflection does not occur in the test electron calculated
without parallel electric field.

The parallel electric field, E| = (E - B)B/B?, plays an essential role in this
mechanism. The thick line in Fig. 3.4 represents the trajectory of an accelerated
electron by a shock wave with 6 = 60°: This is a result of another simulation with
m;/m. = 400 and ¢/(wpeAg) = 10 [14]. After reflected near the end of the main
pulse, this particle oscillates, as the one in Fig. 3.3. Its energy becomes the highest
near the maxima of y; around which, therefore, its gyromotion is appreciable. On
the other hand, the thin line shows the trajectory of a test particle, which does not
affect either other particles or fields. The test particle orbit has been obtained from
the relativistic equation of motion with perpendicular electric field, E, = E — E\:

dp vx B
= _ el E i
7 6( 1L+ c >, (3.8)

where we use the electric and magnetic fields in the particle simulation. The test
particle passes through the shock wave without suffering acceleration. Although the

initial positions and velocities of the two particles are the same, neither reflection
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nor acceleration occurs in the test particle calculated with no parallel electric field.

3.2 Theoretical analysis

3.2.1 Mechanism of electron acceleration

Figure 3.5: Schematic representation of guiding-center motions projected on the
(x, y) plane. Here, ¢ and B, take their maximum values at x = x,,,. Many of the
electrons flowing from the upstream region pass through the shock wave (dotted
line), while some are reflected near the end of the main pulse region (solid line:
D—E). When electrons move from points A to D, their kinetic energies do not
change much, whereas the electrons reflected at point D have great energies at
point E.

We now consider the physical mechanism of the electron acceleration in the
wave frame. Detailed calculations to derive the highest energy of these electrons,

Eq. (3.24), are given in Appendix D.
Trajectories of passing and reflected electrons

Figure 3.5 shows schematic orbits of electron guiding centers projected on the (x, y)
plane in the wave frame, where the line x = x,, represents the ridge of B, and ¢,
point A is a guiding-center position in the far upstream region, point B is the edge

of the shock wave (the position at which B, and ¢ begin to rise), points C and E

88



are the positions at x = x,,, and point D is the end of the main pulse region. In

the upstream region (path A—B), the plasma moves with the velocity
vy = —vsh = cEy/B.,y (< 0). (3.9)

After entering the shock wave, electrons drift in the negative y direction (B—C)
owing to the rising electric potential (the E, x B, drift is in the negative y direc-
tion). After passing the potential peak, the guiding centers move in the positive y
direction (C—D) because the sign of F, becomes negative. Whereas many of the
electrons continue to move to the downstream region (dotted line), some electrons
are reflected near the end of the main pulse and then trapped by the shock wave

(D—E); they oscillate around the line x = z,,.

Energy gain from potential ¢ and constant electric field E,

Electron kinetic energies do not change much as they drift along the trajectory
A—D; after passing the main pulse region, their energies remain low. The electrons
that are reflected at point D, however, have great energies at point E.

From the relativistic equation of motion for an electron in the wave frame,

) — (E 4+ iB> , (3.10)

one obtains a differential equation for particle energy,

d
E(mec%) = —e(E,v, + eEyvy), (3.11)

which can be integrated to give

mec* (v —Y) = e(¢ — o) — eEyo/vydt, (3.12)

where the subscript 0 refers to the quantities in the far upstream region. As
electrons drift from points A to C, they gain energy from the electric potential

¢ by an amount

AE, = ep(xc) —ep(xa) (> 0), (3.13)
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where ¢ denotes the x position at point C. As stated in Chap. 2, e¢ is of the order
of 2m;v3 (M — 1); hence, AE; can be much greater the electron rest mass energy
mec®. At the same time, however, they lose energy owing to the constant electric
field Ey (< 0),

AEy = —eEp(yc —ya) (<0). (3.14)

The net energy change along the path A—C is thus
AE = AE, + AFE,. (3.15)

Although the magnitudes of AE; and AE, are both great, they almost cancel [15],
AFE ~ 0. This is also the case with the trajectory C—D. The energies of passing
electrons thus remain low.

If, however, electrons are reflected at point D and move to point E, then they

would absorb energy from both ¢ and E,g. The energy gain from £ is
AE3; = —eEy(ye —yp) (> 0), (3.16)

and that from the potential, ep(xg) — ep(xp), is nearly equal to AFE;. Because
AFE; and AFEj3 are both positive, the increment of kinetic energy at point E

AFE = AF, + AE;3, (3.17)
is quite large.

Small relative velocity between reflected electrons and shock wave

There is another important effect that enhances the energization of reflected elec-
trons: It takes long periods of time for reflected electrons to reach point E from
point D, so that the distance yg — yp = f§ v,dt becomes quite long.

This can be seen as follows. With use of the drift velocity vy and the velocity
component parallel to the magnetic field, v|, one may write the guiding-center
velocity as

v, ~ vy + v B/B. (3.18)
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In a shock wave, the drift velocity is approximately given by the E x B drift,
vy~ cE x B/B?, (3.19)

unless the gyration speed is extremely high. The z, y, and z components of the

guiding-center velocity can therefore be written as

o CEyOBz Boc(]

Vge = B2 Y| B’ (32())
ck, B, B
Yoy =~ 2 + Ullgyy (3.21)
E.B, — E, 0B B,
Vg = c—— B2 ==+ VI (3.22)

The first term on the right-hand side of Eq. (3.20) is always negative because
E,o < 0, while the second term can be positive. Even though many of the incident
particles have negative v in the upstream region, reflection makes v positive. The
sign of vy, is then reversed, and reflected electrons move from points D to E. The

values of vy, of these particles would be quite small if

CE%‘;BZ + cBé”“ ~ 0, (3.23)
where the left-hand side is equivalent to the right-hand side of Eq. (3.20) if v ~ c.
Under these circumstances, it takes long periods of time for reflected particles to
move from points D to E, during which they absorb a great amount of energy from
E,. Indeed, in the time between ¢,; and t,o in the top panel of Fig. 3.3, the time
period in which (z — vg,t) rises is much longer than the period in which (z — vg,t)
goes down immediately before t.5: The former corresponds to the path D—E—B
in Fig. 3.5, while the latter to B—+C—D.

By integrating the term —eE,q [ v,dt along the orbit from points B to E in
Eq. (3.12), one finds the energy increment as

ePR

1= (van/€)(Bzo/Bao)’

in terms of the quantities in the wave frame [2] (for the details, see Appendix D).

mec(y — y0) = (3.24)

Since the magnitude of the potential is e¢p ~ 2m;v3 (M — 1), the Lorentz factor
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Figure 3.6: Highest electron energy versus shock propagation speed vg,. The
strength of the external magnetic field and the propagation angle are |Q.|/wpe = 3
and 6 = 45° in the left panel and are [§2.|/wy,e = 1 and § = 66° in the right panel.
The relation vy, ~ ccos 6 holds at vy, /c = 0.71 in the left panel and at vg, /c = 0.41
in the right panel, around which + is high in both theory (solid lines) and simulation
(dots) results.

can be quite large and increases with the magnetic-field strength. Furthermore,
Eq. (3.24) indicates that v is particularly large if its denominator is close to zero,
(vsn/¢)(Bzo/Bzo) ~ 1, which, with the aid of Egs. (2.58) and (2.61), can be put
into the following form:

Ugh ~ ccOs 0, (3.25)

where 6 is the angle in the laboratory frame. It is interesting to note that ccos@
is the relativistic (v ~ c) particle velocity (v,) averaged over a gyroperiod in an
external magnetic field.

Because the Alfvén speed and thus the shock speed vy, decrease with increasing
ion mass, the angle 0 that satisfies Eq. (3.25) becomes closer to 90° as m; goes up.
In low beta plasmas, where the shock speed is approximately given by vy, = Muva,
Eq. (3.25) can be rewritten as

12 q
M (%> ] cos 6. (3.26)

m; Wpe

Hence, the angle is § = 45° for the parameters M = 10, m;/m. = 100, and
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Q2| /wpe = 1, while for the real mass ratio m;/m. = 1836, 6 is 77°.

Figure 3.6 shows the highest energy of electrons as a function of the shock
propagation speed vy, for the cases with [Q.|/w,e = 3 and 0 = 45° (left panel)
and with |Q.|/wpe = 1 and 6 = 66° (right panel). In both panels, the simulation
results (dots) are consistent with the theoretical values (lines). The Lorentz factor
becomes particularly large near the shock speed given by Eq. (3.25). Furthermore,
as predicted by the theory, the stronger the magnetic field is, the higher the electron
energy is.

Since the length along the field line from the end of the main pulse to the
location of x = x,, is ~ (¢/wpi)(B./Buo), the acceleration time is estimated to
be ~ N(1/wy;)(B./Ba), where N is a numerical factor much greater than unity.
If this ultrarelativistic acceleration takes place in large-amplitude magnetosonic
waves created by a solar flare, electron 7’s would reach 100 in time periods much

shorter than one second, even if N is as great as 10 or 100.

3.2.2 Reflection and parallel pseudo potential

We have seen that reflected electrons gain a great amount of energy. This sec-
tion describes the mechanism of electron reflection. Since the shock wave has a
positive electric potential, it is understandable that positively charged ions can be
reflected from the shock front, which will be discussed in Chap. 4. On the other
hand, electrons coming from the upstream region usually tend to be pulled into the
shock wave. The electron reflection takes place in the end part of the main pulse
when the parallel pseudo potential F' becomes small there; nonstationarity of wave

propagation is related to this phenomenon.

Nonrelativistic description

First, we make a nonrelativistic analysis for physical processes involved in the

reflection [3]. In the drift approximation,

B ExB
v=ug +c 5 + 0, (3.27)
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where v is the gyration velocity, we have

E-B

E-v=
Y=g

v+ E . (3.28)

The treatment here can be either in the wave frame or in the laboratory frame.
In association with gyromotion, the kinetic energy m.©?/2 can vary with time
owing to the rotational electric field [16]:

(B %) = 5 (B), (3.20)

where the brackets denote the time average over the gyroperiod and puy, is the

magnetic moment,
~2

M
= —. 3.30
o = 5 (3.30)
Equation (3.28) thus gives a time-averaged energy equation as
d (1 E-B
p <§m602 — me) =—e—p 1. (3.31)
We may write the kinetic energy as
mev? /2 = me(vﬁ +03)/2 + p B. (3.32)

Since mv? is usually smaller than mevﬁ, the quantity in the parentheses on the
left-hand side of Eq. (3.31) is approximately the kinetic energy of the parallel
velocity,

mev® /2 — pm B ~ meui /2. (3.33)

Integration of Eq. (3.31) from time ¢, to time ¢; yields the increment of the energy
(mev?/2 — iy B) as

(Gt = imBte)) = (Jmtto? = Bt ) = = [ Byt
(3.34)
where B(t) is the magnetic-field strength at the position of the particle.
Eliminating © in Eq. (3.27) through time averaging, we obtain the z component

of the guiding-center velocity,

dIIZ'_BIO
dt B

V|| + Vdg- (335)
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In the wave frame, this equation is identical to Eq. (3.20).

Substituting v given by Eq. (3.35) in Eq. (3.31), and using the relations

OF (z,1) E(z,t) - B(x,t)

= — 3.36
ox on ’ ( )
dF(z,t) OF(x,t) dxdF(z,t)
& ot dt oz (3:37)
one finds that
d€|| oF oF
o= o ot (3.38)
where the quantity
g| = mev*/2 — B — €F, (3.39)

is approximately the sum of the parallel kinetic energy (mevﬁ /2) and the parallel
pseudo potential (—eF).

It is noted that in the time integration of Eq. (3.38) along the path B—C—D
in Fig. 3.5 in the wave frame, the contribution of the right-hand side is negligibly
small, because its time period is short: Electrons drift from points B to D before F
significantly changes. (We also note that vq, and 0F/0x are roughly even and odd,
respectively, around the line x = x,,.) On the other hand, in the integration along
the long-time path D—E—B, the effect of the change in F' should be included.

Thus, integrating Eq. (3.38) along the path A—D in the wave frame, we ob-
tain an equation that resembles the energy conservation form of a particle in a
“potential” F':

mevﬁ/2 — el ~ mevﬁo/Q — ey, (3.40)

where the terms on the right-hand side are the quantities in the far upstream
region. Electrons would move to the downstream region if eF' + mevﬁo /2—ely >0
when they arrive at point D, end of the main pulse. If, however, F' happens to be
particularly small, e F' + mevﬁo /2 —eFy < 0, when they arrive there, they would be
reflected, taking the path D—+E—B. Because the wave propagation is not perfectly

stationary, this can occur.
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Relativistic description

Next, we consider relativistic motions in a stationary wave in the wave frame [1], for
which we have the energy equation: the differential form (3.11) and the integrated
form (3.12). Substituting v, obtained from the z component of the relativistic

equation of motion,

c dp, B,
__C -, Dy 3.41
T By dt "B (3:41)
in Eq. (3.11), one finds that
d 9 E-B\ dx cEydp,
= (mec?y) = — = . 3.42
g M) e(Bzo)dt B.o dt (342)
Then, introducing the quantity
E
€ =me?y —eF + C—yopz, (3.43)

BzO
and using Eqgs. (3.36) and (3.37) with 0/0t = 0, one can put Eq. (3.42) into the

following form:
& _
dt

The quantity ¢ is constant along the particle orbit. Because of the presence of the

0. (3.44)

third term on the right-hand side of Eq. (3.43), the particle energy m.c*y is not
limited by the magnitude of eF: v and p, can both rise.
Integrating Eq. (3.44) yields

MeCck,
meCQ(’Y - ’YO) = e(F - Fo) - v (’YUZ - ”Yo%o)» (3-45>
x0
which, with use of the quantity defined as
BzO Ush Uz
h=m.?(1— 3.46
- ( G ) | (3.46)
can be written as
v = [e(F = Fy) + hovol/h. (3.47)

Equation (3.46) indicates that h is positive unless B,/ B,o is much greater than

unity:
BzO 62

B:EO Ush Uz

(3.48)
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Figure 3.7: Profiles of £, F', and ¢ in a shock wave at two different times in a
simulation. Here, F' = eF/(m.c?) and ¢ = ep/(m.c?). Near the end of the main
pulse region, F' and ¢ become small; in particular, F' has a negative dip in the right
panel.

If h > 0, then Eq. (3.47) suggests again that electrons cannot penetrate regions

where F'is small, eF’ < eFy — hy7yy. Furthermore, it shows that v becomes partic-

ularly large if A ~ 0; it can occur in the situation that
Vs ~ * By /v, Bao. (3.49)

Under the circumstances such that B,/B ~ 1 and v| ~ ¢ (and thus v, ~ ¢B./B),
Eq. (3.49) becomes identical to Eq. (3.23).

One may write the nonrelativistic form of Eq. (3.44) as

d (1 E
pr (imeUQ —eF + me%xyoovz) =0. (3.50)

Appendix E proves that Eq. (3.50) is identical to Eq. (3.38) for the stationary case,
OF /ot =0 [3].

Nonstationarity and deep trapping

Figure 3.7 shows Ej (upper panels) and F' and ¢ (lower panels) in a shock

wave at two different times observed in a simulation [1]. In the main pulse region
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53052/ (c/wpe) <550 in the left panels|, F' and ¢ are large, and £ is positive in
the front part of ' (shock transition region) and negative in the region of the back
slope of F. Near the end of the main pulse region, F' is small and sometimes
becomes negative, when electron reflection can occur there. In this example, at
wpet = 680 (right panels) F' has a negative dip around /(c/wp.) = 550 and Ej| has
large negative values.

The reflected electrons are then deeply trapped in the main pulse region with
large F. After the reflection they move forward to the front part of the shock
wave, where they are reflected backward again. Even if the values of F' have been
restored to the normal (time-averaged) ones by the time they return to the end of
the main pulse, they are reflected forward again.

In fact, simulations show that the relativistic energy level (3.43) of a particle
in the wave frame slightly decreases after the reflection [3]. This indicates that the
energy level e of the particle falls by a small amount in the “potential well” given

by the time-averaged F'; thus, the trapping becomes stronger.

-
[ i

Figure 3.8: Model profiles of F'. The upper figure shows the time-averaged profile,
while the lower one shows the profile with a negative dip near the end of the main
pulse. Electrons can be reflected near x = z,, after which F will quickly recover
there from negative to positive values as in the upper figure.

The slight decline in the energy level € can be interpreted as follows [3]. As

mentioned earlier, it takes a long time for a reflected electron to move along the
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path D—E—B in Fig. 3.5. During this drift, F' can significantly change, which can
affect the particle motion. Let (F'(x)) be the stationary (time-averaged) profile
of F' in the wave frame and F; be the perturbation near the end of the main
pulse (z = x, in Fig. 3.8). In the case F; = 0, the reflection does not occur. If
F = (F(z))+ F} is sufficiently small at some time, then some electrons are reflected
there. If F' recovers after this, i.e., if F; /0t > 0, the parallel kinetic energy mevﬁ /2
would decrease in time, which we see by integrating Eq. (3.38) along the particle
orbit over time [since Eq. (3.43) is for a stationary wave, we use Eq. (3.38) even
though it is nonrelativistic|: Provided that an electron is reflected at t = ¢, and F}

vanishes at time ¢ (> t,), then from Eq. (3.38), one obtains

1 tOF
“mev?(t) — pmB(t) — e(F) = —e [ ZLdt, (3.51)
2 . Ot
where we have used the relation
1
§m€v2(tr) — pmB(t,) — e(F(t,)) ~ 0, (3.52)

and have ignored the second term on the right-hand side of Eq. (3.38), assuming
that the time scale of the perturbations of F'is much shorter than the ion gyroperiod
with their scale length of the order of the shock width (~ ¢/w,;). Equation (3.51)
indicates that the energy level of ¢ slightly falls in the well of the pseudo potential
(F), resulting in deeper trapping. [Furthermore, the reflection of electrons with a
negative charge would act to make the values of F' near the reflection point larger
(make OF} /0t positive).]

It is noted, however, that the present discussion should be valid in the case that
vsn S ccos . If the shock speed is so fast that vy, > ccos @, then particles will not
be able to move with the shock wave for long periods of time; they will eventually
go to the downstream region.

The number of trapped, high-energy electrons continually grows in the main
pulse region unless vy, > ccosf. It is because electrons are newly trapped at times
when a dip of F'is created, and those electrons are hardly detrapped. Shock fronts
can therefore be source regions of radio waves due to synchrotron radiation and of

x and v rays due to bremsstrahlung and inverse Compton scattering.
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Chapter 4

Ion acceleration

The electric potential and magnetic-field strength sharply rise in the shock tran-
sition region. This leads to ion reflection from the shock front; because of the
magnetic field in the upstream region, however, most of the reflected ions return to
the shock front and finally move to the downstream region. This process has been
discussed by many authors [1]- [14].

Morawetz showed in 1961 that ion reflection can create a steady-state shock
structure even in a collisionless plasma [1,2]. In 1970’s and 80’s, particle simulations
demonstrated ion reflection due to a shock wave and resulting plasma heating
[3]- [9]. Furthermore, it was pointed out that reflected ions can reach relativistic
energies if the magnetic field is rather strong such that [Q.| 2 wpe [8,10]. This
result was applied [13,14] to the ion acceleration in solar flares [15,16], in which
the highest ion energy, 1~10 GeV, is weakly relativistic, 7<10.

Sagdeev and Shapiro analyzed in 1973 the ion orbit moving across the magnetic
field along the wave front in a perpendicular shock wave and showed that these
ions gain great energies [17]- [20]. These particles suffer multiple reflections in the
shock transition region and eventually pass through the shock front to the down-
stream region. Extending their work, Katsouleas and Dawson calculated in 1983
particle orbits in a perpendicular, electrostatic, monochromatic wave and argued
that particles could continue to move along the wave front and undergo unlimited
acceleration if the wave electric field is stronger than the external magnetic field,

E/B > 1. They proposed an accelerator based on this model [21]. The particle
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acceleration due to multiple reflections has attracted a great deal of attention and
is now called the surfatron.

Multiple reflections can take place in the case that the particle speed v is close
to the shock speed vy, while if v is much lower than vy, particles can be reflected
only once [8]. In a low beta plasma, in which the ion thermal speed is lower than
the Alfvén speed and thus much lower than vy, multiple reflections will rarely
occur.

If nonthermal, energetic particles with v > vy, encounter a shock wave, they can
experience another distinct energization process [22]- [29]. Since such energetic ions
have gyroradii p much greater than the width of the shock transition region, they
can move back and forth between the shock and upstream regions in association
with their gyromotions. They absorb energy from the transverse electric field
when they are in the shock wave, with their perpendicular velocities v, going up,
while their energies are nearly constant when they are in the upstream region;
consequently, their kinetic energies increase stepwise [24]- [28].

In the oblique case, particles with v cos @ ~ vg, can move with the shock wave,
because the time-averaged particle velocity in the x direction, (v,), is nearly equal
to v cos 0. Its interaction time is, however, limited. Because of the steep profile of
the magnetic field in the transition region, v; that has grown in the shock wave is
converted to vy in each cycle of gyromotion. Since vy and thus (v,) rise, particles
can stay near the shock transition region for only a few gyroperiods. They escape
from the shock wave to the upstream region, and their energization ceases [25].

If, however, the shock speed is close to ccos®,
Ugh ~ ccos 0, (4.1)

then the particle speed (v,) = v) cos@ cannot easily exceed vg,: Particle velocity
v) is limited by the speed of light, whereas particle momentum p; can increase
indefinitely. Particles with v ~ ¢ can therefore move with the shock wave for long
periods of time, and they can be incessantly accelerated. By means of simulations

that combine particle simulations and test particle calculations, ion acceleration
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from v ~ O(1) to 7 ~ 160 has been demonstrated [27].
These three energization processes of ions are the subject of this chapter: one
reflection, multiple reflections (surfatron), and incessant acceleration of relativistic

particles.

4.1 Physical considerations and numerical calcu-
lations on one and multiple reflections

4.1.1 Conditions for reflection

Large electric potential forms in a shock wave; as shown in Eq. (2.39), its magnitude
is e¢ ~ 2m;vi(M — 1) in a perpendicular pulse in a low beta plasma. It was also
mentioned there that the potential is smaller than the kinetic energy of an ion with
the fluid speed in the wave frame, m;(Mwv,)?/2, and thus the ions with the average
velocity (fluid velocity) are not reflected by the potential.

Reflection can occur, however, because each particle has a thermal, random
velocity v’ in addition to the average velocity, v = —vg,e, + v’, and therefore can

have a kinetic energy smaller than the potential. If the inequality
T~ va)? < €, (4.2)

holds when a particle enters the shock wave, then this particle would be reflected
from the shock front. (In the narrow shock transition region with its width ~ ¢/w,.
of a perpendicular shock wave, the electric force on the ions is stronger than the
magnetic force, and thus the condition for the reflection is determined primarily
by the electric force. Appendix F gives a more detailed discussion on the condition
for ion reflection including the effect of magnetic force.)

In the laboratory frame, ions with v, < v, < vg, at the time of encounter
with a shock wave will be reflected. Here, v =~ vg, — (2e¢9/m;)/? is the minimum
velocity for reflection, Eq. (F.27) in Appendix F. The velocity distribution function
f(v,) will be quite small at v, = vg, in a low beta plasma, while f(v,ef) increases

with ¢; large-amplitude pulses can reflect many ions.
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Immediately after the reflection, the x component of the particle velocity is
(vsp — v,) in the wave frame and is (2vg, — v’ in the laboratory frame. The kinetic
energy of a reflected ion increases with increasing relative velocity (v, — v.) at
the time of encounter. As Eq. (4.2) shows, however, if the relative velocity is too
large (i.e., v, < Vs in the laboratory frame), reflection does not occur. Ion ring
velocity distribution can thus be created in a low beta plasma [9]. On the other
hand, particles with v/, ~ vy, could experience multiple reflections; the energy gain
in each reflection is rather small though.

The multiple reflections would rarely occur in a low beta plasma. If the ion
thermal speed is much lower than the Alfvén speed, few particles would satisfy the
relation v/, ~ vg,. Since the relative speed is greater at the second collision with the
shock wave than at the first one, the second reflection is less likely than the first
one. The velocity range that allows multiple reflections is narrow: A quantitative

analysis for this is also given in Appendix F.

4.1.2 One reflection

Figure 4.1 displays the trajectories of an ion reflected by a pulse once [8]. This
is a result of numerical calculations for particle orbits in a given stationary, per-
pendicular solitary pulse, in which the maximum and equilibrium field strengths
have been taken to be B,,/By = 2.8 and |Q.|/w,. = 0.1, respectively. The upper
panel plotted in the wave frame indicates that the particle approaches the pulse in
a curtate-cycloid orbit (because its gyration speed is lower than the pulse speed)
from the far upstream region and is reflected by the pulse gaining a large amount
of energy, after which it exhibits a prolate-cycloid orbit with a large radius. When
reentering the pulse, it is not reflected, passing through the pulse to the down-
stream region. In the momentum space (lower panel), it moves in a circle with a
small radius when it is in the upstream region. When it is reflected, however, p,
rapidly goes up. The particle then makes a circular motion with a large radius.

Particles reflected by a shock wave with a speed vy, have speeds v ~ 2vg, in
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Figure 4.1: Orbits in the (z,y) and (p,, p,) planes of an ion reflected once. These
orbits are depicted in the wave frame. The magnitude of the initial momentum
is p/(m;c) = 1.0 x 107* in the laboratory system. This particle is reflected by a
solitary wave near x = 0 and gains a great amount of energy.
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the laboratory frame; calculations for particle reflection are given in Appendix F,
which is based on Refs. [8,9]. This is a significant energy multiplication if vy, is
much higher than the ion thermal velocity v;. Indeed, from the relation

1/2
2V _ g (ﬁ) 1) (4.3)

c m; Wpe

for a shock wave with vy, = Mwv,, one sees that particle energy becomes relativistic
with one reflection if m;/m. = 1836, M = 10, and |€2.|/wpe = 3. Equation (4.3) also
implies that shock waves (large-amplitude magnetosonic waves) create protons with
much higher energies in coronal magnetic tubes than in the interplanetary space

where the magnetic field is much weaker, [Q| < wpe.

4.1.3 Multiple reflections

x10%?
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y/(c/wpe)
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o | .
E o} 1
>
[ - n
-1+ .
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Figure 4.2: Orbits of an ion reflected several times. The initial momentum is
p/(m;c) = 2.5 x 1073 in the laboratory system.
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Figure 4.2 presents the orbits of a particle that has suffered multiple reflec-
tions. After the encounter with the pulse, this particle moves along the wave front
repeating small reflections, during which its p, grows. The initial speed of this
particle is much greater than that of the particle in Fig. 4.1, and therefore the
multiple reflections are possible.

This type of motion was studied in detail by Sagdeev and Shapiro in 1973
[17-20]. Here, however, following Katsouleas and Dawson [21], we analyze the
motion in a heuristic manner. We consider a monochromatic, electrostatic wave
E, = Eycosk(x — vg,t) propagating perpendicular to an external magnetic field

B = (0,0, B,g). The equation of motion for an ion then reads as

d(yv.) 4ivyBzo
i =qlb, + ———, 4.4
mi— G + = (4.4)
d(’YUy) inszO
; - _ . 4.5
mn dt c (4.5)

If, owing to the strong F,, the ion moves with the wave,
Up = Vg, (4.6)

then Eq. (4.5) gives
Qivsht

T (R AT

The velocity v, increases with time, with the particle speed v approaching c.

Uy:

Equation (4.6), however, will not hold for a long time because of the presence
of the magnetic field. If we suppose that the trapping ends when the magnetic
force surpasses the electric force in Eq. (4.4), then we obtain the upper limit of the
speed as v ~ cEy/B,y.

Katsouleas and Dawson [21] have suggested that if the electric field is so strong
that Ey > 7snB.o (this condition can be seen more easily if we write Eq. (4.4) in
the wave frame), then the assumption (4.6) does not break down; thus, unlimited
acceleration could occur. Developing this idea, they proposed a new plasma-based

accelerator.
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Nevertheless, as can be seen from Eq. (2.44), the wave theory indicates that
E, < B, in stationary, nonlinear, magnetosonic waves [30]. Consequently, the

unlimited surfatron acceleration will not be realized in magnetosonic waves.

4.1.4 Demonstration with particle simulations

3
2
1
o
—1

-2

-3
1024 1792 1024 1792
X X

Figure 4.3: Ion phase spaces (z,p,) and (z,p,) near a perpendicular shock wave.
Ions are rapidly accelerated to relativistic energies in the shock transition region.

Figure 4.3 is a result of a particle simulation, showing relativistic ion ac-
celeration caused by a perpendicular shock wave [14], where the equilibrium mag-
netic field strength is taken to be |.|/w,. = 3, and the observed shock speed is
ven = 2.7vs. Here, ions are rapidly accelerated to relativistic energies in the shock
transition region. [The vertical axis of the left panel is p./(m;c) = ~yv./c; the
particles with p,/(m;c) 2 1 are relativistic.] In this simulation, the Alfvén speed
v is 15 times as fast as the ion thermal velocity vr;; thus, the energization is due
to one reflection.

Figure 4.4 shows the differential energy spectra f(vy) of the ions at t = 0 and
at wpet = 480. The shock wave produces a large number of relativistic particles;
the energy spectrum at w,.t = 480 is well approximated by the power-law with a
spectral index s = 1.2: f = (y—1)"12. Furthermore, it has a sharp cutoff near the

highest energy v ~ 3. These features are consistent with the observations of solar
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Figure 4.4: Power spectra f(v) of ions at ¢ = 0 and at w,t = 480. The dashed
line represents a power-law form scaling as (y — 1)~!?, which fits fairly well to the
spectrum at wp.t = 480. The observed spectrum has a sharp cutoff near v = 3.

energetic particles reported in Refs. [15,16].

It is noted, however, shock waves can create various types of energy spectra. In
fact, as mentioned earlier, a shock wave can also generate a ring velocity distribu-
tion [9]. The energy spectra depend on several physical parameters, such as time,
wave amplitude, magnetic-field strength, propagation angle, and plasma tempera-
ture. Furthermore, if many large-amplitude magnetosonic pulses are generated in
a plasma owing to strong disturbances, the distribution of their amplitudes would

play an important role in determining the energy spectrum for high-energy ions.

4.2 Incessant acceleration of fast ions

We have seen the ion acceleration for the cases with v < vg, and with v ~ vg,. We

now proceed to consider fast ions with
U > Ugh. (4.8)

Their gyroradii are much greater than the width of the shock transition region,

which is ~ ¢/w,; in oblique shock waves,

p > c/wpy. (4.9)
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4.2.1 Energy absorption from a perpendicular shock wave
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Figure 4.5: Schematic representation of the orbit of a fast ion and the front of
a shock wave. When the particle is in the shock wave (shaded area), it absorbs
energy from the transverse electric field. When it is in the upstream region, its
energy is constant. This figure shows the case of a perpendicular shock wave. In
the case of oblique shock waves, B, is added to the external magnetic field, and
particles have gyro-averaged velocities (v,) ~ v cos @ in the x direction.

Figure 4.5 shows a schematic diagram of the interaction of a fast ion and a
perpendicular shock wave. This particle enters the shock wave at ¢t = t;;, and goes
out to the upstream region at t = t,,,. Such gyromotion is possible because of the
relations (4.8) and (4.9). Since the energy of the particle is high, it nearly follows
the unperturbed orbit. When in the shock wave, the particle gains energy from the
electric field F),, while the work done by F, is small: The field £, is strong only
in the transition region, and the work done by FE, when the particle goes in the
shock wave and that when it goes out almost cancel. Integrating the electric force
along the unperturbed gyro-orbit from time ¢;, to ¢y, one obtains the increment

of y as [24, 26]

2qp11 By . Qi (tous — tin)
by = y
v m?c2Qi1 Sl ( 2’)/ ’

where p;; is the magnitude of perpendicular momentum in the shock wave (the

(4.10)

subscript 1 refers to quantities in the shock wave). Equation (4.10), which is also
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applicable to oblique shock waves, is derived in Appendix G. Since the gryoradius
p is large, the contribution from the thin transition region has been ignored in
the above calculation, which is consistent with the treatment of E,; the profiles
of B,, E,, and ¢ are approximated with step functions near the shock front in
the theoretical model for the incessant acceleration in Sec. 4.2. The increment &~
increases with p;,, which is a reflection of the fact that the arc length of a particle
orbit in the shock wave becomes longer as the particle energy goes up.

This type of motion has been observed in particle simulations. After gyrations
of a few times [~ p§2;/(2mvg,)], fast ions eventually move to the downstream region,

and some of them undergo energy multiplication by a factor of two or three [24].

4.2.2 Energy absorption from an oblique shock wave

Figure 4.6: Interaction between a fast ion and an oblique shock wave. The shock
speed is vy, = 1.T4va with 6 = 45°. In the upper panel, the solid and dashed
lines, respectively, represent the time variations of the positions of the ion and
the wave front. The lower panel shows the time variation of v of the ion. This
particle enters the shock wave twice and eventually goes away from the front to
the upstream region. Its energy goes up when it is in the shock wave.

In a magnetic field forming an angle 6 with the x axis, the x component of the

gyro-averaged particle velocity is given by

(Vz) >~ v cos . (4.11)
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Particles can therefore move with an oblique shock wave propagating in the x
direction if

Vg, = ) cos 0. (4.12)

Figure 4.6 shows an example of the interaction between a fast ion and an oblique
shock wave [26], where the solid and dashed lines in the upper panel represent the x
positions of the particle and shock wave, respectively, while the lower panel displays
the time variation of . This particle barely enters the shock wave twice, and its

energy rises when it is in the shock wave; the rise in =y is due to the increase in the

perpendicular momentum p; caused by £,,.

t=tin

Figure 4.7: Schematic representation of magnetic field and momentum at ¢ = t;,
projected on the (z,z) plane. The subscripts 0 and 1 refer to quantities in the
upstream and shock wave regions, respectively. Although p is continuous, p, = py,
the perpendicular and parallel components change from (p, L,pon) to (py L,le).
Note that py| > po). The abrupt change in the momentum components also occurs
at t = toy.

Unlike the case of perpendicular shock waves, this particle finally outruns the
shock wave, although v| cos @ is initially smaller than vg,. This arises because part
of the perpendicular momentum p, is converted to the parallel momentum p; when
the particle crosses the shock transition region with a steep magnetic-field profile:
At this moment, the perpendicular and parallel components of p rapidly change
because of the change in the direction of B, whereas the total momentum p is
continuous. That is, p, = p; and p,, # p,,, where p, is the momentum when the

particle is in the upstream region and p, is the one in the shock wave (Fig. 4.7).
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If a fast ion enters a shock wave at time ¢t = t;, and goes out of it to the
upstream region at t = t,y, then the increase in the parallel momentum of this

particle is given by

op = [Po(tout) — Po(tin)] - Bo/Bo = [P11 (towr) — P11 (tin)] - Bo/Bo, (4.13)

where because of the above definition of py, py(tous) and py(tin) are the momenta
right after ¢ = ¢, and before t;,, respectively. The increment dp) is always positive
[25]- [28], as proved in Appendix G. Since the increase in pj is caused by the
magnetic-field structure, the particle energy is unchanged in this process; p, falls
when p) rises.

The parallel velocity v and thus (v,) grow in this process, so that the condition
(4.12) breaks down after a few cycles of gyromotion across the thin transition region.
The fast ion outruns the shock wave, and the acceleration process ceases. This is
a kind of particle reflection due to a shock wave, even though its mechanism is

different from that described in Sec. 4.1.

4.2.3 Relativistic incessant acceleration

Whereas p can increase indefinitely, v is limited by the speed of light c¢. Equa-
tion (4.11) therefore suggests that relativistic particles with v ~ ¢ cannot easily
outrun the shock wave if

Vgp, ™ € COSB. (4.14)

No matter how large p; becomes, (v,) (=~ v cosf) does not exceed ccosf. Some
particles will move with the shock wave for long periods of time and undergo energy
jumps many times.

Fast particles that barely enter the shock wave spend most of the time in the
upstream region in each cycle of their gyromotion. Their gyroperiods are therefore
approximately given by 277/, where Q; is the nonrelativistic ion gyrofrequency
in the upstream region and is related to the gyrofrequency €2;; in the shock wave

through Q;; = (B1/By)o. Thus, dividing Eq. (4.10) by 277v/;, we obtain a
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gyro-averaged differential equation for the time rate of change of v of a relativistic
particle accelerated many times by one shock wave as

d’}/ inlLEy . (Qzl (tout - tin) )

AN 4.15
dt  m™m;c*(By/By) S 2 (4.15)

For a stationary wave with a propagation speed vg,, the z component of Faraday’s
law gives the relation E, = (vgh/c)(B.1 — B.o). Equation (4.15) can then be written

as [27] ]
8 g Ush
252G
dt 7w c

where g is a numerical factor smaller than unity,

V11 BzO BQQ . Qil (tout - tin)
=—11- 1- =2 _— . 4.17
T ( le) ( 2B, ) ™" 2y (4.17)

Here, we have expanded the term (B2 + B2))~'/2 assuming that B.; > B,o. If

10> (416)

the time dependence of vy, and (ton — tin) is weak, roughly speaking, ~ linearly
increases with time as v ~ (g/m)(ven/c)Qiot + 70, where g is the initial value of ~.

With particle simulations containing fast ions, it was found that, under the
condition vg, ~ ccos 6, some fast particles continue to interact with the shock wave
until the end of the simulation run, with their v rising stepwise; the particle in
Fig. 9 in Ref. [26] exhibits nine energy jumps.

To observe the acceleration process from v ~ 1 to v > 1, we need a simulation
time much longer than the relativistic ion gyroperiod.

To numerically study long-time behavior of incessantly accelerated relativis-
tic ions, we have adopted a test particle method. We obtain the field data and
propagation speed of an oblique shock wave from a one-dimensional, fully kinetic,
relativistic, electromagnetic, particle simulation. Then, assuming that the shock
propagation is stationary, we follow test particle orbits based on the field data in
this shock wave. In so doing, we are supposing that the abundance of nonthermal,
relativistic particles is much smaller than that of bulk particles; thus, the effect of
fast particles on wave evolution should be negligibly small.

The plasma parameters in the test particle calculations are taken to be the

same as those in the corresponding particle simulation [27]. The ion-to-electron
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Figure 4.8: Field profiles obtained from a particle simulation. These fields have
been used for test particle calculations.

mass ratio is my/m. = 50 (since the particle simulation contained He ions with
mye/my = 4 and nye/ny = 0.1, rather a small value of my/m,. = 50 was chosen);
the electron skin depth is ¢/(wpeAg) = 4; and the frequency ratio |Qeo|/wpe is
1.5 in the upstream region. For these parameters, the Alfvén speed is vy/c =
0.20. The propagation angle is taken to be § = 61°. The numerical integration
of the relativistic equation of motion of test particles was performed with Adams-
Bashforth-Moulton method [31].

Figure 4.8 shows the field profiles of a shock wave with a propagation speed
ven = 2.4va, which is close to ccos61°. These fields obtained from a particle
simulation were used for test particle calculations.

Plotted in Fig. 4.9 is the time variation of v of an accelerated test particle. An
expanded view of the early stage is also presented in the small panel. The Lorentz
factor «y increases stepwise 42 times from v = 4.2 to v ~ 160. At Qgot = 1.1 x 10%,
where (pg is the nonrelativistic hydrogen gyrofrequency in the upstream region, the

particle escaped from the shock wave to the upstream region. The time intervals
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Figure 4.9: Time variation of v of a relativistic ion incessantly accelerated by
a shock wave. The fields shown in Fig. 4.8 have been used in the test particle
calculation. The energy of this particle rises stepwise from v ~ 4 to v ~ 160. This
particle finally outruns the shock wave owing to the increase in pj.

and the magnitudes of energy jumps both grow with time, because the gyroperiod
and gyroradius become longer as 7y goes up. The gyro-averaged = rises almost
linearly with time, as suggested by Eq. (4.16).

The top panel of Fig. 4.10 presents the time variation of the x position of
this particle relative to the shock front, X = (z — vgt)/(c/wye). Here, X = 0 is
the position of the shock front; hence, X is negative when the particle is in the
shock wave. Although X > 0 for most of the time, the minima of X are negative
until Qiet = 1.1 x 10*, indicating that the particle has interacted with the wave
for a very long time. After this time, the particle goes away ahead of the shock
wave. As shown in the second to fourth panels, the parallel momentum p grows
steadily and v approaches the speed of light ¢, while p; and v, rapidly change
exhibiting fish-bone profiles. The rise in p; and v, is caused by the transverse
electric field in the shock wave, and their fall is due to the conversion to the
parallel component. The velocity v, oscillates around the shock speed vg,, which

is indicated by the dashed line. With use of the observed average values of vy, /¢
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Figure 4.10: Time variations of the position, momentum, and velocity of an inces-
santly accelerated ion. Here, X = z — vg,t, with X = 0 being the position of the
shock front. The particle is in the upstream region (X > 0) most of the time. The
parallel momentum p; goes up stepwise, while p, exhibits a fish-bone oscillation.
The parallel velocity v approaches the speed of light ¢, and v, oscillates around
Vsh -
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(= 0.2 ~ 0.3), B,y/B.1 (= 0.3 ~ 0.5), and sin[Q;; (tout — tin)]/(27)] (~ 0.7), we
find from Eq. (4.17) that g = 0.07 ~ 0.13, which gives an estimate for the energy
increase rate as Qg)ld’y/dt = 0.01 ~ 0.02, while the gyro-averaged slope of v in
Fig. 4.9 for 1.4 x 10° < Qgot < 1.1 x 10* is observed to be ;;'dy/dt = 0.014. The
simulation results are consistent with the theoretical predictions.

Highly relativistic positrons and electrons, as well as ions, can have gyroradii
greater than the width of the shock transition region and therefore satisfy the
conditions for the incessant acceleration, Eqs. (4.8) and (4.9). They can thus also
suffer this energization process, after becoming relativistic with some mechanisms.

Such an example will be shown in Chap. 6.
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Chapter 5

Heavy-ion acceleration

The elemental compositions of solar energetic heavy ions are on average similar
to that of the solar corona [1,2]: The ratio of the number density of high-energy
heavy ions, n;(h), to that of the background heavy ions, n;(0), is independent of

particle species 7,
n;(h)
n;(0)

This is also the case with galactic cosmic rays.

~ const. (5.1)

The motivation of the work in the present chapter stems from this fact, which
places a stringent constraint on the theory of cosmic-ray acceleration. If the ac-
celeration model were based on Landau resonance [3], for instance, it would be
excluded out because of this fact. The number of resonance particles, n;,, whose
velocities are near the wave phase velocity w/k approximately scales as

" exp (_M) , (5.2)

0 2T

where 7' is the plasma temperature. In a multi-ion-species plasma, this ratio ex-
ponentially decreases with increasing m;, which contradicts Eq. (5.1). The accel-
eration model based on the reflection caused by the electric potential would also
be excluded out: The number of reflected ions is given by an equation similar to
Eq. (5.2) [4], which can be seen from the expression for the minimum velocity for
reflection, vy = vy, — (2e¢9/m;;)'/2, discussed in Sec. 4.1.1. The value of the velocity
distribution function at this speed, f;(vef), will decrease rapidly with increasing

ion mass m;. In fact, one can confirm with particle simulations that few thermal
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heavy ions are reflected by a shock wave in a multi-ion-species plasma with protons
being the major ion component.

Simulations for a multi-ion-species plasma show, however, that there is a mech-
anism that energizes heavy ions in such a way that their compositions are consistent
with Eq. (5.1) [5]. Furthermore, the energization of heavy ions takes place even
in a small-amplitude, soliton-like pulse; thus, unlike the solitary pulses in a single-
ion-species plasma [6], it is damped even in the propagation perpendicular to a
magnetic field [7,8]. (Periodic perpendicular waves are undamped in both single-
and two-ion-species plasmas [7-10].) The presence of multiple ion species tends to
enhance the dissipation of wave energy, which has also been studied for Bernstein
waves in a thermal equilibrium state [11,12].

In this chapter, we first show a simulation of heavy-ion acceleration caused by a
shock wave in a multi-ion-species plasma. Next, we present the theory of heavy-ion
acceleration due to a shock wave and that due to a small-amplitude pulse. We then
theoretically and numerically study the damping of small-amplitude pulses arising

from the heavy-ion acceleration.

5.1 Simulation of heavy-ion acceleration

Simulations have revealed simple and remarkable properties of heavy-ion acceler-
ation: A shock wave accelerates all the heavy ions that pass through the shock
front, and these particles reach nearly the same speed [5]. The heavy-ion speeds
and density ratios n;(h)/n;(0) thus become independent of particle species.

To show this, we use a particle simulation code containing four ion species,
in which, as in space plasmas, protons (H) are the major constituent, and He
is 10 percent of H in number. The other two ion species are O and Fe with
smaller abundances: Their mass densities are nomo/(ngmy) = 4 x 1073 and
nremre/ (namy) = 2 X 1073, Assuming the plasma temperature to be of the order
of the temperature of the solar corona, T ~ 2 x 10% K, we take the gyrofrequencies

to be Que/Qu = 1/2, Qo /0y = 7/16, and Qp./Qu = 1/4. In short, the abundances
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Figure 5.1: Snapshots of field profiles of a shock wave and phase spaces (z,v,) of
protons and heavy ions. Some protons (H) are reflected near the shock front and
gain energies. All the heavy ions entering the shock wave are accelerated by the
transverse electric field and reach nearly the same speed.
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of heavy ions are small, and their gyrofrequencies are equal to or lower than /2.

Figure 5.1 displays snapshots of the field profiles and phase spaces (z, v,) of
the four ion species in a perpendicular shock wave with vg, = 2.0v, (= 2.1va) [5].
This wave is the high-frequency mode: As described in Sec. 2.3, the magnetosonic
wave is split into several modes in a multi-ion-species plasma, and large-amplitude
pulses evolve into high-frequency-mode pulses or shock waves.

The orbits of all the ion species are strongly distorted near the shock transition
region [x/(c/wpe) =~ 840]. Some protons are reflected there and gain energies, with
the mechanism discussed in Chap. 4. The heavy ions, on the other hand, exhibit
distinct behavior. All of them are accelerated in the shock wave with similar
trajectories, and their resultant speeds are nearly the same. These properties of
heavy-ion acceleration have also been confirmed for an oblique shock wave with

0 = 50° [5).

5.2 Theory of heavy-ion acceleration
5.2.1 Acceleration due to a shock wave

This section discusses the physical mechanism and obtains the maximum speed of
accelerated heavy ions in a heuristic way.

In the wave frame, each particle species flows in the negative x direction with
velocity vj,. The y component of the equation of motion in a perpendicular shock

wave reads as

mj% =qj (EyO — Ujchz) ; (5.3)
which can be viewed as either a fluid equation for particle species j or an equation
for a particle j with no thermal motion; in the former, d/dt stands for 9/0t+wv;-V.

In the upstream region, the relatin vj, = —vq, holds, and vy, is related to Eyq
as Eyy = —vsnB,o/c; hence, the right-hand side of Eq. (5.3) is zero.
In the shock wave, however, the magnetic field B, becomes much stronger. Let

us see how each particle species reacts to this change.
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For the electrons, the right-hand side of Eq. (5.3) remains to be nearly zero,
Eyo—v;B,/c~0, (5.4)

because the drift approximation is sufficiently accurate for them. Furthermore, H
ions that are the major and lightest ion component move with the velocity vy,
nearly equal to v, to keep charge neutrality. Consequently, although the hydrogen
motion is not described by the drift approximation, the H ions also satisfy Eq. (5.4);
the term mpuduvy,/dt is kept small.

Heavy ions with large inertia, on the other hand, cannot be quickly decelerated
when they enter the shock wave; thus, they penetrate deep into it keeping the speed
Vjz = —Ug,. Substituting Eq. (2.58) in Eq. (5.3) yields

dvjy ¢;Vsh
—= ~ =2 (B, — B,). 5.5
;= B g, ) (55)

Since B, in the shock wave is much greater than B,g, the right-hand side of Eq. (5.5)
has large values, leading to the rapid increase in v;,, of heavy ions.
Denoting the acceleration time by At, we can estimate the maximum value of

Vjy as

: <Bz - BzO>At7 (56>

m;c
where (B, — B,g) is the average Valuej of (B, — B,p) that the particle feels during
At. The approximation v;, >~ —vg, used here will break down in a time ~ 1/€);,
in which vj, is substantially converted to v;,. Taking the acceleration time to be
At ~mjc/(q;(B.)) ~ mjc/[q;(Bam + Buo) /2], where B,,, is the maximum value of
B,, and using the relation vg, = Mwvy, we find the maximum vj, as

Bzm - BzO
Vjym ™~ M’UhB—_%.

All the quantities on the right-hand side are determined by the wave properties;

(5.7)

hence, vj, is independent of particle species j. That is, all the heavy ions are
accelerated, and their final speeds are nearly the same.

Reference [5] discusses the mechanism seen in the laboratory frame, in which
heavy ions absorb energy from the transverse electric field formed in the shock

wave. Their final speeds are also given by Eq. (5.7).
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If large-amplitude magnetosonic waves (shock waves) are generated in solar
flares, they will accelerate all the heavy ions that pass through the wave front with
the present mechanism. As a result, if one observes these high-energy heavy ions
that have flown to the earth, their elemental compositions would be similar to that
of the solar corona. Since the magnetic fields are strong in coronal magnetic tubes,

their energies can be quite high.

5.2.2 Acceleration due to a small-amplitude pulse

The analysis in the previous section shows that the heavy ions of the same particle
species follow nearly the same orbit. This indicates that the acceleration of heavy
ions can be described with a multi-fluid model, in which each particle species is

treated as one fluid.
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Figure 5.2: Maximum speed of accelerated heavy ions in a H-He plasma as a
function of the wave amplitude. Here, He is the heavy ion “b.” The upper and
lower lines, respectively, show the theoretical prediction for the acceleration due to
shock waves, Eq. (5.7), and that due to small-amplitude solitary pulses, Eq. (5.9).
The closed circles and triangles present simulation results, which are consistent with
the shock theory (5.7) in the large-amplitude region such that (B, — By)/By 2, 1
and consistent with the soliton theory (5.9) in the small amplitude region (B,, —
By)/By < 1.

Another important feature of this mechanism is that the heavy-ion accelera-

tion takes place even in small-amplitude pulses. This is in contrast to the proton
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acceleration due to reflection, which virtually disappears as the amplitude of the
magnetosonic pulse decreases. Since we know the field profiles of a small-amplitude

pulse, we can calculate the speed of a heavy ion after the passage of the pulse:

vy = T‘;’l_ﬂ/ (Ey _ U - ) dt. (5.8)
yi —00

For a small-amplitude, perpendicular solitary pulse of the high-frequency mode in

a two-ion-species plasma with light ions “a” and heavy ions “b” (£, < €2,) with
wpb K Wpe, One obtains, with the help of Egs. (C.28) and (C.29) in Appendix C,
the speed of the “b” ions that have passed through the pulse as

Ubym = GuBY?, (5.9)

where B, is the normalized amplitude, B, = (B,,, — B.o)/B.o, and the coefficient
gup is defined as

2 Qw2 Q
V6 iy, (1— b)vh, (5.10)

GvB = mm Q_a
with 7 [~ (me/m;)'/?] given by Eq. (2.107) and a by Eq. (2.97); g,z depends on
the heavy-ion mass.

This has been quantitatively confirmed with particle simulations. In Fig. 5.2
[13], the heavy-ion speed is plotted as a function of the wave amplitude; the sim-
ulation results (closed circles and triangles) are close to the theoretical prediction
(5.7) for shock waves (the upper line) in the large-amplitude regime B, 2 1, while
they are close to the prediction (5.9) for solitary pulses (the lower line) in the
small-amplitude regime B, < 1.

The speed (5.9) due to a small-amplitude pulse is considerably lower than the
speed (5.7) due to a shock wave. The difference between them stems from the
fact that perturbed fields B, and E, remain strong in the large region behind the
shock front, while for a small-amplitude, soliton-like pulse with a short pulse width,
perturbed fields exist only inside it; heavy ions thus move to the downstream region
before they are sufficiently accelerated. With use of the assumption wp, < wpq, the

heavy-ion speed (5.9) can be approximated as

wape

v, BY2, (5.11)

Up ~
1 Qe|wpa
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5.3 Damping of small-amplitude pulses in a multi-
ion-species plasma

B J 19.2]
: J 14.4]

9.6

4.8]
| Qust -0
0200 400 600 800 1000
(x—vht)Yc/mpe)

Figure 5.3: Profiles of B, of a perpendicular solitary wave in a H-He plasma at
various times. The initial amplitude is B,(0) = 0.1. The solitary pulse propagates
almost steadily. However, it is gradually damped. Furthermore, a long-wavelength
perturbation is generated behind the original pulse.

The heavy-ion acceleration causes the damping of a pulse even if its propagation
is perpendicular to a magnetic field [7,8]. This is a phenomenon that is not found in
a single-ion-species plasma, in which perpendicular magnetosonic solitary waves [6]
as well as periodic waves [9,10] are undamped. This section analyzes this damping
with theory and three-fluid simulations.

The code contains H and He with ny./ng = 0.1 (light ion a is H and heavy ion
b is He). The hydrogen-to-electron mass ratio is taken to be my/m, = 1000; the
magnetic field strength is |2e]/wpe = 0.5, so that ¢/va = 68.3 and va /vy, = 0.967.

Figure 5.3 shows the propagation of a perpendicular solitary pulse [7]. As the
initial field and density profiles in this simulation, we have used a solitary wave
solution obtained from the KdV equation for the high-frequency mode derived in
Appendix C. The profile of B, moves almost steadily. Unlike the magnetosonic
solitary wave in a single-ion-species plasma, however, its amplitude gradually de-

creases.
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Figure 5.4: Profiles of heavy-ion velocity parallel to the wave front, v, at various
times. A solitary pulse is near (z — vnt)/(c/wpe) = 650, where vy, grows with time.
After having sufficiently grown there, v, exhibits a long-wavelength oscillation
behind the pulse.

Figure 5.4 shows the profiles of heavy-ion velocity v, near this pulse at various
times. Since wy, is zero in the nonlinear wave theory [see Eq. (C.32) in Appendix
C], the initial vy, was taken to be zero everywhere. Near the pulse region [(z —
vnt)/(c/wpe) =~ 650], however, vy, grows with time, reaching its steady state value,
Upy =~ 0.01vy, at Qyt ~ 0.75. Then v, begins to oscillate behind the pulse. This
behavior of v, which is related to wave damping, is a higher order effect that
is not included in the KdV equation. The observed frequency and wavelength
of this oscillation are w = 1.053wyr0 and A = 1.2(27/k.), respectively, for this
case (for wpe and ke, see Fig. 2.7). Other quantities also oscillate with the same
frequency and wavelength (one also finds this oscillation of B, behind the original
pulse from an expanded view of Fig. 5.3). That is, the cross-field motion of heavy
ions (vpy) induces a perturbation of the high-frequency mode with k£ ~ k. (hence,
w ~ wpfg). The wave energy of the original pulse is thereby gradually transferred
to long-wavelength perturbations through the weak acceleration of heavy ions.

One can make a rough estimate of the damping rate of the original pulse by
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calculating the kinetic energy that the heavy ions gain in this process per unit time,
10 (M3, /2) My, Comparison between this energy and that of the original pulse
leads to a fairly good estimate for the damping rate, the same order of magnitude
as the observed one.

Calculations taking into account the collective motion induced by vy, give a
more accurate damping rate. By expressing the field and velocity components of
the long-wavelength perturbation of the high-frequency mode in terms of vy, one

can write its wave energy density as w(w)vj,,,, where

L myngo Wity (W = wif)?
w(w) = 5= = (mana + maino) J§—+aﬂ(wé0_f@ﬁ) . (5.12)

(For the details of the calculation, see Appendix H.) The amount of energy that

the perturbation gains per unit time is w(w)vgymM vy, which is equal to the time

rate of change of the total wave energy E, of the original pulse:

dd% = —w(w) vy, My, (5.13)

Equation (5.13) can be put into the differential equation for B,. The Mach
number M of a solitary wave is related to B, through M = 1+ B, /2. Furthermore,
as shown in Eq. (5.9), the amplitude of the long-wavelength perturbation, vy, is
proportional to Bi?. We can also express the total energy of the original pulse as

a function of B,, by integrating the wave energy density over the pulse region:

(B — By)? + E? m;n;v;
E, = ) g 14
/ ( < Y | de (5.14)

J

(Because perpendicular waves are considered here, B has only the z component.)
Substituting the soliton solution in Eq. (5.14) yields the dependence of Ey, on B,,.
For instance, since the magnetic-field profile is expressed by Eqgs. (2.54) and (2.55)
with vyo = vn, pp = —c*/(2w?,), and a given by Eq. (2.97), the magnetic field energy
of the soliton is found to be

* (B — By)? 4 (B2
/ Lgfimz§<§)ﬁa (5.15)

—00
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Calculating the other components in the same manner, we find that the total ion
kinetic energy is equal to the magnetic field energy and that the electric-field and

electron kinetic energies are much smaller than them. Hence, the total energy of

BQ
B, = §\/§ ¢ (_0) B2, (5.16)
3V awpe \ 87

The energy E,, scales as B3Y?. This dependence arises from the fact that the wave

the soliton is

energy density and the soliton width are proportional to B? and to By 1 2, respec-
tively. Equation (5.13) thus becomes the differential equation for the amplitude
B, of the original pulse,

dBY? 3 B
where 74 is defined as
1/2 2
,yd — a wpevh (w(Qw)gUB) ) (518)
4v/6¢B,(0)1/2 \ BZ/(8)
107§ ]
Xo |
Qu
g
_3 e \ L
10 0.01 0.1
Bn(0)

Figure 5.5: Damping rate 4 as a function of the initial normalized amplitude B, (0).
The solid line and dots show, respectively, the theoretical prediction and simulation
results. In the region where the theoretical treatment is valid [B,(0) 2 7], the
theory and simulation results are consistent.

If we ignore the second term on the right-hand side of Eq. (5.17), we have

By (1) = By(0)2(1 — yat/2). (5.19)
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Because the amplitude must be positive, this solution is valid in the time range

0 <t <2/yq. For small ¢, vqt << 1, By,(t) can be approximated as
By, (t) = Bn(0)(1 — v4t), (5.20)

indicating that 74 is the initial damping rate. As can be seen from Eq. (5.18), the
damping rate ~q4 is proportional to B,(0)~'/2.

Figure 5.5 compares the theoretical prediction and simulation results on 4. In
the region B,(0) 2 7, they are consistent. It is because the soliton theory for the
high-frequency mode, which the above theory is based on, is valid for amplitudes
greater than 7, as shown by the condition (2.96).

For a fully-ionized, H-He plasma with the density ratio ng./ny = 0.1, the
amplitude of a solitary pulse with B,(0) = 0.1 becomes 0.9 times as small as the
initial one after the pulse has traversed a length [ ~ 6 x 10* cm in a plasma with
ne = 108 em™3. For a density n, = 104 cm™3, it is [ ~ 60 cm.

It is noted that, unlike solitary pulses, small-amplitude periodic waves are un-
damped even in a two-ion-species plasma [7]. In a periodic wave profile, the direc-
tion of the heavy-ion acceleration also periodically changes. Thus, the net increase

in vy, is zero in one wavelength.
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Chapter 6

Positron acceleration

Plasmas containing positrons have been studied in various fields, such as astro-
physics and plasma-based accelerators [1]- [12]; the wave theory in Sec. 2.4 is one
example of the studies in basic plasma physics. The presence of positrons around
pulsars was suggested by Sturrock in 1971 [1], and relativistic pulsar winds of
electron-positron plasmas were predicted by Kennel and Coroniti [2]. In addition,
some observations claim that major components of relativistic jets from active
galactic nuclei are electrons and positrons [3,4]. Furthermore, intense lasers now
enable us to produce plasmas containing positrons in laboratory experiments [5].
Positron acceleration is studied in some experiments of plasma-based accelera-
tors [11,12].

The subject of the present chapter is positron acceleration in a shock wave in
a magnetized plasma consisting of electrons, positrons, and ions [13]- [18]. In this
mechanism, some positrons are accelerated in the shock transition region for long
periods of time with an energy increase rate proportional to the parallel electric field
Ey [13,14]. Particle simulations have demonstrated energization to v ~ 10 [17].
Since the acceleration was not saturated until the end of those simulation runs,
wpet ~ 7000, longer time simulations would give higher energies.

In the surfatron acceleration mentioned in Sec. 4.1.3, particles move along the
wave front across the magnetic field [19,20], while in this mechanism, positrons
move in the transition region nearly parallel to the magnetic field; thus, the latter

can operate in a weaker electric field than the former. Furthermore, simulations
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show that this mechanism is quite stable; that is, even if the shock profile is tem-
porarily distorted and the acceleration stops, energy multiplication processes can
start again after the wave profile has been recovered. Besides the nearly parallel
motion, curtate and prolate cycloid orbits along the shock front appear in these

processes after such perturbations.

6.1 Theory of ultrarelativistic positron accelera-
tion

The theory in Sec. 2.4 tells us that the magnetosonic wave is split into two modes
in an EPI plasma. As was shown in Figs. 2.19 and 2.20, except for the vicinity of
the density ratio ny/n. = 1, the cutoff frequency of the high-frequency mode of
the magnetosonic wave is much higher than the ion gyrofrequency in EPI plasmas;
thus, the nonlinear coupling of the high- and low-frequency modes is rather weak.
This differs from the case of two-ion-species plasmas, in which the cutoff frequency
of the high-frequency mode is of the order of §2; and thus the nonlinear coupling
of the two modes is strong. The shock wave in an EPI plasma analyzed below can
therefore be viewed as the low-frequency mode, affected little by the presence of
the high-frequency mode particularly when n,o/n.o is small.

Although both positrons and ions can be reflected by a shock wave, their orbits
are distinct from each other because of their large mass ratio m;/m,. As discussed
in Chap. 4, the ion reflection, which is caused by the sharp rise of the magnetic
field and electric potential, mainly occurs across the magnetic field. On the other
hand, the reflection of thermal positrons is primarily along the magnetic field and is
caused by the parallel pseudo potential F' that rapidly rises in the shock transition
region. The parallel kinetic energy of a thermal positron in the upstream region
would be mpvﬁ /2 ~ mpv%p /2 in the wave frame; if the thermal speed vy, is lower
than the Alfvén speed, then we would have m,v{/2 ~ m,v% /2. Comparing these
values with the magnitude of eF' given by Eq. (2.205), one sees that a substantial

fraction of thermal positrons can be reflected by a shock wave.
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Figure 6.1: Time variations of x, y, z, and v of an accelerated positron.

Figure 6.1 is a simulation result [13] showing a typical motion of a positron
accelerated by this mechanism. After the encounter with a shock wave, this particle
stays in the shock transition region, moving in the direction nearly parallel to By,
which we see from the time variations of x and z; we also note that the change in y
is much smaller than those of = and z (they are normalized to ¢/w,.). The Lorentz
factor  rises with time. More quantitative analysis of simulation results will be

given in Sec. 6.2, after we have described the theory in the next section.

6.1.1 Acceleration nearly parallel to the magnetic field

In the theory of ultrarelativistic acceleration of positrons along the magnetic field
in a shock wave [13]- [17], the shock speed vy, is assumed to be close to ccos,
Eq. (3.25). Since the gyro-averaged particle velocity in the x direction is given by
(Vz) = vy cosb, if vy, ~ ccosf, then reflected positrons with v ~ ¢ can move with
the shock wave for long periods of time, with the x component of the positron
velocity being

Ve = VUgp- (61)
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Furthermore, for ultrarelativistic positrons moving nearly parallel to the magnetic

field, the following relation should hold:

dv

dt

d
v1>7

- . (6.2)

That is, for particles with v ~ ¢, a slight change in the speed results in a huge
change in v. Indeed, because
d 3d (v?
T (), (6.3)
dt 2 dt \ ¢?
dvy/dt is v3/2 times as large as d(v?/c?)/dt. In the relativistic equation of motion,

d(yv)
dt

:e<E+ng>, (6.4)

mp

we therefore ignore the term ydwv/dt in comparison with vdy/dt. Another assump-
tion is that the y component of the velocity is smaller than the other components,
lvy| < |vgl, |vs|, which differs from the surfatron acceleration [19,20], in which v,
is the dominant velocity component.

Under these assumptions, we adopt the following ordering:

L O1), (6.5)

— o e 6.6
Q,dt ¢ By By By (66)
We then obtain the lowest order equations as
dry Uy v,
MyUsh—y = e, + e?BZ — e?By, (6.7)
0=eZ B — e By, (6.8)
c c
dry v
MUz = —e—~ B,y. (6.9)

Here, we have eliminated E, and E, using the following equations:
Ey = (van/c)(B: — Bo), (6.10)

E, = —(ven/c)By, (6.11)
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which result from Faraday’s law for one-dimensional, stationary waves, in which
the fields depend only on £ = x — vg,t. Equation (6.8) shows that the positron
motion is nearly parallel to the external magnetic field Bi:

Vs Bz(]
— = . 6.12
Ush BzO ( )

With the help of Egs. (6.9) and (6.12), we eliminate v, and v, in Eq. (6.7) and find
the time rate of change of v as

1dy ccost (E-B)
Q,dt  va (B-By)

It is noted that from Eqs. (6.10) and (6.11), it follows that (E - B) = (E - By) for

(6.13)

stationary waves. Substitution of Eq. (6.13) in Eq. (6.9) yields v, as
vy _ vsuByB%/(cBio) — EuBo

c B.oB. + B2, (6.14)
The energy increase rate d-y/dt is constant. Because of the assumption (6.1), the
particle position ¢ and thus the vectors E(§) and B(€) in Eq. (6.13) are constant.
The theory has been extended in Ref. [14] to a more general case, in which no
assumptions are made on the magnitudes of velocity components and wave fields:

Equation (6.8) is replaced by

dry U, Ush

mpUya = 6;310 — €7Bz0, (615)

and the ordering of wave fields, Egs. (6.5) and (6.6), are not used. This calculation

gives the energy increase rate as

id_’}/ _ E:UBzOUSh/C — BwOBy(,yS—hQ . 7,2)
i B.Bo(va —7v72) + BaoBovd, /¢

(6.16)

In this generalized theory, the only assumption on the wave is that it is stationary
and one-dimensional. Other than magnetosonic waves, therefore, there might be

waves that can accelerate positrons with this mechanism.

6.1.2 Surfatron and generalized theory

We here discuss the relation between the surfatron acceleration and the generalized

theory. In the limit of & — 90°, B, vanishes, and it follows from Eq. (6.9) that
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Figure 6.2: Speed-of-light circle (6.17) and ellipse (6.20) of zeroth-order velocities
for perpendicular waves in the (vg,, v,) plane. If these lines cross, we have solutions.
v, = 0; hence,
v+ vl =0, v~ ¢ (6.17)
which gives
YR (6.18)

From Eqgs. (6.15) and (6.18), one finds that

Y= (Ush/c)fystht (619>

which is identical to the particle speed in the limit of v > 1 in the unlimited
surfatron acceleration [20]: On using Eqgs. (4.6) and (4.7), we obtain the same form
as Eq. (6.19), with Q, replaced by €, for v > 1 [Q?t%03 /c? > 1 in Eq. (4.7)].

If the propagation angle is 6 = 90°, strong longitudinal electric fields are re-
quired even in the present model. From Egs. (6.7) and (6.15), we have an elliptic
equation in the (vgh,v,) plane:

(o +eaf2?
(B:/Bzo)(va/2)? (va/2)? ’

where vq = cE,/B,. Figure 6.2 displays the speed-of-light circle (6.17) and the

(6.20)

ellipse (6.20) in the (vg,,v,) plane [14]. In the case that these two lines cross, we
have solutions; they exist if E,/B, 2 1 or (B./B.o)[E./(2B.)]? Z 1. This indicates

that the longitudinal electric field E, must be strong for the perpendicular case.
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Since E, /B, is always smaller than unity in stationary perpendicular magnetosonic
waves [21] [see Eq. (A.12)], they will not have these solutions. For this reason, the
perpendicular case would be practically unimportant in positron acceleration in

the present mechanism.

6.1.3 Perturbed motions

Careful observations of simulations reveal that v and other physical quantities of
an accelerated positron exhibit small-amplitude oscillations, such as the one in the
bottom panel of Fig. 6.1, in addition to the increase in vy predicted by Eq. (6.13).
To realize this phenomenon, perturbations to the zeroth-order motion described in
Sec. 6.1.1 have been analyzed in Ref. [14]. We here summarize its result, giving
the detailed calculations in Appendix I.

The perturbation is an elliptic motion in the plane perpendicular to the vector

'Uo'B (o) B
U =+2 el
’70( CBO > C +BO’

where 79 and vy are the Lorentz factor and velocity in the zeroth-order theory,

(6.21)

respectively. The vector U is nearly parallel to the zeroth-order velocity vy because

Yo > 1. The frequency of this perturbation is

2 2 2
(Q%) = %" [73 (ﬁéf) - g_g , (6.22)
with the velocity components v,; and v,; being related to v,; as
1y — /080000 ) 4 BB B — it/ ol 623
[(w/€2)*75 (Va0v:0/€*) + Bo B/ Bg] + i(w/Qp) 70U,
o = L0800/ ) + BB B i/ Dol o
[(w/$2)*75 (Va0vyo/ ?) + BaBy/Bi] — i(w /) %0V

Appendix I gives the velocity components in the plane perpendicular to U, from
which one would see more directly that the motion is elliptic.

The zeroth-order theory in Sec. 6.1.1 is also applicable to the ions if we replace
m,, by m;. However, one needs a slightly different perturbation scheme for the ions,
which is also given in Appendix I. The ion perturbation motion is one-dimensional

and can be unstable [14, 22].
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Figure 6.3: Phase spaces (x, v) of positrons (orange dots) and electrons (blue dots)
and the profiles of B, at two different times. Some positrons have been accelerated
to v ~ 10* by the end of the simulation run, wy.t = 7000.

6.2 Simulations of ultrarelativistic acceleration
of positrons

6.2.1 Demonstration and analysis of acceleration

Figure 6.3 shows phase spaces (x,7) of positrons (orange dots) and electrons (blue
dots) near a shock front at two different times, w,.t = 3000 and 7000 [17]. By
the end of the simulation run, wy.t = 7000, some positrons reach energy v ~ 10%.
Since the acceleration has not been saturated, positron energies would further rise
if we carry out a longer time simulation with a larger system size. We also find
high-energy electrons with v ~ 7000, which is due to the mechanism described in
Chap. 3 and is not further mentioned here. This is a result of a shock simulation
with m; /m. = 1836, ny/ne = 0.02, 0 = 43°, Q| /wpe = 12, ¢/wpe = 10A,, and the
system length L = 65536A,. The shock speed is vy, = 2.64va with vs/c = 0.28;
thus, vy, is close to ccos 6.

We show below three types of motions of accelerated positrons reported in
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Figure 6.4: Time variations of v and v of a positron accelerated along the magnetic
field. Except for the time period wy.t ~ 1000 to 2000, the velocity is nearly parallel
to By, and 7y goes up with time.

Ref. [16], in which the system size is 1/4 of that in Fig. 6.3; other simulation
parameters are m;/m. = 100, ny/ne = 0.02, 6 = 42°, |Q|/wpe = 3.0, and ¢/wye =
4A, (thus, va/c = 0.301); the shock speed, vy, = 2.42vy, is close to ccosf. The
highest energy in this case is v ~ 2000.

Figure 6.4 displays the time variations of energy and velocity components of
an accelerated positron. The horizontal line in the panel for v, represents the
theoretical relation v, = vg,, Eq. (6.1), and that for v, is v, = vg, tan 6, Eq. (6.12).
The simulation results for v, and v, are close to these theoretical predictions. The
velocity component v, is small and is explained by the theory (6.14), which is also
shown by the horizontal line. This particle moves nearly parallel to By, with its
going up with time.

For the time period 1000 < wpet < 2000, however, the increase in 7 is rather
slow, and all the velocity components exhibit large-amplitude oscillations. As can
be seen from Fig. 6.5, the shock profile in this period significantly deviates from

the normal one: The shock transition region broadens and the electric field E,
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Figure 6.5: Profiles of B, and £, at various times. At wyt = 1200 and 1600, the
fields have diffusive profiles: The gradient of B, is small and E, is weak even in
the shock transition region, compared with those at other times.
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Figure 6.6: Orbit in the (x — vg,t,y) plane of the positron analyzed in Fig. 6.4.
After the encounter with the shock wave at point S, this particle moves primarily
in the negative y direction along the shock front. However, owing to the deviation
of the wave profile, the orbit turns to a circular one at w,. >~ 1000, which continues
until wpe ~ 2000, during which ~ does not increase much.

becomes weak.

Figure 6.6 shows the orbit of this particle in the (z — vgt,y) plane. It (1)
encounters the shock wave at point S, (2) moves along the shock front (note the
difference in the scales of the horizontal and vertical axes), (3) exhibits a circular
orbit, and then (4) moves along the front again. For the phases (2) and (4),
7 increases with time, while for the phase (3), which is 1000 < wpet < 2000, the
shock profile is diffusive and v does not grow much. From Figs. 6.4-6.6, we see that
this acceleration is quite stable: Although the acceleration is temporarily stopped
by the deviation of wave profile, it can start again when the shock is restored to
the normal, sharp profile.

Figure 6.7 compares the time variations of observed v and theoretical prediction
Yuvo, which is the integral of Eq. (6.13) derived by Hasegawa, Usami, and Ohsawa
[13]:

B ccos (E - B)
YHUO = Qp/ o (B Bo)dt. (6.25)

In the numerical calculation of ygyo, the simulation values of E and B along the

particle orbit were used. The observed + and the theory yguo are quite close. The
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Figure 6.7: Time variation of v of a positron accelerated along the magnetic field.
Here, W, is the work done by the perpendicular electric field defined by Eq. (6.26),
and ygyo represents the theory (6.25). The observed energy 7 is significantly higher
than W, and close to vgyo.

work done by the electric field E, perpendicular to B,

| /El-vdt, (6.26)

my,c?
is considerably smaller than them.

The perturbation motion theoretically predicted in Sec. 6.1.3 has also been
quantitatively examined with simulations. Figure 6.8 shows the frequencies of the
perturbation oscillations in v and velocity components [14]. The theoretical line
representing Eq. (6.22) fits well to the simulation result (dots).

Rapid variations of field structures can change or modify the mechanism of
particle acceleration. Figure 6.9 shows one such example. This particle encounters
the shock wave at point S and moves along the shock front and nearly along the
magnetic field. Due to the deformation of the shock profile, however, significant
part of v is converted to vy, with the particle orbit turning to a prolate cycloid
in the (x — vgt,y) plane. As Fig. 6.10 shows, the contribution of E; becomes
important in the energy multiplication; both W, and v go up stepwise, with their
values fairly close and much greater than ygyo for wpt 2 1000. Because of the

increase in v, the gyroradius (~ v¢/€2,) exceeds the shock width, and the incessant
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Figure 6.8: Perturbation frequency vs 7. Here, 7 is the Lorentz factor averaged
over each oscillation period. The dots and solid line show simulation results and
theoretical curve, respectively.
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Figure 6.9: Orbit of an accelerated positron in the (x — vgt, y) plane. The particle
enters the shock region at point S and is accelerated nearly along the magnetic
field in the shock transition region. Then, after the deviation of the shock profile,
its orbit changes to that of the incessant acceleration.
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Figure 6.10: Time variation of v of the positron in Fig. 6.9. Here, yguo is small,
while v and W, exhibit similar time dependence. The change to the incessant
acceleration occurs at wpt ~ 1000, at which the deviation of the shock profile
begins.

acceleration discussed in Sec. 4.2 begins.

Figure 6.11 shows the third, intermediate type. As in the previous two exam-
ples, the acceleration in Fig. 6.11 is nearly parallel to the magnetic field in the early
phase. This particle, however, exhibits a curtate cycloid motion after the defor-
mation of the shock profile. The magnitude of v, of this particle is between those
of Figs. 6.6 and 6.9. Figure 6.12 shows that W, and ygyo noticeably increase,
indicating that both E| and E significantly contribute to the energization.

We see from these results that positron acceleration is persistent. It can last

for a long time in non-stationary wave propagation.

6.2.2 Dependence on plasma parameters

At the end of this chapter, we briefly mention how the acceleration depends on the
propagation angle 6, and density ratio n,o/neo [15].

Figure 6.13 shows the highest v observed in simulations as a function of 8, where
the shock speeds are taken to be vg,/c >~ 0.73. Other parameters are the same as
those for Figs. 6.4-6.12, whereas the simulation times, wy,t = 2400, were nearly a

half of theirs. We find the peak of v near the dotted vertical line that shows the
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Figure 6.11: Orbit of an accelerated positron in the (x — vgt,y) plane. After the
acceleration nearly along the magnetic field in the shock transition region, the orbit
changes to a circular one owing to the deformation of the shock profile. The orbit
then turns to a curtate cycloid.
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Figure 6.12: Time variation of v of the positron in Fig. 6.11. Both perpendicular
and parallel electric fields contribute to the energization.
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Figure 6.13: Dependence of v on 6. The shock speed is fixed at vg,/c ~ 0.73 for all
the simulation runs. There is a peak near the dotted line at vy, = ccos®.
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Figure 6.14: Positron phase spaces (z,7) for ny/ne = 0.02, 0.1, and 0.5. Here,
va/c = 0.301, vg/c >~ 0.73, and 6 = 42°. As n,/n.o increases, the acceleration
becomes weaker.

149



angle with vy, = ccosf; v exceeds 100 in the range 30° < # < 50°. Similarly, if
we fix # and B and observe the highest energy ~ as a function of the shock speed
vsn, Which is altered by the shock amplitude, v has a peak near the shock speed
Vs, = ccosB.

This acceleration is strong in a plasma with a low positron-to-electron density
ratio, as shown in Fig. 6.14, where the positron phase spaces (x, ) near the shock
front are depicted for three different density ratios: mn,y/ne = 0.02, 0.1, and 0.5.
As the ratio ny/n.o rises, the number of high-energy positrons and their highest
energy both go down. This result was first found with simulations [15] and then
explained by the theory for the parallel electric field in an EPI plasma [18, 23]
described in Sec. 2.5: The parallel pseudo potential F' becomes small and more

nonstationary as n,g / Teo T1SES.

150



Bibliography

[1] P. A. Sturrock, Astrophys. J. 164, 529 (1971).
[2] C. F. Kennel and F. V. Coroniti, Astrophys. J. 283, 694 (1984).

[3] C.S. Reynolds, A. C. Fabian, A. Celotti, and M. J. Rees, Mon. Not. R. Astron.
Soc. 283, 873 (1996).

[4] K. Hirotani, S. Iguchi, M. Kimura, and K. Wajima, Publ. Astron. Soc. Japan
51, 263 (1999).

[5] T. E. Cowan, M. D. Perry, M. H. Key et al., Laser Particle Beams 17, 773
(1999).

[6] C.F. Kennel and R. Pellat, J. Plasma Phys. 15, 335 (1976).
[7] J.-I. Sakai and T. Kawata, J. Phys. Soc. Jpn. 49, 753 (1980).

[8] M. Ashour-Abdalla, J. N. Leboeuf, T. Tajima, J. M. Dawson, and C. F. Ken-
nel, Phys. Rev. A 23, 1906 (1981).

9] G. A. Stewart and E. W. Laing, J. Plasma Phys. 47, 295 (1992).
[10] G. S. Lakhina and F. Verheest, Astrophys. Space Sci. 253, 97 (1997).

[11] C. Joshi, B. Blue, E. Clayton, E. Dodd, C. Huang, et al., Phys. Plasmas 9,
1845 (2002).

[12] W. B. Mori, P. Muggli, R. Siemann, and D. Waltz, Phys. Rev. Lett. 90, 214801
(2003).

[13] H. Hasegawa, S. Usami, and Y. Ohsawa, Phys. Plasmas 10, 3455 (2003).
[14] S. Usami and Y. Ohsawa, Phys. Plasmas 11, 3203 (2004).
[15] H. Hasegawa and Y. Ohsawa, Phys. Plasmas 12, 012312 (2005).

[16] H. Hasegawa, K. Kato, and Y. Ohsawa, Phys. Plasmas 12, 082306 (2005).

151



[17] T. Iwata, S. Takahashi, and Y. Ohsawa, Phys. Plasmas 19, 022302 (2012).
[18] S. Takahashi, M. Sato, and Y. Ohsawa, Phys. Plasmas 15, 082309 (2008).
[19] R. Z. Sagdeev and V. D. Shapiro, JETP Lett. 17, 279 (1973).

[20] T. Katsouleas and J. M. Dawson, Phys. Rev. Lett. 51, 392 (1983).

[21] Y. Ohsawa, Phys. Fluids 29, 2474 (1986).

[22] S. Usami, R. Horiuchi, and Y. Ohsawa, Phys. Plasmas 16, 122104 (2009).

[23] S. Takahashi and Y. Ohsawa, J. Plasma Fusion Res. Series 8, 238 (2009).

152



Chapter 7

Wave evolution and particle
acceleration behind a shock front

The previous chapters were concerned with the phenomena near a shock front.
This final chapter studies wave evolution and particle acceleration in a much larger
region.

Strong disturbances create shock waves and generate large-amplitude Alfvén
waves behind them [1,2]. The plasma behind a shock front has a velocity v across
the magnetic field and thus has nearly a constant electric field E = —v x B/¢, in
addition to B and wave fields. Furthermore, this region would have an alternating
magnetic field if the amplitude of a generated Alfvén wave is greater than the
magnitude of B,.

These circumstances can give rise to particle acceleration in the Alfvén wave
region with mechanisms different from those near a shock front [2]. Three types of
such acceleration have been found: type 1 in which particles move along a pulse
with an intense magnetic field [3], type 2 in which particles meander along a moving
magnetic neutral sheet [4,5], and type 3 in which particles traverse the Alfvén wave
region with an alternating magnetic field [1,2]. Ultrarelativistic electron accelera-
tion caused by these mechanisms has been demonstrated with particle simulations.
These mechanisms differ from that of trapped electrons described in Chap. 3 in
that

1) they do not require the condition vg, ~ ccosf, and
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2) they can work in weak magnetic fields such that Q.| < w,. as well as in strong
ones.

In addition, unlike the mechanisms described in Chapters 3 to 6, many of the
electrons that gain energy in the Alfvén wave are supplied from the downstream

region.

7.1 Electron acceleration due to a compressive
pulse

Type 1 acceleration was first found near a small compressive pulse generated in a
shock wave [3]. Here, the term “compressive pulse” means fluctuations in which
the magnetic field and plasma density are higher than outside. Such pulses can be
occasionally generated by, for instance, a strong deformation of shock profile [6]
due to the ion reflection discussed in Sec. 4.1. A few years later, simulations with
a larger system size revealed that type 1 can also take place in the Alfvén wave
region behind a shock front [1,2]. It has been thus recognized that type 1 operates
in more general circumstances than had initially been thought. Before studying
the acceleration in Alfvén waves, which accompanies several complicated processes,
we investigate in this section the mechanism of electron acceleration caused by a
compressive pulse. Since types 2 and 3 are related to this mechanism, we describe

this process in some detail.

7.1.1 Theoretical considerations

Before making a theoretical analysis, we present a simulation result showing elec-
tron acceleration due to a compressive pulse behind a shock front: Figure 7.1
displays field profiles and electron phase space (z,) near the pulse [3]. Here, the
center of the pulse is at (v — vept)/(c/wpe) = 0, where v, is the speed of the com-
pressive pulse. There are many high-energy electrons on the left side of the pulse;
clearly, they were not produced near the shock front at (z — vept)/(c/wpe) =~ 34 at

this moment (wpet = 800); this position is out of this figure. It is also noteworthy
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Figure 7.1: Snapshots of field profiles and electron phase space (x, ) near a small
compressive pulse behind a shock front. The field values are normalized to B.g.
The shock propagation angle is # = 60° and the field strength is |€2|/wy. = 0.4.

that the transverse electric field ), is present outside the compressive pulse as well
as inside it, which is because the pulse is behind the shock front. Particle motions
in this simulation are shown in Sec. 7.1.2, after the theoretical discussion below.

In the light of the above simulation result, we analyze particle motions near a
compressive pulse behind a shock front in the perpendicular case, By = (0,0, B.);
extension to the oblique case is straightforward [1]. The shock wave and compres-
sive pulse are both supposed to propagate in the x direction.

The x component of the E x B drift velocity is then

Ey(x)

m. (7.1)

Vg (T) = ¢
Since £, and B, are both positive, vq, is also positive. With use of the relation
Ush
By(@) = “2[B.(x) - B, (72)

which is obtained from Faraday’s law for a stationary wave, Eq. (7.1) can be written
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Figure 7.2: Schematic diagram of a compressive pulse behind a shock front and
electron orbits in the (z,y) and (p,,p,) planes. In the configuration space, the

particle moves along the rear boundary of the pulse; points A to E are on the rear
boundary. In the (p,,p,) plane, its orbit is an outward elliptic spiral.

as

Vao () = vgp (1 - B]fz;)) . (7.3)

[Strictly speaking, this system is not perfectly stationary, because the shock wave
and compressive pulse have different propagation speeds. Equation (7.2) should
be viewed as an approximate relation near the small compressive pulse.] Since
B, behind the shock front is greater than B.,q, vy, is in the range 0 < vg, < vgp;
electrons move to the downstream region of the shock wave.

If there is a compressive pulse with its speed lower than vg,(z), then electrons
would enter the pulse from its rear (left) edge. They would stay near the rear edge
for some periods of time because the high magnetic field in the pulse prevents them
from quickly passing through the pulse region.

We consider these particle motions assuming that their gyroradii are greater
than the pulse width. For simplicity, we take the shape of the compressive pulse
to be rectangular with a width A (Fig. 7.2); the = position of its left boundary
is denoted by xpq. Accordingly, the electric and magnetic fields are constant and
may be written as Ey = (0, E1,0) and By = (0,0, By) in the pulse region, z,q <
r < Tpq + A, and Ey = (0, Eyp, 0) and By = (0,0, Byy) behind the pulse, © < xpq.
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The fields are stronger inside the pulse than outside: E; > FEy and By > By
Although E, will also be present near the boundaries of the pulse, it does not play
an important role here and is ignored.

When an electron is inside the pulse, rpq < T < Tpq + 4, it moves in an ellipse

in the momentum space (see Appendix J). Its orbit may be expressed as

(p: — P1)? N joy

_1, 7.4
@y o
where vq; = (1 — v /c?)~1/? with
Ex
=c—. 7.5
Ud1 CBI (7.5)

The quantities P and aj are functions of vq; and gyration speed and are given by
Egs. (J.7) and (J.8), respectively, in Appendix J, where it is proved that P and
a? are both positive. We take a; to be positive. Because of the drift vq; in the x
direction, the center of p, is shifted by P from the origin.

Behind the compressive pulse, © < x4, electrons also make elliptic motions in
the momentum space,

(pe — Pun)? v
a121 (ar1/7vam)?

=1, (7.6)
where Pj; and a3 are given by Egs. (J.9) and (J.10), and with use of the drift speed
Udin = C——, (77)

Yarr is defined as vqn = (1 — v3;/c?)~1/2

As an electron moves from the inside to the outside, crossing the rear boundary
of the pulse, the elliptic motion in the momentum space changes from the one
represented by Eq. (7.4) to the one by Eq. (7.6). When the electron returns to the
pulse region, the ellipse center and radius change again.

The electron shown in the lower left picture in Fig. 7.2 goes out from the
pulse crossing the rear boundary = = x4 at point B, and, after a half gyroperiod,

goes into the pulse at point C: The vertical line on which points A-F are located
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represents the rear boundary. Because E, > 0, the electron gains energy during
the motion B—C. It absorbs the greatest amount of energy, i.e., the shift in the y
direction |y(C) — y(B)| becomes the largest, in the situation that the orbit crosses
the rear boundary z = x,q at right angles, for which p,(B) and p,(C) are both
Z€ero.

At point B, the center of the ellipse is shifted along the p, axis by
AP(ty) = Pulto) — Pi(to), (7.8)
where ty is the time at point B. As proved in Appendix J, the shift is positive,
AP(tg) > 0, (7.9)

if vgr — vair < 0. One can also calculate the shift of the ellipse center occurring at
point C at t = t1: AP(t1) = Pi(t1) — Pu(t1), which is negative if vq; — vqnr < 0.
Since we know the equations for the ellipses, we can find the momenta and thus
energies at points B, C, D, - .- if the momentum at point A is given. Because Py
is the center of p, and ay is the radius along the p, axis, the momentum at point

C is given as a function of p,(to) as

px(t1) = Pulps(to)] + aulps(to)]. (7.10)

Similarly, the momentum at point D at ¢ = ¢ is given as a function of p,(¢;),

pa(t2) = Pilp.(t1)] — ar[p.(t1)]- (7.11)

In this way, we can successively obtain the momentum at the [-th crossing (I =

1,2,3,--+) from p,(to).

For v > 1 with
V(to) ~ —pu(to)/(mec), (7.12)
i.e., p.(to) is much greater than p, and p, in magnitude, we can put Eq. (7.10) into

the following form:

A(t). (7.13)
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Figure 7.3: Time variations of x, B,, W,, and ~ of an accelerated electron. Here,
B, [z(t)] is the magnetic field at the position of the electron, and W, is the work
done by the electric field E, (0 =z, y, or z). For comparison, the time variations
of x and v of a non-accelerated electron with a much shorter gyroperiod are also

plotted.

20 | 1
Pey o |
meC _20 L i

40 + i

-20 0 20 40 60 80

Do/ MeC

Figure 7.4: Trajectory of the accelerated electron in the (p,,p,) plane. The orbit
is an outward elliptic spiral.
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If Fy/By is close to unity behind the pulse, (¢1) should become significantly
greater than 7(to). In addition, because (1) is proportional to (), we see that
the energy increment can be huge for high-energy particles in this mechanism. For

v(t2), we find that
|- E/B
to) ~ ——————y(t1).
7(t2) 1+EI/BI’Y( 1)

Equations (7.13) and (7.14) also hold in the oblique case if the magnitude of p,

(7.14)

remains small; in which F; and Ey are the y components and By and By are the
strengths of B [3]. Particles with their v, [~ ¢(E x B/B?), + v By/B] close to
the pulse speed can undergo this process. Another interesting and important point
is that, also in the oblique case, the high magnetic field in the compressive pulse
prevents the particles that have caught up with the pulse from passing through
it. It is because the parallel momentum p; = (p - B)/B of the particle gyrating
near the rear edge of the pulse decreases, owing to the mechanism described in
Sec. 4.2.1. The high magnetic field acts to make these particles stay near the pulse

for long periods of time.

7.1.2 Observed particle motions

We now examine simulation results. Plotted in the top panel of Fig. 7.3 is the
time variation of (x — vpt) of an electron energized by a compressive pulse with a
propagation speed v.,: Field profiles and phase space (z,7) near this pulse were
shown in Fig. 7.1. Here, the center of the pulse is at (z —vept)/(c/wpe) = 0 and the
dotted horizontal line indicates the rear edge of the pulse, (z —vept)/(¢/wpe) = —5.
After catching up with the pulse, this particle stays near the back slope of the pulse
for some period because of the high magnetic field in the compressive pulse. The
second, third, and fourth panels display, respectively, the time variation of B, as

seen by this particle; the work done by the electric field,
W, = —e/Egvgdt, (7.15)

with ¢ = z,y, or z; and the Lorentz factor v of this particle. When the particle
is in the pulse, B,[z(t)] is high and v goes down. On the other hand, when the
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particle is outside the pulse, B, is low and + rises. The variations of W, and ~ are
quite similar, indicating that the particle absorbs energy mainly from F,. The lines
with a short-period oscillation in the top and bottom panels represent an electron
that did not suffer energization.

Figure 7.4 shows the orbit of this particle projected on the (p,,p,) plane. The
orbit is an elliptic spiral, with its radius growing with time.

Even though the theory described in Sec. 7.1.1 is based on the simplified model
(for instance, we have used rectangular field profiles in the calculation of particle

motion), its predictions are consistent with these simulation results.

7.2 Acceleration around a moving neutral sheet

Type 2 acceleration was first found with a simulation for a collision of a shock wave
and a magnetic neutral sheet [4,5]. If a shock wave propagates crossing a magnetic
neutral sheet, at which the magnetic polarity changes, the sheet begins to move
following the shock front. Unlike the ordinary, static, field-reversed configuration
[7], the moving neutral sheet has transverse electric fields on both sides of the
sheet because 0B /0t # 0. These fields can energize particles meandering along
the sheet. Figure 7.5 illustrates the magnetic-field profile of a moving magnetic
neutral sheet and orbits of an accelerated particle in it; this model was used in
the theory in Ref. [4] and will be compared with simulation results. The sign of
the magnetic field changes (BiBy < 0) at the neutral sheet x = x4, which is
propagating with a speed vy, behind a shock front. The particle is moving in the
negative y direction along the sheet, absorbing energy from the transverse electric
field. When the particle crosses the neutral sheet, the direction of the orbit sharply
changes at p, >~ 0 in the momentum space; as a result, the momentum trajectory is
in the lower-half plane. Despite the fact that the field structure and particle motion
in the field-reversed pulse are completely different from those in the compressive
pulse, the increment of kinetic energy in this process is given by the same equations

as those in the compressive pulse [4,5]: Egs. (7.13) and (7.14). A few years after
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Figure 7.5: Schematic diagram of moving magnetic neutral sheet behind a shock
front and electron orbits in the (z,y) and (p,,p,) planes. Here, vy, is the speed
of the pulse containing the neutral sheet. In the configuration space, the particle
goes in the negative y direction, meandering along the moving neutral sheet. The
direction of the momentum abruptly changes at p, ~ 0 in the momentum space;
therefore, the orbit is in the lower-half plane.

these studies, type 2 acceleration was also found in large-amplitude Alfvén waves

behind a shock front [1,2].

We now show some results of a simulation [4] in which a shock wave collides
with an initially static, magnetic neutral sheet: Plotted in Fig. 7.6 are the time
variations of W,, which is the work done by E,, B.[z(t)], and v of an electron
energized near a moving neutral sheet. The energy 7 increases when B,[z(t)] is
positive, i.e., when the particle is in region II in Fig. 7.5. This particle gains
energy mainly from F,, which we see from the fact that W, and ~ have similar
time profiles. Figure 7.7 displays the orbits of this particle. In the (z,y) plane,
this particle exhibits a meandering orbit, moving along the neutral sheet. The
trajectory in the momentum space lies in the lower-half plane, with its direction

rapidly changing near p, = 0. Figures 7.6 and 7.7 are consistent with Fig. 7.5.
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Figure 7.6: Time variations of W,, B,, and v of an electron accelerated near a
moving neutral sheet. The energy increases when the particle is in the region with
B, > 0. The quantities W, and « have similar time profiles.
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Figure 7.7: Orbits of the accelerated electron in the (z —wvypt, y) and (p., p,) planes.
The dotted vertical line in the left panel indicates the magnetic neutral sheet. These
orbits resemble the ones in Fig. 7.5.
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7.3 Alfvén waves and particle acceleration be-
hind a shock front

Strong disturbances can generate Alfvén waves behind magnetosonic shock fronts.
In this section, we investigate wave evolution and particle acceleration in such
circumstances. Before doing that, however, we make a short mention of the motion

of bulk particles arising from a plasma disturbance.

7.3.1 Motions of bulk particles

Figure 7.8 presents a result of a simulation [8] in which a high-density plasma
(exploding plasma) collides with a low-density plasma (surrounding plasma) in an
external magnetic field in the z direction (Fig. 3.1); the initial macroscopic velocity
vq of the exploding plasma is in the positive x direction whereas that of the sur-
rounding plasma is zero. The speed of the exploding plasma, vy/(wpeldy) = 2.05,
is much higher than the Alfvén speed, va/(w,eA,) = 0.04, and the linear mag-
netosonic speed, v,0/(wpeA,) = 0.18. Other parameters are as follows: The total
system length is L = 16,384A,; m;/m. = 100, ¢/(w,eA,) = 4, and [Qe|/wpe = 0.1.
The top and middle panels of Fig. 7.8 display the (x,t) diagrams of exploding and
surrounding ions, respectively, and the bottom panel shows electron trajectories.
Here, x;5 (thick dotted lines) and z;z, (thick solid lines) are, respectively, the tra-
jectories of the surrounding and exploding ions that were initially at the boundary
of the two plasmas, x = b; for comparison, they are plotted in all the panels. From
the top and middle panels we see that the surrounding ions begin to move upon
the passage of the exploding ions. Although x;g;, goes faster than x;g;, in the early
phase, x;g; is quickly accelerated; moreover, x;z, moves backward around the time
ot = 2, where )y is the nonrelativistic ion gyrofrequency calculated with use of
the external magnetic field strength. Thus, z;s, passes x;m(t) at Q;ot = 2.1. The
exploding electrons (solid lines) in the bottom panel do not pass the surrounding
electrons (dotted lines), indicating that the two groups of electrons are not mixed:

The width of the boundary layer is of the order of the electron gyroradius. Their
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boundary z.,, which is represented by the thick dashed-and-dotted line, is between
Tisp and ;g for Q0t 2. After Q;0t ~ 1, on both sides of the boundary z.,, we find
regions where electron and ion trajectories are concentrated. These two regions
gradually move away from each other. These are shock waves; one propagating
forward in the surrounding plasma away from z., and the other backward relative

to its background (exploding) plasma.

Exploding ions ——

Xigp e
Xgp —

iot

0
4 | Surrounding ions ——
3
2

Exploding electrons
Surrounding electrons -

iot

(x-b)/(vp/Qi)

Figure 7.8: Ton and electron trajectories in a collision of exploding and surrounding
plasmas. The top, middle, and bottom panels show, respectively, exploding ions,
surrounding ions, and electrons. The thick solid and dotted lines indicate z;g(t)
and z;s5(t), respectively. The dash-dotted line z.(t) in the bottom panel represents
the boundary of the two groups of electrons.

The physical processes of these phenomena may be summarized as follows. The
cross-field motion of the exploding plasma induces strong £, with its velocity v,
being nearly equal to the £, x B, drift speed: We can view the ions as unmagne-

tized and the electrons as magnetized in the early phase. This F, accelerates the
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surrounding ions behind x;g;, in the y direction in the very early phase, {2;0t < 1.
This velocity is gradually converted to v, owing to the magnetic force; these sur-
rounding ions thus begin to move in the x direction with their final speed close to
that of the exploding ions. The magnetic field causes the oscillation of x;gy; when
x;gp 18 significantly slowed down for the first time, 2,0t = 1 ~ 2, the compression
of magnetic-field lines near the front of the exploding ions is particularly enhanced.
The compression of field lines results in the formation of shock waves, which will
also be discussed in the next section.

As the angle 6 decreases, the velocity component parallel to B becomes im-
portant [9]. Because of the parallel velocity v, the two groups of electrons are
more easily mixed. The amplitude of the oscillation of z;g, and the acceleration
of z;55 both decrease with decreasing 6; Ref. [9] shows that z;s, does not catch up
with x;g, for 8 < 65°. The region where the exploding and surrounding ions are
overlapping, x;sp S = < 73pp, expands with time.

Alfvén waves have been observed in the ion overlapping region in oblique shock
simulations. Furthermore, rapid acceleration of electrons caused by these Alfvén
waves has also been reported [1,2]; these mechanisms can be understood by ex-
tending the theory for the compressive pulses and moving neutral sheets discussed

in Sections 7.1 and 7.2. In the next section, we examine these simulation results.

7.3.2 Evolution of waves and phase spaces

To observe the evolution of several kinds of waves with different propagation speeds
in a simulation, we take the total system length to be long, L = 32,7687, [2].
Initially, the plasma in the region 800A, < z < 10,4004, (exploding plasma) has a
density twice as high as that in the region 10,440A, < z < 31,968/, (surrounding
plasma). The angle between By and the x axis is # = 30°. The exploding plasma
has an initial velocity vy perpendicular to By (0, = 90°) with vg/c = 0.98 while
the surrounding plasma is at rest (Fig. 2.1). Some other important parameters are

m;/me = 400, vr; [ (WpeDg) = 2.9X 1072, vpe [ (WpeAg) = 5.8 X 1071, ¢/ (wpeAg) = 10,
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Figure 7.9: Snapshots of phase spaces and field profiles in the early phase. Here,
PizE 1S the z component of the momentum of the exploding ions, while p;,s is the
momentum of the surrounding ions. The SMF pulse is developing near z/(c/wp) =
1500, reflecting exploding ions to the left and surrounding ions to the right. Around
there, we find growing magnetic perturbations and turbulent structure in the ion
phase spaces [2].

Q2| /wpe = 0.4; hence, the Alfvén speed is va/(wpeAg) = 0.200. The speed of the
linear magnetosonic wave is vpo/(wpeAg) = 0.202 for § = 30°. We can produce
strong shock waves if we make the density of the exploding plasma high, its volume
large, or its initial speed vy high.

A collision of two plasmas generates large-amplitude density and field perturba-
tions, which evolve into shock waves and Alfvén waves. We first sketch the overall
picture of plasma behavior in such circumstances. The field structures are much

more complicated in the oblique case than in the perpendicular case (f = 90°) in
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which Alfvén waves do not appear.

Phase spaces and field profiles

Figure 7.9 displays ion and electron phase spaces and field profiles in the early phase
(wpet = 1200) of a simulation run. (To depict phase spaces, we have used 1/20 of
the particles.) The fields F' (fourth panel) and ¢ (bottom panel) are the parallel
pseudo potential, Eq. (2.178), and electric potential, respectively. The subscripts E
and S denote exploding and surrounding plasmas, respectively. Near x/(c/wpe) =
1500 in the second panel, there is a strong-magnetic-field (SMF) pulse, which is
created near the boundary of the colliding two plasmas through the compression
of magnetic field lines. Some surrounding ions are reflected there to the right
(second panel) and exploding ions to the left (top panel). These ion motions lead
to the formation of forward and backward shock waves [8,9]. Near the SMF pulse,
magnetic perturbations are growing and the ion phase spaces are turbulent. As
shown in the third panel, electron energies are still much lower than v = 100 at
this moment.

Because vy is large and By is rather weak, exploding ions penetrate deep into
the surrounding plasma, creating a region where exploding and surrounding ions
coexist. Counter-streaming instabilities become unstable in this region: We find
small-amplitude, short-wavelength perturbations in the density profile in Fig. 7.9.
However, the instabilities grow only in the early phase (w,.t < 700), quickly sat-
urated with small amplitudes. The details of the instabilities are described in
Refs. [8,9].

Shock waves have formed and ultrarelativistic electrons have been created in the
Alfvén wave region in Fig. 7.10 (w,t = 2600). The forward and backward shock
fronts are at z/(c/wy.) = 2180 and at z/(c/wpe) = 1900, respectively. Because
the initial density of the exploding plasma is higher than that of the surrounding
one, the forward shock wave is stronger than the backward one. In the region
1650 S z/(c/wpe) < 2100 behind the forward shock front, there are Alfvén waves

(including the SMF pulse); their amplitudes are still growing, and their wave-
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Figure 7.10: Snapshots of phase spaces and field profiles. The forward and back-
ward shock fronts are at x/(c/wpe) = 2180 and at x/(c/wpe) = 1900, respectively.
In the region where Alfvén waves are forming, 1650 < z/(c/wpe) S 2100, ultrarel-
ativistic electrons are present. The parallel pseudo potential F' sharply rises near
the SMF pulse, indicating that a strong FE)| is created there at this moment [2].
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Figure 7.11: Trajectories of shock fronts and Alfvén waves. The quantity vgp, in
the horizontal axis is the speed of the SMF pulse. The right and left thick lines
represent forward and backward shock fronts, respectively. The dotted and thin
solid lines denote the SMF pulse and Alfvén waves, respectively [2].

lengths are increasing. Furthermore, many reflected exploding ions are present
there; accordingly, the momentum distribution of the exploding ions has greatly
broadened. In addition, we find vortices in the phase space of the surrounding
ions. These imply that the ion kinetic motions affect the evolution of the Alfvén
waves. FElectron energies in this region have reached v = 300 by this time. The
plasma density is rather low in the SMF pulse, 2020 < z/(c/wpe) S 2100. The
magnitude of the parallel pseudo potential, which is highly nonstationary, is quite
large, eF'/(m.c?) ~ 200, in the SMF pulse at this moment, indicating that a strong
parallel electric field E) is created there.

Wave trajectories

Shock waves propagate much faster than other low-frequency waves, as shown in
Fig. 7.11. Here, the trajectories of the forward and backward shock fronts are
plotted by the thick solid lines; the speed of the former is vg, ~ 24v,, and that
of the latter is v}, ~ 14v, in the laboratory frame. On the other hand, the

speed of the backward shock wave relative to the flow speed (vj) of its upstream
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plasma is v, — (vj) = —4.2vy0; here, (vg) is the average fluid speed in the region
xl [ (c/wpe) — 20 < x/(c/wpe) < 4y /(c/wpe), where 2, is the x position at which
n. of the backward shock wave begins to sharply rise. (The upstream region of the
backward shock wave is = < zl,.)

The SMF pulse (dotted line) is between the two shock fronts. Its speed is of
the order of the Alfvén speed, vgmp — (va) = (0.6 £ 2.7)va cos 8, where vy, — (va)
is the average plasma flow velocity near the pulse and o = 2.Tv, cos 6 represents
the standard deviation of the observed values of vg(x,t). Electromagnetic pulses
behind the SMF pulse are shown by the thin solid lines. Their propagation speeds
are approximately equal to that of the SMF pulse.

From the simulation results that the speeds are close to va cosf and that the
density perturbations are rather small, these electromagnetic perturbations (in-

cluding the SMF pulse) are identified as the Alfvén wave [10]- [17].

7.3.3 Electron acceleration due to Alfvén waves

Figure 7.12 illustrates three types of ultrarelativistic electron acceleration observed
in the Alfvén wave region behind a shock front. Type 1 shown in the top panel is
the same as the mechanism caused by the compressive pulse discussed in Sec. 7.1.
This process is found near the back slope of the SMF pulse. Both the SMF and
compressive pulses have a magnetic-field bump, which is an essential pulse character
for this mechanism; the density profile is unimportant. Type 2 in the middle panel is
the same as the mechanism caused by the moving magnetic neutral sheet discussed
in Sec. 7.2. As shown in Fig. 7.10, the signs of B, and B, change with z in the
large-amplitude Alfvén wave, indicating the presence of moving magnetic neutral
sheets. Particles meandering along these sheets can suffer Type 2 acceleration.
Type 3 acceleration occurs in particles traversing the region with an alternating
magnetic field. An important point here is that the plasma behind a shock front
is moving across a magnetic field and thus has an electric field E, ~ —(v x B/c),,

as well as wave fields. Particles can absorb energy from this field.
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Figure 7.12: Schematic diagram of three types of acceleration occurring in the
Alfvén wave region behind a shock front. The left and right pictures show the
orbits in the configuration and momentum spaces, respectively. Type 1 (top panel)
takes place in the back slope of an SMF pulse. Type 2 (middle panel) is found
around a moving magnetic neutral sheet. Particles traversing the region of an
alternating magnetic field can exhibit the orbit of type 3 (bottom panel) [2].

Particles can experience multiple energization processes. The motion of a par-
ticle that suffers the three types of acceleration is reported in Ref. [1].

We now look at particle motions observed in the simulation of Figs. 7.9-7.11.

The red line in the upper left panel in Fig. 7.13 shows the time variation of
the x position of an accelerated electron relative to the SMF pulse, £ — vgmpt. The
other lines are the wave trajectories same as those in Fig. 7.11 although the vertical
and horizontal axes have been exchanged; i.e., the two thick lines represent shock
fronts, and the dotted and thin solid lines are the SMF pulse and Alfvén waves,
respectively. This particle enters the shock wave from the upstream region and, at
point B (wpet = 1610), begins to move in the negative y direction along the SMF
pulse. This motion leads to the rapid growth of v, as shown by the lower left panel.
The orbits B—E in the (2 — vgmpt, y) and (p,, p,) planes resemble those in type 1
in Fig. 7.12.

The particle in Fig. 7.14 is initially behind the Alfvén wave region. It catches
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Figure 7.13: Trajectories of an electron with type 1 acceleration. The upper left
panel shows the time variation of (x —vgypt) of this particle (red line) and the wave
trajectories same as those in Fig. 7.11. The times at points A in the four panels
are the same; this is also the case with points B-E. This particle absorbs energy
moving along the SMF pulse [2].
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Figure 7.14: Trajectories of an electron with type 2 acceleration. This particle
gains energy in a meandering orbit along a moving neutral sheet. The p, in the
lower right panel is the momentum in the frame moving with the Alfvén wave; i.e.,
Dz = Ysmp (Diz — MeYVsmp), Where py, is the momentum in the laboratory frame and

f}/smp = (1 - /Us2mp/c2)_1/2 [2]
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Figure 7.15: Trajectories of an electron with type 3 acceleration. This particle
traverses the Alfvén wave region with an alternating magnetic field [2].
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Figure 7.16: Electron density distributions in the (z,~) plane. The upper panel
shows n(x,7) at time wyt = 3500. The solid line indicates the profile of B, at this
time. Ultrarelativistic electrons are in the Alfvén wave region. The horizontal and
vertical axes in the lower panel show initial particle positions x(0) and energies
Y(t) at wyt = 3500, respectively. The vertical dashed line represents the initial
boundary between the exploding and surrounding plasmas. Comparison of the two
panels shows that many of the electrons that eventually become high energy are
initially in the downstream region [2].

up with the left end of this region at point A. From point B (w,t = 2770), it
gains a large amount of energy, going in the negative y direction in a meandering
orbit along a moving magnetic neutral sheet. The orbits in the configuration and
momentum spaces indicate that this acceleration is type 2 in Fig. 7.12.

The particle in Fig. 7.15 is in the Alfvén wave region from the beginning; i.e.,
when the Alfvén waves were being generated, it was in that region. Between points
A and E, it traverses the Alfvén wave region with an alternating magnetic field.
Its y position considerably decreases with its v rapidly growing. The right panels
show that this acceleration is type 3 in Fig. 7.12.

Many of the particles that become high energy in the Alfvén wave are sup-
plied from the downstream region. The upper panel of Fig. 7.16 shows the elec-
tron density distribution in the [z(t),v(¢)] plane at time w,.t = 3500; the vertical
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Figure 7.17: Energy spectra of total, exploding, and surrounding electrons at time
wpet = 3800. The vertical axis N(7y) shows the number of electrons in the interval
v—0.5 < v <v+4+0.5. The energy spectrum of the total electrons is approximately
given by N(7) ~ 779 in the range 10 < v < 150 [2].
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Figure 7.18: Electron energy versus collision speed vg. The electron energy observed
in the simulations rises with vg in both 8 = 30° and 6 = 60° cases.
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dashed line denotes the boundary between the exploding and surrounding plasmas
at t = 0. Most of the ultrarelativistic electrons are in the Alfvén wave region
2000 < x/(c/wpe) < 2500 at this moment. As shown in the lower panel for the den-
sity distribution n.[z(0),~(¢)], however, the initial positions of these high-energy
particles are mostly in the downstream region: The vertical axis of the lower panel
represents v of particles at wp.t = 3500, while the horizontal axis shows their ini-
tial = positions. (The initial density n.[z(0),~(0)], which is not shown here, is in
the low-energy region, v < 5, in the entire plasma region.) Comparison of the
upper and lower panels indicates that high-energy electrons that are in the Alfvén
wave region at wp.t = 3500 are mostly exploding electrons; i.e., they were in the
downstream region at t = 0.

Figure 7.17 shows energy spectra of electrons at wy,t = 3800, where N(7)
indicates the number of electrons in the bin v — 0.5 < v < v+ 0.5. The spectrum
of the total electrons denoted by the black line can be approximated by a power
law with N () ~ v7%9 in the range 10 < v < 150. (As in Figs. 7.9 and 7.10, we
have used 1/20 of the electrons here.)

The electron energy in the Alfvén wave region becomes high in a strong collision
of two plasmas. Figure 7.18 shows the dependence of the highest electron energy
on the collision speed vy. In both # = 30° and # = 60° cases, ~ rises rapidly with

Vg, particularly in the region with large vy.
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Appendix A

Finite-amplitude, stationary,
relativistic, perpendicular wave

We obtain stationary perpendicular waves from a relativistic, cold, two-fluid model;
i.e.,, pj = 0 and 6 = 90°. Because we consider low-frequency phenomena, we assume
charge neutrality, n; ~ n. = n. The continuity equations for the ions and electrons
then give v;; ~ v., = v, for one-dimensional propagation (0/0y = 0/0z = 0).
Since the time derivatives are zero, /0t = 0, in the wave frame, we have the

following basic equations:

d q;
mj%@(vjvz) =qjE, + ;ijyB, (A.1)
m;v i(’y-u )=q;E, — Y. B (A.2)
Yz 7 \ViViy iy = Ve
V x E=0. (A.3)
dB 4mne
% = _T (Uiy - Uey) ) (A-4>

where ; is the Lorentz factor for the fluid speed v;, v; = (1 — U?/c2)*1/2, and
B =1B,.

Equation (A.3) indicates that E, and E, are constant in space and time:

E, = E, = const., (A.5)
E, = FE.; = const., (A.6)

where the subscript 1 refers to quantities at a position x = z; in the far upstream

180



region. From the continuity equation with 0/0t = 0, one finds that
nv, = n1v; = const. (A.7)

Adding the ion and electron components of Eq. (A.2) leads to

d

%(mi%viy + me’)/e'Uey) =0, (A8)
from which it follows that
Me Ye
o~ —— L A9
Uiy —_— Vey (A.9)
Hence, if
Ve K My/Me, (A.10)

and v, < Mwvy < ¢, where M is the Alfvén Mach number, the ion speed is

Y

nonrelativistic,

Ny~ 1 (A.11)

Furthermore, because of the assumption (A.10), the left-hand side of Eq. (A.1) for

the electrons can be ignored, resulting in

B, =-'vp (A.12)

c

This indicates that the magnitude of F,/B is always smaller than unity.
Summing Eq. (A.1) over particle species, ignoring the term mev,d(y.v,)/dz,

and using Eq. (A.11), we have

dv, eB
Mivy— = = ?(U,;y — Ugy). (A.13)

With the aid of Egs. (A.4) and (A.7), we eliminate (v, — v.,) and nv, to obtain

dv, 1 dB?
MUY = = e (A.14)

which can be integrated from z; to z to give

Uy = V18, (A.15)
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where s is defined as

B? - B?
8rmn v
From Eqgs. (A.7) and (A.15), it follows that

(A.16)

s=1-—

Y (A.17)

Substituting Eq. (A.17) in Eq. (A.4) yields

_cs dB
 dweny dx’

(A.18)

Vey

where v;, has been ignored.

With use of Egs. (A.15) and (A.18), the Lorentz factor of the electrons can be

2 1 a2
e — 1—- 2 ﬂ .
! { S[(c>+<4me>2(dx> } |
~1/2

which can be approximated as
, (A.19)

[, 5 2 @ 2
Te = 4mn, e dx

because v; < Mvy < ¢ in the entire region.

written as

Combining Eq. (A.2) for the electrons and Ampere’s law (A.4), and eliminating
Ye, we find that

dx c? MV S cme

d v? 12 e e
{vey (1_ﬂ) ]:_ B+ B. (A.20)

We multiply Eq. (A.20) by ve,. Then using Egs. (A.16) and (A.18), we obtain

d ,U2 _1/2
(471'7116)2@— [@ (1 - ﬂ) ]

c dx| c c2
w2, d ¢ > (B?— B2
e (g ‘p.) -2 ") A.21
2¢% dx [( vy yl) 16mm;nqv? ( )
Here, w,, is the plasma frequency at = x;. With the help of the identity
d f(x) d 1
- 7 - - A.22
T T ) LT A 0 422
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we integrate Eq. (A.21) from & = z; to x to have

02 -1/2 02 —-1/2
(4mnqe) < - %) — (1 _ cegl)
w? 2cE (B2 — B2)?
= 2 \(B-B)(B+B - %) - : A2
2¢? ( 1) ( i v ) 16mmnqv? (A.23)

One can put this equation into a form analogous to the equation for a particle

in a potential:

1 (aB\ -
5 <%> +®(B) =0, (A.24)

where B and Z are non-dimensional quantities defined as

B = B/By, (A.25)

T=1u/(c/wpe), (A.26)

and the “potential” ®(B) is

N w? 0?2 . . 2cE
_ pe _ e _ _ yl
d(B) = 2025 < 1+ {2w2 [(B 1) <B +1 vlé )

pe

2 (D2 2 5\ 21-1/2) 72
vy(B*—1) Qesy dB
- 1— —_— A2
4v} + Wpe Ay ’ (A.27)

where (). and va, as well as wp, are the values at * = x;, and dB /dz; stands

for the # derivative of B at # = ;. Figure A.1 gives an example of ®(B). The
value of B oscillates in this “potential well,” a periodic solution corresponding to
a nonlinear wavetrain.

If dB/di — 0 as |#| goes to infinity (hence, dB/d#; = 0), we have a solitary
wave solution. Let B,, designate the maximum value of B. Then it follows from
Eq. (A.24) that ®(B,,) = 0 because dB/d# = 0 there. Besides, we can take E,; as
E,1 = v1B;/c. Thus, the Alfvén Mach number is given by

M = (B +1)/2, (A.28)
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Figure A.1: Profile of ®(B) for dB/d#, = 0.1, |Q|/wpe = 1, v1/va = 1.2, and
CEyl/(’UlBl) =0.8.

in the solitary wave. The “potential” ® can be expressed as

2

O(B) = Qggz L(—14Q7), (A.29)
with
s=1-2(B>-1)/(Bn+1), (A.30)
e o (B+1)
Q=1+ QWZG(B 1) (1 BTy 1)2> : (A.31)

Since ®(B) and hence s are finite (s does not become zero), inspection of Eq. (A.30)

indicates that (B,, +1)? > 2(B2 — 1); i.e.,

1< By, < 3. (A.32)

Equations (A.28) and (A.32) are the same as those in the nonrelativistic case.

The characteristic soliton width D is given by

(C/gpe) ~ (B, —1)712, (A.33)

for B ~ 1 and by
D Qe| =~
~ | |(Bm - 1), (A.34)
(¢/wpe)  wpe
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for (|Qe|/wpe)(Bym — 1) > 1. In the case that the amplitude is small, B ~ 1, we can
expand Eq. (A.29) as

B(B) = —% (1 _ %) (B—102, (A.35)

B, +1

which is estimated to be of the order ~ (B,, — 1)3. Equation (A.24) then gives
Eq. (A.33). On the other hand, if B,, and |Q|/w,. are both large, it follows from
Eq. (A.29) that ®(B) ~ w2, /|Q%[?. From this order estimate and Eq. (A.24), we
find Eq. (A.34). A physical picture for this is given in Sec. 2.2.1 [see Eq. (2.45)].
One can calculate the magnitude of the electric potential in a solitary wave with

the help of Egs. (A.12), (A.16), and (A.18):

s (P B 2(B? - 1)
6= _/ml E,dr = /B e (1 - m) dB. (A.36)

Integrating this and using the relation (A.28), one finds Eq. (2.39).

The above results reduce to nonrelativistic ones under the following conditions:
0? ~ 2
( e > (B - 1) <1, (A.37)

2w2,
0, dB\’
( e—) < 1. (A.38)

Wpe dT

That is, relativistic treatment is required for large-amplitude waves in a strong

magnetic field. The nonrelativistic ® is derived from Eq. (A.27) as

B(B) = ——- (B - 1) <B +1- 2CE91) G Ve <§>2 . (A.39)

252 v B 4v3 dz,
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Appendix B

KdV Equation in a warm,
single-ion-species plasma

This appendix derives the KdV equation for magnetosonic waves in an electron-
ion plasma with finite thermal pressures from the two-fluid model (2.7)-(2.13).
Since we consider low frequency phenomena, we ignore the displacement current

in Ampere’s law (2.11) and assume charge neutrality,
Ne > N; = N. (B.1)
Then, from the continuity equation, it follows that
Vew ~ Vig = V. (B.2)

In the following calculations, the ion and electron masses are treated as being

the same order of magnitude; we therefore define the sound and Alfvén speed as

2= ipio + I'epeo
* ng (m; +me)’

(B.3)

Bj
dmtng (m; +me)

(B.4)

vy =

With use of these quantities, the phase velocities v,y = w/k of the fast and slow
magnetosonic waves are given by Eq. (2.6) in the long-wavelength limit.

We introduce stretched coordinates, Eqgs. (2.46) and (2.47), and expand physical
quantities as

n=mno+en, +€eng+---, (B.5)
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Uy = €Up1 + €V + -+ -, (B.6)

Vj, = €Vj,1 + 62sz2 +oe, (B.7)

pj =Dpjo+epj+ €pjpt+ -, (B.8)
E,=¢E,+EEp+ -, (B.9)
B.,=DB.o+eB, +By+ -, (B.10)
viy = €051 + v+ (B.11)
E, = P2E, + PB4 -, (B.12)
E,=PE 4+ PEy+ -, (B.13)
B, =B, + By + - (B.14)

Then the continuity equation (2.7) gives

£3/2 ( Oavxl )

on 9] Quzy | O(nyuy
el < 871 — V0 ;; U; + (n(;g 1)) +o=0. (B.15)

The z, y, and z components of the equation of motion (2.8) are, respectively,

vy E, , 1 Op;
/2 [ Tl Q; (c?1 + Vjy1 81119) — &]
0

oo o€ mjing O
1EB/2 |y, Ovgy  Ougn " dvgi 1 Opjo ni Opji
P o0& or vt o0& ming 0§ myn3 O¢
+Qj <CFO + ijl?g Vjz1—0 BO + Vjy2 sin 9)1 cee = 0, (B16)

E,
€2, ( Bo + V)1 cos ) — vy sin 6)

ov; E B,
+é2 [ Tyt + Q; (c—y2 — vzl—l + V.2 €08 0 — Vg0 sin 9)} =0, (B.17)
0

€/ {v Tl g <c—1 — Ujy1 COS 9)} + e [Upo 2]52 - %

v, E, B
—Umlﬂ + Qj (0—2 + leB_yl — ijg COS (9):| + = 0. (B18>
0
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The equation for the pressure (2.9) becomes

(32 <Up085%1 _pjoﬁfézjx1> Ly <v Opj2  Opp  Opj

e T o o
v, v,
From the y and z components of Faraday’s law (2.10), we have

62 <@ E)Byl 8EZ1) 63 <@ 8By2 1 3EZ2 1 8By1)

c Ot o€ c O o6 ¢ Or

+...=0, (B.20)

(32 (@ 0B _

aEyl 4 65/2 @ 8322 8Ey2 1 3321
c 0& 0&

e 6T)+"':O. (B.21)

Ampere’s law (2.11) takes the following forms:

€ (Z noqjvm) +é (Z q;j(novjz2 + njl?fjxl)) +---=0, (B.22)
- :

J

0B, 47
63/2 ( 851 —+ 7 nOQj’ij1>

J

+e/? (4% ; 45 (Novjy2 + nj10j1) + %) +---=0, (B.23)
and
€ (4% ;nOQJsz1> + ¢ (4% ; q;(novjz2 + Mj1vj1) — %) +--=0(B.24)
Gauss’s law (2.12) is
€ <4ﬂan1qj> + € ((47Tan2qj) — %) +--=0. (B.25)
j J ¢

From the equations of order ¢, for instance, we have

E
cB—y1 + vj,1 €080 — vy sinf = 0, (B.26)
0

Viz1 = Vezl = Uz1- (B27)
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In this way, from the lowest order equations in Egs. (B.15)—-(B.25), we find the
lowest order perturbations in terms of B,; as

ny visinf B,

, B.28

N ('U;Q)O — Cg) Bo ( )
2 .

Uzl VA sinf B,

o (B =) By’ (B.29)

PO UpO cs) 0

Vigt vi <vp0 N v3 cos? 9) 0 B,
2 .2 2 ’
Upo  Upg — v3 cos? O\ £

B.30
Qﬂ)po 85 By ( )
Veyl vi Upo L vi cos?0\ 0 B. (B.31)
Upo ’UIQ)O — Ui cos2 6 Qz Qe’Up() 8§ Bo ’ '
Uyl cos 6v3 B,
Up() UpO 0
; 2sinf B
b, rj”;*S—mQB—zl, (B.33)
Pjo o (Upﬂ - Cs) 0

En v sin 0 (€2 + Qe)vpo
BO - QiQec

B (Qerepe() + erzpw) g le (B 34)
(v2g —vicos?0)  no(m; +me)(vyy —c2)) 0¢ By’ '

Eyl Upo le
— = = B.35
By~ ¢ B (B.35)
E. Q; + Q) v3v3, cos b B,
1 _ ( ) A%p0 2 1’ (B36)
By Qe (vZ) — v} cos?0) 9 By
By (% + Q) vivgcost O By
By

— — . B.37
Q,Q, (2)12,0 — v} cos? «9) 0¢ By ( )
Integration of Eq. (B.34) yields the electric potential ¢, Eq. (2.184).
From the momentum equation in the order €2, we obtain
0 E B, )
—vpoa—/5 (Vig1 — Vey1) = (% — Q) ( v2 L uyosin 9)

C—= — Vg1 ——

By By

+ (QiUiZQ - Qe”ez?) COS 97 (B38)
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8 K3 €
—Upo 5z o€ (U vl Uﬂyl> = (Viz2 — Vez2) COS . (B.39)

The z component of Ampere’s law in the order €2 becomes
6B 1 47
85 = 771,0 QjUjZQ. (B40>

J

The momentum equation in the order /2 gives

LN 9N (L O
Q, . ) \ar T%ae) T\, T q,) o

. B,
= (Uiyg — Ueyg) Sin 9 + ?01 (Uiyl — Ueyl)

c ny 0 0
e Bono <n0 o€ (Pir + per) — (% (piz —i—peg)) ) (B.41)
i_i Q—FU g v —’Ug @_UGZQ
Qi Qe or zl a§ z1 0 @g Qz Qe
- (Uin - Uey2> cos 0. (B42)

The equation for the pressure in the order €/2 is

v2(~+)— a+v (pi1 + Per)
p0 ag Di2 DPe2) = ]l 5~ ag Di1 De1
Vg2 avxl
Fi [ Fe e0) Tq~ Fz i Fe e B.43
+ (Cipio + Lepeo) ¢ + (Lipir + Leper) —— o€ ( )
From Egs. (B.21) and (B.23) in the order ¢*/2, we find
ale 8E 2 47T67’L()U 0 ny
5 = (%y i = (Vg2 — Vey2) + o (Vigt = Vey1) ) - (B.44)

We now eliminate the second-order quantities with the subscript 2 from the
above equations to derive an equation that contains only the equilibrium and first-
order quantities. Combining Eqgs. (B.38), (B.40), (B.42), and (B.44), we eliminate

the quantities (v;z0/€% —Vez2/Se), (Vig2 —Vey2), and (V;z0 —Ve,2) to have the following
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equation:

47renov12)08_2 (031 — - Admengyvy i B i OEy;
cBoQu§, og2 it T Vel = g\ o) T 0, ) o
ccos’0 OB,  4mengul 11 0
- 0 ~ o a_ x z
Up()BO 8{’ + CBO cos (Qz Qe) <(‘97’ + v 165) Uzl
dmeny cos? 6 cos? 0 0B, vpocost (1 1\ 0°By
—————— (Viy1 — Vey1) — — =5t 5 5
CB() Up()BO or BO Qz Qe 85
drengvp (1 1\ 0 drengvp (1 1\ Ovga
— === (uBsy) - ——— | =——— ) —=. (B4
B2 (Q Q> og B0 — g\ T ) o (B
From Egs. (B.41), (B.43), and (B.44), it follows that
8Ey2 . 18B21 B()Upo 8 8 47T€n17}p0
of ¢ Or  cisinf \Or T m ¢ Vel c? (Vigs = V)

dmrenguyy B ( ) dmv,y g 0
— 5 5 Wiyl — Ve —
c2sinf By vl vl cBgy sin 0 ng 0€
By 0 N 0 (pi1 + pur)
- a_ Vel =z [ e
no(m; + me)cvi sinf \ Ot Lo¢ Pir 7 Per
BO(“}%O - Cg) OVzo By (Uipin + Teper) Ovg (B.46)

cvising 9§ no(m; + me)evi sing 9¢

(pit + De1)

By substituting Eq. (B.46) in Eq. (B.45), we can eliminate both v, and Eys.
Then expressing the first-order quantities with B,;, we obtain the KdV equation

(2.52) in the main text.
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Appendix C

Derivation of KdV Equation for
the high-frequency mode

This appendix considers nonlinear evolution of the high-frequency mode in a plasma
consisting of electrons, light ions (a), and heavy ions (b, ¢, - - - ). The gyrofrequencies
of the heavy ions are supposed to be lower than that of the light ions, ,, and
the heavy-ion densities are lower than the light-ion density n,. We can write
the relation between w and k of the high-frequency mode in the form of “weak
dispersion,” Eq. (2.115), in large part of the frequency domain above its cutoff
frequency of the order of the ion gyrofrequency.

We derive the KAV equation for quasi-perpendicular waves from the cold, fluid

model for a multi-ion-species plasma:

on;
a—tj +V. (nj’vj> =0, (Cl>
0 Q; 1
(a‘f‘(’l)j'V)) v = |Q€|E(E+’Uj><B)7 (CQ)
0B
V x B = nanqj'uj, (04)

J

where 7 is defined by Eq. (2.107), a small quantity of order (m./m;)'/?. We have
normalized the length, velocity, and time, respectively, to ¢/wpe, vn, and (¢/wpe)/vn.

Furthermore, we have normalized the number density, charge, magnetic field, and
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electric field to ne, €, By, and v, By/c, respectively. The coefficient on the right-
hand side of Eq. (C.2), ©;/(|Q2|n), is of order n for the ions (j = a,b,c,---) and of
order ! for the electrons (j = e). Ampere’s law, Eq. (C.4), also contains 7.

We introduce stretched coordinates,
&= 61/2(:17 — 1), (C.5)

=%, (C.6)

and expand the plasma variables as

B, =sinf+eB,, + B+ -+, (C.7)
E,=cEy+Ep+-- (C.8)
Ve = Vg1 + EVjga + -+ (C.9)
Vi, =0 v+ vy + 000, (C.10)
n; =mnjo+enj + ngp + e, (C.11)
and
B, =B + By + - (C.12)
E, =0 Y Ey + EPEp + ), (C.13)
E, =B, +PE 0+ (C.14)
vy =10 (€ v + P 4+ ). (C.15)

To avoid the frequency regime w < €),, we assume that n < ¢ < 1, inequal-
ity (2.96). In addition, the propagation angle is supposed to be nearly perpen-
dicular, so that sinf ~ O(1) and cos# ~ O(n); hence, B,y = cosf ~ O(n). This
expansion differs from the conventional reductive perturbation scheme [Egs. (B.5)—
(B.14) in Appendix B] in that the quantities E,, v;,, and v;, are proportional to

nt.
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Applying the above scheme, Egs. (C.5)-(C.15), to Egs. (C.1)—-(C.4), we have

the following equations. The continuity equation is

on ov on,; on,; v on;1v;
3/2 1 Jjrl 5/2 (Y52 g1 Jjz2 j1¥jal =0
‘ ( 8€+J°6‘£)+6 ( e " ar M ag T o )* |
(C.16)
The x component of the equation of motion for the ions becomes
ov; Q; ov; ov; ov;
3/2 1l 7 E ) 5/2 12 N ixl . 1l
o (e B+ o)+ (T - -
Q
+W<Ex2 + Viy2 + Uilezl)) +..-=0, (C.17)
where the subscript ¢ refers to ion species, i = a, b, c, - - -. The quantity €;/(|Q|n?)

is of order unity. The y and z components of the equation of motion for the ions

read as
_ ov; 1 _ ov; 2 ov; 1 ov 1
1 2YY%y 1.3 w2 YUyl iy
n 6—85 +n €<8§ o Vigl 85)+
e (S
|Q | 2 Uzrl
Q; 0
+77€2 [W (Eyg —f‘ %le — Viz2 — Uixlel>:| + 0 <C18)
ov; ov; ov; ov
—1_5/2 izl —1_7/2 122 . izl B izl
T e T e (ag or ma§>+
Q, 0059
3/2 ? E
e LQGW ( o )]
Q; cos f
+77€5/2 {W <E22 + UixlByl — 1 'Uzy2>:| + - = 0. (Clg)

For the x, y, and z components of the electron equation of motion, we have

0722 (Byy + vey1) + 072 (Eyg + Veyg + Vey1 Bar) + -+ = 0, (C.20)
0v, cos
nile(Eyl o Ueﬂ?l) + 777162 (_ agl + Ey2 + Tvezl — Vex2 — Uemlel) +---=0,
C.21)
_ cos 0 8vez1 cos
77 163/2 <Ez1 _ 77 Ueyl)"‘n 1 5/2 < 8€ + E22 + erlByl _n Uey2)+' . = 0
C.22)
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The y and z components of Faraday’s law are

B, OF. 0B, 0B, OF.
& (_aagyl_ 8§1>+€3 (_ TR = 852)+”':0’ (€29

0B ok 0B 0B oF
32 [ z1 yl 5/2 [ 22 z1 y2 R— 924
€ ( 5 +—8£>+e ( a§+87+a§)+ 0 (C.24)

The z, y, and z components of Ampere’s law become

€ Z njoqjvjml + 62 (Z njoqj’(]jxg + Z njlqjvjm1> + = 0, (CQ5)
] J J

J

0B, 0B,
" ( 651 +2. ”joqj“jm) +e < agz + D miodjvie + ) ”jl%‘%‘yl) =0,
i i i
(C.26)

0B 0B
¢ ( 851 B Z”J‘OQJ'“M) +e ( agﬂ =D Miodjvjz — Znilgjvjﬁ) +=0,
i i i

(C.27)

where ) ; denotes summation over all the particle species including electrons.

With the aid of the assumption n < € < 1, we obtain, from the lowest order
terms in Eqgs. (C.16)—(C.27), the following relations among the quantities with the
subscript 1:

Ne1 = Veg1 = Eyl = le; (C2S>
NS Q

i1 = —BZ 9 il — —Bz 5 029
T T T e (C.29)
Vey1 = _E:cl = 8321/85, (CSO)

cosl 0°B,, cos 0B,
ezl — T T a5 Ez =—-B,; = — C.31
TS ' TS (G:31)
Uiyt = Viz1 = 0. (C.32)

Unlike the case of single-ion-species plasmas, vj;; depends on particle species, al-
though their currents in the z direction cancel as shown below by Eq. (C.34).
By virtue of the O(n~'€®) terms in Eq. (C.18) and the O(n~'¢"/?) terms in
Eq. (C.19), we find
Viya = Vjzo = 0. (C.33)
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[The O(n™'€®) terms are greater than the O(ne) terms because n < ¢ < 1.] From
the terms of order € and €2 in Eq. (C.25), we have

Z Ni0q;Viz1 = Ve, (034)

ZniOinixQ = Vea2 — Znﬂ%%h (C.35)
i J
where Y, denotes summation over ion species. We multiply the O(€*/?) terms in

Eq. (C.17) by n;q; and take summation over ion species 7; in which we substitute

Eq (035) for Zz Ni0q;Viz2:

avml 0 10 nquz 7
o _8_5 (er — zj:njlq]'?sz1>+§a—€ (Zl: Ni0q; Vi1 ) (Z AL = 0.
(C.36)
Here, we have used Eqgs. (C.33) and (C.34). We can eliminate the quantities with

the subscript 2 such as ve,o and E,o from Eq. (C.36) and from the second order
equations in Egs. (C.20), (C.21), (C.24), and (C.26) by similar calculations. We
then obtain the KdV equation for the high-frequency mode in the normalized form,

—0. (C.37)

5 e oe3

8321 Ta 8321 4 1 1— COSQQ 83BZ1
or “ o0& 2

The coefficient « is given by Eq. (2.119) in the main text.
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Appendix D

Highest energy of trapped
electrons

We here derive Eq. (3.24), the highest energy of electrons that are reflected and
then trapped by an oblique shock wave.

Electron velocities in the upstream region

We consider the electron motion in the wave frame, where the electric field is
E = (E,, Ey, 0); Ey is negative and is related to the shock speed vg, through
Eq. (2.58). The guiding-center velocity of an electron, v, is given by Egs. (3.18)-
(3.22).

In the far upstream region, the z component of the guiding-center velocity
averaged over the electrons in a small volume element is zero, (vy.0) = 0, where
the subscript 0 refers to the quantities in the far upstream region. Then, because

Voz0) = —Ush = cF,0/B.o, the average parallel velocity is given by
g Y
(vjj0) = —vsnByo/Bo < 0. (D.1)

Incoming electrons have negative vg,0; thus, from Eq. (3.20) it follows that

< sn - bl D2
Uljo < Ust BaoBo (D.2)
which, combined with Eq. (3.22), gives
B (B, By
20 < Ush : D.3
o0 = g (BzﬁBw 03

Electrons with these velocity components will encounter the shock wave.
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Estimate of the highest electron energy

From the relativistic equation of motion for an electron, Eq. (3.10), we have an
energy equation (3.12). Figure 3.5 in Sec. 3.2.1 shows a schematic diagram of the
guiding-center orbit of a trapped electron projected on the (x,y) plane; the electron
is reflected at point D. Points C and E are at the peak position of the potential ¢;
hence, x¢c = rg = x,,. The electric field E, is positive in the region x > z,, and is
negative in x < x,,.

Substituting the guiding-center velocity, Eqgs. (3.20) and (3.21), in Eq. (3.12),
we find the increase in the kinetic energy when the guiding-center moves from point
B to point C as

C CU B

_ 1Py
KBC—6(¢C_¢B)+eEyO/ Id:v—eEyg/ B
B B

dt, (D.4)

where

Ex
1= B ¥ 0/ (BB B (B:5)

Its denominator is proportional to the guiding-center velocity vg,. The first term
on the right-hand side of Eq. (D.4) shows the energy increase due to the potential
difference. The second and third terms represent the work done by the electric
field Eyy. If an electron moves with a velocity nearly equal to the fluid velocity,
then v would be negative, as suggested by Eq. (D.1). Thus, the denominator of
Eq. (D.5) cannot be close to zero because E, is also negative, which implies that
the electron moves quickly from points B to C.

We have a similar equation for the change in energy K¢p; the energy increase

along the orbit B>C—D—E can be written as

v Py B,
Kpr = Kgc+ Kep + G(QZSE — ng) + eEyg/ Idz — eEyo/ I dt. (D.6)
D D

When the electron guiding center moves from points D to E, v has rather large

positive values; otherwise vy, cannot be positive. If the parallel velocity is

CEyO Bz
BB’

(D.7)

v~ =
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then v, ~ 0, and the denominator of I in the fourth term on the right-hand side
of Eq. (D.6) becomes quite small; the fourth term can therefore take a large value.
In other words, if vy, is small, it takes a long time for the electron to reach zg
from xp, during which it traverses a long distance in the y direction. As a result,
this particle gains a great amount of energy from E, o, with its v approaching c.

Accordingly, it follows that

E c D
/ Idx| > / Idx|, / Idx|. (D.8)
D B c
This is also the case with the integral [ v(B,/B)dt. We thus have
E E B
Kpp = e(pp — Ey [ Ide—cEy | dt2 D
BE = €(¢E ¢B) + el T — €Ly t R ( 9)
D D

In view of the facts that the second and third terms on the right-hand side of
Eq. (D.9) arise from the integral [ vy,dt in Eq. (3.12) and that v is approximately
given by Eq. (D.7), we find that the ratio of the magnitude of the third term to
that of the second one is ~ B, /B,o. Since B, ~ 0 near z,, (= xg) (see Fig. 2.4),

the third term can be ignored compared with the second term:

E
KBE :€¢E+€Ey0/ [dSL', (DlO)
D

where ¢p has been taken to be zero.

The expression for I in Eq. (D.10) can be further simplified. Because B, has
large values in the shock wave, especially around the point x = z,,, we can assume
that

B/B, ~ 1. (D.11)

Furthermore, since v is large along the path D — E, we take the magnitude of v
to be
UH ~ C. (D.l?)

The denominator of I in Eq. (D.10) can then be approximated as

Eyo + (v)/¢)(BByo/B:) ~ Eyo + Buo. (D.13)
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Electron reflection occurs when the potential ¢ and thus the parallel pseudo po-
tential F' become small at point D; for this reason, ¢p is ignored compared with
¢g. Under these circumstances, we obtain from Eq. (D.10) a simple expression for

Kpgg in the wave frame, Eq. (3.24).
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Appendix E

Equivalence of Egs. (3.38) and
(3.50)

We prove here that Eqgs. (3.38) and (3.50) are identical for a stationary wave
(OF /0ot = 0). To do this, we first note that in the drift approximation, Eq. (3.50)

can be written as

d me 2 2 E 0
— [ == (v +v3) + pmB — eF +mec—==v,, | =0, E.1
i (Fete oy, ©1)
where v, is the z component of the guiding-center velocity.

The time derivative of vy, can be expressed in terms of 0F/0x and d(u,B)/dt.

Since F, = 0 in the wave frame, the following equation holds:

Eydv, mec dv, dv,
Bt p o)
( Ot dt

. — E.2
"By dt B (E2)
the right-hand side of which is proportional to the x component of E x dv/dt.
Substituting the equation of motion for dv/dt, we find that

dv e

E x (v x B), (E.3)

dt MeC
which, with the aid of Eq. (3.27), becomes

d'v_e

dt mec[(E - B)vg+ (E-B)v - (E-0)B], (E.4)

where the relation E-v, = 0 has been used. On account of Egs. (2.174) and (3.36),

the = component of Eq. (E.4) time-averaged over a gyroperiod can be written as

<Ed_> ~unll, Dl b, (E5)

v
dt mec Ox da mec dt
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where we have dropped the term (E - B)v, through the averaging. We can thus
put Eq. (E.2) into the following form:

Eodv,\  OF d
— e — (4 B). E.
<mech0 dt > ¢ o Ve = g #mB) (E5)

Since (v,) = v,,, we find that Eq. (3.38) is equivalent to Eq. (E.1) and hence to
Eq. (3.50).
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Appendix F

Conditions for 1on reflection

We calculate in the wave frame the motion of ions reflected by a perpendicular
shock wave and derive the conditions for ion reflection. It is shown that many ions
can experience one reflection at the shock front. However, only ions with their

speeds close to vy, can experience multiple reflections.

F.1 Motions in the upstream and transition re-
gions

Since we are in the wave frame, E, is constant, £, = Ey, (< 0), in the upstream
region (x > z1 in Fig. F.1). The electric potential is assumed to rise in the shock
transition region with a constant gradient from zero at x = x; to a finite value at
xr =z — A, where A is the width of the shock transition region (shaded area in
Fig. F.1). The longitudinal electric field E, (> 0) is then constant in this region;
outside of which, it is zero. The sharp rise of the magnetic field also acts to reflect
particles. For simplicity, however, we assume a uniform magnetic field, focusing on
the effect of the electric field on reflection.

Under these circumstances, the ion motion in the upstream region can be de-

scribed as

vy = Vpcos VU + Vi, (F.1)

vy = Vpsin U, (F.2)

203



Figure F.1: Schematic diagram of ion orbit in a perpendicular shock wave in the
wave frame. The electric potential is assumed to rise in the shock transition region
(shaded area) with a constant gradient. In the upstream region (r > xi), ions
with their gyration speeds lower than vy, move in a curtate cycloid. Some ions are
reflected in the shock transition region by FE,.

where

VE‘y = CEyO/B, (F3>

with 0 a constant. We suppose that a particle reaches the line x = x; at time t = t;

with y = y; and with the phase

We may write the velocity in the shock transition region as

vy = Vi cos[—Q;(t — t1) + 81] + Viy, (F.6)
vy = Visin[—Q(t — t1) + 01] — Vs, (F.7)
where
Ve = c¢E, /B, (F.8)
and the position as
r—x = —(Vi/Q){sin[—Q;(t — t1) + §1] —sindy } + Vi, (t — 1), (F.9)
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y—y1 = (Vi/Q){cos[—Q;(t — t1) + 01] — cosd1} — Vg (t — t1). (F.10)

Because the velocity given by Eqgs. (F.1) and (F.2) and that given by Egs. (F.6)
and (F.7) are equal at t = t;, the constants V; and ¢§; are related to Vy and ¥,

through
Vi = [V + Vi, + 2VoVi, sin 4]"2, (F.11)
cosdy = (Vo/ Vi) cos Uy, (F.12)
sind; = (Vosin Uy + Vg, )/ V4. (F.13)

In a perpendicular magnetosonic wave, in which A is small (~ ¢/w,.), the longitu-

dinal electric field is so strong that Vg, should be large:
Viz > |Vgyl, Vo (F.14)
In this case, we see from Eqs. (F.11)-(F.13) that

1/ Vo\? Vo \ .
1+ - U
- 2 (VEﬂc) * (VEI) T

5y ~ /2. (F.16)

%:VECE

, (F.15)

F.2 First reflection in the transition region

This section computes the position and time of the first reflection, and then shows
the velocity range for reflection to occur.

At the reflection point, v, becomes zero,
COS[—Qi@ — tl) + 51] = _VEy/‘/l~ (Fl?)

The right-hand side of Eq. (F.17) is positive and is much smaller than unity, as can
be seen from Egs. (F.14) and (F.15). In addition, since the velocity v, is negative
at t = t1, it follows that

cos 6 < —Viy/Vo. (F.18)
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On account of Eqs. (F.14) and (F.16), the left-hand side of Eq. (F.17) can be

approximated as
cos[—Q(t —t1) +01] = Qi(t —t1) — o1+ /2 = Qi(t — t1) + (Vo / V1) cos ¥y, (F.19)
where the following relation has been used:
6 — /2 =—(Vo/Vi)cos Uy, (F.20)

which is found from Egs. (F.12) and (F.16). From Eqgs. (F.17) and (F.19), we have

the reflection time as
Vey + Vo cos ¥y
Qv '

Substituting Eq. (F.19) in Eq. (F.6) and integrating it over time, we find the

(F.21)

tref -1 =—

reflection point as
(Vi + Vo cos Uy )?

= — F.22
Fref 1 20: Vs (F.22)
If the length |z, — 1] is smaller than the shock width,

Tl — Trep < A, (F.23)

then the incoming particles (V; cos Uy + Vg, < 0) satisfying the following condition

are reflected by the electric field E, at least once:
—Vigy > Vocos Uy > Ve, (F.24)

where vy is the minimum velocity for reflection,
Uret = —Vigy — (200 Vi)' (F.25)

For a stationary solitary wave with e¢ = 2mvi(M — 1), we can estimate the
magnitude of E,A as
eE,A ~ 2mvi (M — 1). (F.26)

Or, with use of the relation eFE, A ~ e@, v,f may be written as

Vet ™ Vs — (2e¢0/m;) /2. (F.27)
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F.3 Second reflection

Here, we examine the velocity after the first reflection and then give the velocity
range for the second reflection.
Similarly to the previous section, one obtains from Eq. (F.9) the time ¢5 at

which the particle crosses the line x = x; as
Qz(tg — tl) = —2<VEy + ‘/0 COS \111>/V1 (F28)
The velocity at time 5 is expressed as

Uz ~ —(Viy + Vo cos ¥yq)

2V, 2 (Vi + Vo cos Uy) Vi cos? Uy
V Vi v —_ F.29

Vy2 = VEsz(tQ - tl) + ‘/0 sin \Ijl. (F?)O)

Under the condition (F.14), the following approximations are possible:
Vg ~ — (Vg + Vo cos Uy), (F.31)

\:[12 >~ —7T/2, (F32)

where W, is the phase at ¢ = ¢5 in the shock region,

The motion of the particle that has returned to the upstream region again

(x > xy1, t > t3) may be written as
vy = Vo cos[—Q;(t — t2) + 82 + Viy, (F.34)

vy = Vasin[—Q;(t — t2) + 0a). (F.35)

From the continuity of the velocity at t = t5, the constants V5 and d, are given by
Vs = [(vra — Vie)* + ]2 (F36)

cos 9y = (V1 /Va) cos Uy [= (Va2 — Vy)/Val, (F.37)
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sindy = (Visin Uy — Vi) /Va (= vy2/Va). (F.38)

Substituting Egs. (F.29) and (F.30) in Eq. (F.36) and using Eq. (F.28), we obtain
V5 in terms of V) and Wy:

Vi = Vi@ +4(Vg, + Vocos¥y) [VEy — VEZVO sin ¥4
(i) v =), 9
If Vo < |VEyl|, then Vj and d5 can be approximated as
Vy ~ =2V, (F.40)
5y~ 0, (F A1)

The direction of the velocity of the reflected particle changes again in the up-
stream region owing to the magnetic force. The time ¢3 at which the particle

reenters the shock wave (reaches the line x = x;) is found from Eq. (F.9):
sin W3 — sindy = (Vig, /Va2)Qui(ts — ta), (F.42)
where W3 is the phase at ¢t = t3 in the upstream region,
Uy = —Q;(ts — t2) + Oa. (F.43)

Then, similarly to Eq. (F.24), one obtains the condition for particles to be reflected

again in the shock region as
—Viy > Vo cos Ug > . (F.44)

Particles with small initial gyration speeds (Vy < |V, |) are not reflected twice
by the shock wave. Indeed, with use of Egs. (F.40) and (F.41), which is valid for
Vo < |Viy|, Eq. (F.42) can be written as

sin Uy = W3 /2. (F.45)
Hence, U3 is in the region 7/2 < ¥3 < 7 or in —7/2 > W3 > —7; thus, cos V3 < 0.

Since vt > 0, the relation (F.44) is not satisfied.
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F.4 Multiple reflections with small relative ve-
locity

This section analytically shows that the second reflection is possible if the relative
speed is small.

We consider the following circumstances:

vy = Vpcos ¥y + Vi, = —ev, (F.46)
0<ev << Vo, |Veyl, Ve, (F.47)
vy = Vosin Wy ~ VoW = eu, |eu| <V, (F.48)

where € is the smallness parameter. Then Egs. (F.21) and (F.22) become

€V

bt — 1y = —— F.49

i—h= oy ( )
(ev)?

rof — = — . F.

Trot — T1 SO (F.50)

That is, the reflection time is quite short, and the reflection point is in the vicinity
of the line x = ;.
This suggests that these ions can be reflected many times. Indeed, we can show

that Eq. (F.44) is satisfied. Similarly to Egs. (F.36)—(F.38), we obtain

Vo = Vg, + ev, (F.51)
dy = —eu/Vg,. (F.52)

Equation (F.42) then gives
Qi(ts — t2) = (Gev/|Vig,|)'/*. (F.53)

Using Egs. (F.43) and (F.51)—(F.53), one finds that
Vo cos Vg =~ =V, — 2ev. (F.54)

Since ev is small, V5 cos U3 is greater than v,.: The condition for the second reflec-

tion, Eq. (F.44), is met.
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Appendix G

Jumps in energy and parallel
momentum

We consider fast particles moving with an oblique shock wave and making gyromo-
tions across its transition region (Fig. 4.5); i.e., fast particles satisfying the relation
v cos ~ vg,. If they barely enter the shock wave, they will quickly go out again
to the upstream region. They can repeat this process several times near the shock
transition region, during which they suffer jumps in their energies and parallel mo-
menta. By the latter effect, these particles can eventually outrun the shock wave.

We treat these processes here.

G.1 Magnitude of an energy jump

Since the gyroradii of fast ions are much greater than the width of the shock
transition region, the magnetic-field profile is approximated by a step function in
the following analysis of particle orbit; i.e., the magnetic field in the upstream region
is By = By(cos6,0,sin#), and that in the shock wave is By = Bj(cos by, 0,sin6;).
The magnetic force on fast particles is stronger than the electric force, and their
orbits are well approximated by the unperturbed orbits. In the shock wave, their

orbits may be written as
x(t) = vyt cos Oy + psin b cos(—Qit/v +n) + ag, (G.1)

y(t) = psin(=Qat/y +n) + ay, (G.2)
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z(t) = vytsinf; — pcos by cos(—Qut/y + 1) + a., (G.3)

where €);; is the nonrelativistic ion gyrofrequency in the shock wave, and 6y, n, a,,

ay, and a, are constant. The momentum is then given as

Pz(t) = p1j cos Oy + pyosin by sin(—Qut/y + 1), (G4)
py(t) = —p1r cos(—Qut/y +n), (G.5)
pz(t) = pyjsin @y — pi1 cos by sin(—Qit /v +1). (G.6)

Taking the scalar product of the relativistic equation of motion with momentum

p, one has
d (p*
—|=)=ap-E. G.7
i () = @
Substituting the unperturbed orbit (G.1)-(G.6) in Eq. (G.7) and integrating it over

time from ¢ = t;, to t = t,y, one obtains the increase in p? as
P
d (5) = ¢ip1) B (tows — tin)

2 ) Qz tou tin . Qz tou - tin
- w(ﬂC sinf; — E, cosfy) sin (_@ + n) sin (—M>

Q; 2y 2y
2%’7]911_ Qz (tout + tin) . Qi<t0ut - tin)
+ 0, E, cos (_T +n | sin — ) (G.8)

where £ = E, cos 6y + E. sin 0. The first term on the right-hand side of Eq. (G.8)
is ignored, because £ is small compared with E, in shock waves and is appreciable
only in the thin shock transition region. (In these calculations, the contribution
from the transition region is not included.) Furthermore, since the gyro-averaged

particle velocity (v,) is supposed to be close to vy, we can assume that

Qi tou tin
oS (—% + 77) ~ —1. (G.9)
Equation (G.8) is then reduced to
2
p ZQZ’YPM . Qz (tout - tin)

which gives the amount of energy that a fast particle gains per gyroperiod. A
fast particle moving with a shock wave can undergo energy jumps, each given by

Eq. (G.10), while it is gyrating across the shock transition region.
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It is interesting to note that the right-hand side of Eq. (G.10) increases with
the particle energy. Substituting Eq. (G.11) in the equation for the increment of
energy

1 p?
y=—0~= G.11
1T iy ( 2 ) ’ (G11)
which is obtained from the relation v = [1 + p?/(m2c?)]*/2, we have Eq. (4.10) in

the main text. Since p;, is proportional to «, we find that
oy ~ Cv, 7, (G.12)

where C' is a constant. Because v, is supposed to be of the order of ¢, this relation
between v and ¢ nearly coincides with the one assumed in the Fermi acceleration

model, even though the two mechanisms are distinct.

G.2 Increase in parallel momentum

During the process discussed in Sec. G.1, the parallel momentum and thus (v,)
increase. Fast particles with initial velocities vjcosf ~ vy, thus tend to finally
outrun the shock wave. The increase in pj is caused by the rapid change in the
magnetic field in the shock transition region, as shown below.

Since the gyroradius of a fast ion is much greater than the width of the shock
transition region, the time rate of change of the magnetic field that an energetic

ion feels along its orbit can be expressed as

% = (B1 — By)[6(t — tin) — 6(t — tou)]. (G.13)

Furthermore, it follows from the relativistic equation of motion,

dp v
E_q(EJerB), (G.14)
that
dp
— . B=gFE-B G.15
and thus
d(p- B) dB
—  =p-— FE .- B. 1
o Pt (G.16)

212



The second term on the right-hand side of Eq. (G.16) can be ignored, because Ej is
weak and mainly present near the shock transition region. Substituting Eq. (G.13)
in Eq. (G.16) and integrating it over time from ¢ = ¢, (time right before ¢t = t;,) to
t =t (time right after ¢t = tyy), we find

p(ty) - B(ty) — p(ta) - B(ta) = [p(tin) — P(tout)] - (B1 — Bo). (G.17)

At t = t, and t = t;, the particle is in front of the shock wave; thus, B(t,) =
B(t,) = By. Hence, the left-hand side of Eq. (G.17) is equal to [py(ts) —po(ta)]- Bo,
to which only the parallel component of p, contributes, where the subscript 0
refers to quantities in the upstream region. Let dp; designate the increase in the

momentum parallel to By,

opy = [Po(ts) — Po(ta)] - Bo/ B, (G.18)

then the left-hand side of Eq. (G.17) is equal to dp)By.

Because of the change in the direction of the magnetic field (B is not parallel to
By), the magnitudes of the parallel and perpendicular components of the momen-
tum change when the energetic particle enters the shock wave. The values of the
momentum components also change when the particle goes out to the upstream re-
gion. That is, even though the momentum is continuous, p(ty,) = py(tin) = Py (tin),
p1)(tin) is not equal to pyy|(tin). Furthermore, because Ej is ignored here, py|(t) is

constant during the time from ¢ = t;, to t = t,u, which leads to the relation

P(tin) — DP(tous) = P11 (tin) — Pro (fout)- (G.19)

Then, noting that p,, - By = 0, we find that

[p(tin) = P(tow)] - (Br — Bo) = [P11 (fout) = P11 (tin)] - Bo- (G.20)

Equation (G.17) thus gives the increase in the parallel momentum as

op| = [P11 (tow) — P11 (tin)] - Bo/Bo. (G.21)
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We prove that dp| is always positive. Let e, be the unit vector in the direction
perpendicular to B; and to e,, the unit vector in the y direction; i.e., e, =

e, X B1/B;. We then introduce the quantity
Diler = P11 * €ar, (G.22)
to put Eq. (G.21) into the form
Op| = [P11aer(tous) — P1ia(tin)] sin(6r — 6p). (G.23)

At the moment that the particle enters the shock region from the upstream region,

the  component of the particle velocity must be smaller than the shock speed vgy:
V1| (tin) cos 01 + V1 12(tin) 5in 0 < vgp, (G.24)

where vy, = vy, - e;. When the particle goes out to the upstream region, v,

must be greater than vg,:
V1| (tout) €08 01 + V110 (tout) SIN 61 > Vg (G.25)
In terms of momentum, Eqgs. (G.24) and (G.25) can be expressed as
P1)(tin) cos 01 4 P11 (tin) sin Oy < My (tin) Vsn, (G.26)

P (tout) COos 01 + le.w/(tout) sin 61 > mi7<t0ut)vsh~ (G27>

The inequalities (G.26) and (G.27) indicate that

le.x/@out) > plj_gcl(tin); (G28>

because py(tin) = p1)|(tout) and y(tous) > ¥(tin). [As shown in Sec. G.1, the electric
field E, makes y(tou) greater than (). Obviously, however, even in the case
that v(tout) = Y(tim), the relation (G.28) holds.] Because 6, > 6, it follows from
Egs. (G.23) and (G.28) that p; always increases,

op| = poj(tout) — Pojj(tin) > 0. (G.29)
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Simulations show that p| increases at both ¢ = t;, and ¢ = ¢, in the case that
vgn < ccos by, whereas it tends to decrease at t = t;, if vy, ~ ccosfy although the
total dp is positive (Fig. 4.10). This was explained in Ref. [28] in Chap. 4.

Finally, we note that among the quantities dpj, 6y = Y(tow) — V(tin), and
dvy = m; [poy (tout) /7 (tout) — Poj(tin) /7 (tin)], the following relation holds

o __ou O
po(tin)  voy(tim)  Y(tim)’

if opy/poj(tin) < 1 and 6v/7(tm) < 1. Equation (G.30) indicates that ép) is

(G.30)

positive if dy > 0, even in the case that dv| ~ 0. This can occur when, as a result
of the acceleration, vy has become close to ¢, while v increases because of the

transverse electric field.
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Appendix H

Wave energy density of the
high-frequency mode

This appendix calculates the wave energy density of the high-frequency mode with
6 = 90°, Eq. (5.12). For small-amplitude perturbations such as Eq. (2.2), we
linearize the cold, three-fluid equations. Then using the quantity ¢ defined as

wW[—]Qe|w?® + (ws 2 02/Q, +w2 QQ/Qb)Qg/w}%e]

4 2
W thrw +whfrwlfr

o(w) = , (H.1)

we can express the perturbations in terms of vy, as

Q. (Q, — ow)(w? — Q)
H.2
Vazl 7 ; (Ag 2)( O_Qb)vbylu ( )

= o o)™ .
Vb1 = i Egb__;gd;vbyl, (H.4)

o = B~ T 10D .
Vey1 = ‘SJ ((Qg _gfg)(zjdtﬂg:g) Upy1, (H.6)
B = ot (F.1)
By=_D ﬁvbyl, (HL.8)

By = —i 20 W (1L.9)

? Qb(w — O'Qb>vby1'
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The energy density of the perturbation averaged over the wavelength A is ob-

tained if we substitute the real part of each component in the following equation:

1 A (B — Bo)2 + E2 mjnj'vz
Eper = < ——7 | du. H.10
per =\ /0 ( 8 * ; 2 v (H.10)
The energy density of the magnetic perturbation is found to be
B% B er(w2 - Wﬁfo) w? — QI% ’ Bg Ugyl (H.11)
87/ 2wiw? — wiwd — wt) \ Qy(w — o) 8r ) '

Here, we have eliminated the wavenumber k in Eq. (H.7) using the dispersion
relation (2.80), and vp,; was assumed to be real. The ion-kinetic-energy densities

are

<manavg> W, (w2 - Q§>2 (14 02)(w? 4+ Q2) — 40Q,0] (B_g ) Vi,

2 202 \w? -2 (W — oQy)? 8w ) &
(H.12)
mynyp \ Wiy [(1+0%)(W? + ) — 2000 (B Vi H.13
< 2 > 202 (w—0o)? <8_7T) 2 (H.13)

In this way we obtain the energy densities of all the components. The ratio of the
electron to total ion kinetic energies is ~ m./m;, and the ratio of the electric to
magnetic energies is ~ v /c?. We can therefore ignore the electron kinetic energy
and electric field energy. Adding the magnetic and ion kinetic energies, and noting
that the relation wyng > w > wyre holds for the high-frequency mode with k<ke,

we find, after some manipulations, Eq. (5.12).
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Appendix 1

Perturbed motions of positrons
and ions

This appendix investigates the perturbations of the position & and velocity v of
an accelerated positron around the zeroth-order solution obtained in Sec. 6.1. We

also examine the perturbations of an ion accelerated by the same mechanism.

I.1 Perturbations of positron motion

We normalize the time, velocity, and length using the nonrelativistic positron gy-
rofrequency €2, as t = Q,t, » = v/c, and & = x/(c/Q,); however, the hat is omitted

below in this appendix. We expand the particle position and velocity as
x = x(0) + vot + ex1(t) + Exo(t) + -+ -, (L.1)

v =y + v (t) + (€)vy(t) + -, (I.2)

where x(0) is the initial position, vg is the zeroth-order solution, and e and € are

smallness parameters. We introduce a parameter I' showing large values,
'~y >1, (1.3)

and assume that

dvo/dt ~ T73. (1.4)

The equation for v, (6.3), then gives

dyo/dt ~ O(1), (L5)
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where 7o = (1 — v2)~Y/2. The ordering for the perturbed velocity is
d’Ul/dt ~ F_l’Ul, (16)

i.e., the characteristic frequency w is of the order of the relativistic gyrofrequency.

Accordingly, from the relation v = dx/dt and Egs. (I.1) and (1.2), it follows that
e ~T7 e (L.7)

The perturbed velocity vy is taken to be almost perpendicular to the zeroth-order

velocity vo:

VoV ~~ F_Qvovl, (18)
which leads to
/ d'Ul -3 —4
E’U()'ENEF U(ﬂ)lNEF . (19>

Furthermore, using the variable £ = x —vg,t, we expand the field quantities around

o [= 2(0)] as .
E.(§) = Ex(&o) + df; (€—=&)+-, (1.10)

where dE, /d¢, designates the value of dE,(§)/d¢ at € = &.

We apply this expansion scheme to the exact relativistic equation of motion,
(6.4).
First, we discuss the expansion of 7. With the aid of Eq. (I.2) and the relation

v=(1- v2)71/2, we expand 7 as
7= + 0 +€g(vo-vr) + -, (L.11)
where 97 represents a small correction to 7y, which we have obtained ignoring

dvg/dt. Indeed, it follows from the exact relativistic equation of motion (6.4) that

dy

—=F"- [.12
T —E-u, (112)
while the equation of motion that ignores yodvo/dt compared with vod~y,/dt gives

2 do

UOE =F- Vy. (Il?))
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From Egs. (1.2), (I.12), and (1.13), we see that d~,/dt differs from the true dy/dt
by an amount d(y — o)/dt ~ —E - vo/(v3vg) ~ T2, even if vy is very close to
the true velocity v. This small difference 97y exists even in the absence of the
perturbation v; which is considered below. The time derivative of ~y is then given

as

dy dyo  dovo e dvy , 3 ( dvg
at —at T @ T\ ) ten gt
d
+e'37§%(v0 ) e (1.14)

It is supposed that d+, varies with the same time scale as .

We find the zeroth-order equation of motion as

Ty = B(&) + v x B(&) (115

The relation between 6, and vy becomes

d(s’)/o d’UO d'vo
—_— — 4+ 09— =10 1.16
gt V0T T =0 (1.16)

which can be integrated to give

vo(t) = vo(0) exp <— / %dt) . (L.17)

In the first order of ¢ (and €), we obtain

d d d
e (% . v1> vy + 6/3’78%(1’0 -v1)vg + € (Uo : %) Vo

/% / d570

d d d
v+ € V1 V1 Vo

/ -1 /5 et /.3 3 -~0
€— o V1€ 0 + €75 (v - v1) o
dE

dB ,
- c— —_ B . I.18
edgolerevo X d§0x1+6'v1 X (fo) ( )

Here, some of the terms are negligibly small. The magnitudes of x;dE/d¢, and

_|_

r1dB/d&y are small if the wavelength is greater than the magnitude of z1 (~ ¢/€2,).

For the magnetosonic wave, for instance, we have

B Be/9,)
i~ Tefom) (1.19)
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because the characteristic width of nonlinear oblique magnetosonic waves is ~

¢/wpi. From Egs. (1.4)—(1.6), we see that

d’UO < d’l)l
v e v E—
ar O at |
dvo dv
Vi | S0

We thus obtain the equation to solve:

dv dv
% (’UO'd—tl> ’Uo-ir%al—t1 =uv; X B.

Taking the scalar product of Eq. (I1.22) with B, we find that

d’Ul
U-“1=0
dt ’

where U is a vector defined by

U =+;(vy- B)vy + B.

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

Equation (6.21) in the main text presents its unnormalized form. Since 7o > 1,

U is nearly parallel to vyg. Equation (1.23) indicates that the component of v,

parallel to the vector U is constant. If it is initially zero, the perturbed velocity

v, is always in the plane perpendicular to U.

Assuming that v, varies with time as exp(—iwt), we put Eq. (1.22) into the

following form:

(—iwygvig — iwo) ver + (—iwgvaovyo — B:) vy
+ (—iwygve0va0 + By) va1 = 0,

(—iwygva0vyo + B:) a1 + (—iwyguig — iwyo) vy
+ (—iwygvyovs0 — By) va1 = 0,

(—iwygva0vs0 — By) Va1 + (—iwygvyova0 + By) vyt

+ (—iwfygvgo — z'cufyg) vy = 0.
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The condition for a nontrivial solution of Egs. (1.25) - (1.27) gives

— (iw’yg’vzo + z'w’yo) (iwfyg’vjo + iw’yo) (z’w'ygvfo + iwfyo)
— (z’w'yg’vxovyo + Bz) (z’wfyg’vyovzg + Bz) (iw’yg’vzovzo + By)

+ (—iwygvzov.0 + By (—z’w’yg’vxovyo + Bz) (—iwfyg’vygvzg + Bz)

(- )
— (wyguiovZ, + BQ) (iw’yg’vjo + iwvp) — (w*Agv ZOUZO + B2) (iwygv2y + iwyo)
— (

w?ySv gov o + B2) (iwygvZ, + iwvyo) = 0. (1.28)
Using the relation v, 4 vj + v =1 -7 2, we obtain the frequency,
w* =705 (B - vy)* + B7], (1.29)

and the velocity,

wgfyévyovzo + B,B

L) — iw
W2V U20V20 + BeB.)
2)

(Y3vz0B - vo + Y0 Ba )
W(’YovyoB vo + V0B, )
( )

Uy = E (1.30)
(w?

|+

w %Uyovzo + B,B iw(Ygvz0B - vo + Y0 Bs
(W2 Ygva00y0 + BoBy) — iw(y5vz0B - vo + 0 B: )
This velocity satisfies the relation U - v; = 0, which is consistent with Eq. (1.23).

(L.31)

Vz1 =

The unnormalized forms of these solutions are given by Egs. (6.22)-(6.24) in
Sec. 6.1.3.

This motion is elliptic, which can easily be seen in the coordinate system (Z, 7, 2)
in which the Z axis is parallel to U (Fig. [.1). Noting that the three vectors B,
vo, and U are coplanar, we take the ¥ axis in this plane, in the direction parallel
to vg — (U - vo)U/U? We can then express B and vy as B = (B;z,0, B;) and
vy = (vz0, 0, v30) with

Vzo = [U(Z) — (U : U0)2/U2]1/2. (132>

Since U is nearly parallel to vy, the magnitude of vz is quite small: With the aid
of Eq. (1.24), we see that vzg = [v2B? — (vo - B)}"Y2/U ~ ~;%. Taking the scalar
product of Eq. (1.24) with B and with vy, we have

UB; = 12(vo - B)* + B, (1.33)
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Figure I.1: Schematic diagram of the coordinate system (Z,y,2). The Z axis is
taken to be parallel to U. The vectors U, B, and v, are in the (Z, Z) plane, while
vy is in the (%, ) plane. The vectors in the figure do not show exact magnitudes.

UUgo = vg(vo : B), (I34>
where use has been made of the relation 7§ = ~3v3 + 1. The Z component of
Eq. (I.24) leads to
_ Vo Vz0v50

Wi +1
Because of the relation (I1.23), we take vz to be zero. From Eq. (I1.22), we then

B; = B:. (1.35)

obtain equations for (v, vy ):

—iw%(vgvgo + 1)1)551 - Bgvgl = 0, (136)
B:vz — iwyovy = 0, (1.37)
—iwyg’vfovgovﬂ + vagl =0. (138>

Substituting Eq. (1.35) in Eq. (1.38) yields the equation same as Eq. (1.36). Hence,

the condition for a nontrivial solution of Egs. (I1.36)—(1.38) becomes
. B

V5 (§vie + 1)
On account of Egs. (1.24), (1.32), and (1.33), one can show that Eq. (1.39) is identical

w (1.39)

to Eq. (6.22) in the main text. The velocity component vy is related to vz as
Vg1 = —i(YovZo + 1)1/2%17 (1.40)

which is an elliptic motion in the (vz,vz) plane.
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1.2 Perturbations of ion motion

For the ions, we normalize the physical quantities using Q;o: £ = Qyt, © = v/c, and
T =1x/(c/). As in the previous section, the hat is omitted below. We expand
x, v, and the field quantities in the same way as Egs. (I.1), (I.2), and (I1.10),
respectively, and use the ordering for I', dvy/dt, and dvy/dt same as Egs. (1.3)—
(I.5). Instead of Eq. (I.6), however, we assume that

dv, /dt ~ T2y, (1.41)

i.e., the characteristic frequency w is higher than the relativistic ion gyrofrequency.

As a result, Eq. (1.7) is replaced by
€ ~ T2 (1.42)

Assuming again that v; is nearly perpendicular to vg, Eq. (I.8), we obtain

vy - dvy ~ €T 2000y ~ D73, (1.43)

dt
Applying these expansions and orderings to the equation of motion, we find
Eq. (I.18) in the first order of ¢ (and €). The magnitude of the Lorentz force is
vy1 B2 (&) — v.1 B, (&) ~ eI "2, which is obviously smaller in magnitude than, for

instance, € yodv;/dt (~ €). We thereby find the equation in the order of € as

dv dv dE dB
"}/g (’UO . d_tl) Vo + ")/Od—tl = d_foxl + vy X d—é_o.’lfl. (144)

In the O(€?) equation, we have terms such as 373v2,v,1(dv,1 /dt)vg, which is smaller
than the terms of Eq. (1.44) if
e< D772, (1.45)

We suppose that € is so small that (1.45) is satisfied.
Now, assuming that the perturbed quantities vary with time as exp(—iwt), we
find from Eq. (1.44) the frequency w as

1 —2) [dE B B
w2:—( sh ( T+ 2w, y). 1.46
o L (146)
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Equation (1.46) is consistent with the ordering (I.41) and indicates that w has real
values if
dE, dB, aB,

R — —v,0— < 0. 1.47
d& U aE T 0 ag, (147)

If this condition is not met, then the oscillation would grow with time; the particle
would quickly escape from the shock transition region.

The perturbed velocity v, is given as
v = —iwr (1, —’yfhvshvyo, —2 UgnUs0). (1.48)

We thus find that

VoV = —iwzlvsh’yszh/’yg, (1.49)

which is in agreement with the ordering (I.8), indicating that v; is almost perpen-
dicular to vy. Equation (1.48) also shows that the perturbation is one dimensional:

v; is parallel to the vector (1, —'yfhvshvyo, —vfhvshvzg).
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Appendix J

Electron motions inside and
outside a compressive pulse

J.1 Elliptic orbits in the momentum space

To analyze the relativistic electron motion near a small compressive pulse behind

a shock front, we assume, as in Sec. 7.1.1, that the electric and magnetic fields

are By = (0, E1,0) and By = (0,0, By) inside the pulse and Ey = (0, Ey1,0) and

By = (0,0, Byy) outside the pulse.

When an electron is inside the pulse, x4 < < zpq + 4, it moves in an ellipse

in the momentum space, which can be shown with use of the relativistic equation

of motion:

d e
med_ (yvz) = _EUyBla

t
d e
mea(wvy) = —eEy + E%BI.
The z component of the momentum is constant because E, = 0,

Pz = D-0-

From Egs. (J.1) and (J.2), we obtain

mec® (v — vo1) = —eEr(y — yor),

where the subscript 0 refers to initial values; vo; can be expressed as

1/2
< Pio +P32/0 +P20> /
Yor = .
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Integrating Eq. (J.1) gives

eB
MYy — MeYoIVz01 = —Tl(y — Yor). (J.6)

Combining Eqs. (J.4) and (J.6), and using the relation v = [1 + p?/(m2c?)]*/?, we
obtain an elliptic equation for p, Egs. (7.4) and (7.5), where P; and aj are given as

P = me7§lvd1701(1 - UdIUxOI/C2)7 (J‘7)

ai = (/i) Pt — (mic + p2o)var (J.8)

Behind the pulse, x < 1,4, electrons also make elliptic motions in the momen-

tum space, which are shown by Egs. (7.6) and (7.7) with
Py = meyipvanyon (1 — vanvaon /), (J.9)

aIQI = (CQ/U(QHI)PIQI - (mgcz +p§o)7§n- (J.10)

The quantities P; and Py are both positive because vqr > 0 and vgp > 0.

J.2 Sign of a?

We prove here that a? and a? are also positive. Noting that

~Yo1 Z Yz, (Jl]_)
where
tor = [+ (g + 220) (2], (112
we find that
at Vd1Vz0 \ 2
Tz micnZag (1- ) — (mie 4 py). (1.13)
Yar c
Substituting the relation
mec® + Pl = mec* (7, — Yarvno/€?) < mec (L — v /), (J.14)
in Eq. (J.13) yields
2
L > m2 F (vs), (3.15)

2
Yar
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where

Vd1Vz0\ 2 v?
F(UmO) = '731 (1 J— diz 0> _ (]_ — C—;) . (J16)
With the aid of the relation
dF 731
WIO = 2?<’l}x0 — Ud[), (Jl?)

we see that F'(v,0) has its minimum value F'(v,9) = 0 at v,9 = vq;. Hence, Eq. (J.15)

indicates that a? > 0. One can prove that a? > 0 in the same way.

J.3 Sign of AP(t)

When a particle goes out to the region behind the pulse at ¢ = ¢y at point B with
py(to) = 0 (Fig. 7.2), the center of the ellipse is shifted along the p, axis by the
amount given by Eq. (7.8). This section proves that it is positive, Eq. (7.9).
To connect the two ellipses at point B, we take the constants in Egs. (J.7) and
(J.9) to be
Yor = Your = Y(to), (J.18)
Vg1 = Vo = Vz(to)- (J.19)

We then find AP(t) as

AP(ty) = meCV(tO)(ﬁlﬁgl - 73115311)

{M B (1 N (1= Bar)(1 — 5dn))} ’ (J.20)

¢ Barr + Bar

where [Gq; and [Sqpp are defined as
Bar = var/c, (J.21)

ﬁdII = UdH/C. (J.22)

By using Faraday’s law, we can find the relation among the pulse and drift
speeds. If the propagation of the compressive pulse is nearly stationary, integrating
the z component of Faraday’s law over a small region containing the rear boundary
T = Tpq, We obtain

Ve
7”(31 — Bn) = Ey — Ey, (J.23)
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where v, is the propagation speed of the compressive pulse. We then find the

relation
Vdr — Vd1 = %(Udﬂ — Uep)- (J.24)
Since By > By, we have
Vdrt > Vdr > Uep, (J.25)
or
Vanr < Va1 < Vep- (J.26)

If the compressive pulse is an ordinary nonlinear magnetosonic pulse propagating
in the positive x direction in an equilibrium plasma, wvqy is zero in the laboratory
frame where the plasma is at rest outside the pulse, and the relation (J.26) holds.
If, however, a magnetosonic pulse behind a shock front propagates in the negative
x direction relative to the downstream plasma, then Eq. (J.25) can be satisfied. In

this case, the relation
VB — YanBan < 0, (J.27)

and thus Eq. (7.9) hold: The shift AP(t,) is positive.
In the same way, we obtain the shift of the ellipse center at t = t;, AP(t;) =
Pi(t1) — Pu(t1), as

AP(tl) = meCV(tl)(ﬁuﬁgn —%2115311)

|:Ua:<tl) _ (1 4 (1 = fan)(1 _ﬁdﬁ)} : (J.28)

c Bar + Ban

It is noted that Pi(t1) # Pi(to), while Py1(t;) = Pi(to). Under the condition (J.25),

it is negative

AP(t;) < 0. (3.29)
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