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A substorm is a frequently occurring ordered sequence of global ener-

getic events in the magnetosphere and ionosphere. The most obvious manifes-

tation of a substorm is auroral brightening, due to an increase in the number

of electrons precipitating into the ionosphere. During a substorm, quiet au-

roral arcs suddenly intensify. Electrojets are produced in the ionosphere, and

magnetic disturbances are observed on the surface of the Earth with magne-

tometers. Plasma instabilities in the inner magnetosphere, in the region where

the nightside auroral magnetic field lines cross the magnetic equator, are a can-

didate to explain the triggering mechanism of these substorms. This region is

at a distance of about ten times the radius of the Earth in the midnight sector.

In this region the plasma thermal pressure gradient reaches its highest value

and the plasma is susceptible to unstable motions.

We have investigated the linear stability of the inner magnetosphere

against fast interchange-ballooning dynamics as a possible candidate for the
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magnetospheric substorm trigger, using different models of the quiet-time mag-

netospheric magnetic field. The region most likely unstable to these dynamics

is found to map to the lower edge of stable auroral arcs. We then extend

the ideal fast-MHD analysis to include local gyrokinetic effects such as wave-

particle resonances, in order to explain the low-frequency oscillations that are

observed prior to and during the onset of substorms. We generalize the lo-

cal kinetic analysis to include non-local orbital effects due to the mirroring

motion of the particles between the Earth’s magnetic poles. We developed a

new numerical technique to solve the resulting non-linear integral eigenvalue

equations. We also investigated a magnetic compressional trapped particle

instability in detail and obtained the conditions for instability as well as the

growth rates and mode structures. We invoke this low-frequency drift wave

instability to explain compressional Pi2 oscillations observed throughout the

substorm onset period and argue that they play an important role in substorm

dynamics.
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Chapter 1

Introduction

Simply stated, magnetospheric substorms are disruptions of the equi-

librium nature of the magnetosphere. Substorms lead to global reconfiguration

of the complex system that consists of the Earth’s geomagnetic field, plasma

components, and the plasma currents. The first signatures of a substorm are

observed in the ionosphere which is coupled to the magnetosphere by field

aligned currents.

A magnetospheric substorm has many important observational fea-

tures. A substorm is most often characterized by an intensification and de-

velopment of the aurora around both North and South poles. The westward

electrojet is a current, formed during substorms, that drives the development

of the aurora and produces magnetic perturbations on the ground that serve as

a fundamental diagnostic for magnetospheric substorms. The aurora is caused

by charged particles, mainly electrons, following geomagnetic field lines and

colliding with oxygen atoms in the upper atmosphere. Thus, the intensification

of the aurora observed during a substorm is a symptom of processes occurring

higher in the magnetosphere. With the advent of satellite technology, these

processes have been extensively observed. However, due in part to the diffi-
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culty of making satellite observations, the cause and precise development of

a magnetospheric substorm is still an unsolved problem and thus remains an

exciting topic of research in space physics.

Understanding space-weather events, such as magnetospheric substorms,

is important scientifically and valuable to civilization for many reasons. In

modern times civilization has relied heavily on advanced satellite communi-

cations. High energy electrons that accompany magnetospheric storms and

substorms have proven to be particularly devastating to satellite electronics.

Thus a high priority for space physics has been to predict when such events

are likely to occur. Many ground based communications rely on reflecting

radio waves off of the ionosphere, and magnetospheric storms and substorms

can change the properties necessary for reflection. Also, because of the large

currents flowing in the ionosphere during disruptions large currents can be

induced to flow along conductors in the ground such as power lines, telephone

lines, and petroleum pipelines [136]. These induced currents can lead to fail-

ures of transformers and disruption of power services as well as a reduction of

the safety of pipelines. Recently, researchers at MIT, Columbia university and

others have proposed magnetic dipole confinement devices for the purpose of

controlled fusion. Understanding the principle issues involved in substorms is

critical for controlling confinement in these new devices. Besides the practi-

cal benefits of understanding magnetospheric substorms there is the intrinsic

scientific goal of understanding such a complex system comprised of an inter-

esting plasma where vital assumptions needed for MHD to be appropriate are
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violated.

Various plasma instabilities are thought to play major roles throughout

the different stages of the development of the substorm. For example, bal-

looning or interchange modes, primarily an MHD instability, have long been

considered as a possible mechanism for the triggering of the onset of the sub-

storm and thus have been considered by many authors. However, the validity

of the MHD equations under the conditions necessary to accurately describe

the relevant portion of the magnetosphere is doubtful. Consequently more ac-

curate descriptions of the plasma such as the gyrokinetic approximation have

recently been used to investigate the kinetic effects on ballooning/interchange

and other modes. In this dissertation the stability of various models of the

magnetosphere is tested under different levels of approximation such as the

MHD approximation and the gyrokinetic approximation. The results of these

studies are intended to shed light on the mechanisms involved in the initiation

and development of magnetospheric substorms.

This first chapter introduces the magnetic field models used in all pre-

ceding calculations. In Section 1.1 the coordinate systems used to describe

the magnetic field models are described. In Section 1.2 the commonly used

empirical magnetic field model of Tsyganenko and coworkers is discussed and

the configuration of the Earth’s magnetosphere is discussed in a global sense.

Also, the major current systems and how they are modeled are discussed indi-

vidually. In Section 1.2.1 the ring current is discussed in some detail as well as

a calculation of its inductance under different geomagnetic activity levels. In
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Section 1.2.2 the magnetotail current is discussed and computed in the noon-

midnight meridian. Finally, In Section 1.2.3 the magnetopause and Birkeland

currents are discussed. In Section 1.3 the magnetic field models used in this

dissertation are discussed in the context of an MHD equilibrium. Also, the

plasma pressure is computed using the Tsyganenko magnetic field model and

compared with satellite data. In Section 1.4 a simple 2D equilibrium model

called the constant current model (CCM) is discussed and compared with the

more realistic empirically based models of Tsyganenko. Finally, in Section 1.5

an outline of the remainder of the dissertation is presented.

1.1 Coordinate systems

Many coordinate systems are commonly employed in the study of the

Earth’s magnetosphere. Most coordinate systems have the center of the Earth

as the origin. Spherical coordinates are common in ionospheric work since

latitude and longitude are important variables. Various Cartesian systems are

also used, with the particular choice depending on whether one is interested

in understanding the Sun’s influence on the Earth (GSE coordinates), or in

studying interior portions of the magnetosphere (GSM coordinates). In this

work we will use only one coordinate system (GSM) for studying the mag-

netosphere at large, although we will employ another system (local flux-tube

coordinates) for examining a small localized region of the magnetosphere.

The Geocentric Solar Ecliptic (GSE) coordinate system is depicted in

Fig. 1.1. The x-axis lies along the Earth-Sun line, with the positive x-axis
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Figure 1.1: Geocentric Solar Ecliptic (GSE) coordinates. The Earth is at the
origin of this coordinate system.

pointing towards the Sun and the origin at the center of the Earth. The z-axis

is perpendicular to the ecliptic plane defined by the Earth’s motion about the

Sun, with the positive z-axis pointing towards North. The y-axis is defined

such that the coordinate system is right-handed and Cartesian.

Magnetospheric physics commonly employs the Geocentric Solar Mag-

netospheric (GSM) coordinate system. Most magnetic field models, plasma

codes, and satellite data are reported in GSM coordinates. The most common

unit of distance in GSM coordinates is the radius of the Earth (RE), which is

approximately 6.37 · 106 m. GSM coordinates are Cartesian, with the x-axis

lying along the Earth-Sun line (the positive x-axis pointing towards the Sun)

and the origin at the center of the Earth. The z-axis is the projection of the
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Earth’s magnetic dipole axis onto the y-z plane of the GSE system. Figure

1.2 depicts the GSM coordinate system. Hapgood [78] gives a thorough de-

scription of the various coordinate systems used in space physics, as well as

the formulas to transform from one coordinate system to another.

At times it will be convenient to follow the observational literature and

refer to directions as East (dawn-ward) or West (dusk-ward). To be clear,

these directions refer to the points on a compass, and in reference to the GSM

coordinates, a vector that is pointing to the East is pointing in the negative ŷ

direction and a vector pointing towards the West is pointing in the positive ŷ

direction. These designations are used in almost all accounts of satellite and

ground-based observations.

Observations are also often given in terms of magnetic local time (MLT).

This can be understood as fixing midnight at the negative x̂ axis and noon at

the positive x̂ axis, with twelve hours between them. MLT is commonly used

when describing an auroral form.

Many simplifications in theoretical analysis can be made by employing

a right-handed curvilinear coordinate system (Ψ, y, s), where Ψ is the magnetic

flux function, y is the normal GSM coordinate, and s is the suitably normalized

distance along a field line. In this coordinate system the magnetic field is

expressed as B = ∇Ψ ×∇y. The contravariant system of basis vectors is

eΨ = ∇Ψ ey = ∇y es = ∇s (1.1)
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and the covariant basis is defined as

eΨ =
∂r

∂Ψ
ey =

∂r

∂y
es =

∂r

∂s
= b̂ (1.2)

where in the last equality of Eq. (1.2) we used the facts that B is tangent to

the curve given by (x(s), y(s), z(s)) and that b̂ is a unit vector, i.e. b̂ = B/B.

To convert any vector from a covariant to a contravariant representation we

can use the following identity

eΨ =
1

J
(ey × es) (1.3)

and cyclic permutations thereof, where J is the Jacobian. With our represen-

tation of the magnetic field and the formula for the covariant representation

of the contravariant vector es, it is easy to determine that the Jacobian is just

the magnitude of the magnetic field, J = B.

1.2 Tsyganenko’s Magnetic Field Model

Tsyganenko and coworkers have developed a series of increasingly so-

phisticated empirical magnetic field models that have become the community

standard for understanding the three-dimensional structure of the Earth’s

magnetospheric magnetic field. His models are based on flexible analytical

functions that model the major magnetospheric current systems. Each func-

tion that models the structure of a current system has parameters that can

be used for fitting to satellite measurements of the magnetic field. His models

use tens of thousands of vector magnetic field measurements, sorted into bins
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according to well defined measures of the solar wind and geomagnetic activity,

to determine the parameters of the global model. Thus for any solar wind

condition or geomagnetic activity level, the model produces different magnetic

field configurations.

The early Tsyganenko models [184, 189] were based on just three major

current systems: 1) the ring current (to be discussed in Section 1.2.1), 2)

the tail current (to be discussed in Section 1.2.2), and 3) the magnetopause

currents (to be discussed in Section 1.2.3). Also these models only used a

single parameter, Kp, to describe the geomagnetic activity level. The Kp

index is not a simple measurable parameter; rather it is based on a weighted

average of magnetic field levels at various stations around the Earth. In these

measurements, the diurnal and seasonal variation of the magnetic components

are removed and an index of the levels is created. Kivelson and Russell [5]

explain in detail how a Kp index is computed.

Later Tsyganenko models [185, 188] included region 1 and 2 Birkeland

currents and more detailed representations of the magnetopause currents, in-

cluding shielding currents at the magnetopause generated by currents inside of

the magnetopause. Also, in these newer models there are four parameters to

describe the geomagnetic disturbance level. Three of these parameters describe

the state of the solar wind: Pdyn is the dynamical pressure of the solar wind,

measured in units of nano-Pascals; BIMF
y is the magnitude of the ŷ component

(in GSE coordinates) of the interplanetary magnetic field (IMF) carried with

the solar wind, measured in nano-Teslas; and BIMF
z is the magnitude of the
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ẑ component (GSE coordinates) of the IMF, measured in nano-Teslas. The

fourth parameter is a measure of the strength of the ring current and is called

the DST index (disturbance storm time). The DST index, like the Kp index,

is an average over the Earth; however, in this case, the average is for a physical

measurement and not an index. The measurement used in the average DST in-

dex is the depression of the Earth’s internally generated dipole field due to the

currents flowing in the ring current and it is measured in nano-Teslas. More

will be said about the ring current and the DST index later in this chapter. In

all of the Tsyganenko models the Earth’s internal currents are not modeled,

and for all of our calculations performed with this model we have included a

three-dimensional magnetic dipole field with the value for the Earth’s dipole

moment ME = B0R
3
E = 8 · 1015T·m3.

The Tsyganenko series of magnetic field models serve as the primary

tool for understanding the three-dimensional structure of the magnetosphere.

However, in using this model we should keep in mind several factors [174].

First, because of finite coverage by satellites, there are regions in the magne-

tosphere where very few observations have been made. Thus, these regions

will have a small weight in the fitting procedure, which may lead to inaccu-

rate results in these sparsely covered regions. For this reason these models

are typically not valid tail-ward beyond -60 RE. Second, the major features

of the magnetosphere are specifically built into the model (such as the ring

current and tail current). The functions used to represent these systems may

lead to systematic errors. Conversely, other features, such as the Birkeland
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currents, which are very thin current sheets, are represented through polyno-

mial expansions, and thus these features may be washed out. Third, only the

magnetic field data is given. No attempt is given to provide important plasma

parameters such as density, temperature, or pressure. More will be said on

this in Section 1.3. Finally, because the magnetic field data is sorted into a

finite number of bins and then averaged in a sense, the model cannot accu-

rately represent certain dynamic configurations. The sharp features that are

seen during dynamic events, i.e., substorm onset, will be averaged out of the

database. This is an especially important point, as the time that is of greatest

interest in this work, namely the point immediately preceding substorm onset,

will not be accurately represented by this model. Nonetheless, the Tsyganenko

magnetic field model is the best model currently available.

1.2.1 Ring Current

The ring current is a major current system that encircles the Earth

and lies primarily in the equatorial plane. This current is caused by magnetic

field gradient drift and curvature drift, which cause positively charged particles

to drift towards the West and negatively charged particles to the East. The

direction of the circular flow of current is such that the J×B force of the ring

current with the Earth’s internal dipole field tends to hold the current close

to the Earth. Thus, during times of ring current intensification, this current

system moves Earthward. The magnetic field produced by this ring current

is such that it opposes the internal magnetic field of the Earth. The primary
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measure of the ring current is given by the DST index, which is an averaged

value of the depression of the geomagnetic field.

The ring current stores a significant portion of the energy in the mag-

netosphere, and therefore the dynamics of this energy storage is important to

the dynamics of the magnetosphere. In this section we show that the constant

inductance approximation that allows the ring current, and thus the magnetic

field at the surface of the Earth (as measured by the DST index), to be re-

lated to the stored magnetic energy is valid for the databases used in the early

Tsyganenko models.

Tsyganenko’s 1987 model gives an analytic expression for the ring cur-

rent vector potential, Aφ, in cylindrical coordinates. In this cylindrical coordi-

nate system the origin is at the center of the Earth, the z-axis is the same as in

the GSM coordinate system, ρ =
√
X2

GSM + Y 2
GSM is the radial distance, and φ

is the angle about the z axis and corresponds to the longitude. This model for

Aφ produces a well-localized current distribution centered at ρ0 (a parameter

of the model) and decreasing as (ρ0/ρ)
6 for ρ� ρ0. Clearly the model breaks

down for r = (ρ2 + z2)1/2 ≤ RE and it neglects the noon-midnight asymmetry.

The model is useful, however, for certain calculations due to its simplicity.

Tsyganenko’s 1987 model of the ring current is given by

Aφ =
Cρ

(ρ2 + z2 + 4ρ2
0)

3
2

. (1.4)

Tsyganenko’s parameterization of the constants C and ρ0 as a function of Kp

are given in Table 1.1. In Eq. (1.10) below we show that the C and ρ0 parame-
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Kp C [T ·m3] ρ0 [m]
0 −2.9642 · 1015 3.3038 · 107

1 −3.7375 · 1015 3.3210 · 107

2 −3.7860 · 1015 3.1112 · 107

3 −4.8507 · 1015 3.1265 · 107

4 −4.1513 · 1015 2.8790 · 107

5 −7.8066 · 1015 2.9709 · 107

6 −6 .4975 · 10 15 2 .8212 · 10 7

7 −6 .7040 · 10 15 2 .7362 · 10 7

8 −6 .8045 · 10 15 2 .6512 · 10 7

9 −6 .8111 · 10 15 2 .5662 · 10 7

Table 1.1: Values of constants relevant to the ring current, taken from Tsy-
ganenko 1987 [184] and converted to the notation used in Tsyganenko 1982
[189]. For Kp greater than 5, the values of the constants were obtained through
linear interpolation; these interpolated results are shown in italics.

ters determine the total ring current through µ0IRC = C/ρ2
0. Parameter values

were given through a maximum value of Kp = 5 in Tsyganenko 1987 [184];

for this work we extended these values using a linear fit through a maximum

value of Kp = 9. In Table 1.1 the extrapolated parameter values are indicated

by italics. From the definition of the vector potential, we can calculate the

magnetic field according to B = ∇× Aφφ̂ = ∇ (ρAφ) ×∇φ. Using Eq. (1.4)

yields

Bρ = −∂Aφ
∂z

=
3Cρz

(ρ2 + z2 + 4ρ2
0)

5
2

(1.5)

Bz =
1

ρ

∂

∂ρ
(ρAφ) =

C (−ρ2 + 2z2 + 8ρ2
0)

(ρ2 + z2 + 4ρ2
0)

5
2

. (1.6)

One can estimate what a measured DST might be by taking Bz(ρ = 0, z =

0), or Bz(ρ = 1RE, z = 0). Figure 1.3 shows these fields as a function of
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KP . To within the difference shown in this figure, we see that an adequate

approximation is DST' C/(4ρ3
0).

The energy in the magnetic field is proportional to the volume integral

of B2, where

B2 =
C2ρ2z2 + C2 (−ρ2 + 2z2 + 8ρ2

0)
2

(ρ2 + z2 + 4ρ2
0)

5 . (1.7)

Figure 1.4 shows the magnetic energy density computed for the model ring

current system for several Kp values, as well as a reference magnetic energy

density typical for a magnetotail field. For large ρ the magnetic energy density

of the ring current drops off as (ρ0/ρ)
6, just as that for a dipole field would. For

a typical geotail magnetic field value of B = 10 nT, the crossover point between

the ring current and geotail current-dominated fields is at x = −5 RE to -9 RE,

which can be seen in Fig. 1.4. For quiet times the ring current appears almost

indistinguishable from the magnetotail current since the energy densities are

comparable. Note that for the purposes of computing inductances, we are only

interested in the energy density of the current systems in the magnetosphere;

thus it is appropriate here to ignore the energy density of the Earth’s dipole

field.

The current distribution of the ring current may be obtained from the

vector potential of Eq. (1.4), by J = − 1
µ0
∇2A+ 1

µ0
∇(∇ · A). The ring current

vector potential is divergence free, ∇ · A = 0, and moreover A = Aφ(ρ, z)φ̂,

so the current density is

Jφ = − 1

µ0

[
1

ρ

∂

∂ρ

(
ρ
∂Aφ
∂ρ

)
+
∂2Aφ
∂z2

]
(1.8)
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For Tsyganenko’s vector potential of Eq. (1.4), the current density is

Jφ =
60 · Cρ2

0

µ0

ρ

(ρ2 + z2 + 4ρ2
0)

7
2

(1.9)

The maximum of the current density in the equatorial plane, z = 0, is located

at ρ =
√

2
3
ρ0, which occurs at about 4.2Re for Kp = 0 and z = 0. Figure 1.5

shows a contour plot of the current density, Jφ, in the x-z plane for Kp = 0;

note that the maximum is near 4Re. Figure 1.6 shows a plot of the value of

ρ at the maximum value of the current density for z = 0 as a function of Kp.

As seen in the figure, the ring current, as the particles are energized, moves

Earthward due to the enhanced v × B forces, where v is the velocity of the

drifting particles.

The total ring current, IRC , for this model can be found by integrating

the current density over the noon-midnight meridian and is given by

IRC =

∫
J · dA =

60Cρ2
0

µ0

∫ ∞

0

dρ

∫ ∞

−∞
dz

ρ

(ρ2 + z2 + 4ρ2
0)

7/2

=
C

µ0ρ2
0

. (1.10)

Figure 1.6 shows the total current contained in the ring current as a function of

Kp. From the value for Bz evaluated at 1 RE as given by Eq. (1.6), we see that

the relationship between the current and the DST index is DST = µ0IRC/(4ρ0).

For the reference values of IRC = 4 MA and ρ0 = 4.9RE this gives DST=-

40 nT.

The magnetic energy, WRC, stored in the ring current is given byWRC =
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Figure 1.5: Contour plot of Jφ in the x-z plane for the model ring current
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Panel (b) shows the total current in the ring current in units of MA. Panel (c)
shows the total energy in units of MJ. Panel (d) shows the self inductance of
the ring current in units of H.
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1/2
∫

J · A. Using Eqs. (1.9) and (1.4), we obtain

W =
30C2ρ2

0

µ0

∫ ∞

−∞
dz

∫ ∞

0

dρ

∫ 2π

0

dθ
ρ3

(ρ2 + z2 + 4ρ2
0)

5

=
5

512

π2C2

µ0ρ3
0

. (1.11)

Figure 1.6 shows the total energy contained in the ring current as a function

of Kp. The rise of stored magnetic energy at Kp = 5 is particularly sharp,

increasing by a factor of three going from Kp = 4 to Kp = 5. From the value of

Bz at 1 RE in Eq. (1.6) we now see that the relationship between the magnetic

energy and the DST index is DST = (512µ0/20π
2C)W .

It is interesting to compare this calculation with the Dessler-Parker-

Sckopke relationship [167],

∆Bparticles

B0

= −2

3

Wparticles

Wmag

êz, (1.12)

which relates an estimate of the DST index to the ratio of the energy contained

in the particles in the ring current to the energy contained in the vacuum

dipole field. In Eq. (1.12), B0 = 3.1 · 10−5 T is the magnetic field strength

of the Earth’s internal dipole field at the Earth’s surface on the equator and

Wmag is the total energy in the Earth’s dipole field above the Earth’s surface,

Wmag = 4π/3µ0B
2
0R

3
E = 8.2 · 1011 MJ. Rewriting Eq. (1.12) by recognizing

that the dipole moment of the Earth is M = B0R
3
E = 8 · 1015T·m3, we obtain

DST = −µ0

2π

Wparticles

M
. (1.13)
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From this equation and the relationship DST = (512µ0/20π
2C)W we can re-

late the estimated DST from Tsyganenko’s parameterization to the estimated

kinetic energy of the trapped particles in the radiation belts.

The self inductance of the ring current is given by LRC = 2W/I2
RC .

Using Eqs. (1.10) and (1.11), we find that the inductance is

LRC =
5π2

256
µ0ρ0 (1.14)

For LRC = 8H the relationship of Eq. (1.14) gives ρmax = 4.2. Figure 1.6 shows

the self inductance of the ring current as a function of Kp. The inductance is

approximately constant and equal to 8 H over the whole Kp range. This can be

understood from the geometrical meaning of the inductance and from the fact

that the effective radius of the ring current, ρ0, changes little Tsyganenko’s

1987 model. In the tokamak literature, it is common to use a large-aspect-

ratio approximation from which we can estimate the inductance of a tokamak

according to the formula

L = µ0R

[
log

(
R

a

)
+

1

4

]
, (1.15)

where R is the major radius and a is the minor radius. Taking R = 4RE and

a = 2RE this gives an approximation for the inductance of the ring current of

about LRC = 8H. The effect of the large aspect ratio approximation is that

the inductance scales logarithmically with respect to the radius, where as in

the previous calculation of the ring current it scales linearly with the radius.

These calculations show that the stored magnetic energy in the ring

current component of the magnetic field varies as LRCI
2
RC/2, with LRC ' 8 H
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a constant. The mutual inductance of the near geotail current loop through the

night side part of the ring current system has been estimated as MGT,RC ' 5H.

Thus a change of dI/dt = 1 MA/min would induce a typical voltage of 8

kilovolts in the ring current. We know that during a typical storm the DST

index varies in value from nearly zero to −100 nT in 3 hours (see Fig. 1.7 which

shows the DST index during the GEM storm of May 1997). This implies that

the ring current changes by about 0.04 MA/min giving an induced electro-

motive potential from the time derivative of the ring current, dIRC/dt, of

E = LdIRC/dt = 4.5 kV or an electric field of about 0.03 mV/m in the Dusk-

to-Dawn direction.

In this section we have demonstrated some simple calculations that can

be made using a simplified Tsyganenko magnetic field model (simplified in the

sense that we only included the ring current). These calculations are useful

in showing the relationship between the DST index, a commonly reported

index of geomagnetic activity, and important physical quantities such as the

current and the magnetic field energy. Also, we demonstrated the role of the

ring current as an inductor in a simplified description of the dynamics of the

magnetosphere.

1.2.2 Tail Current

The magnetotail current system is the primary energy storage mecha-

nism of the magnetosphere. The distinguishing feature of this current system

is that it consists of a thin current sheet in the equatorial plane, with current
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Figure 1.7: DST as a function of time for the GEM storm of May 1997.
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flowing from East (dawn) to West (dusk). This thin current sheet is often

referred to as the central plasma sheet. At or near the magnetopause, this

current closes by diverting both North and South, forming a theta structure,

as depicted in Fig. 1.8. The Earthward edge of the central plasma sheet

is typically located near geosynchronous orbit, between -5 and -10 RE. The

tail-ward edge of the central plasma sheet can extend hundreds of RE, but be-

cause of sparse satellite coverage out this far, nothing precise can be said about

the tail-ward boundary. The thickness of the current sheet varies depending

on geomagnetic activity, thinning before substorm onsets, which causes very

stretched field lines in the magnetotail. At times the current sheet can be

thinner than 1 RE. Figure 1.9 shows the current density in the ŷ − ẑ plane

computed from the Tsyganenko 1996 magnetic field model. The bottom panel

shows the extent of bins in the x̂-direction for which 1 MA of current flows

in the ŷ direction. Between X = −5RE and X = −60RE, approximately 15

MA of current flows in the ŷ direction.

Tsyganenko and coworkers model the magnetotail current by superim-

posing current filaments along the x̂ axis. Each filament has a radial current

distribution flowing in the ŷ direction. Then the current density I(x) per unit

length (A/m) along the tail is approximated as

I(x) =
2

µ0

BT (x), (1.16)

where

BT (x) = B0 +
B1

x− x1

+
B2

(x− x2)2
. (1.17)
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Then, to determine the magnetic field components due to the central plasma

sheet, the following integrals are performed,

Btail
x =

z

π

∫ xN

−∞
BT (x0)

dx0

(x0 − x)2 + z2 +D2
(1.18)

Btail
z =

1

π

∫ xN

−∞
BT (x0)

dx0(x0 − x)

(x0 − x)2 + z2 +D2
, (1.19)

where xN is the inner edge of the current sheet and D is its half-thickness scale-

length. To account for the θ structure of the magnetotail current system, two

similar sheets located at z = ±RT are added to the representation of Eqs.

(1.18) and (1.19), each carrying a current of −1/2I(x). To close the currents

in the flanks, an even parity function of y is multiplied by these three current

sheets, giving the magnetotail its three-dimensional structure.

1.2.3 Magnetopause and Birkeland Currents

Birkeland currents are primarily field-aligned currents that intersect the

ionosphere. These currents are named after the Norwegian scientist Kristian

Birkeland who, before the advent of satellites, postulated the existence of

electrical currents connecting the Earth to the Sun. These currents are divided

into two categories: Region 1 currents and Region 2 currents. Region 1 current

systems flow into the ionosphere on the morning side and out of the ionosphere

on the dusk-side. These current systems are connected to the solar wind and

are driven by the dynamo action of the solar wind blowing over the Earth’s

poles. Region 2 current systems flow in the opposite direction, i.e., out of

the ionosphere on the morning side and into the ionosphere on the dusk-side.
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Figure 1.8: Cartoon illustrating the tail current system and the Region 2
current system. The tail current has a θ structure in the y− z plane, with the
current in the central plasma sheet flowing from East to West. The Region
2 current system connects the Earthward portion of the tail current with the
ionosphere. The ionospheric foot-print of the Region 2 currents is illustrated
in Fig. 1.10.
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z = −10.0 nT.

27



Region 2 currents are closed in the magnetosphere, specifically through the

inner tail and ring current, and are thus significantly different from Region 1

currents.

In Tsyganenko’s early models [184, 189] the field-aligned currents, along

with the magnetopause currents, were modeled with a fit to a finite polynomial

expansion. The number of terms used in the polynomial expansion was not

adequate to model the spatial sharpness of the real field-aligned currents. The

Tsyganenko 1996 model [185, 188] included specific modeling of these current

systems.

Magnetopause currents flow along the boundary between the interplan-

etary magnetic field and the magnetosphere. The general function of these

currents is to shield the inner current systems. As mentioned earlier, the early

models by Tsyganenko et al. did not provide these shielding currents explicitly.

Instead, they used a simple polynomial expansion and fit these parameters to

the data. Starting with the 1996 model, the magnetopause boundary and

model shielding currents along this boundary are explicitly specified by means

of an expansion in a suitable set of harmonic functions to represent the inter-

nal scalar potential. The explicit form of the magnetopause was taken to be a

prolate hemi-ellipsoid of revolution at the nose (up to a tail-ward distance of

60-70 RE), smoothly continued in the far tail by a cylindrical surface [185].
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Figure 1.10: Adaptation from Kivelson and Russell [5] of the region 1 and
Region 2 Birkeland current systems in the ionosphere. In this figure the Region
1 currents flow into the ionosphere (Black Region) on the morning side (right)
and out of the ionosphere (Grey Region) on the evening side (left). Region 2
currents flow out of the ionosphere (Grey Region) on the morning side (right)
and into the ionosphere (Black Region) on the evening side (left).
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1.3 Equilibrium Considerations

Not all magnetic field models discussed in our work will necessarily be

in equilibrium since some do not take into account both the pressure and the

magnetic field. However, all of the two-dimensional reduced magnetic field

models that we discuss will be in equilibrium. An equilibrium must be in force

balance, and for a scalar pressure it must satisfy the following equation:

∇p = J × B. (1.20)

A consequence of Eq. (1.20) is that the pressure is constant along a field line,

B · ∇P = 0. For the two-dimensional simple equilibriums in which we are

interested, we choose the magnetic vector potential to have only a component

in the ignorable direction (ŷ) and to be only a function of (x, z). Thus, from

B = ∇× A, the magnetic field can be written as

B = ∇Ay(x, z) × ŷ. (1.21)

A consequence of Eq. (1.21) is that Ay(x, z) is a constant along a field line, so

that contours of constant Ay(x, z) correspond to magnetic field lines. Further-

more, because Ay(x, z) is constant along a field line and p is constant along a

field line, we can express the pressure p as a function only of Ay. Writing the

current in terms of Ay, we find that the current is consequently only in the ŷ

direction:

J =
1

µ0

∇× B = − 1

µ0

ŷ∇2Ay(x, z). (1.22)
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Since the pressure is a function of Ay and since Ay satisfies the equilibrium

relation then dP/dAy = Jy, and we obtain

∇P = J × B

dP

dAy
∇Ay = Jyŷ × (∇Ay × ŷ) = Jy∇Ay
dP

dAy
= Jy

consequently the Grad-Shafranov equation can be written as

− 1

µ0

∇2Ay =
dP

dAy
. (1.23)

By making the ansatz that P = kA2
y /2, we can convert Eq. (1.23) into a

linear partial differential equation:

∇2Ay = −µ0k
2Ay. (1.24)

The Tsyganenko series of empirical models only supply a model for the struc-

ture of the magnetic field; they do not supply any information about the

plasma, such as its density, temperature, or pressure. However, if one assumes

that the model is in force balance, one can estimate the pressure. For ex-

ample, the pressure along the x̂ axis in the magnetotail is a crucial quantity

for stability. To obtain an estimate of the pressure from a model that only

takes into account the magnetic field, one can compute the current density

J = ∇× B/µ0 numerically and then integrate along the magnetotail:

P (x) = PT +

∫ x

xT

(JyBz −ByJz) dx, (1.25)
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where xT is a point at which we know the plasma pressure from other sources,

and PT is the plasma pressure at xT . Figure 1.11 shows the results of such

a calculation, using the Tsyganenko 1996 magnetic field model along with

data taken from the AMPTE/CCE satellite [172, 173]. For these calculations

we used xT = −34RE and PT = 0.06 nPa (values which was taken from

the satellite data). Note that the pressure computed from the Tsyganenko

magnetic field models tends to exceed the observed value of the pressure. The

high pressure values computed from the Tsyganenko 1996 model are thought

to be due to an overestimate of the ẑ component of the magnetic field, Bz,

in the magnetotail. The amount of current computed by the model, Jy, is

thought to be more accurate.

1.4 Constant Current Model

A simple magnetic field model equilibrium that has some of the features

of the geotail is the Constant Current Model (CCM). The geotail is a simple

reversed magnetic field; hence, if we require Bx to reverse sign at z = 0 and

Bz to be non-zero, then Ay must be even in z. A simple function that satisfies

this condition is Ay(x, z) = 1/2B′
xz

2 + Bnx, which is exactly the Constant

Current Model. Notice that for this model, the current is indeed constant

Jy = B′
x/µ0, and therefore P (Ay) ∝ Ay. The parameter B′

x parameterizes

the current, and the parameter Bn represents the magnetic field component

produced by currents outside of our system of interest.

For this model the magnetic field line curvature, κ and gradient are as
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follows:

κ =
B2
nB

′
x

B4
∇Ay (1.26)

∇B =
(B′

x)
2

B
zẑ. (1.27)

A property of this model is that the bounce-averaged total drift velocity is

precisely zero.

It is often useful to add a two-dimensional dipole to this model. The

two-dimensional dipole will maintain translational symmetry in the ŷ direc-

tion, while also causing the field lines to bend in towards the Earth, rather

than going off to infinity. The y-component of the magnetic vector potential

for a 2D dipole can be written,

A2D
y = − B0r

2
0x

x2 + z2
(1.28)

1.4.1 Useful analytical relations

As discussed previously, the Constant Current Model is a very useful

model for the geomagnetic tail system, quantitatively valid out to geosyn-

chronous orbit. It consists of the linear superposition of the two-dimensional

dipole and a uniform current sheet ( Jy = const ). Since the model is transla-

tionally invariant in y, the eigenmodes are strictly sinusoidal in the y-direction,

which greatly simplifies the stability analysis. The parameters of the 2D model

are B0r
2
0, B

′
x and Bn and they will be optimized with respect to a given space

region Ω = LxLyLz for the best representation of the three-dimensional fields.

The analytical and numerical advantages of the two-dimensional model are
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clear. The particle simulations of Pritchett et al.[148] were performed in such

a two-dimensional system with compression of the space and time scales by

the use of a small ion-to-electron mass ratio. In this section we will perform

some useful analytical operations with the model.

The two-dimensional magnetotail model is derived from B = ∇ ×

(Ayŷ) = ∇Ay × ŷ with

Ay(x, z) = − B0r
2
0x

x2 + z2
− 1

2
B′
xz

2 +Bnx. (1.29)

This gives

Bz(x, z) = Bn +
B0r

2
0(x

2 − z2)

x2 + z2

2

(1.30)

Bx(x, z) = B′
xz −

B0r
2
0xz

(x2 + z2)2
, (1.31)

with

B2 = B2
n +B′

x
2
z2 +

B0r
2
0 [Bn(x

2 − z2) − 2B′
xxz

2]

(x2 + z2)
. (1.32)

The shear matrix, dBi/dxj of the magnetic field has components

Bx,x =
2B0r

2
0z(3x

2 − z2)

(x2 + z2)3
(1.33)

Bx,z = B′
x −

2B0r
2
0x(x

2 − 3z2)

(x2 + z2)3
(1.34)

Bz,x = −2B0r
2
0x(x

2 − 3z2)

(x2 + z2)3
(1.35)

Bz,z =
2B0r

2
0z(z

2 − 3x2)

(x2 + z2)3
(1.36)

From Eqs. (1.33)-(1.36) we see that ∇·B = 0 and that µ0jy = Bx,z −Bz, x =

B′
x.
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In the region x2 >> z2 of the deep tail model, the effect of the two-

dimensional dipole on the constant current sheet is

B′
x → B′

x −
2B0r

2
0

x3
(1.37)

Bn → Bn +
B0r

2
0

x2
(1.38)

where we note that x is negative in the night-side region of interest.

Notice that this model is valid for β � 1. For smaller values of β

we can see the most important corrections through the equilibrium equation

∇p = J × B, which can be written as

∂p

∂x
= jyBz =

Bz

µ0

∂Bx

∂z
(1 −R) , (1.39)

where R = ∂Bz/∂x/∂Bx/∂z ' 1/(1 + β). For β � 1 we see that ∂P/∂x

comes from the variation of Bz with respect to z, but for lower values of β the

quantity R involving the variation of Bx with respect to z becomes important.

Figure 1.12 shows some simple computations with the Tsyganenko 1996

magnetic field model and the simple two-dimensional CCM model. One can see

from this figure that the gross features of a particular flux-tube are represented

fairly well by the CCM model, except that the CCM model has a shallow

B profile due to the use of a two-dimensional dipole rather than a three-

dimensional dipole. We will use these models throughout the dissertation to

investigate the stability of the night-side magnetosphere.
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Figure 1.12: Magnetic field lines computed from the CCM model with B ′
x =

64nT/RE, Bn = 1.0nT, B0r
2
0 = 4000nTR2

E (top left panel). Magnetic field
lines computed from Tsyganenko’s 1996 model with PS = 0, Pdyn = 3.0nPa,
DST = −50nT, BIMF

y = 0, and BIMF
z = 5.0nT (top right panel). The inverse of

the radius of curvature and the magnitude of the magnetic field B are plotted
as functions of s, the distance along a field line (bottom panels). Values on
two different field lines are shown, one with equatorial plane crossing at −9RE

and the other at −10RE. Results with Tsyganenko’s model are shown in the
dashed curves, and with the CCM model in solid curves.

37



1.5 Outline of Dissertation

In Chapter 1 we have given an introduction to the structure of the

magnetosphere and we have discussed in some detail how the major current

systems are modeled. These magnetic field models will be used throughout

the dissertation to assess the stability of the magnetosphere. The stability of

these models is important for understanding the nature of the onset of magne-

tospheric substorms. In Chapter 2 the most important properties of magneto-

spheric substorms will be reviewed, as well as the competing phenomenological

views for understanding the various observations of substorms. In Chapter 3

we will consider the problem of the ideal MHD ballooning stability of our

model magnetic fields using a Fast-MHD δWMHD
p formulation that does not

violate the assumptions of MHD. We will determine when these models can

exhibit fast unstable motions and also where these motions are most likely to

occur. In Chapter 4 we will develop a gyrokinetic dispersion relation valid

for electromagnetic perturbations in high-β plasmas. We will then use this

dispersion relation to examine the stability of magnetospheric plasmas under

the assumption that the eigenmode structure along the flux-tube is concen-

trated at the equatorial plane. The gyrokinetic approximation will allow us to

determine whether wave-particle resonances or finite gyroradius effects modify

the stability limits obtained in the Fast-MHD approximation. In Chapter 5

we will relax the assumption of locality, used in Chapter 4, by introducing nu-

merical methods to solve for the bounce-averaged eigenmode structure along

the magnetic field. We will then use these methods to investigate non-local ki-
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netic electrostatic modes in magnetotail flux-tubes. In Chapter 6 the non-local

approximation will be applied to a new series of modes, called compressional

drift waves, whose primary component is the parallel perturbation of the mag-

netic field. We obtain the conditions under which these waves might become

unstable, and we discuss their role in substorms.
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Chapter 2

Characteristics of Substorms

A substorm is an ordered sequence of events that results in a global

magnetospheric reconfiguration and energy release [13]. Substorms are ob-

served in both auroral and magnetic activity. Substorms have a lifetime of

one to three hours and are divided into two phases: (1) an expansion phase,

lasting 10-30 minutes, and (2) a recovery phase, lasting between one to two

and a half hours. Akasofu [7] was the first to develop a global picture of a

substorm, and his basic picture has not changed significantly. Akasofu’s global

picture was obtained without the aid of satellites. To construct his model, he

used all-sky camera images across Alaska, Canada, and Siberia of the auroral

forms. Since his first characterization, there have been many more detailed

observations of the various substorm stages, which have led to a divergence in

the interpretation of the data. In this chapter the basic phenomenonology of

a substorm and some of the most popular explanations will be discussed.

During the course of a substorm, the magnetosphere extracts energy

from the solar wind, stores this energy in the magnetotail, forms an extremely

thin current sheet within the tail plasma sheet, and then explosively disrupts

this thin current sheet.
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For decades, the detailed observational data from both ground-based

magnetometer stations and nightside spacecraft measurements of plasma par-

ticles and fields have been analyzed for the purpose of understanding substorm

dynamics. While many mechanisms have been proposed and investigated over

the years, processes in two distinct regions now seem to be intimately linked

to substorms. The first, historically, is the formation of a neutral line by a

Bn + δBz < 0 perturbation in the mid-tail region at X ' −25RE, called

the Near Earth Neutral Line (NENL) model. Here Bn(X) is the northward

ambient field on the axis of the geomagnetic tail, and δBz is a southward

perturbation which, when larger than Bn(x), forms the neutral line. The sec-

ond mechanism, for which there is growing observational evidence [60, 131],

is characterized by the onset of low-frequency precursor pulsations in the Pi2

frequency band (Pi2 waves are Irregular pulsations with frequencies between 2

and 24 mHz [5]) and the sudden brightening of auroral arcs associated with flux

tubes that map to equatorial crossing points in the region between X = −6RE

and −12RE, dependent on the state of the magnetosphere. Substorms with

these onset characteristics have been named NGO (near geosynchronous or-

bit) events, although the Keplerian orbits with a twenty-four hour period play

no role in the plasma electrodynamics. The large number of geosynchronous

spacecraft provide excellent data coverage of this region.

In this chapter we will discuss the important features and characteris-

tics of magnetospheric substorms. In Section 2.1 we will go through the details

of the different stages of a magnetospheric substorm. In Section 2.2 we will
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explain the Near Earth Neutral Line (NENL) model for understanding sub-

storm dynamics and describe how this model was obtained from observations.

In Section 2.3 we will explain the Near Geosynchronous Orbit (NGO) model

of substorm dynamics and the observations that support this viewpoint. In

Section 2.4 we will explain recent attempts to combine these two viewpoints in

order to account for all of the observations. In Section 2.5 we will focus on the

observations of compressional Pi2 oscillations since the work done in Chapter

6 is particularly relevant to these observations. Finally, in Section 2.6 we offer

some concluding remarks on substorm observational characteristics.

2.1 Substorm stages

2.1.1 Growth phase

The aurora, which is constant and usually stable, occurs around each of

the poles. Typically the quiet aurora occurs between a geomagnetic latitude of

60 to 65 degrees. These aurora consist of long arcs roughly parallel to lines of

constant geomagnetic latitude. During quiet times there are also polar features

of auroral activity that align themselves between the Sun and Earth. Figure

2.1 is a cartoon adapted from Akasofu [7] that shows the auroral activity during

the different stages of a substorm. In panel (a) of Fig. 2.1 a depiction of quiet

auroral arcs can be seen. Usually for the aurora to be considered quiet, the

region must be free from activity for about 3 hours.

During the growth phase, the magnetosphere extracts energy from the

solar wind, and stores it in the magnetotail, to be later explosively released at
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the onset of expansion.

The canonical substorm is typically observed after the interplanetary

magnetic field (IMF) has been directed steadily southward (anti-parallel to

the Earth’s internal dipole field) for about one hour [16].

During the growth phase, the near-Earth current sheet becomes thinner

and more intense, causing the magnetic field lines to be very stretched [15].

The strength of the magnetic field in the equatorial plane becomes very weak

[109]. Particles whose pitch angles are close to 90 degrees move closer to the

Earth, causing pitch angle distributions to become highly elongated [14].

Typically, during the growth phase a small net westward electric field

can be observed. This indicates an Earthward convection due to E×B drift.

Importantly, growth phase oscillations of the electric field with 60 to 90 second

periods are observed at geosynchronous orbit [60]. In the late growth phase

(Step 2 of Erickson’s 7 steps of a substorm), trigger waves grow in the inner

magnetotail. These are indicated by the quiet oscillations of the electric field

with periods of 60 to 90 seconds, whose amplitudes grow large enough to

reverse the direction of the total electric field. During the reversal, the electric

field is in the eastward direction and j · E < 0. Erickson et al. [60] report

that during these Eastward excursions of the electric field, the wave power is

predominately directed along the magnetic field toward the ionosphere.

There is evidence that before substorm onset, when energy is being ex-

tracted from the plasma and put into the oscillating electric field, the cross-tail
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current is reduced, giving rise to a dipolarization of the magnetic field and the

formation of the Substorm Current Wedge (SCW) [60]. During the dipolariza-

tion, an oscillation of the magnetic field with a 30 second period is observed

at geosynchronous orbit, while the electric field continues its oscillation with

a period of 60 to 90 seconds.

2.1.2 Triggering Phase

The triggering phase is also called substorm onset or stage I of the

expansive phase [7]. This stage is characterized by a very sudden brightening of

a single auroral arc, approximately centered on the noon midnight meridian at

the Equatorward edge of the auroral zone (≈ 62 deg magnetic latitude). These

field lines typically map to near geosynchronous orbit. Frank and Sigwarth [66]

used high-resolution global images of the visible emissions of atomic oxygen

at 557.7 nm on board the Polar spacecraft to determine the magnetic latitude

and local time of the auroral arc that participates in the initial brightening.

They provided a case study of six isolated substorms and found a minimum

magnetic latitude of 59.9 degrees and a maximum of 66.8 degrees. They then

used Tsyganenko’s 1989 empirical magnetic field model to map these positions

into the equatorial plane. The results of their study are summarized in Table

2.1. They also independently verified the mapping location of the onset field

lines by observing the atmospheric footprint of protons originating in the ring

current. The footprint was observed in the emissions through the Hα line at

656.3 nm. The radial distances of the maximum intensities in the ring current
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Figure 2.1: Depiction of the stages of an auroral substorm. Each panel shows
the auroral arc formations observed in the ionosphere during different stages
as described by Akasofu [7]. The various stages depicted in the panels are:
A) Quiet phase B) Triggering Phase (Expansive Phase Stage I) C) Expansive
Phase Stage II D) Expansive Phase Stage III E) Recovery Phase Stage I F)
Recovery Phase Stage II. The magnetic North pole is at the center of the lines
of constant geomagnetic latitude.
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Date Time, UT Latitude Longitude Kp

Dec. 17, 1997 2051:33 66.8 deg 109.6 deg 1−

Dec. 17, 1997 2221:54 66.2 deg 73.5 deg 2+

Jan. 6, 1998 1618:53 62.1 deg 171.2 deg 4+

Jan. 6, 1998 1843:49 62.9 deg 147.9 deg 4
Jan. 6, 1998 2341:29 60.8 deg 83.9 deg 4−

Mar. 1, 1999 2119:07 59.9 deg 120.1 deg 4+

Table 2.1: Table (From Frank and Sigwarth [66]) showing the location, date,
and time of six different substorm onsets and the general geomagnetic distur-
bance level as determined by Kp.

are in the range of -3 to -8 RE.

Figure 2.2 shows the equatorial crossing point (zGSM = 0) for field lines

that map from 60 to 65 deg, for various geomagnetic indices computed with

Tsyganenko and Stern’s 1996 magnetic field model [188]. This range of mag-

netic latitude corresponds to the study by Elphinstone et al. [62], who found

that, for 80 onset brightenings seen in the Viking far-ultraviolet images, the

average magnetic latitude was 62.9±3.5 degrees. This mapping is important

because it is believed that the substorm process is a consequence of dynamics

in the magnetotail. Panel B of Figure 2.1 depicts the triggering phase and the

sudden brightening of the equatorward auroral arc.

At geosynchronous orbit, there is evidence [60] that the oscillating elec-

tric field with 60 to 90 second period undergoes explosive growth within two

periods following the onset of dipolarization. This explosive growth of wave

power is termed Local Explosive Onset (LEXO) and is often observed to pre-

cede the sudden brightening of the auroral arc that is typically used to des-
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for the auroral region for many different geomagnetic conditions. Blue is for
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In all of these figures the solarwind dynamic pressure was 3 nPa, and the BIMF
y

was 0 nT. The legend shows the dot pattern for different values of the DST
index. Substorm onset typically occurs at a magnetic latitude of ≈ 62 deg.
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ignate substorm onset. This wave power is primarily directed, as the trigger

waves are, toward the ionosphere. Large field-aligned currents (FAC) and en-

ergetic particles are typically observed to coincide with this explosive growth

phase.

2.1.3 The Expansive Phase

Akasofu’s Expansive stage II occurs approximately five minutes after

the initial onset of the substorm and lasts for approximately five minutes.

During this stage, the auroral arcs that brightened during the triggering phase

develop a poleward motion as depicted in panel C of Figure 2.1. The speed of

the poleward motion is usually on the order of 20 to 200 km/min.

Akasofu’s Expansive stage III occurs approximately ten minutes after

the initial onset of the substorm and lasts for approximately twenty minutes.

During this stage, the poleward motion of the auroral arc reaches its north-

ernmost point, between 75 and 80 degrees latitude. A fold develops in the arc

and a westward travelling surge develops, as depicted in panel D of Figure 2.1.

The speed of the surge is on the order of 10 to 100 km/min.

2.1.4 The Recovery Phase

Typically the recovery phase begins 30 minutes after the substorm on-

set. Akasofu [7] breaks this stage into three parts. The first, stage I, lasts about

30 minutes and is depicted in panel E of Figure 2.1. As soon as the poleward

motion reaches its highest latitude, the arc begins to return to lower latitudes.
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Typically the return motion is slower than the original poleward motion, but

can be as fast as 50 km/min. The speed and intensity of the westward surge

is also reduced during this stage. The westward travelling surges eventually

break up and dissipate, with some of them forming irregular arcs that then

drift back eastwards at about 30 km/min. During stage II (panel F of Figure

2.1), the equatorward motion of the arcs continue. New arcs can form near

the polar cap, and the irregular arcs of the previous stage become longer but

still irregular. Stage III, the final one, is characterized by equatorward motion

of quiet arcs. Usually after an hour, the quiet phase returns.

2.2 Near Earth Neutral-Line Model

The Near Earth Neutral-Line (NENL) model was the first phenomeno-

logical model that attempted to provide a picture of the entire substorm pro-

cess throughout the magnetosphere. It was proposed by Russell and McPher-

ron et al. in 1973 [159] and has continued to be developed since that time

[16, 133]. Most recently, Baker et al. in 1996 reviewed all the issues involved,

including criticisms of this phenomenological framework.

This model begins with a growth phase that is initiated by a southward

turning of the IMF. Before the southward turning there is a distant X-line that

separates the magnetic field lines that close in the ionosphere (the auroral oval)

from those that are connected to the interplanetary magnetic field (the polar

cap). This is considered the ground state and is pictured in panel (a) of Figure

2.3.
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At the initiation of the growth phase by the southward turning of the

IMF, an X-line is formed at the day-side magnetopause. Figure 2.4 depicts the

formation of this X-line and the creation of the associated flows. This figure is

a view of what happens in the noon-midnight meridian. Reconnected magnetic

flux from the day-side closed magnetic field lines is transported to the open

magnetotail lobe fields by the solar wind. A flow is set up, flowing Sunward

from the Earth, to feed the reconnection site. This convective flow is retarded

by the finite conductivity and self inductance of the ionosphere. The retarded

flow is not enough to balance the rate at which magnetic flux reconnects; thus

the day-side magnetopause erodes Earthward. The Earthward flow into the

reconnection site initiates a rarefaction wave, traveling around the Earth (out

of the plane of Figure 2.4) and initiating Earthward flow in the magnetotail.

The erosion of the day-side magnetopause causes flaring and an increase

in the dynamic pressure at the magnetopause. This pressure causes the flaring

angle to reduce, squeezing the tail. The requirement that the total pressure

be balanced on either side of the magnetopause means that the plasma sheet

current becomes thin. This is the main result of the NENL model during the

growth phase. The end of the growth phase in the NENL model is depicted

in panel (b) of Figure 2.3.

At some point the magnetotail current becomes sufficiently thin that

magnetic reconnection occurs. The magnetic topology is such that a plasmoid

is formed between the new X-line closer to the Earth and the distant X-line.

There is strong evidence for the existence of such an X-point in the mid-tail
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(X =-20 RE to -30 RE) region [13, 138]. The onset of reconnection is depicted

in panel (c) of Figure 2.3.

Once this plasmoid is formed, the combination of plasma pressure and

magnetic tension causes it to accelerate tailward, taking with it a significant

portion of the energy stored in the magnetotail.

2.3 Near Geosynchronous Orbit Model

The difference between the Near Geosynchronous Orbit model (NGO)

and the Near Earth Neutral-Line model (NENL) is to be found in the causal

nature of the onset of the substorm expansion phase. In the NGO model

the substorm is triggered by a plasma instability near geosynchronous orbit

(usually between X = −6 RE and -10 RE). The instability invoked to explain

substorm onset in the NGO model is not reconnection. In most NGO models,

magnetic reconnection occurs after substorm onset and deeper in the tail. In

the NENL model, substorm onset is caused by onset of magnetic reconnection

at X = −20 RE to -30 RE.

The primary evidence for the initiation of substorm onset not being

due to the formation of a NENL is that ground-based auroral observations

show that the arc brightening at the expansion onset is on field lines that map

to ∼ −10RE [64, 66, 67, 122, 162], rather than to the mid-tail region where

X-points have been observed. In Section 2.1.2 this evidence was discussed in

detail.

51



Figure 2.3: Near Earth Neutral Line (NENL) view of substorm sequence of
events. Adapted from Baker et al. (1996) [16]
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Figure 2.4: Near Earth Neutral Line (NENL) model of flows at initiation of
southward IMF
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2.4 Synthesis Models

Whether the formation of a near-Earth neutral line is the trigger mech-

anism for substorm onset or whether it occurs after substorm onset is an open

issue. Nagai et al. [138], using Pi2 oscillations to define substorm onset, ar-

gued that the timing evidence supports the NENL model for substorm onset.

In contrast, Lui et al. (1998) [125] used data from POLAR and GEOTAIL

and came to a different conclusion. They stated that the overall plasma flow

pattern during the course of substorms remains ill defined. They showed the

details of one event (April 28, 1996) and constructed synoptic charts for both

the total flow velocities and the perpendicular flow velocities in the equatorial

plane for the relevant space-time domain for 102 events with good geotail cov-

erage. They concluded that strong flows do not necessarily precede substorm

onset. Thus, the formation of the NENL may not be the trigger for substorm

onset.

Lui et al. (1991) introduced a synthesis model to combine the ob-

servational evidence for both the formation of a near-Earth neutral-line and

an instability at near geosynchronous orbit. In their model a configurational

instability occurs at the inner edge of the plasma sheet. This instability gen-

erates a finite amplitude compressional/rarefraction wave that travels to the

mid-tail region, where the amplitude is large enough for the fluctuating δB‖

to produce the negative Bz = 〈Bz〉 + δB‖ that is necessary to initiate mag-

netic reconnection and the global reconfiguration of the magnetosphere that

is associated with substorms.
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Pu et al. (1999) [150] proposed an alternative synthesis of the NENL

substorm model and the cross-field current disruption model. They observed

that the fast Earthward plasma flow produced by magnetic reconnection in

the midtail can be abruptly decelerated at the inner edge of the plasma sheet,

compressing the plasma and creating the large pressure gradients necessary to

drive a ballooning instability. In Chapter 6, we use a one-dimensional transport

equation to further investigate the process of pressure gradient steepening due

to braking of the Earthward flows.

2.5 Compressional Pulsations

Kepko and Kivelson [101, 102] showed that low-frequency magnetic fluc-

tuations in the Pi2 frequency band (2-25 mHz) [5] that precede substorm on-

set are associated with increased Earthward E × B flows of greater than 100

km/s. They determined three different classes of Pi2 fluctuations. The first

class consists of compressional pulsations with waveforms that have one-to-one

correspondence with the waveforms of the flow bursts. These compressional

pulses propagate from the near-Earth tail region as fast-mode wave fronts. The

second form of compressional Pi2 pulsations are created by the breaking of fast

Earthward flows. The compressional waves are generated by inertial currents

generated by the breaking flow. These compressional waveforms also have a

one-to-one correlation with the variability of the Earthward flow. The final

class of Pi2 oscillations are transient response Pi2 oscillations that are driven

by pressure gradients and flow shears and whose wave forms are independent
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of the variations in the Earthward flow.

Sigsbee et al. [169] also reported Pi2 pulsations (2-25 mHz compres-

sional magnetic fluctuations) but observed these oscillations before the ini-

tiation of the strongest Earthward flow. In contrast to Kepko and Kivelson

[101, 102], they did not determine that the variations in the Earthward flow

were correlated with the fluctuations in the magnetic field data. In fact, they

found that the time scales of the flow variations were shorter than the time

scales of the magnetic field fluctuations associated with Pi2 pulsations. They

did, however, agree that the signature of the magnetic oscillations was ob-

served on the ground 1 to 2 minutes after the signature was observed in the

near-tail region of the magnetosphere.

Figure 2.5 shows 20 minutes of actual magnetic field data from magnetic

field experiment aboard the Wind spacecraft, recorded on October 10, 1996,

from 14:00 UT to 14:20 UT. Because the time resolution was 3 seconds the data

array for each component of the magnetic field has 400 elements. During the

recording of this data the spacecraft was at Geocentric Solar Ecliptic (GSE)

(X,Y,Z)=(-8,-1,-0.5) RE. To create Figure 2.5, the quiet-time magnetic field

was computed from an average of the vector components over the first 360

seconds of data. This quiet-time magnetic field was then used to compute

the oscillating parallel magnetic field (the compressive component) which is

plotted in the figure. In this data one can see low-frequency compressional Pi2

oscillations with period of approximately 25 seconds.

56



0 200 400 600 800 1000 1200
−20

−10

0

10

20

320 340 360 380 400 420 440 460 480 500
−20

−10

0

10

20

PSfrag replacements

δB
‖

δB
‖

t [seconds]

t [seconds]

Figure 2.5: Measurements from the magnetic field experiment aboard the
Wind spacecraft of Low-Frequency compressional oscillations taken in the
equatorial plane at (X,Y,Z)=(-8,-1,-0.5) on October 10, 1996, from 14:00 UT
to 14:20 UT. The vertical lines represent the peaks of the oscillation with a
period of approximately 25 seconds.
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2.6 Conclusions

In this chapter we reviewed the most important features of magneto-

spheric substorms stage by stage. The remainder of this dissertation explores

the stability of magnetic field models, in order to investigate whether plasma

instabilities can cause substorm expansion onset. For this reason, the most

important observations are the timing and duration of substorm onset events

and the observed electric field and magnetic field oscillations observed in the

region of the magnetosphere at which substorm onset is observed.
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Chapter 3

Ideal Magnetohydrodynamic Stability

Ideal Fast-MHD unstable modes are the most important instabilities

to consider in the substorm process since they are the most violent and release

the most energy–due to their fast growth rate (γ � vti/Ln)–over large space

scales (L⊥ � ρi). In the near tail of the magnetosphere, there are strongly

curved field lines containing a high pressure plasma. For example, Fig. 1.12

shows the sharp curvature of the extended night-side field lines. Since the

curvature of the field lines is such that the high pressure is on the concave

side (as one sees in Fig. 1.11), one expects ideal MHD ballooning or inter-

change modes to be unstable. The plasma energy released by these instabilities

must, however, overcome the energy required to bend the magnetic field lines

and compress the plasma. We determine the stability boundaries for ideal

Fast-MHD instabilities. For slower modes we use kinetic theory to determine

stability (Chapters 4-6).

Many authors have studied the ideal MHD stability of magnetospheric

flux tubes. In particular, Lee and Wolf (1992) [116], used the ideal MHD

energy principle δWMHD
p of Bernstein et al. 1957 [22] and trial functions to

investigate the stability of symmetric ballooning modes for various equilibria
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numerically. They found no reasonable magnetotail configuration that was

unstable to compressible symmetric ballooning modes and stable against in-

terchange modes. All of the equilibria they looked at were stable with respect

to interchange. They used “hard” boundary conditions at the ionosphere, tak-

ing the ionosphere to be a perfect conductor. Instead of solving an eigenvalue

equation, they used trial functions as approximations to the eigenfunctions

and simply monitored the sign of δWMHD
p . Also, they minimize δWMHD

p with

respect to the parallel displacement ξ‖. In this case any slightly unstable state

violates the criteria under which MHD is valid.

In this chapter we use standard models of the Earth’s magnetic field

to investigate the night-side region of the magnetosphere for flux tubes that

might be unstable to Fast-MHD ballooning-interchange modes. In Section 3.1

the assumptions used in the MHD approximation are stated and statements

on the violation of these conditions in the Earth’s magnetosphere are made.

In Section 3.2 the Tsyganenko magnetic field model is used to determine if the

interchange of night-side flux tubes with equal magnetic flux is energetically

favorable. In Section 3.3 the equations of Ideal MHD are linearized about

an equilibrium and the change in the potential energy δWMHD
p is derived in

terms of the plasma displacement vector ξ. In Section 3.4 the different ways in

which δWMHD
p may be reduced to a tractable form are discussed. Specifically

in Section 3.4.1 δWMHD
p is minimized with respect to the parallel component

of the plasma displacement ξ‖, and the formulation of Lee and Wolf [116] is

recovered. In Section 3.4.2 the equation of motion for the parallel plasma
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displacement is derived. From this equation it is shown that the classical

minimization procedure of Section 3.4.1 is inappropriate and a new condition

called Fast-MHD is derived that respects the validity criteria of MHD. In

Section 3.4.3 the Fast-MHD minimizing condition is used to derived the Fast-

MHD δWMHD
p , from which eigenmode equations are derived in Section 3.5.

The method for solving the resulting eigenmode equations are also discussed.

In Section 3.6 the Fast-MHD eigenmode equation is solved using the Constant

Current Model (CCM). Conditions under which the this model are unstable

are found and discussed. In Section 3.7 the Fast-MHD eigenmode equation

is solved using the Tsyganenko 1996 magnetic field model. Growth rates,

eigenmode structures, and stability criteria are found and discussed. Finally,

in Section 3.8 conclusions and summary are given of the results of this chapter.

3.1 Limits of MHD

It is important to keep in mind the criteria under which MHD is valid.

Typically, MHD is valid for frequencies that are greater than the ion bounce

frequency, ωbi, for the mirror motion between the North and South poles and

that are less than the ion gyrofrequency: ωbi � |ω| � ωci. Also, MHD requires

that for hot ion plasmas, like that found in the magnetosphere, the perpendic-

ular wavelengths λ⊥ be greater than the ion gyroradius: λ⊥ � ρi. Drift waves

are not treated correctly in the MHD picture because of this approximation

and also because the parallel electric fields are neglected. Also, motion par-

allel to the magnetic field lines is not treated correctly in MHD because the
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parallel heat flux is neglected in the pressure equation. The full equation for

the pressure is

3

2

∂

∂t
(nT ) + ∇ ·

(
3

2
nTv + q

)
+ nT∇ · v = 0, (3.1)

Where q is the heat flux. For MHD to be valid, the term ∇ · q must be

negligible compared with the terms ∂t(3/2nT ) and nT∇ · v. The heat flux

fluctuation, δq, is driven by the temperature fluctuation, δT , according to

δq = −CTnvtδT b̂, (3.2)

where CT is a closure constant of order unity [178]. Now we compare the

fluctuations

−i3
2
ωnδT (3.3)

and

∇ · δq = ik‖CTnvtδT. (3.4)

Comparing Eq. (3.3) with Eq. (3.4), we find that there are two regimes de-

pending on the ratio ω/k‖vt. For negligible heat flux contribution, the motion

must be adiabatic, meaning ω � k‖vt. For the slow motions observed in

the magnetosphere, the ions are in the regime ω � k‖vti and thus the heat

flux contribution is not negligible. In contrast, the electrons are usually in

the isothermal regime with ω � k‖vte. For a detailed theory of collisionless

closure, see Sugama et al. [178].

For waves (ω, k‖) and fluctuations that are smoothly varying over the

mirror field, the parallel motion frequency k‖vtj is comparable to the bounce
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frequency ωbj. Therefore the regime k‖vtj > ω implies the regime ω < ωbj, in

which regime the bounce average of fields must be used. Subsequent chapters

deal with the bounce averaged fields and kinetic effects; here we develop the

fluid picture.

3.2 Interchange Stability

In this section we will consider whether the interchange of two flux tubes

in the dipole-tail transition region of the Earth’s magnetosphere is energetically

favorable. Thermodynamics is used to calculate the change in pressure with

volume during adiabatic and isothermal motions. The Carnot cycle limits the

amount of work done by the system. We will follow closely the treatment of

Rosenbluth and Longmire in 1957 [156]. If the potential energy of the final

state, upon interchange, is lower than the energy of the initial state then it

may be assumed that a suitable motion exists to enable the interchange. In

MHD it is easy to justify that such a motion exists because the equations of

motion follow from minimizing the potential energy, as in mechanics.

The potential energy is the sum of the magnetic field energy B2/2µ0

and the internal energy of the plasma p/(Γ − 1). Here Γ is the adiabatic gas

constant, which varies between 5/3 and 3 for various types of plasma dynamics.

The internal plasma energy in a flux tube is given by

Ep =

∫
p

Γ − 1
dV =

∫
P

Γ − 1
dsdA =

∫
p

Γ − 1
Φ

ds

B
=

pΦ

Γ − 1

∫
ds

B
(3.5)

where s is the length along the flux tube, dA is the cross sectional area of
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the flux tube, and Φ = BdA is the magnetic flux, which is constant along a

flux tube. The internal plasma energy in a flux tube can be well estimated

by noting that dA is approximately the typical size of an MHD convection

cell, i.e. dA ∼ 1/kxky. Recall that the MHD ballooning limit implies kx �

ky � 1/ρi. For a typical ion gyroradius of 300 km this leads to estimates

for the wavenumber in the y-direction of ky ∼ 1/RE and in the x-direction

of kx ∼ 0.1/RE. Thus the area of a typical convection cell is dA ∼ 10R2
E.

For a typical geotail magnetic field intensity of 10 nT, the magnetic flux is

Φ = 4 · 106 Wb and the flux tube volume V is about V ∼ 1022 m3. For a

typical energy density of 10 nPa, this gives an estimate for the total energy

in a flux tube of about Ep ' 107 MJ. A typical interchange/ballooning time

scale is τ = Rc/vi = 1RE/(300km/s) = 20s so that the power released is of

the order 106 MW=1 TW.

In any adiabatic motion we have P ∼ V −Γ so that on interchange of

flux tubes labeled 1 and 2, we have

P ′
1 = P2

(
V2

V1

)Γ

and P ′
2 = P1

(
V1

V2

)Γ

(3.6)

where the prime signifies the final state. Thus the change in internal plasma

energy due to the interchange of two flux tubes is given by

∆Ep =
1

Γ − 1

[{
P1
V Γ

1

V Γ
2

V2 + P2
V Γ

2

V Γ
1

V1

}

final

− {P1V1 + P2V2}init

]
. (3.7)

The magnetic energy in a flux tube is

EM =

∫
B2

2µ0

dV =
Φ2

2µ0

∫
ds

dA
. (3.8)
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When two flux tubes labeled 1 and 2 are interchanged, the change in the

magnetic energy is given by

∆EM =
1

2µ0

[{
Φ2

1

∫

2

ds

dA
+ Φ2

2

∫

1

ds

dA

}

final

−
{

Φ2
1

∫

1

ds

dA
+ Φ2

2

∫

2

ds

dA

}

init

]
.

(3.9)

Thus, if we exchange two flux tubes that have the same amount of magnetic

flux, i.e., Φ1 = Φ2, then ∆EM = 0 and there is no change in the magnetic

energy [156].

Figure 3.1 shows the pressure, flux tube volume, and plasma energy as

a function of X [RE] for different z-components of the IMF. In this and the

following figures the center of the Earth is off scale to the right at X = 0

and X = −1[RE] is the midnight surface of the Earth. Figure 3.2 shows the

change in plasma energy, computed from Eq. (3.7), as a function of X [RE]

for different z-components of the IMF. The first thing to notice is that for all

positions in the magnetotail and for all values of the northward component of

the IMF, there is no unstable interchange of flux tubes. However, Figure 3.2

clearly shows that the system is most nearly unstable to interchange motion in

the region between X = −5 [RE] and X = −7 [RE]. We know, from Chapter 2,

that this region in the near tail maps to the auroral oval. Also, as expected, the

most nearly unstable cases occur for the most highly disturbed magnetospheric

configurations. As discussed earlier, a good estimate for the wavenumber in the

x-direction is kx ∼ 1/RE. The non-linear limit of MHD motion is kxξ
max = 1,

which, along with the MHD ordering, implies that a typical interchange motion

will be 0.05RE < ξ < 1RE. Thus, in all of the interchange calculations in this
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chapter, the distance between the two flux tubes for which we are considering

an interchange is ξinterchange = 0.5RE. As discussed in the estimate of the

internal energy of the flux tube, all fluxes are taken to be Φ1 = Φ2 = 4·106 Wb.

3.3 MHD Linear Stability

In this section the linear stability of ideal MHD plasmas is considered.

The equations of ideal MHD are linearized about an equilibrium state (i.e.,

a state in which all of the forces are balanced) and the resulting equations

of motion are found in terms of a single field variable, ξ, describing the dis-

placement of the plasma from the initial state. The potential energy of the

perturbed state is calculated and, as in the interchange problem of Section 3.2,

perturbations are sought that reduce the potential energy of the equilibrium

and are thus unstable.

For the equilibriums considered here, there is no equilibrium plasma

flow or electric field: u0 = E0 = 0. The steady-state magnetosphere actually

has a non-zero electric field, E0 6' 0, driven by the solar wind; however this

complication must be neglected in order to make the analysis tractable. In

the geotail, the quiet-time ambient electric field is roughly E0 ' 0.1 mV/m

êy, which drives an Earth ward flow of order u0 = ux ' 0.1mV/m/10nT ' 10

km/s. The associated cross tail potential is EyLy ' 10 kV.

The linearized MHD description to first order is given in terms of the
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Figure 3.1: The top panel shows the pressure in nPa computed from equilib-
rium assumptions using ∇P = J × B, the middle panel shows the flux tube
volume V =

∫
ds/B, and the bottom panel shows the plasma energy. Calcula-

tion performed with Tsyganenko’s 1996 magnetic field model with parameters
PS = 0, DST = −50nT, BIMF

y = 0.0, Pdyn = 3.0nPa. The ten different curves
represent different values of the northward component of the IMF field. Flux
tubes separated by 0.5RE were exchanged.
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y = 0.0, Pdyn = 3.0nPa. The ten different curves represent different values

of the northward component of the IMF field. Flux tubes separated by 0.5RE

were exchanged.
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following field variables:

ρ(r, t) = ρ0(r) + δρ(r, t) (3.10)

u(r, t) = δu(r, t) (3.11)

p(r, t) = p0(r) + δp(r, t) (3.12)

J(r, t) = J0(r) + δJ(r, t) (3.13)

E(r, t) = δE(r, t) (3.14)

B(r, t) = B0(r) + δB(r, t). (3.15)

Here, equilibrium quantities are labeled by a subscript 0, and first order quan-

tities are labeled by a preceding δ. Also, ρ(r, t) is the mass per unit volume,

u(r, t) the fluid velocity, p(r, t) the plasma pressure, J(r, t) the current density,

E(r, t) the electric field, and B(r, t) the magnetic field. The explicit depen-

dence on space and time will now be assumed in the notation. Ignoring all

second-order terms the linearized ideal MHD equations are as follows:

∂

∂t
δρ = −∇ · (ρ0δu) (3.16)

ρ0
∂

∂t
δu = −∇δp+ J0 × δB + δJ × B0 (3.17)

∂

∂t
δp = −δu · ∇p0 − Γp0∇ · δu (3.18)

∇ · δB = 0 (3.19)

µ0δJ = ∇× δB (3.20)

∂

∂t
δB = −∇× δE (3.21)

δE = −δu × B0 (3.22)
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Let ξ be the displacement vector of a fluid element from its equilibrium

position (r0), so that r = r0 + ξ(r0, t), and

u(r, t) =
d

dt
ξ(r0, t) '

∂

∂t
ξ(r, t) +O(δ2) (3.23)

The strategy now is to write all perturbed quantities in terms of the fluid

displacement ξ. The change in mass density due to motion of the fluid element

can be related to the the displacement through mass continuity, Eq. (3.16), as

δρ = −ξ · ∇ρ0 − ρ0∇ · ξ. (3.24)

The change in plasma pressure due to motion of the fluid element can be related

to the displacement through the adiabatic equation of state, Eq. (3.18), as

δp = −Γp0∇ · ξ − ξ · ∇p0. (3.25)

Inserting Ohm’s law, Eq. (3.22), into Faraday’s law, Eq. (3.21), yields the

usual compact formalism:

∂

∂t
δB = ∇× (δu × B0) . (3.26)

Removing the time derivatives and using the definition of the plasma displace-

ment we can rewrite Faraday’s law to show how the magnetic field is perturbed

due to motion of the plasma fluid element:

δB = ∇× (ξ × B0)

= −ξ · ∇B0 + B0 · ∇ξ + B0∇ · ξ. (3.27)
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Often in MHD linear stability analysis, the perturbed magnetic field is called

Q = δB, and the magnitude of the perturbed magnetic field as seen in the

frame of the moving plasma is written as

QL = −B (∇ · ξ⊥ + 2ξ · κ) , (3.28)

where κ = b̂ · ∇b̂ is the curvature vector and b̂ = B0/B0 is the unit vector in

the direction of the equilibrium magnetic field. Another important quantity

is the perturbed parallel magnetic field Q‖, which can be computed using the

important identity κ = −b̂ × (∇× b̂):

Q‖ = QL − ξ⊥ · ∇B0 +B0ξ · κ. (3.29)

Finally, the momentum equation, Eq. (3.17) can be written in terms

of ξ as

ρ0
∂2ξ

∂t2
= ∇ (Γp0∇ · ξ + ξ · ∇p0) + J0 × δB + δJ × B0

= ∇ (Γp0∇ · ξ + ξ · ∇p0) +
1

µ0

(∇× B0) × δB (3.30)

+
1

µ0

(∇× δB) × B0. (3.31)

≡ F(ξ)

The operator F is the force acting on a fluid element. It is a linear self-adjoint

operator, as shown in Friedberg [2], which means that
∫

d3rη · F(ξ) =

∫
d3rξ · F(η). (3.32)

The kinetic energy of the perturbation is defined as

K =
1

2

∫
dr3∂ξ

†

∂t
· ∂ξ
∂t
, (3.33)
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and the potential energy is

δW = −1

2

∫
d3rξ† · F(ξ). (3.34)

It is straightforward to show that the total energy is conserved, i.e., H =

K + δW is constant:

∂

∂t
H =

∂

∂t
(K + δW ) =

1

2

∫
d3rρ0

∂ξ

∂t
· ∂

2ξ

∂t2
− 1

2

∂

∂t

∫
d3rξ · F(ξ) (3.35)

We can use the momentum equation, Eq. (3.17), and the self-adjoint property

of the operator F(ξ) to show that

∂

∂t
K =

∫
d3rρ0

∂ξ

∂t
· ∂

2ξ

∂t2
=

∫
d3r

∂ξ

∂t
· F(ξ)

=
1

2

∫
d3r

∂ξ

∂t
· F(ξ) +

1

2

∫
d3rξ · F(

∂ξ

∂t
).

The time derivative of the potential energy is

∂

∂t
K = −1

2

∫
d3r

∂ξ

∂t
· F(ξ) − 1

2

∫
d3rξ · F(

∂ξ

∂t
) (3.36)

so that

∂

∂t
(K + δW ) = 0 (3.37)

or K(ξ, ξ) + δW (ξ, ξ) =constant. If δW > 0 for all allowable ξ, then one sees

that unbounded growth of the kinetic energy, corresponding to exponential

instability violates energy conservation. Thus δW > 0 is sufficient for stability.

It can also be shown that δW < 0 implies instability [2]. Note that δW and

K are second-order quantities in ξ.
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Using the definition of the force operator in Eq. (3.31) we can write

δW in an intuitive form [2]. Switching the volume integration to our local flux

tube variables (Ψ, y, s) we write the MHD plasma energy functional as

δWMHD
p =

1

2

∫
dΨdyds

B

[
Γp(∇ · ξ)2 + Q⊥

2 +Q2
L − 2ξ · κξ · ∇p

]
. (3.38)

The first term on the right-hand side of Eq. (3.38) represents plasma com-

pression, with Γ the adiabatic index. The second and third terms represent

field line bending and magnetic field compression, respectively, and the fourth

term is the destabilizing term due to the pressure gradient. Note the subscript

on equilibrium quantities is now dropped.

It is important to understand the physical mechanism behind the desta-

bilizing term and the source of the instability. Figure 3.3 depicts the instability.

The radial plasma displacement vector ξr has a sinusoidal component in the

ŷ-direction. Thus, as the eigenfunction balloons in the equatorial plane due

to a random perturbation, fingers are formed in the x − y plane and charge

separation occurs. This charge separation causes an electric field, which leads

to an E × B drift that pushes the plasma in the same direction as the initial

perturbation. Thus a positive feedback system is set up and the instability

grows exponentially.

3.4 Minimizing δWMHD
p

To determine the stability of a system using Eq. (3.38), it is advanta-

geous first to perform as many analytical operations as possible to minimize
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Figure 3.3: Diagram of the ballooning-interchange dynamics in the equato-
rial plane. Perturbation generates charge separation in the ŷ direction, the
resulting electric field creates an E × B drift motion that drives Balloon-
ing/Interchange instability exponentially.
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the potential energy. However, we must do so in a way that maintains the

level of description implied by the MHD approximation. In this section we

will perform the analytic minimizations and explore their validity. The most

crucial minimization is to note that ξ‖ occurs in δWMHD
p only in the plasma

compression term, ∇ · ξ. Thus we can take the first variation of δWMHD
p with

respect to the field variable ξ‖, find the form of ξ‖ that minimizes δWMHD
p , and

use this form to construct a new δWMHD
p that has one less field component

and is thus more tractable to stability analysis. This is the procedure followed

in the classical minimization procedure described in Friedberg [2] and followed

by most authors in the space physics literature [113–116].

3.4.1 Classical minimization procedure

The first variation of δWMHD
p , Eq. (3.38), with respect to ξ‖ can be

written as

δ(δWMHD
p )ξ‖ =

1

2

∫
dΨdyds

B
Γp(∇ · ξ)

(
∇ · ξ‖

B

B

)
(3.39)

where δξ‖ is the formal variable used in computing the first variation of δWMHD
p

with respect to ξ‖. We integrate by parts, noting that the boundary term

vanishes due to ξ = 0 at the boundaries and n·B = 0 at the volume boundaries

of the plasma, i.e. in the ŷ and ∇Ψ directions; also, we make use of the

equilibrium relation b · ∇p = 0 to rewrite Eq. (3.39) as

δ(δWMHD
p )ξ‖ =

1

2

∫
dΨdyds

B
Γpb̂ · ∇(∇ · δξ)δξ‖ = 0 (3.40)
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If the variation with respect to ξ‖ is to vanish for arbitrary δξ‖, we must have

b · ∇(∇ · ξ) = 0, (3.41)

which means that the plasma compression is constant along the flux tube.

Since ∇ · ξ is independent of distance along the magnetic field line, s, if we

rewrite the compression as

∇ · ξ = ∇ · ξ⊥ + B · ∇
(
ξ‖
B

)
(3.42)

and integrate along a magnetic field line with
∫

ds/B, we find

∇ · ξ =

∫
ds
B
∇ · ξ⊥∫

ds
B

= 〈∇ · ξ⊥〉 . (3.43)

Here the angle brackets 〈 〉 refer to the flux tube volume averaging operation

defined in Eq. (3.43). Using this new minimized value of ∇· ξ, we can rewrite

the ideal MHD plasma functional as

δWMHD
p =

1

2

∫
dΨdyds

B

[
Γp 〈∇ · ξ⊥〉2 + Q⊥

2 +Q2
L − 2ξ · κξ · ∇p

]
. (3.44)

Next note that we can treat ∇ · ξ⊥ as a field variable and perform a

minimization with respect to this variable. The first variation with respect to

∇ · ξ⊥ can be written as

δ(δWMHD
p )∇·ξ⊥

=

∫
dΨdyds

B

[
Γp 〈∇ · ξ⊥〉 +B2(∇ · ξ⊥ + 2ξ⊥ · κ)

]
δ(∇ · ξ⊥).

(3.45)

For this variation to vanish requires

Γp 〈∇ · ξ⊥〉 +B2(∇ · ξ⊥ + 2ξ⊥ · κ) = 0. (3.46)
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Performing a line average, we can rewrite the requirement of Eq. (3.46) as

〈∇ · ξ⊥〉 =
−2
∫

ds
B

ξ⊥ · κ∫
ds
B

(
1 + Γp0

B2

) . (3.47)

Substituting Eqs. (3.47) and (3.46) into Eq. (3.44), we find

δWMHD
p =

∫
dΨdyds

B

[
Q2

⊥ − 2ξ · κξ · ∇p
]
+

∫
dΨdy

4Γp
∣∣∫ ds

B
ξ · κ

∣∣2
∫

ds
B

(
1 + µ0Γp

B2

) (3.48)

Our final simplification is achieved by making the ballooning approxi-

mation, i.e., ky → ∞. First, the perturbed magnetic field is written in terms

of our local flux tube variables (Ψ, y, s):

Q = ∇× (ξ × B0) = ∇× (ξΨŷ − ξy∇Ψ)

= ∇ξΨ × ŷ −∇ξy ×∇Ψ. (3.49)

where the equilibrium magnetic field has the representation B0 = ŷ × ∇Ψ.

Then the perpendicular component is found to be

Q⊥ =
1

B0

(b̂ · ∇ξΨ)∇Ψ − (b̂ · ∇ξy)B0ŷ (3.50)

By taking the divergence of Q and using Maxwell’s equation that prohibits

magnetic monopoles we find that Eq. (3.50) shows that the ballooning re-

quirement of ky → ∞ implies that ξy plays no role in the perturbed magnetic

field:

Q⊥ =
1

B0

∂ξΨ

∂s
∇Ψ. (3.51)

Hence the magnetic field perturbation will be confined to a particular meridian

in the magnetosphere. Using the ballooning approximation and considering
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only a single flux tube at a time, we recover Lee and Wolf’s δWMHD
p formulation

[116]:

δWMHD
p =

∫
ds

B

[(
∂ξΨ

∂s

)2

− 2ξ · κξ · ∇p
]

+
4Γp

∣∣∫ ds
B

ξ · κ
∣∣2

∫
ds
B

(
1 + µ0Γp

B2

) (3.52)

Notice that this final form of δWMHD
p has only one field variable ξΨ(s) which

Lee and Wolf [116] call X(s). This field variable is dependent only on the

distance along the equilibrium magnetic field, s.

3.4.2 Parallel Displacement

We now consider parallel motion, represented by ξ‖, and examine whether

the minimization condition of the previous section is appropriate under the

MHD approximation. Define the unit vector b(r) = B0/‖B0‖ parallel to the

unperturbed magnetic field. Then the parallel component of the fluid displace-

ment is ξ‖ = b · ξ, and the parallel component of the momentum equation is

ρ0
∂2

∂t2
ξ‖ = b · F(ξ)

= b · ∇ (Γp0∇ · ξ + ξ · ∇p0) +
1

µ0

b · (∇× B0) × δB (3.53)

Using the definition of b and the commutativity of the vector triple product,

we obtain

b · J0 × δB =
1

B0

(B0 × J0) · δB. (3.54)

From the equilibrium relation J × B0 = ∇p0, we have

b · J0 × δB = − 1

B0

∇p0 · δB. (3.55)
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Inserting the definition of δB, we rewrite Eq. (3.55) as

b · J0 × δB = − 1

B0

∇p0 · ∇ × (ξ × B0). (3.56)

With the vector identity ∇ · (A×B) = B · ∇ ×A−A · ∇ ×B, this becomes

b · J0 × δB =
1

B0

∇ · (∇p0 × (ξ × B0)) . (3.57)

The vector identity A × (B × C) = (A · C)B − (A · B)C gives

b · J0 × δB =
1

B0

∇ · (B0 · ∇p0ξ − B0ξ · ∇p0) . (3.58)

Using the fact that the pressure is constant along a flux surface, b · ∇p0 = 0,

we obtain

b · J0 × δB = − 1

B0

∇ · (B0(ξ · ∇p0)) . (3.59)

Finally, using the vector identity ∇ · (fA) = f∇ · A + A · ∇f and Maxwell’s

equation for the divergence of a magnetic field ∇ · B0 = 0, we derive

b · J0 × δB = −b · ∇ (ξ · ∇p0) . (3.60)

Therefore, the parallel equation of motion is

ρ0

∂2ξ‖
∂t2

= b · ∇ (Γp0∇ · ξ) . (3.61)

Decompose the plasma displacement vector ξ = ξ⊥ + ξ‖b, so that

∇ · ξ = ∇ · ξ⊥ + B0 · ∇
ξ‖
B0

. (3.62)

Equation (3.61) becomes

ρ0

∂2ξ‖
∂t2

= b · ∇(Γp0∇ · ξ⊥) + Γp0b · ∇(B0b · ∇ ξ‖
B0

). (3.63)
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Let ∂/∂t→ −iω and b · ∇ → ik‖, then Eq. (3.63) is

−ρ0ω
2ξ‖ ' −k2

‖Γp0ξ‖ + Γpob · ∇∇ · ξ⊥ (3.64)

, from which we obtain the parallel displacement:

ξ‖ =
−b · ∇(Γp0∇ · ξ⊥)

ρ0ω2 − k2
‖Γp0

. (3.65)

Taking the limit ρ0ω
2 � k2

‖Γp0, which corresponds to taking ω � k‖vti,

we have

ξ‖ =
1

k2
‖
b · ∇(∇ · ξ⊥). (3.66)

The expression for ξ‖ in Eq. (3.66) is precisely the same as that obtained

in Eqs. (3.41) and (3.42), for which δWMHD
p is minimized with respect to

ξ‖ perturbations. In Section 3.1 it was stated that the limit ω � k‖vti is

not appropriately treated by ideal MHD, because in this limit the equations

should be bounce-averaged over the mirroring motion of the particles. For this

reason, the classical minimization procedure is not appropriate for magnetotail

plasmas.

Now, taking the limit ρ0ω
2 � k2

‖Γp0 in Eq. (3.65), which limit corre-

sponds to taking ω � k‖vti, we obtain

ξ‖ = 0 (3.67)

from Eq. (3.65). In Section 3.1 it was stated that the limit ω � k‖vti is appro-

priately treated by the MHD approximation. Thus, taking ξ‖ = 0 rather than

the expression in Eq. (3.66), is justified and will allow δWMHD
p to be simplified

80



by removing its dependence on ξ‖. The condition ξ‖ = 0 is called Fast-MHD.

The Fast-MHD condition is not the absolute minimization of δWMHD
p . Thus

Fast-MHD solutions may predict stability for cases where slow MHD solutions

predict a slowly growing instability. In order to investigate the more slowly

growing solutions, we will use kinetic theory in later chapters.

3.4.3 Fast-MHD

As mentioned in the previous section we are primarily interested in the

fast-growing instabilities for which MHD is valid. In particular, this requires

that |ω| � ωbi ∼ k‖vti, as stated in Section (3.1). This implies that we are not

looking for a minimizing condition like that of Lee and Wolf [116]. Instead,

we want the Fast-MHD condition given by ξ‖ = 0.

With ξ‖ = 0, the displacement can be written as

ξ =
b̂ × A⊥
B

(3.68)

where A⊥ is the perpendicular component of the perturbed magnetic vector

potential:

A⊥ = AΨ∇Ψ +B∇⊥
φ

B
. (3.69)

Thus, we have

ξ = −ŷAΨ + b̂ ×∇⊥
φ

B
. (3.70)

Recall that ξ is an infinitesimal motion of the plasma. The representation of

Eq. (3.70) shows that the dominant contribution to this motion comes from
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the E × B drift:

E × B

B2
= iω

[
−AΨŷ + b̂ ×∇⊥

φ

B

]
(3.71)

where we used

E⊥ = −∂A⊥
∂t

= iωA⊥ (3.72)

Thus φ represents the field line displacement through the frozen-in condition

and the E×B drift velocity, and AΨ represents the magnetic field compression.

The perpendicular component of the perturbed magnetic field, Q⊥, is then

found to be

Q⊥ = iky
∂φ

∂s
b × y +O

(
κ

ky

)
(3.73)

In the ballooning limit, ky → ∞, terms of order κ/ky are neglected. This

ballooning limit was also used in the classical minimization procedure pre-

sented in Section 3.4.1 and the results are equivalent when one considers that

ξΨ = ikyφ. The following identities are useful in expressing the δWMHD
p in

terms of the two field variables φ and AΨ:

QL = −κ · ∇Ψ

B
ξΨ + ikyBAΨ (3.74)

ξΨ = ξ · ∇Ψ = b̂ ×∇⊥
φ

B
· ∇Ψ = ikyφ (3.75)

ξ · κ =
κ · ∇Ψ

B2
ξΨ (3.76)

∇ · ξ = −ξ · κ − ikyAΨ (3.77)

ξ · ∇p = ξΨ ∂p

∂Ψ
. (3.78)

Recall that ξ is the displacement vector, measured in meters, describing the

motion of the flux tube, and |ξΨ| = Bξ is the displacement in flux (Wb/m=T·m).
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Note that, it is ξΨ that is constant along a field-line for a flute-type interchange

motion. Thus, for flute-type interchange motions, ξ decreases strongly from

the equatorial plane approaching the Earth due to the increase in the magni-

tude of the magnetic field. This notion applies to Equations (3.76) through

(3.78) as well, demonstrating the importance of the deep magnetic well.

Expressing δWMHD
p in terms of the field variables φ and AΨ, we can then

minimize with respect to AΨ and find the polarization of the most unstable

perturbations:

AΨ =
2 − Γβ

2 + Γβ

κ · ∇Ψ

B2
φ. (3.79)

Using Eq. (3.79), we find the Fast-MHD change in potential energy:

δWMHD
p = k2

y

∫
dΨdyds

B

[(
∂φ

∂s

)2

+
4Γβ

2 + Γβ

(κ · ∇ψ)2

B2
φ2 − 2

κ · ∇Ψ

B2

∂p

∂Ψ
φ2

]
.

(3.80)

The first term on the right-hand side is the change in potential energy due to

the bending of the magnetic field line:

δWFMHD
Bend = k2

y

∫
dΨdyds

B

(
∂φ

∂s

)2

. (3.81)

The second term is the change in potential energy due to compression:

δWFMHD
Comp = k2

y

∫
dΨdyds

B

4Γβ

2 + Γβ

(κ · ∇ψ)2

B2
φ2. (3.82)

The final term is the driving energy released in the ballooning-interchange

motion

δWFMHD
Drive = −2k2

y

∫
dΨdyds

B

κ · ∇Ψ

B2

∂p

∂Ψ
φ2. (3.83)
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3.5 Fast-MHD eigenvalue equation

The eigenmode equation for Fast MHD may be obtained by forming a

Lagrangian with the kinetic energy due to the plasma displacement and the

minimized potential energy due to the plasma displacement. The resulting

Euler-Lagrange equation is the eigenvalue equation presented in this section.

Notice that we follow the notation of Lee and Wolf [116] here by calling X(s) =

ikyφ = ξΨ the eigenmode. The Fast-MHD eigenvalue equation is thus given

by

d

ds

(
1

B

dX

ds

)
+

[
2µ0

κc
B2

∂p

∂Ψ
− 4µ0Γp

B

(κc
B

)2 1

1 + µ0Γp
B2

]
X +

µ0ρ

B3
ω2X = 0,

(3.84)

with

κc =
κ · ∇Ψ

B
(3.85)

∂p

∂Ψ
= − 1

µ0

[
∂Bx

∂z
− ∂Bz

∂x

]
. (3.86)

If define,

P (s) =
1

B(s)
(3.87)

Q(s) = −2µ0
κc
B2

∂p

∂Ψ
+

4µ0Γp

B

(κc
B

)2 1

1 + µ0Γp
B2

(3.88)

R(s) =
µ0ρ

B3
, (3.89)

then Eq. (3.84) can be rewritten as

d

ds

(
P (s)

dX

ds

)
−Q(s)X + ω2R(s)X = 0. (3.90)
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In order to solve Eq. (3.90) numerically we discretize it using

d

ds

(
P (s)

dX

ds

)
→ 1

h

[
Pi+1/2

(
Xi+1 −Xi

h

)
− Pi−1/2

(
Xi −Xi−1

h

)]
, (3.91)

where

si = a+ ih (3.92)

si±1/2 = si ±
h

2
(3.93)

h =
b− a

N − 1
. (3.94)

(3.95)

The differential eigenvalue equation can now be posed as a standard matrix

eigenvalue problem,

N∑

j=1

[aiδi−1,j + biδi,j + ciδi+1,j ]Xj = −ω2Xi, (3.96)

where the matrix elements are given by

ai =
Pi−1/2

Rih2
(3.97)

bi = −
(
ai + ci +

Qi

Ri

)
(3.98)

ci =
Pi+1/2

Rih2
. (3.99)

Matrix elements can be computed by using a magnetic field model from Chap-

ter 1 to compute the field lines and associated quantities. Once a matrix is

formed, the LAPACK library is used to compute the eigenvalues and eigen-

vectors of the matrix. The eigenvector is then identified with the discretized

eigenfunction. It is found that excellent convergence may be obtained by con-

sidering 100 points along the magnetic field line.
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3.6 MHD Stability of the Constant Current Model

3.6.1 Without 2D Dipole Field

In this section we set the two-dimensional dipole field to zero. This

approximation is valid if we are primarily interested in solutions that are con-

fined to the magnetotail. Thus the boundary, of perfect conductivity, is at the

edge of the central plasma sheet rather than at the ionosphere Without the

two-dimensional dipole field we find that the equations greatly simplify. In

this limit the magnetic field only depends on the z coordinate, and derivatives

with respect to s, the distance along the field line, can be written in terms of

the z coordinate. The bending term can be rewritten:

B
d

ds

(
1

B

dX

ds

)
= B2

n

d

dz

(
1

B2

dX

dz

)
. (3.100)

The inertia term remains the same:

ω2

V 2
A

=
µ0ρω

2

B2
(3.101)

The term involving the pressure gradient and the curvature that drives the

instability can be rewritten:

2µ0
κc
B

∂p

∂Ψ
= 2

(
BnB

′
x

B2

)2

. (3.102)

The stabilizing term representing the energy required to compress the plasma

becomes:

4µ0Γp
(κc
B

)2 1

1 + µ0Γp
B2

= 4µ0Γp

(
B2
nB

′
x

B4

)2
1

1 + µ0Γp
B2

. (3.103)

86



Putting all the terms together, the Fast-MHD eigenvalue equation of Eq. (3.84)

can be written as

B2
n

d

dz

(
1

B2

dX

dz

)
+

(
µ0ρω

2

B2
+ 2

(
BnB

′
x

B2

)2
)
X = 4µ0Γp

(
B2
nB

′
x

B4

)2
X

1 + µ0Γp
B2

.

(3.104)

We can make this equation non-dimensional by introducing a distance unit

L = Bn/B
′
x. Then the magnetic field magnitude is simply B(z) = Bn(1 +

z2/L2)1/2. Using the definition β0 = 2µ0p/B
2
n, identifying λ = µ0ρω

2L2/B2
n,

and measuring z in units of L, i.e., ζ = z/L we can write the differential

eigenvalue equation in terms of the single parameter Γβ0 as follows:

(1+ζ2)
d

dζ

[
1

1 + ζ2

dX

dζ

]
+

[
λ+

2

1 + ζ2

]
X =

2Γβ0

(1 + ζ2)2

X

1 + ζ2 + Γβ0/2
(3.105)

Making the identifications

P (ζ) =
1

1 + ζ2

Q(ζ) =
−2

(1 + ζ2)2
+

2Γβ0

(1 + ζ2)3

1

1 + ζ2 + Γβ0/2

R(ζ) =
1

1 + ζ2
,

we can use our numerical technique from the previous section to compute

growth rates and eigenfunctions.

Figure 3.4 shows the eigenvalues λ = µ0ρω
2L2/B2

n in the top panel as

a function of β. We find that for β <∼ 4.24, this equilibrium model is unstable

to Fast-MHD perturbations. For β >∼ 4.24, this equilibrium model is stable

to Fast-MHD perturbations. The bottom panel of Figure 3.4 shows three
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eigenfunctions for three different values of β. The most unstable eigenfunctions

are very peaked near the equatorial plane (ζ = 0). As β increases to the

critical β value, the eigenfunctions develop symmetrical maximum that are

slightly displaced from the equatorial plane. Completely stable eigenfunctions

have maxima clearly away from ζ = 0.

Figure 3.5 shows the absolute magnitude of the different components of

the Fast-MHD δWMHD
p , these components being given by Eqs. (3.81), (3.82),

and (3.83). Two different calculations are presented Figure 3.5. The top panel

shows the different components of δWMHD
p computed with the CCM model un-

der the assumption that the perturbation is a flute-mode, i.e. X(s) = 1. Here

one clearly sees that the stabilization at high β occurs due to the increasing

amount of energy required to compress the plasma. This high-β stabilization

due to compressibility was first pointed out by Horton et al. [93]. They defined

two critical β values, between which, β1 < β < β2 the magnetotail was defined

to be unstable to Fast-MHD ballooning-interchange motions. For magnetotail

equilibria with a plasma β below β1 the fast ballooning-interchange motions

are stabilized by the energy required to bend the magnetic field. The bottom

panel of Figure 3.5 shows evidence for the increasing role of bending at small β

values. For β > β2, the fast ballooning-interchange motions are stabilized due

to the energy required to compress the plasma. For the CCM model Horton

et al. [93] estimated β2 ∼ 2 − 3, and we clearly reproduce this result.

In the bottom panel of Fig. 3.5 the same δWMHD
p components are com-

puted, this time using the actual eigenfunctions shown in Fig. 3.4. Now we
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find that the CCM model is not stabilized at low β by the energy required

to bend the magnetic field; instead for β <∼ 4.24, this model is always unsta-

ble. In addition, as β becomes larger, the energy required to compress the

plasma is reduced although it remains the dominant stabilizing factor. These

more unstable eigenfunctions minimize the role that compression plays, while

maximizing the destabilizing influence of the driving term.

3.6.2 With 2D dipole field

With the addition of the 2D dipole field to the constant current model,

we can no longer make the transformation in the eigenmode equation to z.

Computations must be performed along the magnetic field line, and the real

variable s must be used. Nevertheless, the same numerical procedure can be

used as presented in Section 3.5. For these computations the parameters used

in the model were taken to match closely the parameters of particular flux

tubes found from the Tsyganenko 1996 magnetic field model.

In Fig. 3.6 the properties of one particular flux tube are shown. In Fig.

3.7 the solution of the Fast-MHD eigenmode equation is shown for different

values of β imposed on the flux tube. For this CCM model one sees that the

bending energy never totally compensates the interchange drive term since

unstable eigenmodes exist even at β = 0. However, as the plasma pressure

increases, the flux tube is again stabilized by the compressional energy. For the

CCM model with a 2D dipole field, we reproduce the upper critical β2. We find

this value to be approximately β2 = 2.9, which is less than the critical β found
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Figure 3.4: a.) The top panel shows the eigenvalues of the Fast-MHD differen-
tial eigenvalue equation with the CCM model and no dipole field as a function
of β. The vertical line denotes the β value (β ' 4.24) for which higher β values
yield a positive eigenvalue. Positive eigenvalues represent stable equilibriums.
b.) The bottom panel shows three eigenfunctions X as a function of the di-
mensionless variable ζ along the field line for the β values corresponding to
0.40, 3.84, and 20.0. For this figure 100 values of β were considered, Γ = 5/3
and there were 100 grid points along the field line.
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line denotes the β value (β ' 4.24) for which higher β values yield a positive
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without the dipole field. Another feature of note is the highly ballooning

character of the unstable eigenfunctions. They are strongly peaked in the

equatorial plane, which is the region of maximum curvature, whereas the stable

eigenfunctions have their maximum located near the ionosphere.

3.7 MHD Stability of the Tsyganenko 1996 Magnetic

Field

To compute the MHD stability of Tsyganenko’s 1996 empirical mag-

netic field model, it is necessary to make the assumption that this model is in

an equilibrium state. There have been several efforts to verify that this model

is in an approximate equilibrium state, notably Horton et al. 1993 [86] and

Zaharia et al. 2002 [193]. The conclusion is that, to a fair approximation, one

may assume that computing the plasma pressure by integrating the equilib-

rium relation J × B = ∇p along the axis of the magnetotail gives a pressure

that is in good agreement with an equilibrium, however, as seen in Chapter 1

this pressure tends to overestimate pressures observed in the magnetosphere.

Figure 3.8 shows the properties of a single flux tube in the Noon-

Midnight meridian with an equatorial foot-point of -8 RE. Note that the

magnetic well, is very deep, so deep that we expect all of the particles to be

confined. The other extremely important feature to notice is the magnitude

of the curvature vector κ = b̂ ·∇b̂ as a function of the distance along the field

line. The curvature is extremely peaked at the equatorial plane. The pressure

assigned to this flux tube is 2.7 nPa, computed with the use of ISEE data of
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Figure 3.6: Properties of a single flux tube computed using the CCM magnetic
field model. This flux tube was used in solving the Fast-MHD eigenmode
equation shown in Fig. 3.7. The top panel shows the magnetic field line
defining the flux tube. The bottom four panels show the magnitude of the
magnetic field, the inverse of the radius of curvature κ, the current density
and the Alfvén velocity all a function of the distance along the field line.
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94



0.06 nPa at -30 RE and integrating J × B along the magnetotail. Figure 3.9

shows the eigenvalues and four of the most unstable eigenfunctions computed

from the Fast-MHD eigenmode equation. We see that this flux tube is com-

pletely stable to Fast-MHD ballooning perturbations at a plasma pressure of

2.7 nPa. For this computation we used Lysak’s model for the mass density

[127, 128].

Figure 3.10 also shows the eigenvalues and four of the most unstable

eigenfunctions computed from the Fast-MHD eigenmode equation. The dif-

ference between Fig. 3.10 and 3.9 is that the former takes the Alfvén velocity

to be constant along the field line. The value taken for the constant value is

computed at the equatorial plane. All authors that have previously reported

linear ideal MHD stability results have assumed that the Alfvén velocity ve-

locity is constant. We note however that the magnitude of the magnetic field

is strongly varying along the flux tubes, and therefore the Alfvén velocity is

also strongly varying. We find that accounting for the variation of the Alfvén

velocity along the flux tube is a stabilizing influence and modifies the structure

of the eigenmodes.

In Figure 3.11 the Fast MHD eigenmode equation is solved as a func-

tion of X in units of RE with Tsyganenko’s 1996 model for the magnetic field.

In this calculation we computed the plasma pressure by assuming that the

magnetic field model was in equilibrium and then integrating ∇P = J × B

along the magnetotail from X = −30 [RE], where satellite data suggest the

plasma pressure should be P = 0.06 nPa. Figure 3.11 shows the plasma β,
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as well as the inverse radius of curvature and the magnitude of the magnetic

field, as a function of the equatorial crossing point of the flux tube. We clearly

see that ballooning-interchange motion is stable throughout the entire mag-

netotail. The flux tubes further away from the Earth are closer to marginal

stability, which is due to a reduction in the energy required to bend the mag-

netic field further away from the Earth and a corresponding increase in the

magnitude of the curvature vector. All of the calculations so far have assumed

the model to be in force-balance, and as seen in Chapter 1, this tends to

overestimate the plasma pressure.

Figure 3.12 shows the critical β2 value computed as a function of the

equatorial crossing point. To obtain this critical β2 along the magnetotail, we

computed the properties of the flux tube for each equatorial crossing point.

Then a plasma pressure starting with β = 0 was assigned to the flux tubes

and the Fast-MHD eigenmode equation was solved. The plasma pressure was

increased until the solution of the eigenmode equation became stable. In the

top panel, the critical value β2 is plotted; note that for flux tubes further from

the Earth the value of β2 is higher than near the Earth. Just Earthward of

X = −5RE there is no critical β2 because the driving energy is insufficient

to overcome the bending energy. The bottom panel displays the ratio of the

critical value β2 to the β value computed from the Tsyganenko model under

the assumption of force balance. We clearly see that the plasma pressure

computed from the equilibrium assumption gives a value that is too high to

allow Ideal Fast-MHD ballooning-interchange motions. However, in the region
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near geosynchronous orbit (X ' −6RE) the plasma pressure is the very close

to this critical β2 requirement. This is precisely the region that maps to the

bottom of the auroral oval where substorm onsets are first seen (see Chapter

2). It is also important to point out here that the plasma pressure computed

under the assumption of force balance is approximately five times the value

of the observed pressure near geosynchronous orbit as seen in Figure 1.11.

With the ratio of the critical β2 to the β computed from Tsyganenko reaching

nearly 0.25 near geosynchronous orbit, it is reasonable that that this region is

unstable in the magnetosphere.

3.8 Conclusions

In this chapter we have investigated the linear stability of different mag-

netospheric magnetic field models with respect to MHD ballooning-interchange

modes. First, it was shown that the Tsyganenko 1996 magnetic field model

was stable to the interchange of two flux tubes with equal magnetic flux. The

calculations showed however that the flux tubes near geosynchronous orbit

were close to marginal stability compared with flux tubes in other regions of

the magnetotail.

Next, the conditions under which the MHD description is valid were

stated; namely, that the frequency of the wave considered must be larger than

the ion thermal velocity divided by the parallel wavelength (ω � k‖vti). Next

the MHD energy principle was discussed and the change in potential energy

δWMHD
p was derived in terms of the plasma displacement vector ξ.
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Figure 3.8: The top panel shows a single magnetic field line computed us-
ing Tsyganenko’s 1996 magnetic field model. This field line punctures the
equatorial plane at X = −8RE. The pressure along this flux tube is 2.7 nPa
computed by integrating the J×B force from the distant tail. In the bottom
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the Fast-MHD linear eigenmode equation in Fig. 3.9.
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Figure 3.10: The top panel shows all of the eigenvalues of the Fast-MHD
linear eigenmode equation, ω2, computed from the flux tube whose properties
are shown in Fig. 3.8. One can see that this flux tube is stable to ballooning-
interchange motions, ω2 > 0, for the assigned plasma pressure. In the bottom
four panels different stable eigenfunctions are shown as function of s/RE, the
distance along the flux tube. In this figure the Alfvén velocity VA is taken to
be constant and taken to be the Alfvén velocity at the equatorial plane.
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Figure 3.11: Solutions to the Fast-MHD eigenmode equation for different equa-
torial crossing points using the Tsyganenko 1996 magnetic field model. The
top panel shows the smallest eigenvalue, ω2, as a function of the equatorial
crossing point. For this computation the pressure was computed by integrat-
ing J×B force along the magnetotail. In the bottom left panel the computed
β value is shown along the magnetotail. In the middle panel the inverse of
the radius of curvature (the magnitude of the curvature vector) is plotted as
a function of X RE. In the bottom right panel the magnitude of the magnetic
field in the equatorial plane is plotted as a function of X RE. In this computa-
tion the Alfvén velocity was computed using Lysak’s density model and took
different values along the flux tube.
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J × B force along the magnetotail.
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The δWMHD
p was then minimized with respect to ξ‖, and it was shown

that ensuring the plasma pressure to be constant along the flux tube was

equivalent to minimizing δWMHD
p with respect to ξ‖. The parallel equation of

motion was then derived and it was shown that in order to minimize δWMHD
p

absolutely with respect to ξ‖ the MHD approximation that ω � k‖vti was

violated. The Fast-MHD approximation was introduced by noting that tak-

ing ξ‖ = 0 was more appropriate under the MHD approximation ω � k‖vti.

The Fast-MHD approximation is more stringent on instability criteria. Thus

slow growing modes found using the classical ideal MHD minimization will be

considered stable with respect to Fast-MHD calculations.

By comparing the different terms in the Fast MHD δW it was shown

that there were two key stabilizing influences on ballooning-interchange modes:

1) field-line bending and 2) plasma compression. The Fast-MHD linear eigen-

mode equations were then solved for different models of the magnetospheric

magnetic field. These solutions were then used to show that there are two

critical plasma β values: β1 and β2. An equilibrium with a plasma β value

between these two critical values is unstable. An equilibrium with β > β2 is

stabilized by the energy required to compress the plasma. An equilibrium with

β < β1 is stabilized by the energy required to bend the magnetic field lines.

The database derived empirical magnetic field model of Tsyganenko

was found to be stable for plasma pressures computed under the assumption

of force balance. However, for externally imposed plasma pressures, more like

those measured in the magnetotail (β <∼ 4), flux tubes in the Tsyganenko
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magnetic field model were found to be unstable. Finally, it was demonstrated

that in the region near geosynchronous orbit, which maps to the equator-ward

edge of the auroral oval, the critical plasma β was closest to the critical β2

value, below which flux tubes are unstable.
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Chapter 4

Gyrokinetic equations

In this chapter, we consider how the MHD stability pictured, developed

in the previous chapter, is modified by non-ideal MHD effects such as finite

parallel electric field, wave-particle resonance, and finite gyroradius. There is

considerable observational evidence to suggest that in the early stages of sub-

storm development there are westward propagating magnetic oscillations on

auroral field lines [60, 131, 158] in the transitional region between the dipole-

dominated field region and the high β geotail plasma near geosynchronous

orbit. The wave-particle resonance is expected to be important because these

westward traveling modes propagate at speeds near the gyrokinetic drift ve-

locity of ions. As discussed in Chapter 3, the slow growth rates typically found

from ideal MHD is not sufficiently fast to justify the MHD description. This

fact has been pointed out in the space physics literature as well [44, 93, 94].

Thus kinetic theory is needed for a more accurate description. It is expected

that as the growth rate is decreased from values that are valid in the MHD

approximation the mode will continuously deform into a kinetic version of the

ballooning-interchange mode with a small but finite parallel electric field.

In this chapter we develop the linear stability of magnetospheric plas-
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mas using the gyrokinetic approximation. In Section 4.1 we introduce the

different electromagnetic gauges used in this dissertation and give the equa-

tions used to transform from one description to the other. In Section 4.2 we

give the perturbed distribution function found by solving the linearized gy-

rokinetic equation. In Section 4.3 we use this perturbed distribution function

in the quasineutrality condition and find an equation for the three compo-

nents of the electromagnetic field. In Section 4.4 the perturbed distribution

is used to find the perturbed parallel current which is then used in the par-

allel component of Ampere’s law. This provides a second equation for the

electromagnetic field. Then in Section 4.5 the perturbed distribution function

is used to find the perturbed radial current which is then used in the radial

component of Ampere’s law. This third and final equation allows us to solve a

system of equations giving the three components of the electromagnetic field.

In Section 4.6 the three mode equations are combined into a matrix form and

a local approximation is made. The local approximation is made by assuming

the response of the fields along the flux-tube will be confined to the equa-

torial plane where the curvature is a maximum and the magnetic field is a

minimum. The determinant of the three by three matrix gives us a disper-

sion relation from which we can find roots and thus the complex frequency of

the electromagnetic fields. A positive imaginary frequency indicates the wave

is unstable. In this section the MHD limit of the dispersion relation is also

taken and discussed. In Section 4.6.1 the electrostatic limit that is often taken

in tokamak plasmas is taken and discussed in the context of magnetospheric
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plasmas. In Section 4.7 a reduced two by two matrix dispersion relation is

found and the compressional effects are discussed. The full gyrokinetic local

dispersion relation is solved and stability limits on the plasma β are found. In

Section 4.8 a different way of describing the kinetic stability is presented that

is useful because of its similarity to the MHD δWMHD
p formulation. Finally in

Section 4.9 conclusions and a summary is presented.

4.1 Electromagnetic Gauges

There are two primary gauges that are used in the kinetic stability

analysis of high-β plasmas. The first is the Kadomtsev gauge. In this gauge

the perturbed electric field is given by

E = −∇ϕ−∇× (ab̂) − ∂A‖
∂t

b̂. (4.1)

where b̂ = B/B is the unit vector in the direction of the magnetic field.

The time dependence of all perturbation quantities is exp(−iωt). Then from

Faraday’s law we can determine the perturbed magnetic field

δB = b̂(
1

iω
)∇2

⊥a+ ∇A‖ × b̂ = δB‖b̂ + δB⊥, (4.2)

and we can identify δB‖ = (1/iω)∇2
⊥a. Note that in the following all quantities

(unless noted otherwise) refer to perturbed quantities. Following Horton et al.

(1985) [91] we note that it is convenient to introduce the field ψ such that

∂ψ

∂s
= iωA‖ (4.3)
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where s is the coordinate that measures distance along a magnetic field line.

Note that by computing E‖ = b̂ · E from Equation (4.1), and using the field

variable ψ we find

E‖ = − ∂

∂s
(ϕ− ψ) . (4.4)

From Ampere’s law we can express the parallel current in terms of the parallel

vector potential,

µ0δJ‖ = −∇2
⊥A‖ (4.5)

and the perpendicular current in terms of the parallel perturbation of the

magnetic field δB‖

µ0δJ⊥ = ∇δB‖ × b̂. (4.6)

With this representation in this gauge our final set of field variables that we

will use are (ϕ, ψ, δB‖). Using these field variables we can find a dispersion

relation from Equations (4.5), (4.6), and the quasineutrality condition. Using

B = ŷ ×∇Ψ, we can write the vector potential as

A = − i

ky

δB‖
B

∇Ψ +
1

iω
b̂b̂ · ∇ψ. (4.7)

The second gauge is the MHD gauge, which has the representation

(φ, ξΨ, QL). In the MHD gauge, the parallel component of the magnetic vector

potential is zero (A‖ = 0), leaving the electrostatic potential φ = φ exp(ikyy−

iωt), which is absent in the MHD description, and the two components of

the perpendicular vector potential A⊥ = ξ × B. The plasma displacement is
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written as

ξ = ∇y
[

i

kyB

(
QL + κξΨ

)
exp(ikyy − iωt)

]
− b̂×∇

[
i

kyB
ξΨ exp(ikyy − iωt)

]
,

(4.8)

Where κ = κ ·∇Ψ/B. Note that as in the MHD description the magnitude of

the perturbed magnetic field in the Lagrangian frame is given by

QL = Q‖ + ξ · ∇B −Bξ · κ = −B (∇ · ξ + 2ξ · κ) (4.9)

and the plasma displacement vector is given by magnetic vector potential as

ξ =
b̂ × A

B
. (4.10)

Notice that the Kadomtsev gauge and the MHD gauge differ by a gauge

transformation. Defining a gauge transformation [6] as

A → A + ∇Λ (4.11)

φ → φ− ∂Λ

∂t
. (4.12)

For the specific gauge transformation between the Kadomtsev gauge and the

MHD gauge, the function Λ is given by

Λ = − 1

iω
ψ. (4.13)

The following matrix operation gives explicitly the operations required to carry

one from the Kadomtsev gauge to the MHD gauge:




φ
ξΨ

QL


 =




1 −1 0

0 −ky

ω
0

0 −ky

ω
κ 1






ϕ
ψ
δB‖


 (4.14)
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and the inverse transformation can be made by using




ϕ
ψ
δB‖


 =




1 − ω
ky

0

0 − ω
ky

0

0 −κ 1






φ
ξΨ

QL


 . (4.15)

4.2 Solution to Gyrokinetic Equation

The solution to the Gyrokinetic equation and the resulting perturbed

electromagnetic fields closely follows the results of Antonsen et al. [8] and

Horton et al. [91]. The solution of the gyrokinetic equation fj can be written

as

fj = −(qj/Tj)ϕFj + gj exp(iLj) (4.16)

where

Lj = k · v × b̂/Ωj (4.17)

and Ωj = qjB/mj is the gyrofrequency for particle species j. In Eq. (4.16),

Fj represents the adiabatic part of the perturbed distribution function and

gj represents the non-adiabatic part and may be determined by solving the

following equation

(
v‖
∂

∂s
− i(ω − ωDj)

)
gj = −iFj(ω − ω∗tj)

[
qj
Tj

(
ϕ− v‖A‖

)
J0 +

aj
bj

δB‖
B

J1

]
.

(4.18)

Here the diamagnetic drift frequency is given by

ω∗tj = ω∗j

[
1 − 3

2
ηj + ηj

mv2

2Tj

]
(4.19)
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where ηj = (d log Tj)/(d log nj) is the ratio of the density gradient scale length

to the temperature gradient scale length, and

ω∗j =
Tj
qjB

k⊥ · b̂ ×∇ log n. (4.20)

The gyrokinetic drift frequency of species j is given by

ωDj = k · b̂ ×
[
µ∇B + v2

‖b̂ · ∇b̂
]
/Ωj (4.21)

where µ = v2
⊥/2B is the magnetic moment. In the above aj = k⊥v⊥/Ωj,

bj = k2
⊥Tj/mjΩ

2
j and J0,1 are Bessel’s functions of order 0 and 1 with arguments

k⊥vtj/Ωj. In all of the following equations, the field variables ϕ and ψ will be

normalized by the factor q/Te. Taking all of the electrons to be trapped the

solution to Eq. (4.18) for the electrons can be written as

1

2
(g+ + g−) = −Fe

[
(1 − ω∗te/ω)ψ +

ω − ω∗te
ω − ωde

X

]
(4.22)

where subscripts ± indicate the direction of the electrons along the magnetic

field. Notice that the last term on the left hand side of Eq. (4.22) represents

the effects of the trapped electrons. For now we are only interested in the

local approximation and will ignore trapped particle effects. The over-line

represents bounce-averaging

( · ) =

(∫
ds

v‖

)−1 ∫
ds

v‖
( · ) (4.23)

and X is given by

X =

[
ϕ−

(
1 − ωDe

ω

)
ψ − v2

⊥
v2
e

δB‖
B

]
. (4.24)
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Next we must consider the passing ions. Expanding in powers of vi/ωLc one

obtains,

1

2
(g+ + g−) = Fi

(
ω − ω∗ti
ω − ωDi

)
(1−σ2)−1

[
τϕJ0 +

ai
bi

δB‖
B

J1 +
J0v

2
‖

ω(ω − ωDi)

∂2

∂s2
τψ

]

(4.25)

where τ = Te/Ti and

σ =
i|v‖

ω − ωDi

∂

∂s
. (4.26)

4.3 Quasineutrality

For simplicity the effects of trapped particles will be ignored for now.

Then the perturbed electron density can be written with the help of Eqs.

(4.16) and (4.22) as

δne
n0

= ϕ−
(
1 − ω∗e

ω

)
ψ, (4.27)

and the perturbed ion density can be written with the help of Eqs. (4.16) and

(4.25) as

δni
n0

= τ(P − 1)ϕ+Q
δB‖
B

. (4.28)

The quasineutrality condition of δne = δni can be used to obtain a single mode

equation:

(−1 + τ(P − 1))ϕ+
(
1 − ω∗e

ω

)
ψ +Q

δB‖
B

= 0, (4.29)

where the kinetic response functions P (ω) and Q(ω) are given by

P =

〈
ω − ω∗ti
ω − ωDi

J2
0

〉
(4.30)

Q =

〈
ω − ω∗ti
ω − ωDi

(
1

bi

mi

Ti

)1/2

v⊥J0J1

〉
(4.31)
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and the angle brackets represent an integral over the equilibrium distribution

function which we take to be Maxwellian:

〈 (·) 〉 =
1

n0

∫
dvFi (·) . (4.32)

The fluid limit of the kinetic response functions may be found by expanding

the denominators in the limit ω/ωDi � 1 and performing the integrals over

velocity space. One then finds

P f =
(
1 − ω∗i

ω

)
+

(
1 − ω∗i(1 + ηi)

ω

)
ωDi
ω

(4.33)

Qf = 1 − ω∗i(1 + ηi)

ω
. (4.34)

4.4 Parallel component of Ampere’s law

The parallel component of Ampere’s law can be written as

δJ‖ = − 1

µ0

∇2
⊥A‖ = i

1

ω
∇2

⊥
∂ψ

∂s
. (4.35)

The parallel currents are prescribed through the solution to the gyrokinetic

equation fj by the equation

δJ‖j =
1

µ0

∫
d3v qjv‖fj. (4.36)

The parallel derivative of the perturbed parallel current can be conveniently

computed directly from the kinetic equation (4.18) by integrating over velocity

space with qj
∫

dv exp(iL) obtaining:

∂

∂s
δJ‖j = iqj

∫
dvJ0

1

2
(g+ + g−)j (ω − ωDj)

−iqj
∫

dvFjJ0(ω − ω∗tj)

[
ϕJ0 +

aj
bj

δB‖
B

J1

]
. (4.37)
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For the electron contribution to the parallel current, we obtain

∂

∂s
δJ‖e = iωn0e

{
−
(
1 − ω∗

ω

)
ϕ+

[(
1 − ω∗e

ω

)
−
(ωDe
ω

)(
1 − ω∗pe

ω

)]
ψ

+
(
1 − ω∗pe

ω

) δB‖
B

}
(4.38)

where ω∗pj = ω∗j(1 + ηj). At the level of description we are interested in the

ions do not contribute to the perturbed parallel current. Taking the parallel

derivative of the parallel component of Amperes law gives

∂

∂s
δJ‖ = − 1

µ0

∂

∂s
∇2

⊥A‖ = i
1

µ0ω

∂

∂s
∇2

⊥
∂

∂s
ψ. (4.39)

Now, inserting the electron contribution to the parallel current yields a second

mode equation given by

ρ2v2
A

ω2

∂

∂s
∇2

⊥
∂

∂s
ψ = −

(
1 − ω∗e

ω

)
ϕ+

[(
1 − ω∗e

ω

)
−
(ωDe
ω

)(
1 − ω∗pe

ω

)]
ψ

+
(
1 − ω∗pe

ω

) δB‖
B

. (4.40)

4.5 Radial component of Ampere’s law

The radial component of the perturbed current δJΨ can be computed

by integrating over velocity space with the perturbed distribution function as

given by

δJΨ = −ikΨ

ky

∑

j

qj

∫
dv

1

2
(g+ + g−)jv⊥J1. (4.41)

The electron contribution is then given by

δJeΨ =
ikΨn0qTe
meΩe

(
1 − ω∗pe

ω

)
ψ (4.42)
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and the ion contribution to the perturbed radial current is given by

δJ iΨ = − ikΨn0qTi
miΩi

[
τQϕ+R

δB‖
B

]
. (4.43)

As discussed in Section 4.1 the radial component of Ampere’s law is given by

δJΨ =
1

µ0

êΨ · ∇δB‖. (4.44)

Using Eqs. (4.42) and (4.43) in Amperes law (4.44) we obtain the third and

final mode equation:

δB‖
B

=
βe
2

(
1 − ω∗pe

ω

)
ψ − βi

2
τQϕ+R

δB‖
B

(4.45)

where the final ion kinetic integral is

R =

〈(
ω − ω∗ti
ω − ωDi

)
1

b

mi

Ti
v2
⊥J

2
1

〉
. (4.46)

The fluid limit of the kinetic response function R(ω) may be taken, as before,

by expanding the denominators in the limit ω/ωDi � 1 and performing the

integrals over velocity space. One then finds

Rf = 2 − 2ω∗i
ω

(1 + 2ηi). (4.47)

4.6 Matrix electromagnetic dispersion relation

The three mode equations derived from the linear solution to the gy-

rokinetic equation, as discussed in the previous three sections, can be written

together in matrix form as


a b c
b d e
c e f






ϕ
ψ
δB‖

B


 = 0 (4.48)
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where

a = −1 + τ(P (ω) − 1) (4.49)

b = 1 − ω∗e
ω

(4.50)

c = Q(ω) (4.51)

d =
k2
⊥ρ

2ω2
A

ω2
−
(
1 − ω∗e

ω

)
+
(
1 − ω∗pe

ω

)(ωDe
ω

)
(4.52)

e = −
(
1 − ω∗pe

ω

)
(4.53)

f =
2

βe
+
R(ω)

τ
. (4.54)

A dispersion relation may be formed by determining when the determinant of

the matrix in Eq. (4.6) is zero for a given ω, or more explicitly

D(ω) = adf − ae2 − fb2 − dc2 + 2bec = 0. (4.55)

Where following Horton et al. (1985) [91] all frequencies are measured in units

of cs/Ln and the cross field wavenumber k⊥ in units of ρ = (miTe)
1/2/eB. The
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dimensionless frequencies are then given by

ω∗e = k

ω∗i = −k/τ

ω∗pe = k(1 + ηe)

ω∗pi = −k(1 + ηi)/τ

ωA =

√
2

β

εn
q

ωeκ = kεn

ωiκ = −kεn/τ

ωe∇B = kεn − (β/2)(k(1 + ηe) + k(1 + ηi)/τ)

ωi∇B = −kεn/τ − (β/2)(k(1 + ηe) + k(1 + ηi)/τ)/τ

ωDe = ωeκ + ωe∇B

= 2kεn − (β/2)(k(1 + ηe) + k(1 + ηi)/τ)

ωDi = ωiκ + ωi∇B

= −2kεn/τ + (β/2)(k(1 + ηe) + k(1 + ηi)/τ)/τ

bi = k2/τ.

Thus there is a seven dimensional parameter vector for this dispersion relation

P 3by3 = (k, ηi, ηe, εn, βe, q, τ) which is summarized in Table 4.1. There are

some well known limits of this dispersion relation that should be pointed out

here. The first is for a low β plasma, β � 1. In this limit f is dominated by

the first term and the kinetic integral term accounting for the wave-particle

resonance is unimportant. It can be quickly determined that for β � 1 one

117



Parameter Definition Description

k k⊥cs
Ωi

Measure of k⊥
εn

Ln

Rc
Density gradient scale length to radius of curvature

ηi
d lnTi

d lnn0
Ion Temperature gradient

ηe
d lnTe

d lnn0
Electron Temperature gradient

τ Te

Ti
Ratio of species temperatures

βe
8πn0Te

B2 Ratio of electron energy density to magnetic energy density
q 1

Rck||
Measure of parallel wavelength

Table 4.1: Parameter summary for local gyrokinetic dispersion relation

must have f � 1 and consequently a more simple dispersion relation may be

used:

Dlowβ(ω) = (ad− b2)f ' 0. (4.56)

Using the fluid limits of the P function, and taking f to be large and not close

to zero, one can arrive at a quadratic dispersion relation:

ω2 − ωω∗pi + γ2
MHD = 0 (4.57)

which gives the MHD limit of the full gyrokinetic dispersion relation.

A computer code called GKLDR (Gyro-Kinetic Local Dispersion Rela-

tion) was developed to evaluate the kinetic energy functions P (ω), Q(ω), R(ω)

using a time-history method. This code also can find roots of various disper-

sion relations involving these functions and may numerically evaluate Nyquist

diagrams. These kinetic integrals were explored by Similon et al. (1984) [170].
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4.6.1 Electrostatic modes

The electrostatic modes are given by

a(ω) = −1 − τ + τP (ω) = 0. (4.58)

This mode was studied by Terry et al. [181] and Horton et al. [91]. These

modes are found to require ηi > 2/3 for instability. For ηi > 2 all wave

numbers are unstable with a peak in wave-number at approximately k = 0.5.

For 2/3 < ηi < 2 there is a range of unstable k values. Figure 4.1 shows

solutions to the electrostatic dispersion relation of Eq. (4.58) as a function of

the perpendicular wave number, for several different ratios of the ion density

gradient to the ion temperature gradient (ηi) for a plasma with β = 0. This

figure is identical to the figure in Horton et al. [91] and verifies that the new

code for solving the complex ion velocity integrals agrees with the previous

results.

Figure 4.2 shows the effect of finite β on the stability of electrostatic

modes. The dependence of these growth rates on β arises solely in the effect

that β has on the ∇B drift. One clearly sees that as β is increased from

tokamak values, β ∼ 0.01, to values more relevant to the magnetosphere,

β ∼ O(1) the electrostatic modes are completely stabilized.

4.7 High β stabilization of Ballooning/Interchange Modes

Considering the mode equation resulting from the radial component

of Amperes law we can relate the compressional change in the magnetic field

119



0.2 0.4 0.6 0.8 1 1.2 1.4
−0.2

−0.1

0

0.1

0.2

0.3

0.2 0.4 0.6 0.8 1 1.2 1.4
−1

−0.8

−0.6

−0.4

−0.2

PSfrag replacements

γ
L
n
/c
s

ω
L
n
/c
s

kyρi

kyρi

ηi = 1.0

ηi = 2.0

ηi = 3.0

ηi = 4.0
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given by δB‖/B to the electrostatic potential φ and the component of the

vector potential given by ψ through

δB‖
B

= − 1

f
(cφ+ eψ) (4.59)

where we note that our local approximation does not allow for the true nature

of the complex non-local operator 1/f which will be further studied in Chapter

6. Substituting Eq. (4.59) into the full matrix expression of Eq. (4.6) gives a

reduced 2×2 symmetric matrix equation:
[
a− c2

f
b− ce

f

b− ce
f

d− e2

f

](
ϕ
ψ

)
= 0. (4.60)

The dispersion relation is now given by

D2by2(ω) = ad− b2 − 1

f
(c2d− 2bce+ e2a) = 0. (4.61)

The compressional MHD limit is a ' −b ' d, which reduces Eq. (4.61)

to

ad− b2 − d

f
(c+ e)2 = 0. (4.62)

To find analytically the kinetic ballooning-interchange drift mode and

connect with the variational formulas, we take ηe = 0 and note a ' −b ' d ' e

for the dominant terms owing to the small E‖. Then the full determinant D

factors as

ad− b2 +
τ(1 − ω∗/ω)(Q− (1 − ω∗/ω))2

2
βe

+ Ti

Te
R

= 0 (4.63)
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as shown by Eq. (4.62). Here ω∗e = ω∗ for ηe = 0. The last term in Eq. (4.63)

gives the kinetic compressional response. For the near-MHD regime, the re-

sponse function φ reduces to

Q− 1 +
ω∗
ω

' −ω∗pi − ω∗
ω

+ i∆Q = −ω∗p
ω

+ i∆Q (4.64)

with ω∗p having the total pressure gradient and a small resonant part i∆Q

from wave-particle resonance. A reasonable approximation for R in the region

ωωDi > 0 is

R ∼= c0
[ω − ω∗i(1 + 2ηi)]

ω − ωDi + ic1|ωDi|
(4.65)

where c0 and c1 are positive fitting parameters of order c0 ' 1, c1 ' 0.1. Here

∆Q = ImQ(ω) and ∆R = ImR(ω) are real numbers giving the resonant ion

contributions.

The resonant modes in the high-β region have

ω = ω0 + iγk ' ω∗i(1 + ηi) + iγk (4.66)

which is a westward propagating drift wave. (Here ω0 and γk are real numbers.)

A Taylor-series expansion of the dominant terms in Eq. (4.63) gives

ad− b2 '
(ω∗
ω

− 1
)[ω2

A

ω2
0

b− b

(
1 − ω∗pi

ω0

)
− ω∗ωD

ω2
0

]

+

(
ω∗
ω0

− 1

)
iγk
ω0

[−2ω2
A

ω2
0

b− bω∗pi
ω0

+
2ω∗ωD
ω2

0

]
(4.67)

for ω = ω0 + iγk with |γk| � ω0. Thus, the growth rate γk is determined by

iγk
ω0

[
2ω2

A

ω2
0

+
ω∗pi
ω0

]
b+

Te
Ti

(ω∗p/ω0 − i∆Q)2

c0[1 − ω∗i(1+2ηi)
ω0

− i∆R]
= 0 (4.68)
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for ∆Q ∼ ∆R � 1. Since ω∗p/ω0
>∼ 1 the significant resonant contribution

comes from i∆R in the denominator. Thus, we obtain the growth rate formula

γk
ω0

(
2ω2

A

ω2
∗p

+ 1

)
b = −Te

Ti

(ω∗/ω0)
2∆R

c0

[(
ηi

1+ηi

)2

+ ∆2
R

] (4.69)

with γk > 0 for ∆R ≡ Im (R(ω0)) < 0.

In Figure 4.3 we give the stability results for the full 3 × 3 determi-

nant, which shows the high-beta stabilization of the strongly (γk/ωk <∼ 1)

unstable modes for β > β2 in frame (a). The high beta region in the full

kinetic description has only a resonant ion-wave pressure gradient driven in-

stability that produces anomalous transport rather than global MHD-like mo-

tions. Here kyρi = 0.3, Te/Ti = 1 and Lp/Rc = 1 and the figure shows that

the critical values β1 and β2 are still well defined. However, due to the ion

kinetic resonances ωκ = ωDi(E, µ) there is a residual kinetic instability for

β > β2. The unstable mode has an MHD-like polarization (with ψ/φ = 0.9)

and is westward propagating. In the strongly unstable region the speed is

ω/ky = 1
2
vdi = vi(ρi/2Lp) and in the weakly unstable high beta region the

speed is ω/ky = vdi(x). These waves are in the 2 mHz-20 mHz (Pi 2 and Pc5)

range and propagate westward with speeds of 5 to 10 km/s.

4.8 Full electromagnetic variational form

The most useful way to express the three coupled equations for the

three electromagnetic field components is to use a variational functional L for

field components that are analogous to those used in MHD calculations. The
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Figure 4.3: The local kinetic theory growth rate computed from the full 3× 3
determinant in Eq. (12) as a function of β. Here kyρi = 0.3, Te/Ti = 1 and
Lp/Rc = 1 and the figure shows that the critical values β1 and β2 are still well
defined. However, due to the ion kinetic resonances ωκ = ωDi(E, µ) there is a
residual kinetic instability for β > β2. The unstable mode has an MHD-like
polarization (with ψ/φ = 0.9) and is westward propagating. In the strongly
unstable region the speed is ω/ky = 1

2
vdi = vi(ρi/2Lp) and in the weakly

unstable high beta region the speed is ω/ky = vdi(x). These waves are in the
2 mHz-20 mHz (Pi 2 and Pc5) range and propagate westward with speeds of
5 to 10 km/s.
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variational form that describes stability of low-frequency waves in the limit is

given by Horton et al. (2001) and is repeated here:

L(ξ, φ) =

∫
ds

B

[
−ρmω2ξ · ξ +

1

µ0

Q⊥ · Q⊥ +
1

µ0

QLQL − 2ξ · ∇p(Ψ)κ · ξ
]

−
∑

a

∫
ds

B

∫
dv3Fa

Ta

[
q2
aφφ− ω − ω∗

ω − ωD
K K

]
(4.70)

where K is the perturbed particle energy,

K = εTa

[
qa
εTa

φ+ λ
QL

Bmin

+ (2 − λ
B

Bmin

)κ · ξ
]

(4.71)

and the over-line represents bounce averaging. Taking variations of this inte-

gral equation with respect to φ and the two components of ξ , which in our

case are only a function of s, the distance along the field line, yields the set of

integral-differential eigenvalue equations to be solved. In Eq. (4.70)

Q = ∇× (ξ × B) (4.72)

QL = δB‖ + ξ · ∇B −Bξ · κ. (4.73)

4.9 Conclusions

In this chapter the gyrokinetic equation was used to provide a more

detailed description of magnetospheric plasmas. This equation was linearized

and solved under the condition of locality and without the effects of trapped

particles. The effects of trapped particles is deferred to later chapters. The

resulting perturbed distribution function was used to compute the perturbed

densities and currents. Then using quasi-neutrality, the parallel component of
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Amperes law and the radial component of Amperes law, three coupled mode

equations were found. Combining these three equations resulted in a 3×3

matrix equation with the determinant of the operator providing a dispersion

relation.

The elements of the 3×3 matrix contained complex integrals over the

ion velocity distribution. These integrals account for the resonance of the

oscillating electromagnetic fields with the ion gyrokinetic drift due to the ∇B

and κ drifts. A method and computer program was developed to compute these

integrals accurately for all values of the frequency including stable solutions.

These integrals were then used to numerically evaluate the full electromagnetic

dispersion relation.

The important result of this chapter is that plasmas that are MHD

stable may still be unstable to a drift ballooning/interchange mode due to

wave-particle resonances. In chapter 3, two critical β values were found in the

Fast-MHD limit. Equilibrium plasmas with a β value in between these two

critical values were found to be unstable. The lower bound β1 value was set by

the energy required to bend the magnetic field of the particular flux-tube. The

upper bound β2 value was set by the energy required to compress the magnetic

field. In this chapter we found that plasmas with β > β2 may still be unstable

due to wave-particle resonances, but that eventually as one considers equilibria

with higher and higher β values the plasma is again stabilized. These results

can be summarized by the illustration in Figure 4.4.

Finally, a new variational form was presented that uses a convenient
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theory for a precise evaluation. A resonant instability is found for β > βFMHD

2

as a result of the 3×3 dispersion relation.
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gauge and a convenient set of variables. In the fluid limit the variables used

in this new variational form reduce to the variables used to describe plasmas

in the MHD limit. This is important for many practical reasons such as com-

paring to MHD simulations and connecting to MHD δW calculations. This

new variational form retains trapped particle effects for both the ions and

the electrons and if solved would account for the non-local bounce-averaged

effects.
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Chapter 5

Bounce-Averaged Electrostatic Modes

As discussed in Chapters 3 and 4 the MHD approximation is not appro-

priate for dealing with slowly growing low frequency fluctuations. For these

modes of oscillation the bounce frequency, the frequency at which particles

mirror between the North and South poles, is high; thus the mirroring par-

ticles sample the entire field line. In Chapter 3 we saw that high-β plasmas

were stabilized due to the energy required to compress the plasma, and then in

Chapter 4 it was shown that resonant particles can destabilize this parameter

regime. However, in Chapter 4 we took a local approximation, by assuming

that the eigenmode structure was confined to the equatorial plane where the

curvature of the magnetic field was the highest. In this chapter we discuss

the bounce-averaged non-local effects and introduce methods for solving the

resulting integro-differential non-linear eigenmode equations.

In Section 5.1 the numerical methods used in computing bounce-averages

and bounce-averaged operators is described in some detail. In Section 5.2 the

numerical methods used to compute the integrals over particle energy that

describe the resonant response of the drifting particles to the waves is dis-

cussed. In Section 5.3 the electrostatic eigenmode equation is found from the
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drift kinetic variation form presented in Chapter 4. In Section 5.4 we make

the approximation that the frequency of the electrostatic oscillation is very

much bigger than the diamagnetic drift frequency and the gradient curvature

drift. In this approximation analytical solutions to the eigenmode equation

are shown and compared to the numerical results. In Section 5.5 we make the

approximation that the frequency of the electrostatic oscillation is very much

less than the diamagnetic drift frequency and the gradient and curvature drift

frequency. Then in Section 5.6 a Nyquist analysis is performed in the limit

that the perturbation is confined to the equatorial plane. Finally, in Section

5.7 conclusions and a summary are given.

5.1 Bounce-Averaged Numerical Methods.

5.1.1 Bounce Averages

The bounce average of a function φ, that is a function of the distance

along the field line s, is a function of λ = sin2(α) where α is the pitch angle

at the equatorial plane. The bounce average is formally defined as

φ(λ) =
1

τ(λ)

∫
ds

u‖(λ, s)
φ(s) where τ(λ) =

∫
ds

u‖(λ, s)
(5.1)

where the limits of the integrals are taken to be between the turning points for

the particle. The parallel velocity used in Eq. 5.1 may be written with the help

of the constancy of the magnetic moment and the fact that the bounce-average

is independent of the particle energy as

u‖(λ, s) =
√

1 − λB(s)/Bmin (5.2)
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We take the field lines to be symmetric about the equatorial plane. We

further label the field line coordinate s = 0 at the equatorial plane and only

consider one half of the field line extending from the equatorial plane to the

ionosphere. Thus the bounce average integrals over s will extend from s = 0

to s = stp(λ) where stp(λ) is the turning point for the particle with pitch angle

coordinate given by λ.

To perform these kinds of integrals numerically the spaces (s, λ) are

discretized such that one turning point occurs in between each s grid point.

The bounce-time τ(λ) provides the simplest means of describing the numerical

procedure. The bounce-time can be discretized as follows:

τ(λ) =

∫
ds

u‖(λ, s)

=
l∑

i=0

sl∫

si

ds

u‖(λ, s)

where sl = stp(λ) and s0 = 0. Care must be taken with the interval sl−1 to sl

as u‖ goes to zero. Now discretizing the λ space as well and labeling it with l

the bounce-time may be written as

τ(λl) ' τl =
l∑

i=0

gi,l where gi,l =

sl∫

si

ds

u‖(λl, s)
(5.3)

where gi,l is a bounce matrix with interesting properties and features.

Now consider the actual bounce average of a quantity φ(s). This can

be approximated by the following

φ ≈ φl =
1

2τl

l∑

i=0

(φi + φi+1)gi,l. (5.4)
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For convenience one can define qli such that

φ̄ ≈
l+1∑

i=0

qliφi (5.5)

where

qli =





1
2

gi,l

τl
if i == 0

1
2

(gi,l+gi−1,l)

τl
if 0 ≤ i ≤ l

1
2

gl,l

τl
if i == l + 1

(5.6)

Care must be taken in order to compute the gi(λl) as they have a square root

singularity at the end-points. Their will be a sub-grid over which all physical

variables are stored and the dynamic variables will be stored at the main-grid

scale. Figure 5.1 depicts the two-scale discretization scheme.

For i 6= l the gi,l can be approximated with two closed five-point quadra-

ture formulas, the first covering the length from si to the turning point found

at λi and the second length covering the length from the turning point at λi

to si+1:

gi,l '
∑[

14

45

δs

u‖(λl, si)
+

64

45

δs

u‖(λl, si+1)
+

24

45

δs

u‖(λl, si+2)

+
64

45

δs

u‖(λl, si+3)
+

14

45

δs

u‖(λl, si+4)

]
. (5.7)

If i = l then gi,l can be approximated with an open three-point quadrature

rule, spanning the length of s beginning with sl and ending with the turning

point with λl:

gi,l '
[
3

2

δs

u‖(λl, si+1)
+

δs

u‖(λl, si+2)
+

3

2

δs

u‖(λl, si+3)

]
(5.8)
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Figure 5.1: This figure shows one unit of the grid used for these calculations.
The points si and si+1 are the main grid level, where all dynamical variables
are stored. The middle point labeled λi shows that there is one turning point
for particles between each dynamical variable. The sub-grid scale shown is
used to compute the gi,l.

5.1.2 Bounce Time

1 + s2 Model.

For the magnetic field model with B(s) = 1 + s2, the bounce time

can be computed analytically and provides a convenient means to check the

accuracy of the numerical scheme. The bounce-time in the 1 + s2 model is

given by

τ (λ) =

√
(1−λ)/λ∫

0

ds√
1 − λb

=
π

2
√
λ
. (5.9)

Figure 5.2 compares the analytical solution given in Eq. (5.9) versus the

numerical method presented in the previous section. As a measure of the

accuracy of the method, the relative error was computed as

εrel = Σ
(τnum − τana)

2

Nτavgnum
, (5.10)
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where τnum is computed numerically, τana is the exact result, N is the number

of points used, and τ avgnum is the average of the numerically computed values for

τ . Figure 5.3 shows the relative error versus the distance between grid points

along the field line ds.

5.1.3 Bounce-Averaged Drifts

The magnetic guiding-center curvature and ∇B drift frequencies are

given, respectively, by

ωκj =
kyTj

qjBmin
2

(
1 − λ

B

Bmin

)
ŷ · B × κ

B2
Bmin

(
K

Tj

)
(5.11)

ω∇Bj =
kyTj
qjBmin

λ
ŷ · B ×∇B

B2

(
K

Tj

)
(5.12)

Here λ = sin2(α) = µBmin/K is the dimensionless pitch angle variable in

the equatorial plane with the pitch angle given by α, κ = b̂ · ∇b̂ is the

curvature vector, K is the kinetic energy of the particle, and |κ| = 1/Rc is

the inverse of the radius of curvature Rc(x) which is a function of position.

For ρi = 300 km the wavelength is 2π/ky = 20ρi = 6 · 106m ≈ 1RE, which is

approximately the limit of the local approximation. Notice that kyTj/(qjBmin)

can be rewritten as kyρjvtj; with typical magnetospheric parameters of a 5 KeV

proton (corresponding to a thermal velocity of ' 2.7RE/min) and kyρi = 0.5

and a 0.2RE radius of curvature, this gives an estimate of 3 mHz for drift

frequencies. In a vacuum field, the ∇B drift frequency reduces to ω∇B →

(T⊥/2T‖)ωκ [4]. Thus, near the Earth where the magnetic field is primarily

due to the Earth’s dipole field, the plasma current is small, and consequently
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variable, for the B(s) = 1 + s2 magnetic field model. For the numerical
computation 600 points were taken along the field line, and the field line had
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the pressure is low (β � 1) and the curvature and ∇B drift are in the same

direction. However, at high beta one can use B× (J×B−∇p) = 0 to derive

B ×∇B
B2

=
B × κ

B
− µ0B ×∇p

B3
(5.13)

and thus

ω∇Bj =
kyTj
qjBmin

λŷ ·
[
B × κ

B
− µ0B ×∇p

B3

](
K

Tj

)
(5.14)

so that reversal of the drift direction occurs for β>∼Lp/Rc. Using this relation

we can repartition the total magnetic drift ωDi into one term that represents

the vacuum effect on particles ωκ′ and another that is due to the pressure

gradients. This separation gives ωDi = ωκ′ + ω∇p with

ωκ′ =
kyTi
qBmin

(
2 − λ

B

Bmin

)
ŷ · B × κ

B2
Bmin

(
K

Ti

)
(5.15)

ω∇p = − kyTi
qBmin

λ
µ0ŷ · b̂ ×∇p

B2

(
K

Ti

)
(5.16)

which is useful for the high-β stability formulas. The drift ωκ′/ky is Westward,

and the drift ω∇p/ky is Eastward for Earthward increasing pressure profiles.

For λB/Bmin = 1 the opposing drifts cancel when Rcµ0∇p/B2 ' 1. In terms

of the plasma pressure β = 2µ0p/B
2, this drift reversal of the total guiding

center drift velocity occurs for β > 2Lp/Rc where Lp is the pressure gradient

scale length. Generally the drift reverse β value βdr = 2Lp/Rc is very high

since Lp � Rc except during transient periods.

The response of the plasma to a wave depends on the orbits of the

particles over a wave period. For low frequencies, the bouncing motion of

the particles due to the mirror force becomes important, and thus the bounce
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average of the magnetic drift velocities arises. Figure 5.4 shows the bounce-

averaged drifts as a function of λ for three different positions, computed from

the Tsyganenko 1996 magnetic field model. The characteristic property of

the NGO region to notice on these plots is that Earthward of the NGO

region, the magnetic curvature drift and the magnetic ∇B drift are in the

same direction, and tailward they are in the opposite direction, as is expected

from Eq. (5.14). However, neither of these two models exhibit drift rever-

sal as defined previously. Also shown in Fig. 5.4 is the stability parameter

R(β) =
∫ K/Bmin

0
dµ(Bmin/K)(ω∗i/ωDi(β)) which is used for drift compressional

modes investigated in Chapter 6. The minimum of R is found to be in the

NGO region.

Figure 5.5 shows the relevant frequencies for the kinetic stability anal-

ysis as a function of x/RE in the nightside equatorial plane, computed from

Tsyganenko’s 1996 model. Bounce-averaged magnetic drift components for

particles with three different equatorial pitch angles are shown, along with the

diamagnetic drift frequency for a pressure gradient scale length of Lp = 2.0RE.

It is seen that ω∗i ∼ ωDi � ωbi. It can also be seen from these plots that

the ω∇Bi component becomes negative tailward of the NGO region, where

ωbi = 2πvti/τ(λ) is the bounce frequency and vti is the ion thermal ve-

locity. The polarization of the fluctuations is δB‖ � δB⊥, with a small

δE⊥ ∼ vdiδB‖ � vtiδB‖ in the direction perpendicular to that of the wave

propagation.

Here we took the particles to have a Maxwellian velocity distribution
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fj(x,v) = nj(x)(mj/2πTj(x))3/2 exp(−K/Tj(x)). In a future work we will

consider a kappa distribution. For the local Maxwellian, the diamagnetic drift

frequency is

ω∗tj =
kyTj

qjBminLn

(
1 − 3

2
ηj + ηj

K

Tj

)
. (5.17)

For an adiabatically compressed energy distribution, we have fj = fj(KV
2/3),

where V =
∫
ds/B is the flux-tube volume. Then the effective value of ηj =

Ln/LTj is ηj = 2/3.

5.2 Energy functions

In computing the response of the particles to the waves an integral over

the distribution function is used. This integral can be done by integrating over

the energy of the particles, the pitch angle of the particles and the gyrophase

angle. They gyrophase angle is trivial while the remaining integrals are some-

what complicated. In this section we present the methods used to perform the

integrals over the energy of the particles. First, we note that there is a class

of integrals of the type found in these distribution averages and they are given

by the function F n(ω) which is defined as follows:

F n(ω) =
2√
π

∫ ∞

0

dε εn+1/2 e−ε
1

ω − ε
(5.18)

=
2√
π

∫ ∞

−∞
dx x2(n+1)e−x

2 1

ω − x2
(5.19)

The limit ω → 0 is important because it occurs often in the following work.

The resulting function will be labeled P n, thus F n(ω → 0) = P n and

P n = − 2√
π

∫ ∞

−∞
dx x2ne−x

2

(5.20)
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where for n < 0,

P n = 2
(−2)|n|

(2|n| − 1)!odd
, (5.21)

P 0 = 2, and for n > 0,

P n = 2
(2n− 1)!odd

2n
. (5.22)

The factorials in the above equations refer to multiplying only the odd terms,

i.e. 7!odd = 7 · 5 · 3 · 1 The recurrence relation for the P n’s is given by P n+1 =

(n + 1/2)P n. So a power series representation of Eqs. (5.19) can be written

in terms of the P n as

F n(ω) =
∞∑

k=0

P n−kωκ (5.23)

Next the numerical method used to compute the functions F n(ω) for

arbitrary complex ω is discussed.

5.2.1 Sampling theorem method

The sampling theorem states that

g(x) =
∞∑

l=−∞
g(xl)

sin(π
h
(x− xl))

π
h
(x− xl)

+ e(x) (5.24)

where e(x) is an error term that is small for g(x)’s that fall off fairly rapidly

and whose Fourier transform falls off fairly rapidly as well. The uncertainty

principle makes this a difficult feat to accomplish; thus functions like g(x) '

e−x
2

have the smallest e(x).

Notice that the energy integrals (5.19) can be made somewhat simple
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using this theorem. By expressing x1/2+n e−x using Eq. (5.24) we can write

F n '
∞∑

l=−∞
x

2(n+1)
l e−x

2
l

∫ ∞

−∞
dx

sin(π
h
(x− xl))

π
h
(x− xl)(ω − x2)

. (5.25)

Then expressing the sin function as complex exponentials we can write

F n '
∞∑

l=−∞
x

2(n+1)
l e−x

2
l
h

2πi

∫ ∞

−∞
dx
e

iπ
h

(x−xl) − e−
iπ
h

(x−xl)

(x− xl)(ω − x2)
. (5.26)

In Eq. (5.26) there are two elementary contour integrals to perform. The first

can be evaluated as follows:

∫ ∞

−∞
dx

e
iπ
h

(x−xl)

(x− xl)(ω − x2)
= iπ

[
1

(
√
ω − xl)(

√
ω + xl)

+

ei
π
h
(
√
ω−xl)

(
√
ω − xl)

√
ω
− e−i

π
h

(
√
ω+xl)

(
√
ω + xl)

√
ω

]
. (5.27)

Similarly, the second integral is found to be

∫ ∞

−∞
dx

e−
iπ
h

(x−xl)

(x− xl)(ω − x2)
=

−iπ
(
√
ω − xl)(

√
ω + xl)

. (5.28)

Finally using the expressions for the integrals of Eqs. (5.27) and (5.28) we can

compute the value of the energy function as

F n '
∞∑

l=−∞
x

2(n+1)
l e−x

2
l
h

2

2 + ei
π
h

(
√
ω−xl)(1 + xl/

√
ω) − e−i

π
h

(
√
ω+xl)(1 − xl/

√
ω)

(ω − x2
l )

(5.29)

Numerically we find these summations to converge rapidly by keeping 30 terms

in the summation. Note that in the numerical implementation when ω ' ±xl
the denominators in the summations must be handled carefully. In all of the

following numerical considerations of the wave-particle resonance the sampling

theorem is used as presented here to evaluate the integrals over particle energy.
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5.3 Electrostatic Eigenmode Equation

As discussed in Chapter 4 the variational form that describes the sta-

bility of low-frequency electromagnetic drift modes is conveniently given by,

L(ξ, φ) =

∫
ds

B

[
−ρmω2ξ · ξ +

1

µ0

Q⊥ · Q⊥ +
1

µ0

QLQL − 2ξ · ∇p(Ψ)κ · ξ
]

−
∑

a

∫
ds

B

∫
dv3Fa

Ta

[
q2
aφφ− ω − ω∗

ω − ωD
K K

]
(5.30)

Uncoupled electrostatic oscillations may be discussed by taking the limit φ�

Ql, ξ
Ψ, this is related to the dispersion relation discussed in Section 4.6.1,

in which one component of the 3by3 dispersion relation was used, namely

a(ω) = 0. Thus, the variational form that describes the stability of a flux-tube

to large ky electrostatic perturbations in the ω � ωb limit is given by

L(φ) =
∑

j

∫
ds

Bmin

∫ Bmin/B

0

dλ√
1 − λ B

Bmin

[
φ2(s) −Hj(ω, λ)φ

2
]

(5.31)

where,

Hj(ω, λ) =
2√
π

∫ ∞

0

dε exp(−ε) ω − ω∗ti(ε)

ω − ωDj(ε, λ)
(5.32)

represents the dielectric response of particles with a particular pitch angle

given by λ = sin2(α). Note that here we have replaced the velocity integral

by an integral over the dimensionless energy ε = E/Ta and the pitch angle

λ. Taking the variation of L(φ) in Eq. (5.31) we arrive at a bounce-averaged

integral eigenvalue equation, which can be written,

φ(s) =
∑

j

Γ̂Es
j φ(s′) (5.33)
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where Γ̂Es
j is the bounce-averaging operator

Γ̂Es
j =

B

Bmin

∫ L

0

ds′
∫ Bmin/B0

0

dλ

τ(λ)

Hj(ω, λ)

u‖(λ, s)u‖(λ, s′)
(5.34)

that describes the response of the field to the mirroring particles and acts

to the write in Eq. (5.33). To solve Equation (5.33) the field variable φ(s)

is discretized along the flux-tube as well as the space over pitch angles λ as

discussed in the previous section. This discretization results in reducing Eq.

(5.33) to a matrix eigenvalue problem. In this discrete representation the

bounce-averaging operator of Eq. (5.34) is a matrix operator acting on the

electrostatic oscillations,

Mi,j(ω)φj = φj (5.35)

where the operator depends on the frequency ω. An iteration scheme must be

used to numerically solve this problem. First, an initial frequency is chosen

ω(0), and the eigenvalues and eigenvectors of Mi,j(ω) are computed, Λ(ω(0))

and φ(0). Then the eigenvectors at this order are used to form a dispersion

relation,

φ
(0)†
j Mi,j(ω)φ

(0)
j − φ

(0)†
j φ

(0)
j = 0 (5.36)

where we allow ω to take on any value but fix the electrostatic perturbation

mode structure to be the eigenvectors of the zeroth order matrix operator. The

root of this dispersion relation may then be found using standard numerical

procedures such as Muller’s method which works well for complex analytic

functions. The root of this dispersion relation ω(1), Eq. (5.36), is then used to

compute the eigenvectors of the second order matrix operator Mi,j(ω
1). This
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iteration procedure terminates when the frequency ω(n) is a solution to the

dispersion relation at order n.

5.4 Mode frequencies above the guiding center drift fre-
quency

The high-frequency approximation is ω � ωD, which yields Hj(ω, λ) =

1 − ω∗j/ω, so that the high-frequency eigenmode equation becomes

φ(s) =
∑

j

(
1 − ω∗j

ω

)
Γ̂HFEsφ(s′) (5.37)

where Γ̂HFEs is the operator

Γ̂HFEs =
B

Bmin

∫ L

0

ds′
∫ Bmin/B0

0

dλ

τ(λ)

1

u‖(λ, s)u‖(λ, s′)
(5.38)

Note that we can reduce the eigenmode equation to a simple dispersion relation

by introducing the eigenvalues of the integral operator Γ̂HFEs given by the

variable ΓHFEs.

ω =
ΓHFEs(ω∗i + ω∗e)

2ΓHFEs − 1
(5.39)

The integral operator given in Eq. (5.38) is not only interesting physi-

cally, but is also convenient in verifying the numerical procedure because the

highest eigenmode is easily found analytically. Consider φ(s′) = 1, then swap-

ping the order of integration in the integral operator one finds,

Γ̂HFEsφ(s′) =
B

Bmin

∫ 1

0

dλ

τ(λ)

1

u‖(λ, s)

∫ stp

0

1

u‖(λ, s′)
, (5.40)
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and then one notices that the integral over s′ is simply the definition of τ(λ)

so that,

Γ̂HFEsφ(s′) =
B

Bmin

∫ 1

0

dλ

u)‖(λ, s) (5.41)

= 2

Thus an eigenvalue of the operator Γ̂HFEs is 2 and the eigenvector is 1. With

this result we see that the solution to the high-frequency dispersion relation is

a purely oscillating solution with ω = 2
3
(ω∗i + ω∗e). There are a few things to

point out here. Recall that the field variable φ(s) was scaled with
√
B0/B(s)

so that physically the eigenmode structure is still expected to be ballooning

and not flute-like, with the exact form of φ(s) =
√
B0B(s). Another crucial

feature is that in performing the final integral in Eq. (5.41) it was assumed that

all particles were trapped or equivalently that the mirror ratio Bmin/Bmax = 0.

In the Earth’s magnetosphere the mirror ratio is very small but not quite zero.

Figure 5.6 shows some sample eigenfunctions computed from the discrete rep-

resentation of Γ̂HFEs for different flux-tubes in the magnetotail. One sees from

this figure that for flux-tubes deep in the tail the mirror ratio is very small so

that the error in the computation is not from the untrapped particles but in

fact is due to the steepness of the well and the finite number of points used

in the discretization. For flux-tubes closer to the Earth the difference between

the computed solution and the analytic solution is due to the untrapped par-

ticles. In this computation ∆s = 0.005RE for the sub-grid scale, yielding on

average 2000 points for integration and about 250 for the large grid scale. The

eigenvalue was seen to be about five percent of the analytic solution of Λ = 2.
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5.5 Mode frequencies below the guiding center drift fre-

quency

The low-frequency approximation is ω � ωD, which yields Hj(ω, λ) =

(ω∗j/ω̂Dj)(ηj − 1 − 2ω/ω∗j), so that the low-frequency eigenmode equation

becomes

φ(s) =
∑

j

(ηj − 1 − 2ω/ω∗j)Γ̂
LFEsφ(s′) (5.42)

where Γ̂LFEs is the operator given by

Γ̂LFEs =
B

Bmin

∫ L

0

ds′
∫ Bmin/B0

0

dλ

τ(λ)

1

u‖(λ, s)u‖(λ, s′)

ω∗
ω̂D

. (5.43)

This eigenmode equation also reduces to a simple dispersion relation by in-

troducing the eigenvalues of the integral operator Γ̂LFEs given by the variable

ΓLFEs. The dispersion relation in the low-frequency approximation is given by

ω =
ω∗iω∗e

2

(
ηi + ηe − 2 − 1

ΓLFEs

ω∗i + ω∗e

)
. (5.44)

Figure 5.7 shows the eigenvalues of the low-frequency electrostatic op-

erator given in Eq. (5.43) for different flux-tubes in the magnetotail computed

using the Tsyganenko model. We find that for flux-tubes far from the Earth

the eigenvalues become very large and thus the term proportional to inverse of

the eigenvalue in Eq. (5.44) becomes very small. For these flux-tubes deep in

the magnetotail there exist a few particles with small pitch angles that exhibit

drift reversal (ω∗/ωD < 0). Consequently the eigenfunctions along these flux

tubes develop a sharp structure approximately 1RE away from the equatorial

plane (as shown in the second panel of Figure 5.7). For flux tubes closer to the
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Earth the eigenvalues become smaller and thus the contribution to Eq. (5.44)

becomes more important. The eigenfunctions also become more flute-like as

they were in the high-frequency electrostatic case.

5.6 Nyquist analysis of the variational form dispersion
relation

To analytically perform the Nyquist analysis on the variational form

given in Eq. (5.33), we ignore the inertial term, considering , take the per-

turbing field to be flute-like φ(s) = const., and ignore the pitch angle depen-

dence of the bounce averaged guiding center drift. Taking the temperature of

the electrons and ions to be equal (Ti = Te), the local dispersion relation for

electrostatic modes is given by

C(ω) = 2 − 2√
π

∫ ∞

0

dε exp(−ε)ε1/2ω − ω∗i(1 − 3
2
η + ηε)

ω − εωD
(5.45)

One can rearrange this equation to make explicit the points at which C(ω)

goes to zero.

C(ω) = 2 − ω∗η

ωD
−
(

1 − ω∗η

ωD

)(
ω − ωI
ωD

)
2√
π

∫ ∞

0

dε exp(−ε)ε1/2 1
ω
ωD

− ε

(5.46)

We can now evaluate the imaginary part of the integral and find,

Im(C(ω)) = −2
√
π

(
1 − ω∗η

ωD

)(
ω − ωI
ωD

)
sign(ωD)

(
ω

ωD

)1/2

exp(−ω/ωD)θ

(
ω

ωD

)

(5.47)
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From this equation it is clear that the imaginary part of C(ω) goes to zero at

ω = ±∞, 0, ωI , where,

ωI =
ω∗
(
1 − 3

2
η
)

1 − ω∗η
ωD

(5.48)

We can now evaluate the real part of C(ω) at the frequencies for which the

imaginary part is zero and we find,

C(±∞) = 1 (5.49)

C(ω = 0) = 2 − ω∗η

ωD
(5.50)

C(ω = ωI) = 2 − ω∗
ωD

(
η

4
+

1

2

)
(5.51)

We can now see that the two important stability parameters are η and ω∗/ωD.

For the electrostatic mode to be unstable we see that C(ω = 0) and C(ω = ωI)

must have opposite signs and the imaginary part of C(ω) between these fre-

quencies must not be zero. These conditions can be determined for each point

in the parameter space of η and ω∗/ωD. Figure 5.8 shows just such a computa-

tion over a wide region of parameter space. In this figure the dark regions rep-

resent parameters that yield unstable electrostatic oscillations and the empty

regions represent stable or marginally stable conditions. We find that there

are many regions of parameter space that are unstable to electrostatic trapped

particle modes. In the drift reversed case, i.e. when ω∗/ωD < 0, the absolute

magnitude of η can not be too small for instability. It is interesting to note

that even for η = 0, if ω∗/ωD is large enough, an instability exists which is

driven by wave-particle resonance.
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5.7 Conclusions

In this section we have introduced some of the details for a new method

for solving bounce-averaged drift kinetic equations. The methods were applied

to computing the bounce-averaged gradient and curvature drifts in the night-

side region of the magnetosphere. Flux tubes further from the Earth with

higher plasma pressure were found to have gradient drifts in the opposite di-

rection to the curvature drift. However, the averaged drift (over pitch angles)

was still always in the westward direction, and thus no drift-reversed config-

urations were found. There were however, certain pitch-angles, for which the

total gradient and curvature drift velocity was eastward.

These bounce-averaging methods were then applied to the well known

problem of high-frequency electrostatic modes. For these modes analytical so-

lutions for the eigenvalues and eigenmode structure are known. The numerical

results compared favorably to the analytical solutions.

The bounce-averaging methods were then applied to low-frequency elec-

trostatic modes. It was found that drift-reversal, even for just a small range of

pitch-angles, had a strong effect on the structure of the eigenmode. However,

no unstable modes exist in this approximation.

Finally, a local approximation was made and a Nyquist stability analy-

sis was performed on the resulting dispersion relation. Two regions of param-

eter space were identified for which instability may occur. The full non-local

computation of the resonant eigenmodes was deferred to a later study.
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Chapter 6

Bounce-Averaged Compressional Modes

As discussed in Chapter 2 there are observations of low-frequency com-

pressional pulsations near geosynchronous orbit during substorms that are

often related to bursty Earthward flows. For example, Kepko and Kivelson

[101, 102] looked at correlations of Pi2 waves and variable Earthward flows.

They found that the wave forms were correlated and defined a class of Pi2

waves that are directly driven by variable Earthward flow. Sigsbee et al.

(2002) [169] showed that low-frequency magnetic fluctuations in the Pi2 fre-

quency band (2-25 mHz) [5] preceded substorm onset and were associated with

increased Earthward E×B flows greater than 100 km/s. They reported that

the Pi2 pulsations are observed before the initiation of strong Earthward flow,

but also that the largest flows were observed after substorm onset, finding a

large class of Pi2 oscillations that were not directly driven. In this chapter we

investigate the stability of purely magnetic compressional oscillations using

the standard magnetic field models.

To evaluate the frequency of such modes, the long orbits of the mir-

roring ions in a flux tube must be considered. The MHD model is not gen-

erally valid for low frequencies ω < |ω∗pi|, ωbi, where ωp∗i is the diamagnetic
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drift frequency formed by a pressure gradient and ωbi = vti/L
eff
‖ ≈ 20 mHz is

the frequency of the ion bounce motion between the Southern and Northern

ionosphere, with L‖ being the approximate length of the field line. Thus a

bounce-averaged eigenmode equation must be solved [94]. The stability anal-

ysis is local to the flux tube, and we investigate which flux tubes tend to be

the first to go unstable. In our earlier analysis using the Fast-MHD energy

principle principle of Chapter 3 and the local gyrokinetic dispersion relation of

Chapter 4, the answer was found that the transitional region β ∼ 1 to 10 was

first to go unstable with respect to kinetic interchange modes. We now inves-

tigate which flux tubes are the first to go unstable with respect to drift-kinetic

compressional waves.

Another related candidate for these observed magnetic oscillations is

the drift mirror mode [37, 79] in which an instability due to the temperature

anisotropy (T⊥ > T‖) drives the unstable mode. The classical mirror mode in-

stability has serious problems with self-consistency, as explained by Hasegawa

(1969) [79] due to its derivation from double adiabatic MHD, which neglects

the parallel heat flux; nevertheless this is an important mode. Here in this

work we do not focus on the temperature anisotropy to drive the instability,

but rather include the resonant effects that the waves have on the particles to

drive a high-β mode that is analogous to the typical electrostatic drift-waves.

Rosenbluth (1981) [155] pointed out that for compressional modes, the

role of magnetic drift reversal of the guiding center flux is important for high-

β plasma stability. Drift reversal can occur when the ∇B drift is large and
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opposite to the curvature drift, which occurs for high-β equilibria as discussed

in Chapter 5. A Nyquist analysis will show that the dimensionless stability

parameter is

R(β) =

∫ E/Bmin

0

dµ
Bmin

E

ω∗i
ωD(µ, β)

' Rc

LT i
log(

ωDmax

ωDmin

)

where ω∗i is the pitch angle-independent diamagnetic drift frequency from

the density gradient, and ωDi(µ, β) is the bounce-averaged magnetic guiding

center drift frequency. The relevant dimensionless factor R(β) as a function

of β is an important quantity in determining stability. For the Tsyganenko

(1996) [188] magnetic field model we report the dimensionless value of R(β)

as a function of both X[RE], between the NGO region and the NENL region,

and βmin = 2µ0p/B
2
min the ratio of plasma kinetic energy density to magnetic

field energy density, where Bmin is the magnitude of the magnetic field at the

equatorial plane, which is the minimum value of B for that flux-tube.

In Section 6.1 a simple fluid picture of magnetic drift compressional

modes is developed in order to develop an intuition about the instability mech-

anism. In Sections 6.2 through 6.4 the variational form used to describe sta-

bility is presented, and its solution is discussed in two limits: (i) the limit that

the frequency of the compressional wave is higher than the bounce-averaged

drift frequency, ω � ωD and (ii) the limit that the frequency of the wave is

lower than the bounce-averaged drift frequency, ω � ωD. In Section 6.5 the

ω = ωD resonance is then introduced and estimates are made of the growth

rate. These estimates are then compared to results of the eigenmode calcula-

tion in Section 6.6. In Section 6.7 a one-dimensional transport equation for
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ẑ

∇Pi

∇B0 B0

u⊥

Figure 6.1: Geometry involved in deriving the fluid picture of compressional
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the particle pressure is given. Solutions are shown for which large pressure

gradients are observed in the NGO region due to flow braking, and the impact

of these steep gradients on the stability of NGO flux tubes is discussed. In

Section 6.8 the conclusions and summary are given.
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6.1 Fluid Picture

In order to derive a simple fluid picture of an instability involving only

the perturbed parallel magnetic field, δB‖, consider an equilibrium situation

like that shown in Figure 6.1. In this picture, the equilibrium magnetic field is

in the ẑ direction, its gradient is in the negative x̂ direction, and for the sake

of clarity we will ignore the curvature of the magnetic field lines. Because the

curvature is very important more about this will be said later. In this simple

equilibrium situation we have:

B0 = B0(x)ẑ

∇B0 = −
∣∣∣∣
dB0

dx

∣∣∣∣ x̂.

The pressure, primarily due to the ions, is increasing towards the Earth such

that the pressure gradient is in the positive x̂ direction

∇Pi =
dPi
dx

x̂.

The perturbations of the parallel magnetic field can be written in terms of a

vector potential; thus, one sees that there must be an oscillating component

of the inductive electric field

δB‖ = ẑ · ∇ × δA δE = −∂δA
∂t

. (6.1)

For low frequencies the fluid velocity, u, is a combination of the E×B velocity

and the Hall term which is a diamagnetic fluid drift:

u⊥ =
E × B

B2
+

B ×∇Pi
neB2

. (6.2)
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Notice that for a small perturbation the reciprocal of the magnitude of the

magnetic field may be expanded:

1

B
=

1

B0 + δB‖
' 1

B0

[
1 − δB‖

B0

]
+O(δB2

‖), (6.3)

so that the fluid velocity can be written explicitly as

u⊥ =
δE × ẑ

B0

+
1

neB0(x)

dP0

dx

[
1 − δB‖

B0

]
ŷ + (ikxŷ − ikyx̂)

δP

neB0(x)
. (6.4)

Computing the divergence of the fluid velocity we can compute the plasma

compression to first order:

∇ · u⊥ =
−ikyδEx

B
− iky
enB

dpi
dx

δB‖
B

+
ikyδP

neB2

dB0

dx
− ikyδP

neB2

∣∣∣∣
dB0

dx

∣∣∣∣

= i(ω − ω∗pi)
δB‖
B

− ikyδP

neB2

∣∣∣∣
dB0

dx

∣∣∣∣ . (6.5)

Notice that here we have dropped a term −1/B2
0 |dB0/dx| (∂Ay/∂t). Using

the MHD adiabatic equation of state to relate the change in plasma pressure

to the compression we can write

iωδPi = −PΓ∇ · u⊥ = i(ω − ω∗pi)
δB‖
B

+ iω∇BδP (6.6)

where we have introduced the definition of the ∇B drift frequency

ω∇B =
kyP0Γ

neB2
0

dB0

dx
. (6.7)

Solving for the pressure perturbation this can be written as

δP = −P0Γ
(ω − ω∗pi)

(ω − ω∇B)

δB‖
B0

. (6.8)
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Then using the equation of motion in the ŷ direction:

ρω2ξy =
iky
µ0

δB‖B0 − ikyδP (6.9)

and Faraday’s Law with the frozen-in condition:

ξy =
i

ky

δB‖
B0

(6.10)

a low-frequency drift-compressional dispersion relation can be written

ω2

k2
yV

2
A

= 1 + Γ
β

2

(
ω − ω∗pi
ω − ω∇B

)
. (6.11)

The first thing we notice from this dispersion relation is that it can be unstable

for ω < ω∗pi, ω∇B when β is large and we have drift reversal (ω∗pi/ω∇B < 0).

Notice, that if we had accounted for the curvature of the magnetic field line the

ω∇B drift frequency would be replaced by the total magnetic drift frequency.

This is important, because ω∇B is proportional to the plasma β. Thus in the

limit ω � |ω∗pi|, |ω∇B| the dispersion relation in Eq. (6.11) becomes

ω2

k2
yV

2
A

= 1 + Γ
β

2

(
ω∗pi
ω∇B

)
, (6.12)

where we see that with ω∇B proportional to β the dispersion relation becomes

independent of β.

Next, using the tools developed in Chapter 5, we consider these same

compressional δB‖ modes using a bounce-averaged drift-kinetic variational

form (and retaining the important curvature terms in the magnetic drift ve-

locity). We find a dispersion relation similar to the simple fluid dispersion
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Figure 6.2: Fluid picture of compressional drift waves.

relation in Eq. (6.11). One difference is that the adiabatic gas constant in

MHD, Γ, is replaced in the kinetic treatment with a bounce-averaging opera-

tor. Also, the fraction (ω − ω∗pi)/(ω − ωDi) is integrated over the equilibrium

phase space distribution function.
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6.2 Reduction to Compressional Variational Form

In this chapter we we consider modes dominated by δB‖, which implies

QL ' δB‖ ' −B∇ · ξ⊥ [155], from the converging/diverging cross field flows

that compress and expand the magnetic field. The kinetic energy from the

flows is T = 1
2

∫
ρmu

2
⊥d3x = 1

2
ω2
∫
ρmξyξy dΨdyds/B. From Faraday’s law

for the frozen-in flux equation δB = ∇ × (ξ × B), we get δB‖ = −iBkyξy
for the most unstable displacements with ky � kx. To maintain ∇ · B =

0, especially for the modes that we find which are so strongly localized in

the equatorial plane, there must be a small δB⊥ perturbation. Noting that

∂δB‖/∂s ∼ ∂δBz/∂z ∼ −ikyδBy, we find that in the large ky limit only a

small perpendicular perturbation, δBy is necessary to satisfy ∇ · B = 0.

For these modes the perturbed particle energy is K = µδB‖, and the

Lagrangian component of the magnetic field is QL = δB‖, and as mentioned

before the plasma displacement in the y direction can be written as ξy =

ik−1
y δB‖/B. Neglecting all other terms with φ or ξψ, the variational form of

Eq. (4.70) reduces to

L =

∫
ds

B

[
−1

2

(
ω

ky

)2
ρm
B2

δB2
‖ +

δB2
‖

2µ0

+
∑

j

βmin

2µ0

B(s)

Bmin

√
2

π

×
∞∫

0

dε ε5/2e−ε
1∫

0

dλλ2

u‖(λ, s)

ω − ω∗j(ε)

ω − ωDj(λ, ε)

(
δB‖

)2]
(6.13)

for compressional drift modes. Here we have replaced the velocity integral

by an integral over the dimensionless energy ε = E/Ti and the pitch angle

variable λ = sin2(α).
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For modes with odd symmetry δB‖(−s) = −δB‖(s), the bounce integral

vanishes and the waves are given by ω2 = k2
yB

2/ρmµ0 ∼ k2
yv

2
i /βi. In the

absence of density and temperature gradients, Chen and Hasegawa (1991) [37]

used the principal value of the integral
∫

dλδB‖
2

and the limit |γ/ω| < 1

to show that the bounce-averaged terms in Eq. (6.13) are all stabilizing,

and thus modes with odd symmetry are the most unstable. They relied on

pressure anisotropy to drive a drift mirror instability. Here, we do not consider

the pressure anisotropy but rely on the wave-particle resonance to drive an

instability. In this case modes with odd symmetry are all stable oscillations,

making the modes with even symmetry the most unstable.

Taking the variation of L in Eq. (6.13) we arrive at an integral eigen-

value equation, which can be written as

ω2

k2
y

µ0ρm
B2

δB‖(s) = δB‖(s) +
∑

j

βjmin Γ̂j δB‖(s
′), (6.14)

where the operator on the right-hand side,

Γ̂j =
B(s)

Bmin

L∫

0

ds′
Bmin/B∫

0

dλ

τ(λ)

λ2Gj(ω, λ)

u‖(λ, s)u‖(λ, s′)
, (6.15)

is the bounce-averaging operator that describes the response of the plasma

pressure of the mirroring particles to the parallel magnetic field perturbation

δB‖. The frequency response of the pressure fluctuation is governed by

Gj(ω, λ) =
2√
π

∫ ∞

0

dε ε5/2 e−ε
ω − ω∗j(ε)

ω − ωDj(λ, ε)
. (6.16)
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Equation (6.16) is the response of the particle species j with a particular pitch

angle given by λ. To solve the integral Eq. (6.14), the field variables are dis-

cretized along a particular flux tube, using the methods presented in Chapter

5, which creates a matrix eigenvalue problem. In this discrete representation

the bounce-averaging operation is a matrix multiplication on the discretized

magnetic fluctuations,

Mi,j(ω)δB‖j = Λ(ω) δB‖j, (6.17)

where both the matrix Mi,j(ω) and the eigenvalue Λ(ω) are dependent on the

frequency ω. The matrix operator is dependent on the frequency through the

magnetic response accounted for in Gj(ω, λ). Thus the eigenvalue problem to

be solved is a nonlinear transcendental function of the eigenfrequency ω that

requires an iterative procedure to find the complex ω. An initial frequency

ω(0) is assumed, and the eigenvalues and eigenvectors of Mi,j(ω
(0)) are com-

puted, Λ(0) and δB
(0)
‖ . Then the eigenvectors at this order are used to form a

dispersion relation

δB
(0)†
‖ M(ω)δB

(0)
‖ − δB

(0)†
‖

ω2

k2
yV

2
A

δB
(0)
‖ = 0, (6.18)

from which the next-order frequency ω(1) can be found from the root of the

dispersion relation. Next, we can again find the eigenvectors and eigenvalues

of Mi,j(ω
(1)), namely, Λ(1) and δB

(1)
‖ , and form a new dispersion relation. This

iteration procedure terminates when the frequency ω(n) is a solution to the

dispersion relation to the desired accuracy.
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The parameter vector used to specify the problem is given by P L =

(kyρi, ηi, ηe, Te/Ti, Ln/Rc, Rc/LB, βmin), plus the parameters needed to specify

the magnetic field model from which we compute such quantities as Rc/LB,

βmin, and the details of the flux-tube. Here ηi,e = Ln/LT i,Te is the ratio of

the density gradient scale length to the temperature gradient scale length for

each species. For the Tsyganenko (1996) model the parameters are P T96 =

(Pdyn, DST,B
IMF
y , BIMF

z ), and for the constant current model the parameters

are PCCM = (B0r
2
0, B

′
x, Bn). The final parameters that need to be specified

are the (x, y) coordinates (in units of RE) in the equatorial plane for the flux

tube.

In terms of the normalized drift wave units ω → ω [cs/Ln], and ky →

ky
[
ρ−1
i

]
, the left-hand side of Eq. (6.14) is small compared to δB‖, namely,

ω2
∗i

k2
yV

2
A

=
c2s
L2
n

ρ2
i

V 2
A

=

(
ρi
Ln

)2
βi
2

� 1,

and thus it does not appear in the 3 × 3 drift kinetic matrix formulation of

low-frequency drift stability theory given in Chapter 4 [91].

6.3 Mode frequencies above the guiding center drift

frequency

The high-frequency approximation is ω � ωD, which yields Gj(ω, λ) =

(15/4)(1 − ω∗j(1 + 2ηj)/ω). In this limit only purely oscillating modes exist,

related to the familiar magneto-acoustic mode with the dispersion relation

ω2

k2
yV

2
A

= 1 +
15

4

∑

j

βjmin(1 − ω∗j
ω

(1 + 2ηj))Γ
HF, (6.19)
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where VA = B/
√
µ0ρm and ΓHF is given by the eigenvalues of the integral

operator

Γ̂HF =
1

2

B(s)

Bmin

L∫

0

ds′
Bmin/B∫

0

dλ

τ(λ)

λ2

u‖(λ, s)u‖(λ, s′)
. (6.20)

Notice that in this high-frequency limit, the quantity ωDj does not appear, so

that the integral operator in Eq. (6.20) does not have any species-dependent

quantities. The βj and ω∗j absorb all of the species dependence. The difference

between this mode and the usual magneto-acoustic mode is that in Eq. (6.19),

the adiabatic index is given by the eigenvalues ΓHF of the bounce-averaging

integral operator. In the high β � 1 limit and taking ω to be large compared

with ω∗j, we find the approximate solution to Eq. (6.19) to be given by

ω ' 2kyVA
√
β. (6.21)

Figure 6.3 shows ω for the magnetoacoustic mode computed from Eq.

(6.19), compared with the approximate formula of Eq. (6.21). The agreement

is found to be good between Eq. (6.21) and the numerical solution of Eq.

(6.19). Also shown in Fig. (6.3) are the eigenvalues ΓHF of the integral operator

of Eq. (6.20) as a function of β. The β dependence is found to be relatively

weak, varying approximately 20% as β varies over an order of magnitude.

Also shown are the eigenfunctions of the integral operator as a function of s,

the distance along the field line. The eigenfunctions on flux tubes closest to

the Earth (lowest β) tend to vary approximately as (Bmin/B(s))3/2, and the

eigenfunctions on flux tubes at higher β tend to vary more as (Bmin/B(s))5/2.

These eigenfunctions and eigenvalues are computed with both Tsyganenko’s
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1996 model through the tail/dipole transition region as a function of β. The

value of β is computed from equilibrium assumptions with the magnetic field

models. In this case we used the Lysak model [128] for the density profile n(s)

in order to compute the Alfvén velocity.

6.4 Mode frequencies below the guiding center drift

frequency

The low-frequency modes occur for ω � ωD, which yields Gj(ω, λ) =

(3/2)(ω∗j/ωDj)((1 + ηj) − ω/ω∗j) to first order. Unlike the high-frequency

limit in Eq. (6.19), in the low-frequency limit the left-hand side ω2/k2
yV

2
A is

negligible. The dispersion relation is given by

0 = 1 +
3

4

∑

j

βjmin

(
(1 + ηj) −

ω

ω∗j

)
ΓLF. (6.22)

Here ΓLF are the eigenvalues of the integral operator

Γ̂LF =
1

2

B(s)

Bmin

L∫

0

ds′
Bmin/B∫

0

dλ

τ(λ)

λ2

u‖(λ, s)u‖(λ, s′)

ω∗j
ωDj(λ)

(·) (6.23)

The integral operator is again independent of species since ω∗i = −ω∗eTi/Te

and ωDi = −ωDeTi/Te. Notice that if Te = Ti, then the terms dependent

on ω in Eq. (6.22) exactly cancel and it is necessary to take the ω/ωD � 1

expansion to next order.

Figure 6.4 shows the eigenvalues and eigenvectors of the low-frequency

bounce-averaged operator of Eq. (6.23), as well as the shifted frequency com-

puted from Eq. (6.22). Tsyganenko’s 1996 magnetic field model was used
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Figure 6.3: Calculation of the high frequency (ω � ωD) dispersion relation.
The upper left panel shows the value of β as a function of X/RE. The upper
right panel shows the eigenvalues of the high-frequency bounce-average oper-
ator of Eq. (6.20) as a function of β. The lower left panel shows the frequency
in mHz computed with the dispersion relation in Eq. (6.19). The lower right
panel shows three different eigenfunctions for three different β values as a func-
tion of s/RE, the distance along the field; the eigenfunctions for the higher β
cases were truncated to help visualize the data.
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to compute all quantities, and Te was taken to be negligible to prevent the

previously mentioned cancellation. The computed frequency shift which is a

rearrangement of the terms in Eq. (6.22) taking Te = 0,

ωk = ω∗i(1 + ηi) +
4

3βiΓLF
ω∗i, (6.24)

is seen to increase at lower β. The frequency ωk is closest to the diamagnetic

drift frequency ω∗pi and well below the bounce-averaged guiding center drift

frequency. The eigenfunctions are seen to be strongly ballooning, meaning the

perturbation is very strongly peaked at the equatorial plane. The eigenvalues

of the the operator Γ̂LF are seen to follow the general form of the computed

stability parameter R(β), and the approximation R(β) ' 2ΓLF(β) is reason-

able, as can be seen by comparing R(β) from Figure 5.4 with ΓLF(β) from

Figure 6.4.

6.5 The ∇B and curvature drift resonance response

The stability of compressional modes for wave frequencies near the

magnetic bounce-averaged guiding-center drift frequency (ω ∼ ωDi) depends

on the value of the complex integral as a function of frequency over the drift

resonance between the particles and the waves. We now turn to the evaluation

of the ω = εωDi(λ) resonance, so the iteration procedure discussed must be

employed to solve the problem. Figure 5.4 shows ωDi computed with the

Tsyganenko 1996 model. It is seen that through the transition region between

the dipole-dominated magnetic field and the current sheet-dominated magnetic
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field, the ∇B drift reverses direction and becomes stronger, so that eventually

it almost cancels the curvature drift. For most cases the variation of the total

bounce-averaged drift frequency ωD(λ) with pitch angle λ is weak.

6.5.1 Nyquist analysis of the variational form dispersion relation

To analytically perform the Nyquist analysis on the variational form

given in Eq. (6.14), we ignore the inertial term, considering ω � kyVA, take

the perturbing field to be flute-like δB‖(s) = const., ignore the pitch angle

dependence of the bounce averaged guiding center drift, and consider only the

ions by taking the limit Te/Ti � 1. Then we obtain the complex dispersion

relation

C = 1 +
∑

j

βj
2
Gj(ω) = 0 (6.25)

for the compressional mode. In this limit Gj(ω) = G(ω) can be written as

G(ω) =
2√
π

∞∫

0

dεε5/2e−ε
[
ω∗iηi
ωDi

+

(
1 − ω∗iηi

ωDi

)
ω − ωI
ω − ωDiε

]
(6.26)

in order to make clear the four frequencies for which Im(C) = 0, namely,

ω = 0, ωI , ±∞, where

ωI = ω∗i
1 − 3

2
ηi

1 − ω∗iηi

ωDi

=
kyρivi
Lni

1 − 3
2
Lni

LTi

1 − Rc

LTi

. (6.27)

Here Rc = Rc(β) and using the constant current model deep in the tail we

have R−1
c ' B′

x/Bn when dBx/dz � dBn/dx from ∇B/B. This gives roughly

Rc(β)−1 = (1 − Rcβ
′)R−1

c = R−1
c (1 − Rcβ/Lp). For β > Lp/Rc, the ∇B/B
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drift overcomes the curvature drift. Correspondingly, the real part of C at

each of these critical frequencies is given by

C(ω = ωI) = 1 +R(β)ηi (6.28)

C(ω = 0) = 1 +
2

5
R(β)(ηi + 1) (6.29)

C(ω = ±∞) = 1 +
15

8
β (6.30)

where R(β) ∼ (15/8)βω∗i/ωDi(β) ∼ (15/8)βRc/Ln. The imaginary part of

C(ω) for real ω can be written by distorting the ε integration contour below

the singularity at ωDi:

Im[C(ω)] = −
√
π
βi
ωDi

[
ω

(
1 − ω∗iηi

ωDi

)
− ω∗i

(
1 − 3

2
ηi

)]

Θ

(
ω

ωDi

)(
ω

ωDi

)5/2

exp(− ω

ωDi
). (6.31)

Here Θ(ω/ωDi) is the step function, such that when ω and ωDi have the same

sign the function has the value unity and otherwise is zero. An instability

exists when C(ω = 0) and C(ω = ωI) have opposite signs and C(ω) between

these two frequencies is imaginary, so that a contour enclosing the upper half

plane in the complex ω plane corresponds to a contour that encircles the origin

in the complex C plane. The system is marginally stable when the two values

of C(ω) are both zero or when C(ω) between these two frequencies is purely

real. In this analysis there are three stability parameters: β, ω∗i/ωDi, and ηi.

By combining β and ω∗i/ωDi to form the parameter R(β) we can construct a

simple picture.
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From Eqs. (6.28)-(6.30) it can be seen that an instability exists when

R(β) < 0, which is in the region of drift reversal, for a particular small range of

ηi values. Another instability region exists for ηi < 0, or when the temperature

gradient is opposite to the density gradient. For ηi = −1 it is clear that

C(ω = 0) > 0, so that for R(β) > 1 we find C(ω = ωI) < 0 and the flux tube

is unstable. There is some evidence [72] based on data published in [144], for

such a negative ηi to exist.

To determine whether or not ImC(ω) > 0 for these regions we must

determine if ωDi and ωI have the same sign, which would imply

ωI
ωDi

=
ω∗i
ωDi

(1 − 3
2
ηi)

(1 − ω∗iηi

ωDi
)
> 0. (6.32)

Thus if we are considering ηi < 0 then the above condition holds true as long

as ω∗i/ωDi > 0 (which is true for the unstable region we are considering). If we

are considering ω∗i/ωDi < 0 then it is easy to see that we must have ηi > 2/3.

Figure (6.5) shows the boundary between instability and stability as a

function of ηi and R(β) in two different regions: panel (a) shows the stabil-

ity boundaries in the drift reversal region, and panel (b) shows the stability

boundaries in the negative ηi region. It is interesting to point out here that

this analysis differs from the electrostatic mode Nyquist analysis (performed

in Chapter 5) due to the factor of β occurring here.
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Figure 6.5: Stability diagram for compressional modes as a function of the
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6.5.2 Growth rate estimates

From Eq. (6.13) we now estimate, by making a local approximation,

that the compressional drift waves have

ω2

k2
yV

2
A

= C(ω, ky, ηi, β) (6.33)

with

C ' 1 + βiΓ
ω − ω∗i(1 + 3

2
ηi)

ω − ωDi
(6.34)

where C = 1 + µ0δP⊥/BδB‖ is the complex response function considered in

detail in the previous section. Notice that in Eq. (6.34) we have used a mean

value of ε = 3; this value is near the maximum contribution from the integral
∫

dε ε5/2exp(−ε), and agreement with actual results was quite good. Instability

occurs from ω0Im(C(ω0)) > 0 for ReC(ω0) > 0 and from new low frequency

roots of C(ω) = 0. The approximate roots of C(ω) = 0 are

ωk ' ω∗i

ωDi

ω∗i
+ βiΓ(1 + 3

2
ηi)

Γβi + 1
< ωbi. (6.35)

In the limit βi � ωDi/ω∗i, then ωk ∼ ω∗i(1 + 3ηi/2); and in the opposite limit

β � ωDi/ω∗i, then ωk ∼ ωDi. Figure 5.5 shows the relevant frequencies used

in this estimation as a function of X[RE] at the edge of the plasma sheet. The

magnetic drift frequencies were obtained by bounce averaging Eqs. (5.11)-

(5.12) with the use of the Tsyganenko (1996) [188] magnetic field model. For

example, for x = −10RE, Lpi = 2RE and kyρi = 0.5, we find that 5 KeV

particles have ω∗i = 5kyρivi/(3Lpi) = 3mHz, ωbi = 16mHz, and ωDi = 3mHz.

For ρi = 300 km the wavelength is 2π/ky = 20ρi = 6 · 106m ≈ 1RE, which is
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approximately the limit of the local approximation. Thus, since ωDi ' ω∗i, we

approximate ω ' ω∗i ' 3mHz.

For these modes δE = δEx = (ω/ky)δB‖ = vDiδB‖, so for δB‖ = 10 nT

we find δEx ∼ 10−4 V/m ∼ 100µV/m. The Poynting flux is S = δE×δB/µ0 =

(ω/ky)δB
2
‖ ŷ/µ0 = 1µW/m2. The displacement vector is then ξ ≈ (1/6)RE.

The non-linear limit is reached when δB‖/B ∼ kyξy ∼ 1.

Using Eq. (6.35) as the real part of the true root, we can then make

the approximation that γ/ω � 1 and obtain an approximate formula for the

growth rate as

γk ' −ImC(ω)
∂C(ω)
∂ω

'
√
π

(ωk − ωDi)
2

ω∗i − ωDi

[
ωk
ωDi

(
1 − ω∗iηi

ωDi

)
− ω∗i
ωDi

(
1 − 3

2
ηi

)]

×
(
ωk
ωDi

)5/2

e
− ωk

ωDi . (6.36)

Here ωk is the solution to C(ωk) = 0 given by Eq. (6.35). Figure 6.8 shows

the growth rates and real parts of the frequencies of the full solution to the

non-local dispersion relation, compared with the approximate formulas given

by Eqs. (6.35) and (6.36) for a flux tube that exhibits drift reversal (ωDi < 0).

The agreement is quite good for this case and is seen to be only slightly worse

for cases with larger growth rates.

The energy associated with the compressional drift wave is

δW comp =

∫ (
δB2

‖
2µ0

+
1

2
ρv2

y +
1

2
δp⊥

δB‖
B

)
ds

B
dΨ, (6.37)
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where

vy =
Ex
B

=

(
ω

ky

)
δB‖
B

(6.38)

with energy released for C(ω) < 0 due to the spatial gradients rather than the

anisotropy as in a mirror mode. The energy release is not as large as a typical

ballooning/interchange event. For example, for δB‖ = 1nT over a region of

volume R3
E, there is δW comp = 2× 108J . The waves are most dangerous when

they induce a local neutral line due to δBz(x, y) +Bn(x) < 0.

These modes have |γk/ωk| < 1 and can produce local mirror trapping

of ions at finite amplitude. These modes are due to the ω = ωDiε resonance

and do not require temperature anisotropy, as do the drift-mirror modes. The

drift-mirror mode [1, 37] goes unstable when 1 + β⊥ − β2
⊥/β|| < 0, and its

growth rate is given by

ω2 ' k2
yV

2
A

[
1 + β⊥

(
1 − β⊥

β‖

)]
. (6.39)

Here one can see again that for T⊥ = T‖ the familiar magneto-acoustic mode

is obtained.

6.6 Numerical growth rates

Figure 6.6 shows the real and imaginary parts of the solutions, ω, to

the dispersion relation given in Eq. (6.14), for different positions and different

values of ηi, in the region of parameter space where ηi < 0. Comparing the

growth rates in Fig. 6.6 to the marginal stability conditions in Fig. 6.5, one

sees that for X = −5RE we have R(β) ' 1.0 and the compressional mode
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is unstable for −4 < ηi < −1. As we consider flux-tubes farther in the tail,

the value of R(β) increases so that smaller values of negative ηi will lead to

instability over a smaller region of ηi space, as seen in both by the marginal

stability conditions shown in Fig. 6.5 and the actual growth rates shown in Fig.

6.6. The results of the local Nyquist analysis accurately predict the boundaries

of marginal stability for this region of parameter space. The growth rates are

not large (γ/ω < 1), and the direction that these waves travel is from dawn to

dusk (ẏ = ω/ky > 0). As β gets larger the growth rate becomes comparable

to the real part of the frequency. Shown in Fig. 6.7 are two eigenfunctions

corresponding to two different parameter vectors. These perturbations are

seen to be strongly ballooning, i.e., the maximum perturbation is confined to

the equatorial region (Z = 0).

We did not consider a magnetic field model that has particles whose

ion magnetic guiding-center drift is from dusk to dawn. We verify that an

instability exists for these cases, by arbitrarily reversing the bounce-averaged

drift velocity. An example of a model that does have drift reversal is given in

[119] where a large localized magnetic pulse is applied to the Earth’s dipole

field. Figure 6.8 shows that for a flux-tube at X = −5RE, corresponding

to R(β) ' −1 a weakly unstable mode exists (γ/ω � 1) for values of ηi

predicted by the local Nyquist analysis. Also shown in this figure is the growth-

rate estimate given by Eq. (6.36). These modes travel from dusk to dawn

(ẏ = ω/ky < 0) in the direction of drifting protons. Since compressional

disturbances are driven by the arrival of interplanetary shocks the existence
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of marginally stable compressional drift waves may be of importance. The

eigenfunctions corresponding to these two solutions to the dispersion relation

are seen to also be strongly ballooning, with the maximum perturbation being

in the equatorial plane.

6.7 1D Plasma Transport

Here we introduce a one dimensional transport model for the transient

steepening of the pressure gradient in the magnetotail due to changes in the

thermal sources deep in the tail. The model shows that pressure pulses steepen

as the flow brakes against the stronger near Earthmagnetic field. Such pressure

pulses are a natural source of transient steepening of the pressure gradient

that can lead to magnetic driven pulses with guiding center drift reversal as

shown by the models of Li et al. (1998) [119]. Li et al. (1998) modelled a

dipolarization event with a Gaussian magnetic pulse which caused particles to

reverse the direction of their magnetic drift and used this mechanism to explain

dispersionless injection. We show that when particles reverse the direction of

their magnetic drift, compressional/rarefraction waves can become unstable.

In the absence of turbulence the Earthward convection of the plasma

flux tubes compresses the plasma against the Earth’s dipolar magnetic field.

In the MHD limit there is no heat loss from the flux tubes, and the pressure

increases adiabatically with pad(x) ≡ p(V0/V (x))Γ, where V (x) =
∫ L

0
ds/B

and L = L(x) denotes the position of the ionosphere measured along B from

the equatorial plane position (x, y = 0, z = 0). In Fig. 6.9 we show V (x)
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Figure 6.6: Growth rate γ (top panel) and the real part of the frequency ω
(bottom panel) as a function of ηi, computed with the full non-local resonant
particle dispersion relation given by Eq. (6.14). Here kyρi = 0.5, Te/Ti = 0,
and Ln/Rc = 6, and all other quantities were computed using Tsyganenko’s
(1996) model with PS = 0, Pdyn = 3.0 nPa, DST = −50nT , BIMF

y = 0, and
BIMF
z = 5.0nT. There are five different curves corresponding to five different

flux tubes at X = −5,−6,−7,−8, and −9RE. The curves computed with flux
tubes deeper in the tail have higher values of β, thus the stability parameter
R(β) is larger. This corresponds with moving up along the R(β) axis in the
marginal stability diagram of Fig. 6.5.
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Figure 6.7: Real and imaginary parts of two different eigenfunctions δB‖ as a
function of the distance along the field line s (in units of RE). These eigenfunc-
tions were used to compute the solution to the dispersion relation found in Fig.
6.6. The first eigenfunction δB‖ was computed with η = −0.8 at x = −7Re,
corresponding to β = 7.6. The second eigenfunction δB‖ was computed with
η = −0.6 at x = −9RE, corresponding to β = 24.2. In this figure kyρi = 0.5,
Te/Ti = 0, and Ln/Rc = 6, and all other quantities were computed using
Tsyganenko’s (1996) model with PS = 0, Pdyn = 3.0 nPa, DST = −50nT ,
BIMF
y = 0, and BIMF

z = 5.0nT.
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lation given by Eq. (6.14), as compared to an approximate growth rate formula
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and all other quantities were computed using Tsyganenko’s (1996) model with
PS = 0, Pdyn = 3.0 nPa, DST = −50nT , BIMF

y = 0, and BIMF
z = 5.0nT. To

achieve drift-reversal the computed bounce-averaged magnetic guiding cen-
ter drift was made eastward by increasing the Earthward pressure gradient
arbitrarily by a factor of five.
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and pad(x) = p0(V0/V (x))Γ for Γ = 5/3 and V0 = V (x = −10). The sharp

increase of the pressure gradient in the transition region x = −6 to −12RE

is thought to drive drift-Alfvén ballooning mode instabilities over a spectrum

of wavelengths kyρi ≤ 1 and to produce a turbulent diffusivity DΨ that limits

the pressure gradient. In this section we compute the Earthward gradient of

the pressure distribution function relative to the adiabatic distribution. For

higher energy ions with ρi > Rc, the chaotic motion of these ions breaks the

magnetic moment invariant, giving a fairly isotropic distribution.

The distant neutral line (DNL) is a source region for entry of new solar

wind ions into the geotail, which we model as SDNL(x, t) = SDNL(t)δ(x−xDNL).

Near the geosynchronous orbit region there is a sink of ions with respect to

the geotail plasma. The ions cross from the geotail region into the inner

magnetosphere through the Alfvén layer seperatrix. The ions are also lost

through the dusk side low-latitude boundary layer. We write this net loss

region as SNE(t)δ(x− xNE) for the near Earth (NE) loss region.

Now the transport of ions is through the Earthward convective flow

ux = Ey

Bz(x)
, and the turbulent velocity space diffusive flux is −DΨ∂p

ad/∂Ψ.

Thus, a one-dimensional model for the ion pressure is

∂p

∂t
= − ∂

∂Ψ

(
Eyp−DΨ

∂p

∂Ψ

)
− 5

3

pEy
V

dV

dΨ

+SDNL(t)δ(x− xDNL) − SNE(t)δ(x− xNE) (6.40)

where DΨ is the turbulent diffusivity due to low-frequency drift wave tur-

bulence. For DΨ = 0 and xDNL < x < xNE, the solution of Eq. (6.40) is
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Figure 6.9: In the top panel the flux tube volume V =
∫
ds/B is shown as a

function of X in the geotail. The bottom panel shows P ad = P0(V0/V )Γ with
Γ = 5/3 for the adiabatic pressure profile, and with P0 chosen to be 0.1 nPa at
-20 RE in agreement with ISEE-2 measurements. The CCM model was used
with the parameters B ′

x = 64nT/RE, Bn = 1.0nT, and B0r
2
0 = 4000nTR2

E,
and the Tsyganenko 1996 model was used with PS = 0, Pdyn = 3.0nPa,
DST = −50nT , BIMF

y = 0, and BIMF
z = ±5.0nT.
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pad(x, t) = pad(Ψ −
∫ t
0
Ey(t

′)dt′) where dΨ = Bzdx = Eydt. This solution is

the adiabatic convection of flux tubes in a time-varying convection electric

field. We estimate the value of DΨ through

DΨ =
〈δΨ2〉
τc

= B2
z

〈δx2〉
τc

(6.41)

where 〈δx2〉 is the dominant wavelength in the fluctuation spectrum and τc is

the correlation time.

The associated local E × B turbulent diffusivity is

Dx = 〈δx2〉1/2〈ṽE2〉1/2 =
〈δx2〉
τc

. (6.42)

For 〈δx2〉 ∝ ρiLp ≈ (300 km)(104 km) = 3 ·106, km2 and τc ≈ 100 s we estimate

that Dx = 3 · 104km2/s. This compares with Borovsky’s MHD estimate of

D⊥ ≈ 107km2/s. The corresponding DΨ = 0.3(nT RE)2/s for Bz = 20 nT

gives a solution of Eq. (6.40),

1

p

∂p

∂Ψ
=
Ey
DΨ

=
1 mV/m

0.3(nT RE)2/s
=

0.5

nT RE

(6.43)

where DΨ = 〈B2D⊥〉. Thus, we estimate the characteristic drift wave fre-

quency as

ω∗ = ky
〈E〉
qp

∂p

∂Ψ
≤ kyρi

vi
Lp

(6.44)

in the Westward direction for 1/Lpi = (1 + ηi)/Ln > 0. For L−1
p = ∂xlnp from

Eq. (6.43) used in Eq. (6.44) we get

ω∗ = kyρi
400km/s

104km
= 0.04 kyρi rad/s

f∗ = kyρi 6mHz
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Typically the fastest growing waves have kyρi ≈ 0.4 to 1.0.

Equation (6.40) was solved numerically using a grid in Ψ space with

constant spacing. Tsyganenko’s 1996 magnetic field model was used to com-

pute the ∆xi’s corresponding to ∆Ψ = 1nT·R2
E. This choice of independent

variable translated to variable spaced grid in x with many points placed closer

to the Earth where the pressure pulses are predicted to pile up and steepen.

Second order operator splitting was used so that a flux-corrected transport

algorithm could be used to transport the pressure and a traditional finite-

difference method to handle the source terms and the diffusion term.

Figure 6.10 shows five solutions to Eq. (6.40) for different times. An

adiabatic pressure profile was taken as the initial condition and the tailward

endpoint was taken to be time dependent, corresponding to a time dependent

deposition of ions in the distant tail. The tailward source of ions is given

mathematically by

SDNL(t) = pad(x = xDNL) + psrcΘ(t− τ/2) sin(2πt/τ) (6.45)

where pad(x = xDNL) is the adiabatic pressure at the distant neutral line taken

here to be 0.06 nPa, Θ(t − τ/2) is the step-function such that when t > τ/2

the oscillating source is turned off.

Θ(t− τ/2) =

{
1 for t < τ/2
0 for t ≥ τ/2

(6.46)

This choice of the argument of the step function ensures that the pressure

pulse is entirely positive. The source pressure psrc = 1nPa/s gives the height
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of the pressure pulse with a period of τ = 60 seconds. Given these parameters

the energy density deposited over the duration of the pulse is computed to

be 19 nPa. The pressure pulse then drifts Earthward by E × B convection,

with a constant Ey = 1mV/m applied along the tail, until it reaches the

dipole braking region where the drift slows, due to the increase in B, and

the pressure piles up. The axial Bz(x, 0, 0) is taken from the Tsyganenko

1996 model with PS = 0, Pdyn = 3.0 nPa, DST = −50nT , BIMF
y = 0, and

BIMF
z = −5.0nT for this simulation. The turbulent diffusivity was taken to be

zero, 0.05 (nT RE)2/s, and 0.3 (nT RE)2/s. The pressure pulse is significantly

washed out for larger values of the turbulent diffusivity, though there is still

some steepening.

In panel (e) of figure 6.10, which occurs at 891 seconds after the tailward

source begins its half period oscillation, we see a sharp trailing edge pressure

gradient. Such a pressure steepening could potentially be large enough to

reverse the direction of the magnetic guiding center drift due the mechanism

explained through Eq. (5.14) and shown by Li et al. (1998)[119]. In fact

the pressure gradient shown in the trailing edge of the pulse in Figure 6.10

is over 5 times the adiabatic pressure gradient, which is approximately the

same factor needed to produce drift reversal in Tsyganenko 1996. This drift

reversal is then predicted to cause the drift compressional mode to go unstable.

The steep transient gradient will also drive the ballooning/interchange mode

unstable as explained in Chapter 3, which is the primary plasma energy release

mechanism in this NGO region.
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Figure 6.10: Earthward transport of pressure given by Eq. (6.40) due to E×B
drift with Ey = 1 mV/m, with tailward source oscillating through a half period
of a sine wave. The source term is given by Eq. (6.45) with τ = 60 seconds and
psource = 1nPa/s. Panels (a) through (e) show the pressure profile at different
times. Each panel shows three different curves corresponding to different val-
ues of the turbulent diffusivity DΨ. Due to the decrease in the E×B velocity,
the pressure piles up in the tail/dipole transition region.
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6.8 Conclusions

We have derived the kinetic equations for the low-frequency compres-

sional/rarefraction drift-waves in the near geosynchronous orbit (NGO) region.

These waves are thought to be responsible for the shorter period (30 seconds)

magnetic oscillations reported in the CRRES data (see Maynard et al. (1996)

[131]). At an early stage before the dipolarization event, there are longer pe-

riod (60-90s) predominantly δEy oscillations that are interpreted as the drift-

Alfvén ballooning modes. The 30s magnetic oscillations that occur immedi-

ately following dipolarization are consistent with the properties of the drift

compressional waves described herein. Sigsbee et al. (2002) [169] reported

that strong compressional fluctuations of the magnetic field in the range of 7

to 30 mHz were observed at the distance of -10 to -13 RE during the April

26, 1995 substorm. At Geotail the timing they reported is that dipolarization

and compressional waves occur together and the large Earthward flows are

a few minutes later. In the 10 minute interval following the initialization of

dipolarization, the Bz (GSM) has large fluctuations (δBz ∼ 〈Bz〉), with 〈Bz〉

increasing from 5 nT to 20 nT and the total B dropping from 45 nT to 20

nT during the event. The Pi2 band from 7 to 30 mHz (40s to 150s period) is

strongly excited during this event.

To understand this low-frequency compressional wave, the complex mir-

ror orbits on the flux tubes need to be considered. To account for these orbits

we have introduced matrix operators that act on the electromagnetic fields.

We have computed the eigenvalues and eigenfunctions of these operators and
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used these to form dispersion relations. We found that an unstable state, due

to the ω = ωDi resonance, can exist for a pressure gradient profile in which

the guiding center particle drift is in the ∇B drift direction (Eastward) due to

the large βRc/Lp (large β and Rc/Lp). We find that for typical time-averaged

magnetic field models, particles do not reverse the direction of the Westward

bounce-averaged guiding center drift velocity. In these cases, however, a den-

sity gradient that is in the opposite direction to the temperature gradient can

support the growth of compressional waves. Theoretically, such an inversion

of the density gradient may occur as a transient response to a sharp change

in the convective flux of nEy/B. We have found purely oscillating solutions

when the frequency of the oscillation is well below and also well above the

bounce-averaged guiding-center drift frequency; these results follow closely

with traditional compressional waves.

We have numerically solved the non-local dispersion relation for the

δB‖(s) eigenmodes for frequencies below the ion transit frequency, where the

wave-particle resonance is responsible for the instability. We report these

growth rates γ, real part of the frequency (ω), and growth per wave period

γ/ω < 1 as a function of ηi for different positions along the geotail axis,

using the Tsyganenko (1996) [188] magnetic field model and a simple constant

current magnetic field model to compute the properties of the different flux-

tubes as well as the structure of the δB‖(s) drift compressional eigenmode.

We find that the real part of the frequencies that we found correspond to the

Pi2 frequency range of a few mHz. We found these magnetic perturbations
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to be very strongly ballooning, with the maximum perturbation being at the

equatorial plane. Our results for the growth rate reproduce well the stability

boundaries determined in the local approximation from the Nyquist analysis

for marginal stability. We have also presented approximate formulas for these

growth rates for both ηi > 0 and ηi < 0.

We have proposed a transport model for the Earthward transport of

the pressure distribution function. In this model, it is seen that sharp pressure

gradients can form in the dipole/tail transition region from a small pressure

oscillation in the deep tail boundary conditions. The maximum steepness of

the pressure gradient is limited by the turbulent diffusivity D⊥. We propose

that this transient steepening of the pressure gradient could cause particles to

reverse the direction of their magnetic drift, which, in turn induces an unstable

compressional perturbation. Drift reversal from strong ∇B has been invoked

by Li et al. (1998) [119] as the mechanism for the dispersionless injection of

energetic electrons.

In this work we have considered modes dominated by δB‖. When the

ambient pressure gradient is steep enough, the coupling to other components of

the electromagnetic field increases in importance. The ballooning/interchange

mode characterized by a strong Ey perturbation and weak δB‖ becomes ac-

tive. The non-local behavior of these other modes and their coupling to the

drift-compressional modes requires the extension of this work to the full 3×3

electromagnetic eigenmode equations. This full complex problem will be pur-

sued in a later work.
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Previously we found interchange/ballooning modes to be most unsta-

ble in the x = −6 to −12RE region [93, 94, 192]. As is well known, the inter-

change/ballooning modes also have a compressional component, δB‖, due to

inhomogeneities of the plasma. There are still two distinct drift modes, the

drift interchange/ballooning mode and the compressional drift mode, with the

compressional magneto-acoustic drift-waves having a higher frequency than

the convective interchange mode [3]. Convective interchange motions of the

flux tubes closer to the Earth are stabilized strongly by the energy required

to bend the magnetic field, and flux tubes tail-ward of this region were found

to be strongly stabilized by plasma compression. In contrast to the convective

interchange mode instability, the compressional modes are unstable at high

β from the plasma compression. The condition for the compressional modes

to be unstable is complex and presented in this work. One mechanism is the

∇B drift reversal. We find the compressional mode is most unstable when the

∇B drift is large and opposite to the curvature drift. In the region Earthward

of the transition region, the two drifts are in the same direction, and on the

tail-ward side of this region the ∇B drift is in the opposite direction to the

curvature drift, though it is not large enough to exhibit drift reversal. In our

simulation of the transport of the pressure distribution, it was in this transition

region, between dipole-like and tail-like magnetic field configurations, where

the steepest gradients were observed. The other mechanism for compressional

instability is inverted density and temperature gradients.

In conclusion, the role the compressional drift wave plays may be re-
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quired to understand the Pi2 signals associated with substorm dynamics. The

mode has some features, such as propagation in the ion diamagnetic direction,

in common with the kinetic drift ballooning/interchange mode. The polariza-

tion and the stability conditions of the two modes are different as developed

and discussed here. Integrated transport codes containing both the effects of

the compressional drift modes and the ballooning interchange modes need to

be developed to provide a clear interpretation of the complex signatures of

observed low-frequency wave signals in the NGO to mid-tail region.
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