NUMERICAL CHALLENGES FOR TURBULENCE COMPUT ATION:
STATISTICAL EQUIP ARTITION AND THE METHOD OF
SPECTRAL REDUCTION
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Abstract. Numerical issuesin the implementation of spectral reduction, a new method for
the computation of statistical moments of homogeneous turbulence, are examined. The method
implements a coarse graining in Fourier space and exploits the fact that statistical moments are
much smoother functions of wave number than the underlying uctuating velocities. A notable
feature of this turbulence model is the existence of a control parameter (bin size) that can be varied
to increase the accuracy of the approximation. The inviscid version of spectral reduction satis es
a Liouville theorem and vyields statistical equipartition solutions. However, if the wavenumber bins
are of nonuniform size (as is desirable for e ciency), an additional bin-dep endent rescaling of time
by the relativ e bin area must be intro duced to obtain the correct equipartition. This rescaling of
the time derivativ e term drastically increasesthe stiness of the spectrally reduced equations. The
prospect of developing an implicit nonlinear integrator for this highly stiened convection problem
is examined.
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1. Intro duction. Over the pastforty years,much e ort hasbeendewoted to the
developmert of a satisfactory statistical theory of turbulence. For example, statistical
closureswere deweloped in an attempt to nd closed expressionsfor the unknown
triplet correlation function that arisesupon averaging the Navier{Stok es equation.
Familiar examplesinclude Kraichnan's direct-interaction approximation [10, 11] and
Lagrangian-history direct-interaction approximation [12]. Unfortunately, there is con-
siderablearbitrariness in the formulation of statistical closures.Moreover, it is gener-
ally believedthat low-order statistical theoriesare not capableof capturing the e ects
of coherert structures [9, 15]. But probably the greatestweaknessof thesemethods is
that there exists neither an error estimate nor a corntrol parameter that can be varied
to increasethe accuracy of the approximation.

Recerly, a method called spectral reduction [5] has been proposedfor calculat-
ing statistical momerts of turbulent quantities by implementing a coarse-grainingin
Fourier space. The bin sizeservesasa control parameterthat canbe varied to increase
the accuracy of the approximation. The method exploits the fact that statistical mo-
ments are much smoother functions of wave number than are the underlying stochastic
amplitudes. Collections of Fourier amplitudes are represertied by nonuniformly spaced
samplemodesthat interact via enhancedcoupling coe cien ts. By assigningmost of
these sample modesto the scalesof greatest physical interest, the technique makes
optimal use of limited computational resources. The approximation reducesto the
exact Navier{Stok es equation as the number of fundamertal wave numbers assai-
ated with each samplemode tendsto one. Evenat large valuesof this parameter, the
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statistics of the full dynamics may be accurately recovered from the time-averaged
predictions of the theory.

2. Spectral Reduction. Let us restrict our attention to homogeneousand
isotropic incompressibleturbulence in two dimensions,for which the Fourier-transformed
Navier{Stok esvorticit y equation takesthe form

@ z z
k K
(2.1) 3 " W = de qu%!p!q;
where denotescomplex conjugation. Here ¢ models time-independert linear dissi-
pation and the interaction coecient g = (2p q) (k+ p+ q) is antisymmetric
under permutation of any two indices, where 2 is the unit normal to the plane of
motion (= denotesa de nition). We restrict the integration to a bounded wave-
number domain D that excludesa neighborhood of k = 0. As a consequenceof
the an’rﬁymmetry of pq, (2.1) conser\eslig the inviscid limit = 0 both the en-
ergy 1 | dkj! «j°=k? and the enstrophy 3 dk j! «j.

We introduce anggrbitrary coarse-grainedgrid on D, to which we assaiate new

variables g = Kl k 'k dk; where  isthe areaof bin K. The exact evolution
of  isgivenby
@ « . X K
(2.2) 1) +hilyiy = P Q %!p!q ;
P:Q KPQ

where hi, denotesa bin averageand the operator
1 z z z

(2.3) h‘iKPQz:ﬁ de Pdp quf;

dependsonly on the bin geometry. The geometric factors i i, , 5 can be e cien tly
computed using a combination of analytical and numerical methods [1, 2, 3]; being
independert of both time and initial conditions, they need only be computed once
for eadh new wave-number partition. The reality condition! ¢ = « » where K
denotesthe inversion of bin K through the origin, will be respected for partitions
that possessnversion symmetry.

Equation (2.2) is unfortunately not closed. If ! ( were naively approximated by
its bin-averagedvalue g , onewould obtain

@ ) X

(2.4) > P 0
PiQ ¥ «ro

In the inviscid limit, (2.4) consenesthe coarse-grainedenstrophy %P Kk j2 K

sir|13ce kpq =CF KPOQ is antisymmetric in K $ P . However, the coarse-grainedenergy
Ioki«k ji° k =KZis not consened since pq =cf KPO =K ?2 is not antisymmetric
in K $ Q (here K denotesthe magnitude of somecharacteristic wave number in bin
K ). However, both of these desired symmetries can be reinstated by replacing the
factor ypq =0 po IN (2.4) with the slightly modied coecient hipg iy pq =Q?.
The relative error intro duced by this modi cation is negligiblein the limit of small bin

1The reality condition ! = ! ¢ Quarantees that the inverse Fourier transform of ! be real.
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size,being on the order of the squaredrelativ e variation in the wavenumber magnitude
over a bin. The result,

@K+hki K_X . QhkpquPQ )
K - 2 P Q»
@ P;Q Q

(2.5)

is @ more acceptablealternativ e as an approximation of (2.2) sinceit consenesboth
energy and enstrophy. Moreover, the time-averaged(or ensenble-averaged)momerts
of (2.5) satisfy equationsthat closely approximate the equations governing the exact
bin-averagedstatistics, even when ead bin contains many statistically independert
modes. That is, spectral reduction can provide an accurate statistical description of
turbulence, evenif the assumptionsleading to (2.5) are themselvesviolated.

Let us justify the above claim. A time average(denoted by an over-bar) of the
bin-averagedenstrophy equation derived from (2.1) leadsto

2
1@ '« b __E X o
(2.6) = K + Re jlkj = Re P o —AT T :
2 @ @ kP KPQ

P:Q
If the true vorticity is a cortinuous function of wave number, there will exist a wave
number in bin K suchthat ! = (. Furthermore, time-averagedquantities suc

asj! ka are generally smooth functions of the wave number k. We thus deducethat
j K j2 = j! j2 j! ka for all k in bin K : Similarly, the triplet correlation ', ! !,
is a smooth function of k, p, g when restricted to the surface de ned by the triad
conditon k + p+ q= 0.

To good accuracy the statistical averagesin (2.6) may therefore be evaluated at
the characteristic wave numbers K, P, Q of eadh bin. Hence, to the extent that
the wave-number magnitudes vary slowly over a bin, (2.6) may be reducedto the
(nonlinearly consenative) approximation

@ «j
@

. . 2 X
+ Rehyigj «j"=Re P Q

P:Q

hkpquPQ .
Q2 K P Q

1
(2.7) 5
which is precisely the ewlution equation for the time-averaged enstrophy obtained
from (2.5). Similar argumerts for the higher-order statistical momerts can also be
made, suggestingthat spectral reduction can indeed provide an accurate statistical
description of turbulence, evenwhen ead bin contains many statistically independert
modes. As the partition is re ned, oneexpectsthe solutions of (2.7) to corvergeto the
thoseof (2.6). Note that spectral reduction doesnot make a closureassumptionon the
triplet correlation o appearingin (2.7); it circumverts the closure problem
ertirely by reducing the number of triplet correlations to a tractable number, instead
of eliminating them in favor of lower-order statistical variables. Unlike statistical
closures,spectral reduction thus doesnot destroy the phaseinformation embodied in
the triplet correlation.

In Fig. 2.1, we demonstrate the excellert agreemem obtained in comparisonwith
a forced-dissipative pseudospectral simulation for a two-dimensional uid containing
coherert structures. We also compare to the predictions of the realizable test- eld
model [3]. In Fig. 2.2 we illustrate the scalingwith distancer of the angular average

Si10(r) of the tenth moment of velocity incremerts jv(r) v(O)jlo. Slight variations
in the predicted large-scalevelocities are evidernt as overall vertical o sets.
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Fig. 2.1. Comparison of the energy spectra obtained with several (radial angular) wave-
number partitions, the realizable test- eld model, and a 683 683 dealiased pseudospectral simulation.
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Fig. 2.2. Angle-averaged structur e function Sio(r).
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3. Statistical Equipartition. In the inviscid limit, spectral reduction hasbeen
shown to satisfy a Liouville theorem [5]. If the dynamics is mixing, the inviscid
systemwill then ewlve toward a state of equipartition [6, 8, 14, 16]. Unlike in three
dimensions, where there is an equipartition of the modal energies,one obtains in
two dimensionsan equipartition of a linear combination of the modal energiesand
enstrophies[13], as shawvn in Fig. 3.1.

When applying the method of spectral reduction with nonuniform bins it is nec-
essaryto accourt for additional internal statistical degreesof freedomby rescalingthe
time derivative @@ in (2.5) to ( o= k )@@, where ¢ is the minimum bin area:

@ . X Nipg i
3.1) LB k= e okt o g
P:Q

Equation (3.1) correctly leadsto an equipartition of a linear combination of the modal
(instead of bin) invariants, as illustrated in Fig. 3.1 numerically, using a specially
designed fth-order consenative Runge{Kutta integration algorithm that consenes
guadratic invariants to all ordersin the time step [4, 18].
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Fig. 3.1. Statistic al equipartition by spectral reduction with 16 8 (radial angular) nonuniform
polar bins. The dotted curve is the equipartition solution.

While this rescalingof time by the relative bin areadoesnot changethe steady-
state momert equations,it doesa ect the statistical tra jectory of the nonlinear system
of equationsand consequetly can a ect the resulting statistical solution, evenin the
presenceof forcing and dissipation. In particular, the use of the rescaledformulation
(3.1) appearsto be necessaryto obtain the theoretically expectedk 572 scaling of the
two-dimensional energy inversecascadeillustrated in Fig. 3.2.
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Fig. 3.2. The inverse energy cascade obtained using rectangular wave-number partitions and
a 341 341 dealiased pseudospectral simulation.

4. Implicit Integration Algorithm.  Unfortunately, the introduction of the
factor o= k in (3.1) greatly increasesthe sti ness of the spectrally reducedequa-
tions. Let us rewrite (2.5) in the form

dy
4.1 — = F(y);
(4.1) ot v);
where F represents both the linear and nonlinear terms in (2.5). We are faced with
the following problem: although there are many e cien t explicit (e.g Runge{Kutta)
schemesfor ewlving (4.1), these methods do not necessarilyprovide e cien t algo-
rithms for the rescaledsystem

(4.2) = F(y)=S;

where is a constart real diagonal matrix. The diagonal elemerns of  are the
relative areasof the waverumber bins. In a practical application of spectral reduction,
it is desirableto use wavenumber bins that becomelarger as the length scale (and
hencetime scale)decreasesConsequetly, the e ect of introducingthe factor is to
increasethe sti ness of the problem drastically.

In this work, we examinedthe prospect of developing an implicit nonlinear inte-
grator for this highly stiened cornvection problem. We tried to solve (4.2) with the
implicit midpoint rule (implicit second-orderRunge{Kutta algorithm)

y(t)+y(t+ )

(4.3) yt+ )=y@®+ S >
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This algorithm can be easily be shonn to consene all invariants that are quadratic in
y (which, for simulating a turbulent cascade,s a desirable property). Howewer, it is
dicult to nd solutions to the nonlinear system of equations (4.3) when is large.
One might try the Newton iteration

@.4) 1 TS, Ym=yO+ S() 31S i

where y = [y; + y(t)]=2, for i = 1;2;:::. Line-searding (backtracking) does not
appear to be e ectiv e for this problem sincethe local seard direction speci ed by the
gradient of the squarederror is not adequatefor nding an initial guessy; inside the
basin of attraction. We found that one solution to this problem wasto start with a
small valueof andincreaseit geometrically ead iteration, re-ewvaluating the Jacobian
at every iteration. Convergencewas then obtained with time stepsapproximately 10
times larger than that possiblewith convertional Newton iteration.

However, a more elegart solution to the problem of divergenceof the Newton
iteration is to usean adaptivetime-step. If the Newton iterator doesnot corvergeafter
a speci ed number of iterations, the time step is automatically reduced. Otherwise
the time step can be adjusted using an error estimate basedon the e ect of a single
implicit fourth-order Runge{Kutta iteration on the cornvergedsolution of (4.4). With
this scheme, we found that it wasthen no longer necessaryto increasethe time step
geometrically from a small starting value, as described above. The adaptive scheme
e ectiv ely accomplishedthe samebehavior automatically. In the end we were able
to use a time step that was about 500 times larger than the stability limit of an
explicit second-orderRunge{Kutta method. However, with such a large time step we
obsenedthat the implicit method intro ducedsigni cant error in the high-wavenumber
energy spectrum. Given the higher cost per time step of an implicit method, the
explicit Runge{Kutta methods still seemto be the most suitable integrators that we
have found for (3.1). We therefore usedthese explicit methods for all of the results
preseried in this paper. The prospect of dewveloping a better implicit integrator for
(3.1) remains a dicult, unsolved problem. Perhapsit is possible to dewelop an
alternativ e algorithm that exploits the fact that we seekonly momerts to (3.1) and
not the instantaneousvalues of the solution.

Although a practical numerical method has not yet beendeveloped to solve the
rescaledspectrally reducedequations, the rescalingcan be shown to be unnecessaryto
obtain the correct small-scalestatistical relaxation in the two-dimensional enstrophy
inertial range. The unscaledformulation (2.5), which is numerically tractable, may
thus be su cien t for describing (e.g as a subgrid model) the small-scaledynamics of
two-dimensional uid and plasmaturbulence.

5. Discussion. Spectral reduction appearsto be a promising candidate asa sta-
tistical description of turbulence, although for someapplications, a better numerical
schemeto solve (3.1) hasyet to be devised. The method a ords a dramatic reduction
in the number of degreesof freedom that must be explicitly ewlved in turbulence
simulations. It has been successfullyapplied to con rm the existenceof logarithmic
corrections to the velocity structure functions in the enstrophy cascadeand to lend
numerical support to recert theoretical and experimental claims [7, 17] that there are
no intermittency correctionsin the 2D enstrophy cascadein the absenceof an energy
cascade. We proposethat spectral reduction could be usedto assesshe e ect of
various dissipation mechanismsin large-eddysimulations, asa subgrid model, or even
as a substitute for full simulation of high-Reynolds number turbulence.
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