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Structure formation in various astronomical systems through magnetohydro-

dynamical(MHD) instabilities has been investigated. The e�ect of magnetic

�eld enhancement in sheared ows is studied as the eigenmode problem in a

non-self-adjoint system, and new mathematical and physical aspects of the in-

stability are shown. The mechanism for the faster structure formation in a

protoplanetary disk with MHD instabilities is suggested with linear analysis

and simulation. Experiments to simulate the plasmas of protoplanetary and

active galactic nuclei are also suggested. The coupling of magnetic �eld en-

hancement and magnetic buoyancy has been studied and mode coupling of two

instabilities are shown.

The stability of nonaxisymmetric perturbations in a di�erentially rotat-

ing astrophysical accretion disk is analyzed by fully incorporating the properties

of shear ows. The magnetorotational instability has been investigated as the

most promising instability to explain anomalous angular momentum transfer
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in accretion disks, and the existence of discrete unstable eigenmode holds a key

to resolve this problem.

The apparent narrow window of the age di�erence of the Sun and the

Earth is one of the most diÆcult problems in the planetary formation theory.

The magnetorotational, Parker, and kinematic dynamo instabilities under the

presence of magnetic �elds in the protoplanetary disk can greatly facilitate the

formation of density structures that may provide seeds of protoplanetesimals

prior to the onset of the gravitational Jeans instability. The individual e�ects of

these instabilities have been studied over decades, but the combination e�ects

of these instabilities in the protoplanetary formation have not been investigated

yet. Such a seeding process may explain the age di�erence of the Sun and the

Earth, as well as other outstanding planetary formation puzzles, which can not

be explained by the conventional planetary formation theory, in the planetary

genesis. These puzzles are further compounded by the recent discoveries of

extrasolar planets and a new insight into the equation of state of dense matter

by gas-laser gun experiments.

The unstable eigenmodes with complex and pure imaginary eigenvalues

without any arti�cial disk edge boundaries is shown to be discrete. The nonlo-

cal behavior of eigenmodes in the vicinity of Alfv�en singularities at !D = �!A
is investigated mathematically and physically, where !D is the Doppler-shifted

wave frequency and !A = kkvA is the Alfv�en frequency. The spectrum of

discrete eigenmodes and the dependence of the growth rate on magnetic �eld

and wave number are calculated over a wide range of variables. Exponentially
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growing modes may be present even in a region where the local dispersion rela-

tion theory claims to have stable eigenvalues. The velocity �eld created by an

eigenmode is obtained, which may explain the anomalous angular momentum

transport in the nonlinear stage of this stability.

The e�ects of the Parker, magnetorotational(Balbus-Hawley), and kine-

matic dynamo instabilities are evaluated by comparing the properties of these

instabilities in protoplanetary disks. The mass spectra of aggregated density

structures are calculated by the above mechanism in the radial direction for ax-

isymmetric MHD torus equilibrium and power-law density pro�le models. The

mass spectrum of density aggregates due to the magnetorotational instability

may describe the origin of giant planets away from the central star such as

Jupiter. Local three-dimensional MHD simulation indicates that the coupling

of the Parker and magnetorotational instabilities creates spiral arms and gas

blobs in the accretion disk, reinforcing the theory and model. Such a mecha-

nism for the early structure formation for planets may be tested in a laboratory.

The recent progress in experiments involving shear ows in rotating tokamak

and laser plasmas may become a key element to advance in nonlinear studies.

The schematics of protoplanetary and active galactic nuclei disk simulation

experiments are suggested based on the growth rate ratio analysis.

The coupling of the magnetorotational and the Parker instabilities is

studied here by three-dimensional MHD simulations. The coupling of these

instabilities is analyzed linearly, and preliminary results are shown. Due to the

coupling of the magnetorotational and the Parker instabilities via magnetic
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�eld, resonant frequencies are coupled. The linear analysis shows that reso-

nances occur not only at Alfv�en frequency, but also other frequencies which are

coupled with the Brunt-V�ais�al�a frequency.
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Chapter 1

Introductory Outlines

At least 99% by mass of the universe is �lled with plasma. More importantly,

most of such plasmas are magnetized in which collective interaction plays a cru-

cial role. Such interaction may facilitate or accelerate the evolutionary process

of astrophysical objects [1]. One of the most energetic phenomena observed in

the universe(i.e. jets ejected from nuclei of active galaxies and quasars) origi-

nates from the gravitational energy release in the accretion of outlying mass by

central massive objects. Understanding the dynamic behavior of magnetized

plasma holds a key to understanding accretion and formation of astronomical

objects. The astrophysical question on the formation of jets, galaxies, stars

and planets is hinged to such complex disk dynamics. The crucial point of this

astrophysical problem is that of collective plasma physics phenomena, which

enables the obtaining of a physical understanding of accretion, instabilities and

transport processes. How does interstellar cloud lose the angular momentum

necessary to accrete to a black hole? Without an eÆcient removal mechanism

of the angular momentum, the gravitational force of a central star or black hole

is not suÆcient to cause accretion of gravitationally bound gas, since the gas

stops its inward fall to the central massive object when the gravitational force

in the radial direction is balanced by the centrifugal force of the gas. The tur-
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bulent plasma physical process of anomalous transport of angular momentum

in the accretion disk is instrumental in understanding the accretion process.

For example, take the problem of planetary genesis. The Sun was born

some 4:5 Gyr ago and the Earth(and other planets in our Solar system, it is

believed) was also born approximately 4:5 Gyr ago. We may ask why the Earth

was created so quickly after the Sun's formation(immediately after the Solar

formation, in the astronomical time scale). Can plasma physical processes be

used to resolve this puzzle in the rapid formation of planets by accelerating the

formation and evolution of protoplanetary structure?

In order to investigate this possibility, we lay a ground framework of the

stability of the protoplanetary(and, in fact, general) disk plasma. We recognize

that the presence of magnetic �elds in such a disk plays a fundamental role in

determining their transport properties. The development of such a theory has

been hampered, however, by the diÆculty of establishing an adequate math-

ematical frame work to handle the dynamics of sheared ow systems. In this

dissertation, three instabilities destabilized by magnetic �elds in a disk have

been investigated as a key to describing the accretion and planetary formation

mechanism. Chapter 2 discusses the stability of nonaxisymmetric perturbations

in di�erentially rotating astrophysical accretion disks. In Chapter 3, planetary

formation in a protoplanetary disk has been investigated by linear and nonlin-

ear simulations. Chapter 4 then discusses the stability in accretion disks by

including the gravitational e�ect from the central object of disks.

The outline of the dissertation is as follows. Each chapter is self-

contained with respect to the analysis.
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Chapter 2: Robustly Unstable Eigenmodes of the Magnetorotational

Instability in Accretion Disks

The magnetorotational instability in an accretion disk is studied via lin-

ear stability analysis. Unstable nonaxisymmetric eigenmodes in accretion disk

are found to be discrete, and the mechanism of anomalous angular momentum

transfer via this robust instability in an accretion disk is explained physically

and mathematically.

The existence of the anomalous angular momentum transfer is suggested

by �tting the theoretical and observed durations of the quiescent and bursting

phase of dwarf novae [2]. The most promising instability is the magnetorota-

tional instability, initially discussed by Velikhov [3] and Chandrasekhar [4], and

Balbus & Hawley [5] pointed out the importance of this instability in accre-

tion disks. The frame work of global nonaxisymmetric eigenmode analysis of

the magnetorotational instability has been done [6], and the eigenmodes they

found are examined again to show these eigenmodes are discrete with in�nite

boundary conditions.

In Chapter 2, the mathematical and physical properties of global non-

axisymmetric eigenmodes of the magnetorotational instability is examined,

and eigenmode discreteness is demonstrated using a highly accurate shoot-

ing method. The symmetry structure of eigenmodes in the complex-frequency

plane and the velocity �eld is identi�ed. The study of the growth rate on

magnetic �eld strength and wave number determines the maximum growth

rate, and reveals merging and splitting of the eigenmodes. The physical and
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mathematical characteristics of the eigenmodes at Alfv�en resonance points is

examined to show energy conversion from kinematic energy to magnetic �eld

energy and vice versa, which is used to postulate a key aspect for anomalous

angular momentum transfer in accretion disks.

Robustly unstable discrete eigenmodes present at various radii may over-

lap with each other, creating a mesoscale radial structures in an accretion disk.

This overlapping of local eigenmodes occurs at any radius, making the entire

accretion disk turbulent, accelerating the momentum transfer. This overlap-

ping of local modes to form semiglobal eigenmodes is mathematically similar

to the global drift wave problem in tokamaks. The importance of the e�ect

was showing by global simulation [7].

Chapter 3: Structure Formation through Magnetohydrodynamical

Instabilities in Protoplanetary Disks

The structure formation in protoplanetary disks without self-gravitation

is discussed, and the applicability of such shear-ow structure to laboratory

plasmas is examined. The structure formation of massive accretion disks, and

protoplanetary disks has been discussed with hydrodynamical instabilities [8{

13]. Three-dimensional simulations of protoplanetary disks (e.g., [14, 15]) sug-

gest the importance of MHD instabilities, and independent e�ects of MHD in-

stabilities have been investigated: magnetorotational instability [1,3{5], Parker

instability [16, 17], kinematic dynamo [18{21]. Here another possible mecha-

nism is suggested for the protoplanetary formation with the combination of

three MHD instabilities. In this chapter, the evolution of a protoplanetary
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disk is shown by comparing the growth rate ratios of three MHD instabilities,

the magnetorotational, Parker and kinematic dynamo. The Parker instabil-

ity extracts magnetic �eld energy from a disk [17], while the others enhance

magnetic �eld energy [1, 3, 4]. Because magnetic �eld enhancement compen-

sates the magnetic �eld energy extraction from a disk, the couplings of the

Parker and two other instabilities are critical to the study of structure forma-

tion. It is found that in the early stage(weakly magnetized) of disk evolution,

the magnetorotational instability dominates in the outer(r > 1AU) region,

while the Parker instability is dominant in the inner(r < 1AU) region. In a

later(moderately magnetized) stage, the three instabilities compete with each

other, creating complex disk structures.

Based on the linear analysis of growth rate ratios, radial mass spectra

are estimated, assuming two di�erent density pro�les. The spectrum with a

potential density pro�le [22] has a maximum at some radius in a disk, indicat-

ing the global mass accretion in the radial direction by the magnetorotational

instability. This dense region can accrete gas further by self-gravitation, and

large mass planets, such as Jupiter, may be created in this dense region. Three

dimensional local box simulation agrees the results of linear analysis, showing

spiral and blob structures in an accretion disk due to the magnetorotational

and Parker instabilities.

Even though it is important to measure magnetic viscosity in a proto-

planetary disk, direct observational measurement of magnetic viscosity is not

easy since the strength of magnetic �eld in protoplanetary disks is weak(1 � 10

Gauss). The applicability of shear-ow structure to a laboratory created plasma

is thus important for measuring the magnetic viscosity experimentally. Exper-
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imental simulations of planetary disk plasma issued in a plasma con�ned in a

tokamak or a transiently formed laser created plasma are considered, and the

applicability is discussed in terms of the growth rate ratios of the magnetorota-

tional, Parker, and kinematic dynamos. Critical issues for applications to such

laboratory plasmas are addressed.

Chapter 4: The Coupling of the Magnetorotational and Parker In-

stabilities

As I will show in Chapter 3, the coupling of the magnetorotational and

Parker instabilities is one of the most critical issues of the structure formation

in accretion disks. It is clear that these two instabilities are coupled, since

the magnetic �eld is enhanced by the magnetorotational instability, while the

magnetic �eld energy is continuously extracted from a disk by the magnetic

buoyancy(the Parker instability). Three-dimensional MHD simulations(e.g.,

[14,15]) indicated the importance of the coupling of these instabilities, but this

coupling e�ect has investigated only by solving the initial value problem [23,24].

In this work, the wave equation of eigenmodes, and the coupling is discussed

by analyzing singular points of the wave equation. The dispersion relation

indicates that the presence of the Alfv�en continuum of the magnetorotational

instability is maintained even under the inuence of the Parker instability, while

the Brunt-V�ais�al�a frequency [26] couples with the Alfv�en frequency, creating

two di�erent continua.



Chapter 2

Robustly Unstable Eigenmodes of the

Magnetorotational Instability in Accretion

Disks

2.1 Anomalous Angular Momentum Transfer in Accre-

tion Disks

Over the last several years, the presence of magnetic �elds in a di�erentially

rotating plasma has become a key ingredient in the consideration of a mecha-

nism of accretion disk turbulence and its associated large anomalous angular

momentum transport inside the disk. Various hydrodynamical models without

magnetic �elds have been investigated to explain this anomalous viscosity: con-

vective turbulence [25, 27], global hydrodynamic shear ow instability [28{30],

hydromagnetic turbulence [31{36], and external factors, such as the gravita-

tional �eld of a companion star [37,38]. However, several investigations [39{41]

suggest that the convective turbulence might actually transport angular mo-

mentum inward more e�ectively than outward, i.e. it slows down the accre-

tion. Another problem for the convective turbulence is that disks might be

convectively stable [42]. Although hydrodynamic shear ow instability has

been studied extensively as a possible mechanism of generating turbulence, its

contribution to the anomalous angular momentum transfer was shown to be

7
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too small. The momentum transfer is parameterized by the viscosity parame-

ter � = �=CsH, where � is the viscosity, Cs is the sound speed, and H is the

height of an accretion disk, and its value is estimated to be of the order of 0:1 by

�tting the theoretical and observed durations of dwarf novae [2]. The contribu-

tion of the hydrodynamic shear ow instability was shown to be only O(10�3)

in geometrically thin Keplerian disks [43]. The presence of a companion star

or massive planet, required for the source of external gravitational �eld, does

not seem to be suÆciently general to take into account for disk accretion in

most cases. Thus, all of these hydrodynamical instabilities have problems as a

candidate to explain the anomalous angular momentum transfer in accretion

disks.

The presence of magnetic �elds in a sheared rotating gas cylinder makes

the gas unstable against axisymmetric perturbations [3,4]. The presence of this

robust instability was re-recognized [5] and con�rmed by nonlinear ideal MHD

simulations [44, 45]. The normal mode analysis [46] of this local magnetorota-

tional instability showed the existence of unstable axisymmetric eigenmodes.

This robust instability has been invoked [47] as a most promising candidate

mechanism for the anomalous viscosity puzzle(e.g., [1]).

Even though the observed mean magnetic �eld of the Galaxy is of the

order of �G, global simulations shows that dynamo action driven by the mag-

netorotational instability ampli�es the magnetic energy in 10 � 20 rotational

periods in accretion disks [48], which is of the order of 104yr for the Solar sys-

tem, to make � = 8�P=B2 from 1000 to a quasi-steady state with � � 10.

Since the mean temperature of an accretion disk is of the order of 100K, the

mean magnetic �eld in an accretion disk can then be 10�3 � 1G for electron
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density ne = 104 cm�3.

A numerical investigation of nonaxisymmetric magnetorotational modes

has been carried out by adopting shearing coordinates(e.g., [49]). Matsumoto

& Tajima [6] analyzed nonaxisymmetric nonlocal eigenmodes which are sand-

wiched by two Alfv�en singularities around the corotational point and are in-

sensitive to the disk edge boundaries and grow exponentially in time. These

modes are distinct from the modes discussed by Ogilvie & Pringle [50], which

are nonaxisymmetric modes contained within cylindrical boundaries and whose

properties depend strongly on solid edge boundary conditions.

In this chapter, the discreteness of nonaxisymmetric eigenmodes ques-

tioned by Ogilvie & Pringle [50] is examined. The analysis is performed in the

frame rotating with the local angular velocity, which is adopted in nonaxisym-

metric mode analysis [6,50], since eigenmodes evolve exponentially in time. The

resolution of this question is important in the theory of accretion disk. Unless

this magnetorotational instability is a robust mode insensitive to the boundary

conditions, the long search of candidate mechanisms for anomalous viscosity of

accretion disks needs to be continued. The criticism of Ogilvie & Pringle [50]

is interesting because it reects the diÆculty and the extreme mathematical

and physical subtlety involved in the nature of this mode around the Alfv�en

singularity. The problem is made challenging by the non-self-adjointness of the

di�erential equation that describes eigenmodes, arising from the presence of

shear ows. It is important to investigate such a system mathematically and

physically in order to understand the argument by Ogilvie & Pringle and to

aptly respond to it. In the end such analysis has been developed: it is found that

the magnetorotational unstable eigenmodes are discrete, robust and insensitive
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to the boundary conditions, as Matsumoto & Tajima originally thought [6].

As stated in x2.2, the main di�erence between Ogilvie & Pringle and Mat-

sumoto & Tajima are the boundary conditions. Even though both analysis

solved identically for the same MHD equations, Ogilvie & Pringle employed

solid inner and outer boundaries in the radial direction, whereas Matsumoto &

Tajima [6] employed in�nite boundary conditions. The eigenmodes derived by

Ogilvie & Pringle show strong dependence on the boundaries which indicates

the importance of the proper boundary condition in the radial direction, while

Matsumoto & Tajima's eigenmodes are con�ned radially by the Alfv�en singular

points and can be exited anywhere in a disk.

In x2.2, the wave equation in a di�erentially rotating magnetized disk

is derived again, based on the analysis of Matsumoto & Tajima [6], and then

the basic properties of the wave equation are discussed. It is shown that dis-

crete nonaxisymmetric eigenmodes exist, which are bu�eted by a pair of Alfv�en

singularities where the Doppler-shifted wave frequency equals the Alfv�en fre-

quency. The numerical calculation of the eigenmodes with their Alfv�en fre-

quency and wave number dependence is discussed in x2.3. The results with the
local dispersion relation are compared to show these eigenmodes are discrete.

Astrophysical implications and conclusions are discussed in x2.4.

2.2 Analytical Properties of Non-Self-Adjoint Equation

near Alfv�en Singularity

In this section, the MHD stability of magnetorotational modes in the co-

rotating frame of the uid is considered. The basic ideal MHD equations in
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the frame rotating with angular velocity 
 are

 
@

@t
+ (v � r)

!
v = �1

�
rP +

(r�B)�B

4��
+ g

+ 2v �
+ (
� r)�
; (2.1)

@B

@t
=r� (v �B); (2.2)

where g is the gravitational acceleration and r is the position vector. Incom-

pressibility is assumed for simplicity,

r � v = 0: (2.3)

Note that the sound resonances are suppressed because of incompressibility.

Self-gravity is also ignored, which is not essential for the magnetorotational

instability.

The local Cartesian coordinates (x; y; z) in the rotating frame are used

where the x-axis is in the radial direction, the y-axis in the azimuthal direction,

and the z-axis parallel to 
. For the radius r0 from the central object, the

local angular velocity is 
 and the shear is d
=dr = �(3
(r0)=2)=r0 for the
Keplerian disk. We introduce the linearly sheared velocity vy = �(3
(r0)=2)x,
where x = 0 is the local co-rotating radial position. The curvature e�ect is

ignored(x; y; z � r0) in the local coordinates. The wave equation is derived

by linearizing the basic equations around the equilibrium state and seeking

solution of the form ~�(x; t)exp[i(kyy + kzz)]. The wavenumbers ky and kz

are assumed to be kyr0 � 1 and kzH � 1, where H is the height of the

disk, for justifying the assumption of local Cartesian coordinates. The limit of

using local Cartesian coordinates will be discussed in x2.4. In this chapter, an

accretion disk is assumed to be uniform in the z direction, and the z component
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of gravity gz is ignored, since it destabilize the disk in z direction via the Parker

instability. This assumption is valid for the region near the equatorial plane of

the disk. In Chapter 4, more general case will be discussed, including uniform

gravity in the z direction. Even though the gravity near the equatorial plane

of an accretion disk varies as gz = gz0z as shown in Chapter 3, adding uniform

gravity to the system makes it diÆcult enough.

In the unperturbed state, the density, pressure and magnetic �eld are

taken to be uniform. The assumption of vx = vz = Bx = 0 in the unperturbed

state yields the unperturbed momentum equation,

g + 2v0 �
 + (
� r)�
 = 0: (2.4)

Note that the unperturbed equation has y component, but all the terms are ob-

viously cancelled with each other about y = 0 in the local Cartesian coordinate,

which agrees with cylindrical coordinates.

Next, the Laplace transform of the perturbation, ��(x; !), is employed,

��(x; !) =
Z 1

0
dt~�ei!t: (2.5)

Substitution of the Laplace transformed momentum and induction equations

into the continuity equation yields (see [6] and Chapter 4 for details) the initial

value equation

d2�vx
dx2

+
3
!2

Aky
!D(!2

D � !2
A)

d�vx
dx

+

"
� (k2y + k2z)

� 9
2k2y!
2
A

2!2
D(!

2
D�!2

A)
+ 
2k2z

!2
D+ 3!2

A

(!2
D�!2

A)
2

#
�vx=�(x; !); (2.6)

where !D is the Doppler-shifted frequency,

!D = ! +
3

2

kyx; (2.7)



13

and !A is the Alfv�en frequency,

!2
A =

(k �B)2

4��
= k2kv

2
A; (2.8)

where k2k = k2y +k2z . The initial conditions of magnetic and velocity �elds enter

through the source function �(x; !).

The wave equation is derived by expressing the homogeneous part of

Eq. (2.6) in terms of the normalized radial coordinate

� =
3
ky
2!A

x =
x

�x
(2.9)

as

d2�vx
d�2

+
2!3

A

!D(!2
D�!2

A)

d�vx
d�

+

"
� 4

9

 
1 +

1

q

!�
!A



�2

� 2!4
A

!2
D(!

2
D � !2

A)
+
4

9

!2
A

q

!2
D + 3!2

A

(!2
D � !2

A)
2

#
�vx

� D(!; �)�vx = 0; (2.10)

where the ratio of the squares of the azimuthal and vertical wave number is

de�ned as

q =
k2y
k2z
; (2.11)

and �x is the normalization length in the z direction. The di�erential equation

(2.10) have three singularities, two of which located at !D = �!A, which
are called the Alfv�en singular points, and the other at !D = 0, called the

corotational point. The normalization length �x can be estimated in terms of

q,

�x =
2vA
3


s
1 + q

q
=

s
1 + q

q
�109 � 1013cm =

s
1 + q

q
�10�4 � 1AU; (2.12)
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where B = 1G, n = 104cm3, and 
 = 10�9cm�1 is used. The range of �x,

which also determines the length between the Alfv�en singular points, is much

smaller than the size of the disk unless the perturbation is nearly poloidal(q�
1). Note that Eq. (2.10) is identical to the wave equation of Couette ow

between concentric cylinders [4], if the curvature e�ect is included.

Unstable eigenmodes may exist when the solution satis�es the boundary

condition

lim
j�j!1

�vx = 0 (2.13)

in the upper half of the complex !-plane reference. This boundary condi-

tion makes these eigenmodes distinct from the modes found by Ogilvie &

Pringle [50], which are con�ned in rigid cylindrical boundaries and strongly

dependent on the boundary condition. Their problem set up follows the tradi-

tional problem of couette ow between concentric cylinder rather than the free

boundaries of the in�nite domain of astrophysics. In order to have an overall

angular momentum transport across the entire disk, it is imperative to have

unstable modes within the disk, not just on the boundaries of the disk. To

investigate the interior of the accretion disk, eigenmodes should not depend on

the edge boundary conditions. The eigenmodes which arise from �nite bound-

aries may contribute to the angular momentum only near the "edge" of the

disk. This mode found by Matsumoto and Tajima [6], which is not a�ected by

the edge, grows whenever the eigenfunction is located between two Doppler-

shifted Alfv�en points. Since the positions of those points are determined in

co-rotating frame, the origin of the frame can be anywhere in the disk if the

normalization length �x is smaller than the size of the disk. The boundary

condition then assures that the momentum transport resulted from the super-
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position of the growing eigenmodes which can occur throughout the accretion

disk.

The proper boundary condition interior of the disk can be easily exam-

ined by inspecting the asymptotic form of the basic di�erential equation (2.6)

of the system. This indicates that the leading radial dependence of Eq. (2.6)

leads to the exponential form vx / e�kxx. This mathematics is, of course, most

reasonable and physical as well, because the wave energy is provided from one

of the two Alfv�en singular layer to the mode, whose energy is dissipated again

at(or near) the other Alfv/'en singular layer.

Since the wave equation (2.10) is not self-adjoint due to the existence

of the ow shear, the square of the eigenvalue !2 is not guaranteed to be real,

which any self-adjoint system always satis�es. The fact that the eigenvalue is

not pure real or imaginary but in general complex prevents us from applying

the Strum-Liouville theory to this system. Note that if ky = 0, Eq. (2.6) is

reduced to self-adjoint,

d2�vx
dx2

+ k2z

"
�1 + 
2 !2 + 3!2

A

(!2 � !2
A)

2

#
�vx = 0; (2.14)

and its stable eigenvalue constitutes the Alfv�en continuum. The analysis of

this mode has been done by Chandrasekhar [4]. The stable MHD Alfv�en wave

continuum consists of singular modes at every singular point ! = !A. The

kinetic theory corrections to the MHD Alfv�en wave continuum modes is well

known [51, 52]. Now ky is assumed to be ky 6= 0.

It is found that the eigenmodes possess certain symmetry properties,

which originate from the character of the di�erential operator and radial sym-

metry. The di�erential operatorD(!; �) is invariant under the operation (!; �)!
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(�!�;��) because of radial symmetry, where �� is the complex conjugate of

�. Note that the operation � ! �� is the same as changing the direction of

the rotation 
 ! �
. This is a local mirror(reection) symmetry. Taking

conjugate of Eq. (2.10) and changing �� to � yields

D(!; �)�vx(!; �) = D(�!�;��)�v�x(�!�;��) = 0: (2.15)

Thus, if ! is an unstable eigenvalue of Eq. (2.10), �!� is another unstable

eigenvalue whose eigenfunction �v�x(�!�;��) satis�es the relation (2.15). Espe-
cially, when ! is pure imaginary, i.e., �!� = !, the real part of eigenfunction

is symmetric and the imaginary part antisymmetric with respect to � = 0,

�v�x(!;��) = �vx(!; �): (2.16)

These properties of the particular non-self-adjoint operator being considered

indicates that this system has complex eigenvalues in general, which di�ers

from an ideal MHD self-adjoint system, and one unstable eigenvalue has an-

other unstable companion. This symmetry of non-self-adjoint system and the

comparison between self-adjoint and non-self-adjoint eigenvalues in complex-!

plane is shown in Fig. 2.1.

Next, I look for the solution of the wave equation (2.10). The boundary

conditions for these ideal MHD modes we are interested in are that the eigen-

mode resides and is di�erentiable around the corotational point and sandwiched

by a pair of the Alfv�en singularities, and decays toward � ! �1. Note that

these physical boundary conditions preclude the usual Kelvin-Helmholtz(K-H)

instability eigenmodes [53, 54]. The boundary conditions generic to the K-

H mode is to match the dissipative structure at the corotational point. The
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Re(ω) Re(ω)

Im(ω) Im(ω)

Ideal MHD Self-Adjoint System This Non-Self-Adjoint System

Continuum

ω−ω∗

Figure 2.1: Symmetry of a nonself-adjoint system and the comparison between
self-adjoint and nonself-adjoint eigenvalues in complex-! plane. Discrete modes
are denoted by crosses. The eigenvalue of the self-adjoint operator should be
purely real or imaginary, and the eigenfunctions are predictable by Strum-
Liouville theory. However, there is no such restriction for the eigenvalue of the
nonself-adjoint operator, and ! and �!� make a pair of unstable solutions,
indicated by a dashed line in the �gure.

properties of these eigenmodes may be investigated by analyzing the solution

around the spatial coordinates of interest by using the Frobenius expansion [55],

in particular around the Alfv�en singular points. It is of particular signi�cance

to examine analytical properties of the Frobenius expression around the Alfv�en

singularities in order to examine the question raised by Ogilvie & Pringle [50]

against the eigenmodes obtained by Matsumoto & Tajima [6]. An appropriate,

compatible numerical method for these eigenmodes is, therefore, the shooting

method that starts from an exponentially decaying functional form at � = �1
and shoots toward the corotational point �c, where two sides of the function

should smoothly (di�erentiably) match.(This will be closely examined in the

next section.)
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The velocity �vx in Eq. (2.10) is expanded using,

�vx(�; s) =
1X
n=0

an�(� � �A�)
n+s (2.17)

in the vicinity of the Alfv�en singularities !D = �!A or � = �A�, where �A� is

de�ned by

�A� = �1� !

!A

= �1� !0r � i!0i; (2.18)

and !0r(!
0
i) is the real(imaginary) part of !=!A. Assuming !

0
i � 1 and applying

the Frobenius method in the vicinity of the regular singular points � = Re(�A�),

the indicial equation for the exponent s for Eq. (2.10) is given by

s2 +
!0i(!

0
i � 3i)

2� 3i!0i � !0i
2 s+

4

9q

"
4� 2i!0i � !0i

2

(2� i!0i)
2

#
= 0: (2.19)

Note that the eigenfunction is irregular and oscillates inde�nitely at � = �A�

whenever s has imaginary component, provided Re(s) is nonpositive integer,

�vx(�; s) = (� � �A�)
Re(s�) exp [Im(s�) log j� � �A�j] : (2.20)

The singular points are on the real axis if and only if the eigenvalue ! is real.

In general, the indices are given by

s� =
!0i(!

0
i + 3i)

2(2� i!0i)(1� i!0i)
�
"
� 1

�
vuut1� 16

9q

(4� 2i!0i � !0i
2)(1� i!0i)

2

!0i
2(!0i + 3i)2

3
5 ; (2.21)

for � = �A+, and

s� =
!0i(!

0
i � 3i)

2(2 + i!0i)(1 + i!0i)
�
"
� 1

�
vuut1� 16

9q

(4 + 2i!0i � !0i
2)(1 + i!0i)

2

!0i
2(!0i � 3i)2

3
5 ; (2.22)
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for � = �A�. Since s is not integer, being typically an irrational complex

number, the solution is not analytic at the Alfv�en singular points.

Now, some special cases are investigated. First, when the eigenvalue is

pure real, i.e., !0i = 0, the indices are purely imaginary,

s = � 2

3
p
q
i; (2.23)

the eigenfunction oscillates inde�nitely towards the singular point. As the

eigenmodes oscillate inde�nitely around the Alfv�en singularity, it is found that

the eigenvalue becomes continuous in this pure real case to form the Alfv�en con-

tinuum. Note that the boundary condition in this case becomes special in that

we need to shoot outward from � = �c. Here �c is the corotational point where

!D = 0 or �c = �!=!A. We can no longer shoot from the outer boundaries to

the region between two Alfv�en singular points without introducing dissipation

in the vicinity of the Alfv�en resonance points.

At Alfv�en resonance points, nonlinear energy transfer occurs due to

the kinetic Alfv�en wave dissipation by wave particle interactions [51, 56]. The

spatial length of the dissipation is determined by introducing �nite ion Lamor

radius, and the boundary conditions at the boundaries between the resonance

and wave regions allow us to connect the inner and outer solutions.

Second, when !0i � 1, which is similar to the �rst case but now the

singular points are not on the real axis, the solutions are

s� = �
"

2

3
p
q
i� 3

32

p
q!0i

#
; (2.24)

for � = �A+, and

s� = �
"

2

3
p
q
i +

3

32

p
q!0i

#
; (2.25)
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for � = �A�, whose solution oscillates limited times in the vicinity of the singular

points on the real axis, but not inde�nitely, and the solution is regular on the

real axis.

Third, when the perturbation is nearly toroidal (ky � kz; q � 1), as

in the accretion disks far from their source, the eigenvalue is complex. In this

case, square term in s is expanded to the order of 1=q, which yields

s� =
!0i(!

0
i + 3i)

2(2� i!0i)(1� i!0i)
�
"
� 1

�
 
1� 8

9q

(4� 2i!0i � !0i
2)(1� i!0i)

2

!0i
2(!0i + 3i)2

!#
; (2.26)

for � = �A+, and

s� =
!0i(!

0
i � 3i)

2(2 + i!0i)(1 + i!0i)
�
"
� 1

�
 
1� 8

9q

(4 + 2i!0i � !0i
2)(1 + i!0i)

2

!0i
2(!0i � 3i)2

!#
; (2.27)

for � = �A�. When the perturbation is pure toroidal, the second term in the

square brackets in Eqs. (2.26) and (2.27) vanishes and s is given by

s = 0; � !0i(!
0
i + 3i)

(2� i!0i)(1� i!0i)
; (2.28)

for � = �A+, and

s = 0; � !0i(!
0
i � 3i)

(2 + i!0i)(1 + i!0i)
; (2.29)

for � = �A�. The eigenfunction corresponding to s = 0 is regular, and the latter

one diverges logarithmically at the singular point, when ! is real. Finally, when

the perturbation is nearly poloidal(ky � kz; q � 1), as may occur in accretion

disks close to their source, s is

s� = � 2i

3
p
q

q
4� 2i!0i � !0i

2

2� i!0i
; (2.30)
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for � = �A+, and

s� = � 2i

3
p
q

q
4 + 2i!0i � !0i

2

2 + i!0i
; (2.31)

for � = �A�, which reduces to the roots of the �rst case when the eigenvalue is

pure real.

The exponent s at the corotation point !D = 0 (or �c = �!=!A) is
given by

s =
1

2(!0i
2� 1)

�
!0i

2� 3�
q
!0i

4� 14!0i
2+ 17

�
: (2.32)

When !0i
2 � 7 + 4

p
2, the eigenvalue is regular at the corotation point, since

both indices are real and positive. When 0 � !0i
2 < 1, indices are still real,

and one of them is positive. This is the solution that is consistent with the

matching condition at � = 0 of the shooting method discussed in x3. When

1 < !0i
2 � 7+4

p
2, the corotation point is singular since two indices are real and

negative in the region 1 < !0i
2 � 7�4

p
2, and complex in the region 7�4

p
2 <

!0i
2 < 7 + 4

p
2. When !0i

2 = 1, the eigenfunction has irregular singularity

at the corotation point. Again, even though the eigenfunction is irregular at

the corotation point, the physical eigenmodes on the real �-axis is regular.

Moreover, since all the coeÆcients of the di�erential equation (2.10) are real

at the corotation point even when the eigenvalue is complex, the eigenfunction

should be real at � = �c.

Although irregular in the vicinity of the Alfv�en singularities or the coro-

tation point in most cases, eigenfunctions are not irregular in the physical sense

unless the singularities are on the real axis. Instead, the oscillatory behavior

and amplitude of the eigenfunction around the Alfv�en singularities directly re-

ects the physical eigenfunction behavior on the real �-axis, especially if !0i
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is small, i.e., the Alfv�en frequency is larger than the imaginary part of an

eigenfrequency, !A � !i.

When the eigenvalue ! and the index s are both complex, the eigenfunc-

tion oscillates inde�nitely in the vicinity of the singularity due to the imaginary

component of the index s(see Eq. [2.20]). In this case, the physical eigenfunc-

tion on the real �-axis also oscillates very rapidly in the vicinity of the point

which is the projection of the complex singular point to the real �-axis, but the

physical eigenfunction oscillates only �nite times because the projected point

is not a singular point.

When the real component of s is negative, the eigenfunction diverges at

the singularity(Eq. [2.20]). The amplitude of the physical eigenfunction on the

real �-axis is large at the projected singular point on the real �-axis. However,

since the projected point is not a singular point, the eigenfunction does not

diverge at this point. It is also clear that the eigenvalue is regular even if the

singular point is a branch point, since the branch cut of the eigenvalue can be

chosen without crossing the real �-axis.

If the eigenvalue is real, the singularities are on the real �-axis and

eigenfunction is irregular in the physical sense. Pure real eigenvalue cases will

be discussed in x2.3.

2.3 Robustly Unstable Magnetorotational Eigenmodes

The eigenvalues of the wave equation (2.10) are calculated numerically by

the shooting method with the boundary condition discussed in x2.2. Since

Eq. (2.10) may have three singularities(corotation point and two Alfv�en res-
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onances), complex initial value is chosen to avoid Alfv�en singularities on real

axis, and integrate("shoot") Eq. (2.10) on the real �-axis from the left and

right asymptotic boundaries(which are far removed from any of the particular

singular points) to the corotation point, where their value and �rst derivative

of the eigenmode are to be matched. If they are not matched, the eigenvalue

!0 is changed appropriately until it will be matched. This iterative method is

generally called the "shooting method" for eigenvalue problems. Spatial steps

of the integration are smaller in the vicinity of the point where the Alfv�en point

is projected on the real �-axis than other regions, in case the eigenvalue is al-

most real but still complex. By using the Newton method to decrease errors of

a trial function [57], higher accuracy and faster convergence than the previous

shooting codes is obtained. The error in the trial function is measured by the

squares of the function itself and the �rst derivative of it at the matching point.

This allows me to search for subtle singular and regular eigenfunctions over a

wide range of parameter values.

In order to satisfy the boundary condition (2.13), �v0x=�vx = k� is imposed

at the numerical boundaries � = �10 (corresponding to the arti�cial in�nity),

where k� are the negative and positive solutions of the quadratic equation

given by inserting the functional form �vx = exp(k�x) into Eq. (2.10). In the

calculations below, on the numerical boundaries � = �10, the leading term of

Eq. (2.6) is always the �rst term of the coeÆcient of �vx, which is of the order

of 1, and other terms are of the order of 0.01 or lower, which justify to use the

exponential asymptotic solution on the numerical boundaries. The assumption

for the boundary condition is valid as far as these estimations are valid.

Figure 2.2 shows examples of eigenfunctions �vx obtained by this shoot-
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(a) (b)

Figure 2.2: Examples of the eigenfunctions of the nonaxisymmetric magne-
torotational instability in a Keplerian disk. Solid curve, real part of eigenfunc-
tion; dashed curve, imaginary part of eigenfunction. The model parameters are
!A = 0:1
 and q = 0:01. (a) Fundamental pure imaginary mode(eigenvalue is
! = 0:00785
i); (b) Complex mode[eigenvalue is ! = (0:00109 + 0:00039i)
].
The eigenfunctions are sandwiched by two Alfv�en singularities � = �1� !=!A
which on the scale of the �gure are indistinguishable from � = �1 and the
corotational point is indistinguishable from � = 0.

ing code when !A = 0:1
 and q = 0:01. The solid and dashed curves represent

the real and imaginary parts of the eigenfunction respectively. Fig. 2.2a is for

the fundamental pure imaginary eigenvalue and Fig. 2.2b is for the complex

eigenvalue. Since the eigenvalue of Fig. 2.2a is pure imaginary, the real part

of the eigenfunction is symmetric and the imaginary part antisymmetric with

respect to � = 0, which is consistent with Eq. (2.16). Fig. 2.2b is the eigenfunc-

tion with a complex eigenvalue, which makes a pair with the eigenvalue �!�

whose eigenfunction is derived from the relation (2.15). These eigenfunctions

are con�ned between two Alfv�en singularities located at � = �A� � �1, and
they are real at � = �c.

Figure 2.3 shows the distribution of eigenvalues in the upper complex

!-plane when !A=
 = 0:01 and q = 0:01. It shows only the eigenvalues in the

region Re(!) � 0, and all the complex eigenvalues have a paired eigenvalue
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Fundamental mode(F)

Secondary(S)

Complex1(1)

Complex2(2)

Figure 2.3: Distribution of unstable eigenvalues of the magnetorotational insta-
bility in the upper complex !-plane when !A = 0:1
 and q = 0:01. Eigenvalues
with Re(!) < 0 are shown, and all the complex eigenvalues have a paired un-
stable eigenvalue �!� in the region Re(!) < 0. There exist only two pure
imaginary eigenmodes and many complex eigenmodes, which are not allowed
to exist in self-adjoint system.

�!� in the region Re(!) < 0. It is obvious that this non-self-adjoint system

has complex eigenvalues, which does not appear in an ideal MHD self-adjoint

system (see Fig. 2.1). There are only two pure imaginary eigenvalues, which

will be shown to merge by changing !A and q. Complex eigenvalues, which

Matsumoto & Tajima [6] did not �nd, exist and have smaller imaginary part

and grow slower in time than the fundamental eigenmode.

Figure 2.4 shows the dependence of unstable eigenvalues on !A when q =

0:01. The solid(dashed) curves show the imaginary(real) part of the eigenvalues.

When !A is small, there exist two purely growing modes, which merge at !A �
0:66
 and form complex eigenvalues. These modes were found in Matsumoto

& Tajima [6] and the qualitative properties of this mode are about the same as

found in Matsumoto & Tajima. However, the merging point is slightly greater

than the earlier value and, more signi�cantly, the growth rate does not decay
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S

F

F,S

2

2

F,S

1

1

Merging

ωA=0.66Ω

Figure 2.4: The Alfv�en frequency (!A = kkvA) dependence of eigenvalues of
magnetorotational instability when q = 0:01. The dashed curves and solid
curves show the growth rate Im(!) and the real frequency Re(!), respectively.
The fundamental(F) and secondary(S) pure imaginary eigenmodes and two
complex modes(1, 2) are shown, which correspond to the eigenmodes labeled
F, S, 1 and 2 in Fig. 2.3, respectively, when !A=
 = 0:01. Two pure imaginary
eigenvalues merge at !A � 0:66
 to form complex eigenvalues. The growth
rate of all four eigenvalues saturates to ! � 0:15
i with increasing !A.

signi�cantly, even beyond !A = 1:584
, where it was calculated to vanish in

Matsumoto & Tajima [6]. The fundamental mode acquires its maximum growth

rate just before it merges with another(secondary) pure imaginary mode. In

addition, two new complex modes are found, called modes 1 and 2 for brevity.

These complex eigenmodes are labeled as 1 and 2 in Fig. 2.4, and the growth

rate of all these modes saturate to ! � 0:15
i, the same saturation value for

the fundamental mode with increasing !A.

Figure 2.5 shows the dependence of eigenvalues on q = k2y=k
2
z , which is

the dimensionless measure of the direction of propagation in yz-plane, when

!A = 0:01
 (Fig. 2.5a) and 0:66
 (Fig. 2.5b). The fundamental(F) and sec-

ondary(S) pure imaginary modes and two complex modes(1, 2) are shown in

Fig. 2.5, which correspond to the eigenmodes in Fig. 2.4, when q = 0:01.
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Local

F
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Figure 2.5: The q(=k2y=k
2
z) dependence of eigenvalues of magnetorotational

instability. The dashed curves and solid curves show the growth rate Im(!)
and Re (!), respectively. The fundamental(F) and secondary(S) pure imag-
inary modes and two complex modes(1, 2) are shown, which correspond to
the eigenmodes labeled F, S, 1 and 2 in Fig. 2.4 when q = 0:01. Eigenval-
ues calculated from local mode analysis are also shown. (a) !A = 0:01
.
Two pure imaginary eigenmodes(F, S) are always distinct, and the complex
eigenmodes(1, 2) become pure imaginary, whose growth rate saturates, with
increasing q. (b) !A = 0:66
. Two pure imaginary eigenvalues(F, S) merge at
log10 q � �1:8 to form complex eigenvalue, and split again to become imagi-
nary at log10 q � �1:4. The complex eigenmodes(1, 2) becomes pure imaginary
with increasing q, and the growth rate saturates. In both cases, local modes
are stable even in a region where nonlocal modes are unstable.

Eigenvalues calculated from local analysis are also shown in Fig. 2.5, which

will be discussed later. Two pure imaginary modes are always distinct when

!A = 0:01
 (two upper modes in Fig. 2.5a). However, when !A = 0:66
,

these two modes merge and become complex at log10 q � �1:8 and split to

become pure imaginary again at log10 q � 1:4. The eigenvalues of the other

two complex modes become pure imaginary when q exceeds a certain value

(log q = �1:25 for !A = 0:01
, log q = �0:75 for !A = 0:66
), and the growth

rate for those modes saturates with increasing q.

Next, the nonlocal eigenfunction results with the local(Fourier) dis-

persion relation are compared. By replacing d=dx in Eq. (2.6) with a con-
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stant ikx around x = 0 and assuming that the unperturbed magnetic �eld is

toroidal(Bx = Bz = 0), the local solution in the regime

j!j � !A � !e �
q

2k2z=(k

2
x + k2y + k2z)

is [6]

!2 =
3

2

2
41� 3

2
q � 3

2

s
(q � 2)(q � 2

9
)

3
5!2

A; (2.33)

where !e is the epicyclic frequency. This local dispersion relation (2.33) shows

that pure real eigenmodes appear in the region q < 2
9
, pure imaginary eigen-

modes in q > 2, and complex in 2
9
< q < 2. However, when q is small, i.e.,

the perturbation is almost parallel to the magnetic �eld, nonlocal eigenmodes

are unstable in both !A = 0:01
 and 0:66
 (see Figs. 2.5a, b), and the growth

rate of each mode does not have strong dependence on q. It is concluded

that replacing @=@x by a single wave number kx is invalid for these modes

since such eigenmodes oscillate very rapidly in the vicinity of the Alfv�en points

in a pronounced fashion(see Fig. 2.2b). In other words, the spatial variation

of the wave number in the radial direction is essential for the modal analy-

sis of the magnetorotational instability. Radial dependency of the wavelength

also prevents us from applying the WKB method to this model. The WKB

method requires the wavelength of the eigenmodes Le is smaller than the shear

scale length Ls(Le=Ls � 1), which may be satis�ed around the corotational

and Alfv�en singularities, but the wavelength is comparable to the shear scale

length in other regions(Le=Ls ' 1).

To show that these eigenmodes are discrete, the existence of the Alfv�en

continuum on the real !-axis is shown �rst. The wave equation (2.10) has a

solution for any real ! for which !2
D = !2

A for some x. It follows that the
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spectrum of this mode is continuous, and the Alfv�en continuum extends to the

all real ! by choosing some ky and kz, which is di�erent from the model chosen

by Ogilvie & Pringle [50] in which the Alfv�en continuum is restricted by the

boundary condition. The eigenmodes with the pure imaginary eigenvalue that

shown above are obviously not in this class. Note that the eigenvalue is pure

imaginary only on the corotational point � = �c, and local frame with other

radii see Doppler-shifted complex eigenfrequency.

When B = 0, the Kelvin-Helmholtz modes can be derived, which are

stable in accretion disks. In this limit, Eq. (2.6) reduces to

d2�vx
dx2

+

"
�(k2y + k2z) +


2k2z
!2
D

#
�vx = 0; (2.34)

and when kz = 0, it has a simple solution �vx = exp[�kyjxj], which satis�es

the boundary condition (2.13). The �rst derivative of this class of solutions

is discontinuous at x = 0, which vanishes with introducing dissipation. The

Kelvin-Helmholtz instability also has continuous eigenvalues, but this class of

solutions is eliminated in the calculation because of the matching condition of

the shooting method, which requires the eigenfunction and its �rst derivative

to be continuous. In contrast, the continuum modes are delta function-like

solutions. Eigenvalues are searched by choosing initial trial eigenvalues in the

region 0 < !r=!A < 1 and 0 < !i=!A < 1. These initial trial values are iterated

to minimize an error measure and found to converge to one of the eigenvalues

in Fig. 2.3. All the eigenmodes subject to the boundary condition (2.13) are

concluded to be discrete.

In Fig. 2.6, another eigenmode is shown, whose eigenvalue gradually be-

comes real with increasing q, when !A = 0:66
. However, when the eigenvalue
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Figure 2.6: The example of a complex eigenmode that becomes pure real value
with increasing q when !A = 0:66
. The dashed curve and solid curve show the
growth rate Im(!) and the real frequency Re(!), respectively. The eigenvalue
is complex when q is small, which becomes real with increasing !A. The grid
size �q in this �gure is log(�q) = 0:02.

is real, it have been already shown that the index of the eigenfunction s is pure

imaginary in the vicinity of the Alfv�en singularities [Eq. (2.23)] and that the

eigenfunction has the form

�vx = exp [is log j� � �A�j] ; (2.35)

from Eq. (2.20). Such eigenfunctions have the local radial wavenumber strongly

increasing as kx(�) = s=(� � �A�) with the number of oscillations(in phase)

increasing to s log �min. Here �min is limited by the ion radius [56]. This in-

dicates that the function in the inner region �A� < � < �A+ and outer region

� < �A�; � < �A+ is discontinuous at the Alfv�en singularities. Thus the bound-

ary condition for the continua cannot be that of shooting from the outside

j�j =1 toward the inside, but it should be shot from inside toward the singu-

larities.

Figure 2.7 shows an example of eigenfunction in the inner region when
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ωD=-ωA ωD=ωA

Figure 2.7: The mode with a pure real frequency that has the Alfv�en singu-
larities at !D = �!A, where the mode energy evanesces. The eigenfunction
oscillates inde�nitely towards !D = !A, and also towards !D = �!A with small
amplitude. Here � = 0 de�nes the radial position that is in co-rotating with
the wave of frequency ! in a global internal reference frame.

!A = 0:01
, ! = 0:002
 and q = 0:01(see Eq. (2.23) and arguments for detail

of this mode). However, the eigenmode in Fig. 2.6 is continuous even at the

Alfv�en singular points, since the integration by a �nite spatial step brings in

an e�ective dissipation, which is not the case for the pure real eigenvalue. In-

stead, the eigenmode becomes continuous because of the numerical dissipation.

Although this numerical eigenfunction is di�erent from the theoretical eigen-

function beyond the passage of the singularity, the fact of continua remains

the same for two di�erent reasons. It should be pointed out that in real phys-

ical situation there always exists a dissipation(collisional or turbulent) even

for a nearly ideal MHD system. The dissipation prevents the eigenmode from

blowing up on the Alfv�en singular points, keeping the energy of the eigenmode

�nite. Introducing the �nite ion Lamor radius also prevents the eigenmodes

from blowing up, transferring wave energy to kinematic energy. The numerical

dissipation a�ects this eigenmode in the same manner mathematically as the
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physical dissipation does, by passing oscillations through the singularity barrier

and averaging oscillation in a �nite spatial step. Thus the numerically obtained

eigenmode, though di�erent from theoretical Alfv�en continua, may be regarded

as realistic.

(a) (b)

Figure 2.8: An example of �vy calculated from the fundamental pure imaginary
mode (Fig. 2a) and the velocity �eld in xy-plane by the fundamental mode.
The solid curve and dashed curves show the real and imaginary part of �vy,
respectively. (a) �vy is almost out of phase with respect to �vx. (b) Velocity �eld
is created in xy-plane by the fundamental mode. Vortices are created between
two Alfv�en singularities, and they will overlap with other eigenmodes excited
at various x-positions to expand the unstable region.

Finally, the physical behavior of the eigenmodes in accretion disks is

described. The expression of �vy in terms of �vx is derived from the equation of

continuity(2.3),

�vy =
i

1 + q

"
q

kz

@

@�
� !D


2(!2
D � !2

A)

 
3
!2
A

!2
D

+ 1

!#
�vx: (2.36)

Figure 2.8a shows �vy calculated from the fundamental pure imaginary mode

(Fig. 2.2a) and the velocity �eld created in the xy-plane by the fundamental

eigenmode is shown in Fig. 2.8b. The eigenfunction of �vy is also trapped

between two Alfv�en singularities. Since both �vx and �vy are almost out of

phase with each other, the velocity �eld created by the fundamental eigenmode
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consists of vortices in xy-plane which are the seeds of nonlinear instability [6].

Note that since the frame rotating with angular velocity 
 is used, there is

no unique origin x in the xy-plane. Thus such unstable eigenmodes excited at

various x-positions will overlap with each other to expand the unstable region

in the x-direction.

2.4 Summary of Chapter 2

The unstable nonaxisymmetric magnetorotational instability eigenmodes in

accretion disks has been examined by mathematical and physical analysis

to show the discreteness of these modes in in�nite plasma. Since the ex-

ponentially decaying boundary condition was assumed (Eq. [2.13]) for the

radial component of velocity, these modes are almost(to within exponential

small variation) independent of the global radial boundary conditions since

k��b � 1, where k� = �v0x=�vx and �b is the value of � at the arti�cial bound-

ary. This robust instability occurs without any unrealistic disk edge bound-

ary condition in in�nite linear shear ow. However, for nearly axisymmetric

perturbations(ky � kk), the eigenmode have a large radial scalelength, and

then global radial boundary condition will e�ect the modes. The density pro-

�le �(r) and geometrical e�ects become important in this case. The scale-

length of a single eigenmode in the x direction, �x, is determined by the local

strength of magnetic �eld divided by the Keplerian shear ow rate(B=A), the

direction and amplitude of the wave number, and the magnitude of the an-

gular velocity (see Eqs. [2.7] and [2.8]), since the eigenfunction is bu�eted by

the Alfv�en singular points !D = �!A. If the magnetic �eld is pure toroidal,

�x = 2!A=3
ky = 2vA=3
 ' (2=3)(vA=Cs)H, where Cs is the sound speed and
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H = Cs=
 is the thickness of the disk. When vA � Cs, the mode is localized in

the radial direction with the scalelength smaller than the thickness of the disk.

If the magnetic �eld has vertical component, �x is proportional to kk=ky [6].

Typical scale length is �x = 10�4 � 1 AU [ Eq. (2.12)]. In both cases, the

in�nite boundary condition is suÆcient if the scalelength of the eigenmode is

smaller than H. The curvature of the magnetic �eld is also small if �x� H.

The results of the growth rate analysis of unstable modes agrees with

that of Matsumoto & Tajima [6] in the region !A � 
. I also found complex

eigenvalues with smaller growth rates than the fundamental pure imaginary

eigenmode. When !A is larger than 
, two pure imaginary eigenmodes merge,

the results of which is the same as found in Matsumoto & Tajima. However,

it is found that the decrease of the growth rate saturates with increasing !A,

which indicates that the accretion disk is unstable even if the Alfv�en frequency

is comparable to the angular velocity, a case of strong magnetic �elds.

The comparison of the nonlocal and local dispersion relations demon-

strates where and how the local Fourier mode approximation [5] fails to be

accurate for this nonaxisymmetric instability. The wave number dependence of

the eigenvalue shows that the nonlocal modes are unstable even in the region

q = k2y=k
2
z � 1, where the local dispersion relation has only a stable solution.

Furthermore, two pure imaginary eigenvalues have been found to merge to be

complex and to split into two pure imaginary again with increasing q(almost

pure toroidal perturbation) in a region where the solutions of the local disper-

sion relation are purely real. Overall, as Fig. 2.5 indicates, the discrepancy

of the local theory from more precise nonlocal theory amounts to not just a

quantitative change (as Matsumoto & Tajima suggested [6]) but a qualitative
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change in the physical picture. This change is due to the strong radial propa-

gation induced by the co-rotational singularities. The local mirror symmetry

is shown to be an important constraint on the spectrum.

The mathematical and physical views of a non-self-adjoint MHD uid

system with radial symmetry has been investigated. In astrophysics, nonself-

adjointness always appears whenever there is a shear ow. A pair of complex

eigenvalues ! and �!�, which an ideal MHD self-adjoint system does not have,

relate to each other in this model, since the model is symmetric with respect

to the radial direction.

Although this model of the nonaxisymmetric mode is linear in Cartesian

coordinates and ignore the e�ect of di�usion, analysis in Section 2.3 suggests

how the eigenmode grows to enter a nonlinear stage, and how it explains mo-

mentum transport in accretion disks by analogy with the global drift wave in a

tokamak [7]. Since there is no particular sense in the radial direction in Carte-

sian coordinates, there exists no speci�c calibration of momentum transport in

the linear stage. The eigenmodes can be excited, however, between any pair

of Alfv�en singularities in the radial direction with the typical wavelength �x,

and create vortices in the disk plane (the xy-plane), as shown in Fig. 2.8b.

The eigenmode with the fundamental eigenvalue dominates in time for a given

radial co-rotation point because of the largest growth rate. For another (arbi-

trary) co-rotation point, the same applies. These eigenmodes may overlap with

each other to form larger vortices by vortex merging process. In this stage, the

nonlinear e�ect gives rise to anomalous magnetic viscosity that underlies the

momentum transport needed to explain astrophysical disks.

Matsumoto & Tajima [6] demonstrated non-linear evolution of the eigen-
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mode by three-dimensional MHD simulation with the shearing-box model. The

overlap of eigenmodes excited at various x-positions was shown. They also cal-

culated the magnetic viscosity parameter

�B = �hÆBxÆByi
4��C2

s

<
hÆB2i
4��C2

s

' k2kv
2
A

k?C2
s

(2.37)

where the notation hÆBxÆByi denotes the spatial average of ÆBxÆBy. They

found that when the poloidal �eld is dominant, the magnetic viscosity is �B �
O(0:1), which corresponds to the inferred �B in dwarf novae during the bursting

phase [2].

Here it is concluded that the magnetorotational unstable nonaxisymmet-

ric eigenmodes in accretion disks are discrete, and that the robust mode in mag-

netized accretion disks is of the magnetorotational origin. This mode should

be dominant in nonlinear theory and the presented linear analysis supports the

results from the three-dimensional simulation in Matsumoto & Tajima, which

gives a quantitative model for anomalous momentum transport in accretion

disks.

As discussed in x2.3, the parameter search in the complex-! plane shows

the existence of discrete unstable eigenmodes in a uniform magnetic �eld, which

clearly shows the argument of Ogilvie & Pringle [50] is incorrect. Not only their

theoretical argument of non-existence of eigenmodes with uniform magnetic

�eld has been shown to be incorrect [63], but also they might search eigenval-

ues numerically in incorrect way. They claimed that they searched the same

parameter region as Matsumoto & Tajima and found no eigenmode. However,

since they derived wave equation in local Cartesian coordinate from cylindrical

coordinate and took the rigid boundaries away to the in�nity, the resulted wave
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equation is di�erent from what Matsumoto & Tajima derived.

Our results do not exclude the existence of Ogilvie & Pringle's mode

associated with their rather ad hoc radial boundary conditions of rigid walls

at r1 and r2. However, our eigenmode is robustly unstable almost everywhere

in a accretion disk, while their mode can be excited only in the vicinity of disk

edge boundaries, contributing substantial momentum transfer around the disk

edges.



Chapter 3

Structure Formation through

Magnetohydrodynamical Instabilities in

Protoplanetary Disks

3.1 Three Fundamental Questions from Observation

Many believe that the evolution of the Solar System and other like systems

with newly discovered planets [58] is critically dependent on the formation of

the central star and its disk(protoplanetary disk). Yet, it is puzzling that the

age of the Sun is currently estimated to be within a few percent of that of

the Earth of 4:5 Gyr, indicating that the formation of the Earth must have

been very swift right after the formation of the Sun [59{62]. Despite decades

of research, the mechanism of planetary formation has yet to be fully under-

stood [8{13]. The self-gravitation of gas in an accretion disk is too slow to

trigger the creation of planets. The presence of magnetic �eld in the plasma of

the protoplanetary disk may play a greater role than has been acknowledged

so far. In fact, Tajima and Shibata [1] �nd in general that the presence of

magnetic �elds in an astrophysical object such as the galactic disk tends to

accelerate the evolution of the astrophysical object by facilitating the faster

transport of angular momentum of the system, via the formation of jets, loops,

clumps, and turbulence. Perhaps this general tendency of accelerated evolu-

38
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tion facilitated by the presence of magnetic �elds is once again an important

factor in understanding the formation of planets. The presence of magnetic

�elds introduces more energetic robust instabilities [48]. These instabilities

are an agent to create large density perturbations strong enough to set in the

Jeans instability. The role of magnetic �elds should arise in an early stage of

the accretion disk evolution. In Chapter 2, accretion disks have been shown

to be unstable to the magnetorotational instability [3{6, 63], which speeds up

the evolution of accretion disks by transporting angular momentum outward

and making the disks turbulent. This instability enhances magnetic �eld in

the disk, providing a prominent role of the magnetohydrodynamical(MHD) in-

stabilities, while hydrodynamical instabilities in accretion disks have failed to

provide an e�ective transport mechanism at low levels of ionization(see Chap-

ter 2 and corresponding refs). At very low ionization levels the geostrophic and

baroclinic turbulence of the rotating neutral gas dominates, which were shown

to be slow for the structure formation of protoplanetary disks [25{27, 31{36].

Plasma physics contributes to the resolution of the question of the planetary

formation in its contemporary context. This also implies that perhaps for the

�rst time in history of planetary genesis research(which started with Kant's

disk theory) a laboratory simulation experiment of the primordial planetary

disk plasma may be conducted to assist theoretical understanding of this im-

portant question.

There are three major questions arising from observation which the pre-

vious theoretical view of planetary formation can not answer. First, �fty or so

giant extrasolar planets have been discovered recently [58,64,65]. The mass and

distance from the host star of most of these extrasolar planets are far di�erent
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from those of the solar system's. Thus the theory of the conventional Solar sys-

tem's genesis [8{13] does not apply. Computer simulations suggest that once

the core of such a giant planet is formed, the core accretes the gas around it

in a few million years [13], if the density clumps can contact to each other be-

fore they are tidally disrupted. Complex gravitational interactions with other

young planets may make those small planets bounced out of their solar systems

or plunge into their parent suns, which can be avoided by the self-gravitational

mechanism [66]. However, the creation of the core itself of a giant planet from

gas cannot be explained by the self-gravitation without episodic mass accretion

onto the disk [67] or an existence of companion star [68].

Second, the gas-laser gun experiments of dense hydrogen [69{71] sheds a

new understanding of the metallic hydrogen and the equation of state of hydro-

gen in the Jupiter. The basic idea of these experiments is compressing liquid

hydrogen by gas gun to pressures from 0:9 to 1:8 Mbar, reducing the energy gap

between the �lled valence-electron band and the un�lled conduction-electron

band down to the thermal energy. Conductivity measurements shows the met-

allization of hydrogen occurs at � 1:4 Mbar, and the resistivity falls almost four

orders of magnitude [69]. Conventional theory suggests that the Jupiter and

Saturn formed by the core accretion mechanism [8,9], which is a two-step pro-

cess. First, solid core of a � 10M� created in � 0:5Myr. Second, as this core

grows, a growing atmosphere of nebular gas collapses onto the protoplanet's

envelope in several million years or more [72]. The solid core at the center of

the Jupiter is required to maintain the observed density [10]. However, the

equation of state of hydrogen from the metallic hydrogen experiments imply

that the solid core of Jupiter may not exist, or at least it is much smaller than
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expected [69]. Since the conventional convection theory of large mass planets

relies on the gravitational accretion of gas by the solid core, the �rst stage

accumulation of planetesimals did not occur, and needs longer time to form

such planets. Once again, there should be more robust mechanism rather than

self-gravitation to quickly evolve giant planets in their early phase.

Third, it is enigmatic that the estimated time scales of the Sun's and the

Earth's ages are so nearly comparable [59{62,73,74]. If only self-gravitation acts

to evolve the planetary formation, considering that the Earth was formed sub-

sequent to the solar formation, there is little time for planetary genesis [59{62].

Though how the evolution of our solar system is an unsolved problem, the mag-

netorotational instability is the most plausible mechanism for the anomalous

angular momentum transfer by MHD turbulence in the accretion disk [6, 63],

accelerating structure formation in a disk.

In the present chapter new idea is introduced that the MHD instabilities,

particularly the magnetorotational(Balbus-Hawley) instability [3,4], the Parker

instability [17] and the kinematic dynamo [18], play a crucial role to trigger

an early structure formation of protoplanetary disk density perturbations. The

physical properties of their structure formation are presented such as the growth

times and expected mass spectrum of formal density perturbations, which can

lay a foundation for the later prompt evolution of planets.

In Sec. 3.2, the importance of the MHD instabilities in the evolution

of protoplanetary disks is discussed. The characteristics of the Parker and

magnetorotational instabilities and kinematic dynamo are discussed in Sec. 3.3.

The mass spectra in the radial direction are evaluated in Sec. 3.4, and the results

of the three-dimensional MHD simulations are shown in Sec. 3.5. Applicability
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of the shear-ow induced structure to laboratory plasmas is examined in Sec.

3.6. Section 3.7 applies these results to an observation and theoretical view of

accretion disk evolution.

3.2 Magnetohydrodynamic Processes of the Protoplan-

etary Disk

MHD instabilities are important in the early stage of the protoplanetary evolu-

tion for the following reasons.(We show a schematic view of the system in Fig

3.1.)

Parker
g

She
ar 

Flo
w

Mag
net

osh
ear

ing

B⊥

B
//

Acc
ret

ion
 Di

sk

Growth Rate Analysis
3-D Simulation

gz

Figure 3.1: A schematic view of MHD instabilities in early stage of the pro-
toplanetary evolution. Shear ow and magnetic �eld makes an accretion disk
unstable to the magnetorotational instability. The disk is also unstable to the
Parker instability because of gravity from the central star and magnetic �eld
inside of the disk.

In the inner region of the accretion disk, axial(poloidal) magnetic �elds

from the central object and azimuthal ones converted from the former and

vice versa can be enhanced exponentially in several disk rotations due to the

kinematic dynamo [18]. In the outer region, the magnetorotational instability
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renders the disk turbulent, which also converts axial and azimuthal components

of magnetic �eld into each other and enhances their strength exponentially

in time (see Chapter 2). As the magnetic pressure inside of the disk grows,

the disk becomes unstable to the Parker instability because of the magnetic

buoyancy. The Parker instability accumulates matter as blobs at the foot

points of the magnetic loops on the disk, while it extracts magnetic �eld energy

away from the disk [16]. Once these blobs develop, the Jeans instability sets

in to dominate the evolution of protoplanets. All of these processes except for

the Jeans instability do not need self-gravitation, accelerating the evolution of

planets in the early pre-self-gravitation stage.

The evolution of an accretion disk remains a challenging problem. The

main problem arises from the treatment of the ow shear in the accretion

disk. Local analysis of shear ows(i.e. the Fourier analysis) fails due to the

radial nonuniformity of the accretion disk, which also limits the applicability

of the WKB method to this problem as explained in the previous chapter. The

nonlocal eigenvalue problem is adopted [6, 63].

The other problem is the creation and extraction of magnetic �eld en-

ergy. Three-dimensional simulations showed that the magnetic �eld in an ac-

cretion disk is enhanced due to the magnetorotational instability [15, 48], as a

result of which buoyancy becomes strong enough to make the disk unstable to

the Parker instability. The magnetic �eld forms loops emanating from inside to

outside of the disk because of the Parker instability [1,48]. Since magnetic �eld

is incessantly created from both the magnetorotational instability and kine-

matic dynamo, this dynamic process occurs recursively, or in other words, is

self-sustained. Moreover, the disk remains turbulent due to the magnetorota-
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tional instability. Turbulence is essential for the kinematic dynamo [18]. The

combination of these instabilities is a complex problem to analyze. In this chap-

ter, these instabilities are compared to estimate which instability is dominant

under what conditions.

Some of the processes associated with this structure formation of a

plasma with shear ows may be studied in laboratory plasmas such as toka-

maks and in laser experiments. Recent experiments show that toroidal shear

ows in tokamak creates the radial momentum transport as well as barrier in-

side of plasma which regulates momentum transfer to the wall [75]. Though

the strength of magnetic �eld and density of plasma are di�erent from the ac-

cretion disk case, the con�guration of the system and the instabilities which

may occur in tokamak experiments can be similar to those of the accretion

disk system. Drift wave vortices in the layer corotating with Jupiter toroidal

plasma called the Io plasma Torus provides another example [76]. Both the

Io plasma torus and the tokamak plasma have P � B2=8� in contrast to the

accretion disk plasma. Shear ows and magnetic �elds make plasma unstable

to the magnetorotational instability, and the curvature of magnetic �eld in the

toroidal direction makes plasma Rayleigh-Taylor(Parker) unstable [4]. Thus,

the unstable conditions may be experimentally examined in tokamak devices.

In experiments trying to simulate supernovae, the surface of target su�ers the

Rayleigh-Taylor instability [77]. If sheared rotation and magnetic �eld, essen-

tial for the magnetorotational instability, are applied to the target, we may be

able to simulate the accretion disk evolution by laser experiments. Parameters

are estimated for those cases and discuss if such experiments are plausible.
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3.3 The Parker, magnetorotational, and Kinematic Dy-

namo instabilities

The MHD shear ow instabilities, either the magnetorotational or the dynamo

instabilities, play a role of an agent that keeps(or enhances) the presence and

strength of the disk magnetic �eld and its turbulent level [15,48]. These two in-

stabilities, by and large, determine the amount of mass that may be aggregated.

The elevated level of magnetic �elds in the disk through these instabilities gives

rise to the activation of the Parker instability. The nonlinear evolution of the

Parker instability is known [1, 16, 78, 79] to produce high density plasma blobs

at the feet of the unstable buoyant loop. This nonlinear evolution is in fact a

robust mechanism that can yield a signi�cant density structure within a mat-

ter of several multiples of the rotating period [48]. Note that this mechanism

can be operative well before the self-gravitational Jeans instability becomes ef-

fective. These instabilities require a weak, but �nite initial poloidal or dipolar

magnetic �eld, which can be created from the magnetic �eld of Galaxy(� 1�G)

in several rotational periods [48].

For simplicity, curvature e�ect is ignored and the local Cartesian co-

ordinates (x; y; z)is used in the local co-rotating frame at r0 at frequency


(r0)(x; y; z are the radial, azimuthal, and vertical directions). The sheared

angular velocity vy arising from 
(x=r0) = 
(r0) � 2A(x=r0) is assumed for

x = r � r0, where A = �(rd
=dr)=2 is Oort's constant(Fig. 3.2).

Under a constant vertical gravity gz without Coriolis force, the growth

rate of the Parker instability P is [17]
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Figure 3.2: Simulation region and the local Cartesian coordinate.
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where H is the vertical scale height of the disk, Cs =
q
P=� is the sound

speed, � = 8�P=B2, and ky is the wave number in the azimuthal direction,

respectively. The height H depends on gz by gz = (1 + 1=�)C2
s=H. It is

also assumed that kxH � 1 for maximum growth rate, where kx is the radial

component of the wave number. The maximum growth rate is given by
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When � � 1=2, Eqs. (3.2) and (3.3)can be reduced as k2y = 3=16H2 and [17]

2P =
C2
s

8H2�
=
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8(1 + �)H

: (3.4)
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growth rate is maximum when !A=
 � 1 [63], the maximum growth rate for

the magnetorotational instability is 2mr � 0:1A
. The growth time is several

to dozen multiplies of the rotation period of the disk. In formulae (3.1)-(3.6),

the ionization is assumed substantial so that the magnetic Reynolds number

Rm = vAH=� is suÆciently large to freeze the magnetic �eld into the plasma

motion for times of order 1=mr and 1=P .

The ratio of the squared growth rates is introduced to assess the relative

importance of these two processes as

R =
2mr

2P
' A


(1 + �)H

gz
� 10�1; (3.7)

for � � 1 and

R ' A

0:4(1 + �)2(1�p�)H

(2� 3
p
�)(5�=2�p� + 1)gz

; (3.8)

for � � 1. For the protoplanetary disk, � � 1 since magnetic �eld in a

accretion disk is weak to begin with. The vertical gravitational force of the

central object can be expressed by the radius r from the center and the height

z from the equator of the disk,

gz =
GMz

(r2 + z2)3=2
; (3.9)

where G is the gravitational constant and M is the mass of the central object.

When r � z, gz is reduced to GMz=r3. Since 
 =
q
GM=r3 and A = 3
=4

for the Keplerian disk, the ratio (3.7) is written as

R = 0:6(1 + �)
H

jzj : (3.10)

In this case, the number of Parker e-foldings in one rotation period is

2�P=
 =
��

1 + �

s
1

2�


jzj
Cs

; (3.11)
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showing the dominance of the Parker instability away from the equatorial plane

of the disk. On the surface of an accretion disk(jzj = H), R only depends on

�. If a protoplanetary disk is not too weakly magnetized(� = 10), R is of

the order of unity. Since the vertical gravity decreases towards the equatorial

plane of the disk, R increases as jzj decreases. However, if it is more strongly
magnetized(� < 1), the ratio R is calculated from Eq. (3.8),

R =
0:3(1 + �)2(1�p�)

(2� 3
p
�)(5�=2�p� + 1)

H

jzj : (3.12)

Though the magnetization of the disk rarely becomes this high, Eq. (3.12)

indicates the dominance of the Parker instability on the surface of the strongly

magnetized disks(R < 1). Therefore, the magnetorotational instability is dom-

inant in the early stage of the disk evolution(� � 1), and the magnetization

of the disk increases with time due to the magnetorotational instability. In the

later stage(� � 1), the Parker instability sets in because of the enhanced mag-

netic �elds, and the Parker instability dominates the evolution of the surface

of the disk, whereas the magnetorotational instability still enhances magnetic

�elds near the equatorial plane(jzj � H). Figure 3.4 shows the time evolution

of R on the disk surface z = H as the function of the magnetic �eld strength

1=�.

Next, the growth rates of the kinematic dynamo and the Parker insta-

bility are compared. The �! dynamo is evaluated, which includes the e�ect

from helicity(� e�ect) and from the di�erential rotation e�ect(! e�ect). The

governing equations of kinematic dynamo are [16]

 
@

@t
� �r2

!
By =

dvy
dz

@Ay

@x
� vy

@By

@y
; (3.13)
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Figure 3.4: The growth rate ratio R on the disk surface z = H as the function
of the magnetic �eld strength 1=� using Eq. (3.2). The ratios with reduced
formulas [Eqs. (3.10) and (3.12)] are also shown. In the early stage[1=� < 1,
Eq. (3.10)], the magnetorotational instability is dominant(R > 1). In the later
stage[1=� > 1, Eq. (3.12)], the Parker instability sets in(R � 1).

 
@

@t
� �r2

!
Ay = �By � vy

@Ay

@y
; (3.14)

where � is the mean helicity times the correlation time �chv � r � vi, � is

the e�ective magnetic di�usivity, and Ay is the azimuthal component of vector

potential associated with the poloidal magnetic �eld(Bp = rAy � ŷ). The

growth rate of the �! dynamo is given by [1],

d = �k2

2
4Re

0
@
vuut� k2yv

2
y

4�2k4
+ 2iNd

1
A� 1

3
5 ; (3.15)

where k2 = k2x + k2y + k2z is the square of the dynamo wave number, and

Nd =
�kz
2�2k4

dvy
dx

; (3.16)

is the dynamo number, respectively. The parameter � is of the order of the

turbulent velocity vz in the vertical direction. The base level resistivity set
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by electron-neutral collisions is small typically estimated as �r = 106 cm2 s�1.

However, the turbulent uid motions produce a large e�ective resistivity. It is

assumed that the turbulent motion in the inner region produces a resistivity

� = 1016 cm2 s�1 [19] for a typical dynamo number for dipole Nd � 600. Since

� can be estimated as � = �0(r=r0)
�3=2 = vy(r0)(r=r0)

�3=2� 10�2, Nd depends

on r as Nd = Nd(r0)(r=r0)
�3 [19]. The wave number k is estimated by assuming

kx ' kz � ky in eq. (3.16), which yields kxH ' kzH = O(10�1). In this case,

the dispersion relation (3.1) which is valid for the case kxH � 1, cannot be

used, and another expression for kxH � 1 is introduced [17],

2P =
C2
s

2

2
64
vuut 1 + 2

�

!2 �
k2y +

1

4H2

�2
+
4k2y
�

 
1 + 1=�

H2
� 2k2y �

1

2H2

!

�
 
1 +

2

�

!�
k2y +

1

4H2

�#
: (3.17)

When � � 1, the maximum growth rate arises for k2y = (
p
2� 1)=4H2 and is

2P =
(
p
2� 1)gz

(1 + �)H
; (3.18)

while for � � 1, k2y = (
q
2=� � 3)=4H2 gives the maximum growth rate

2P =

p
�gz

4(1�p�)(1 + �)H
: (3.19)

Now another growth rate ratio Rd is introduced for comparing the growth rate

of the Parker instability to that of the �! dynamo with same wave number kP ,

Rd =
2d
2P

=
4(
p
2� 1)

(1 + �)

�2k4H


2jzj

2
4Re

0
@
vuut� k2yv

2
y

4�2k4
+ 2iNd

1
A� 1

3
5 ; (3.20)

for � � 1, and

Rd =

p
�

(1�p�)(1 + �)

�2k4H


2jzj

2
4Re

0
@
vuut� k2yv

2
y

4�2k4
+ 2iNd

1
A� 1

3
5 ; (3.21)
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for � � 1. For the small thick disk case(r � 1AU,H=r � 0:1) with temperature

100K, Rd = O(10�1) with � = 10 and Rd = O(1) with � = 0:1 on the surface

of the disk. Thus, the dynamo e�ect is weak at the beginning of the protoplan-

etary evolution(� � 1), and magnetic �elds created by the dynamo(z � H)

cannot be maintained because of the Parker instability. However, in the later

stage of the evolution(� � 1), the magnetic �eld is supplied from the central

star, and then maintained by the dynamo e�ect. The Parker instability and

the dynamo e�ect makes the inner region turbulent. Note that the �! dynamo

generates magnetic �eld only in the inner region(r = 2 � 3AU) of the pro-

toplanetary disk. Since Rd is proportional to k4, small structure due to the

�! dynamo grows faster than that of the Parker instability even when � � 1.

Figure 3.5 shows the time evolution of Rd on the disk surface z = H as the

function of the magnetic �eld strength 1=�.
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Figure 3.5: The growth rate ratio Rd on the disk surface z = H as the function
of the magnetic �eld strength 1=�. The ratios with reduced formulas [Eqs.
(3.20) and (3.21)] are also shown. In the early stage[1=� < 1, Eq. (3.20)], the
Parker instability is dominant(Rd < 1). In the later stage[1=� > 1, Eq. (3.21)],
the dynamo e�ect sets in by the central object activity(Rd > 1).
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3.4 Radial Mass Spectrum of Accretion Disk

The radial mass spectrum of aggregated matter that may be organized as a

result of nonlinear evolution of the MHD instabilities given in Sec. 3.3 for a

protoplanetary accretion disk is now estimated from the characteristics of the

magnetorotational and kinematic dynamo instabilities.

Two di�erent types of density pro�les are chosen and the mass spectra

of these pro�les are compared. First, it is assumed that the radial dependence

of density �(r; z) is parameterized by [80]

� = �0(z)
�
r0
r

��
: (3.22)

The magnetic �eld strength jBj and pressure is assumed to be constant(T (r) =
T0(r=r0)

�) on the equatorial plane of the disk. The height of the disk H is

rede�ned here for the global spectrum. The gravity in the z direction gz '
GMz=r3 is assumed, and the pressure equilibrium is solved in the z direction,

which yields

H2 =
(1 + �)r3C2

s

GM�
= H2

0

�
r

r0

�3+�
(3.23)

and �0(z)=�0(0) = P (z)=P (0) = B2(z)=B2
0 = exp(�z2=2H2). Note that the

Alfv�en velocity vA =
q
B2=4�� and the sound speed Cs = Cs0(r=r0)

�=2 are

constant in the z direction. Then, we integrate �(r; z) in the z direction to

estimate the average density ��(r) at �nite radius r,

��(r) =
1

H

Z 1

�1
�dz =

p
��0(0)

�
r0
r

��
: (3.24)

The total mass Ms(r) between two Alfv�en singular points in corotational coor-

dinates, which is the typical scale length of the magnetorotational instability
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in the radial direction, can be given by

Ms = 2�r��H � vA
A

=
8�
p
�

3

�0H0r0vA
A0

�
r

r0

�3��=2
; (3.25)

for pure azimuthal perturbation in a Keplerian disk. Typically it is considered

� = 2 in an early stage of accretion disk evolution. In this case, the mass

spectrum increases with r. This mass Ms is the maximum seed mass available

from the MHD evolution between the two Alfv�en layers separated by �r =

vA=A.

Another, more speci�c, mass density model introduced by Okada et al.

[22] assumes that magnetic �eld exists only in the azimuthal direction and that

the density distribution with the azimuthal symmetry is obtained by integrating

the equations of motion into the potential form,

� =

 
max[�0 + 1=R� L2=(2r2); 0]

K[=( � 1)][1 + ��10 r2(�1)]

!1=(�1)

; (3.26)

where

�0 = � 1

R
+

L2

2r2
+

1

 � 1
C2
s +



2( � 1)
v2A; (3.27)

is the value of potential on the surface of the torus where the mass density

� = 0, K is a dimensionless constant, R = (r2 + z2)1=2, L is the angular

momentum,  is the speci�c heat ratio, and �0 = 2K=F is the plasma � at

(r; z) = (r0; 0), where F is a dimensionless constant. This potential density

pro�le forms torus around the central object [22]. Since the Alfv�en velocity

is de�ned by v2A = F � (�r2)�1 and the sound speed C2
s = K��1 in this

model, the mass spectrum of the maximum aggregated matter between the

Alfv�en resonance is given by

Ms =
8�vA0
A0

�
r

r0

�2+1=2 Z z+

z�
�dz; (3.28)
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where z� = �
q
2r2=(L2 � 2r2�0)� r2. Thus, the radial dependence of Ms is

determined by the factors �0 and .
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Figure 3.6: Mass spectrum of an accretion disk in the outer region(r > 1AU).
The horizontal axis indicates the radial distance from the rotating axis of the
disk, in arbitrary unit. We plot the mass spectrum for two di�erent density
pro�les, � = �0(r0=r)

� and the pro�le given by equation (3.26).

The r dependence of those two mass spectra is shown in Fig. 3.6. For

the power law model in Eq. (3.25), � = 2 and the other parameters are chosen

to match the initial condition of the simulation done by Machida et al [15].

As described above, the mass spectrum increases with r if the density pro�le

obeys a power law with � < 6. On the other hand, if the density pro�le is given

by the potential density model in Eq.(3.26), there is a well de�ned maximum

mess spectrum at some radius.

In the inner region(r < 1 AU), the kinematic dynamo is predominant

in determining the plasma turbulence. In this case, planetary formation is

inhibited inside of the Roche limit rR = 2:456(��=�)
1=3R�, where �� and R�

are the density and the radius of the central object, and � is the density of the

accretion disk, respectively. For instance, if the density of the gas is � = 10�10

g�cm�3 and central object has the solar density and radius(�� = 1:41 g�cm�3,
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R� = 6:96�105 km), planetary formation is prohibited in the region rR � 1 AU.

If only the tidal force and self-gravitation are considered, the typical wavelength

for exponential growth of density waves in the radial direction is

�c =
2�2G�H


2
; (3.29)

which yields the mass spectrum

Ms = 2�r��H � �c =
4�4r40H

2
0�

2
0

M

�
r

r0

�7��
; (3.30)

for the power law density model. For the potential density model in Eq. (3.26),

the mass spectrum is

Ms =
4�3G


2
0

�
r

r0

�3 Z z+

z�
�2dz (3.31)

where the integral must be performed numerically to get the mass spectrum,

Ms(r).

Another characteristic wavelength is the width of dynamo eigenmodes.

Stepinski et al. [19] showed the eigenmodes extend from the axis of the rotation

to r = 5 � 10H. Since the height of the disk H is given by Eq. (3.23), the mass

spectrum due to the dynamo e�ect for the power law model can be estimated

in the form

Ms = 5� 2�r��H = 10�
p
�r0r0H0

�
r

r0

�(5��)=2
: (3.32)

For the potential model, � is integrated over z to get the mass spectrum.

The mass spectra of those cases are shown in Fig. 3.7 with � = 2. In Fig.

3.7(a), the mass spectrum due to the the self-gravitation of gas is calculated. As

Eq. (3.31) shows, the mass spectrum with power law density pro�le increases
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Figure 3.7: Mass spectrum of an accretion disk in the inner region(r < 1AU).
The horizontal axis indicates the radial distance from the rotating axis of the
disk, in unit of r0. Fig. 3.7a shows the spectrum due to the self-gravity of gas,
and Fig. 3.7b shows the spectrum due to the magnetic dynamo. The spectra
for two di�erent density pro�les are plotted, � = �0(r0=r)

� and the density
pro�le given by equation (3.26).

with r when � � 7. However, when the density pro�le is given by Eq. (3.26),

the spectrum rises from r � 0:65r0, has a peak at r ' r0, and then decreases.

The mass spectra due to the magnetic dynamo are shown in Fig. 3.7(b).

For the power law pro�le, the mass spectrum also increases with r when � � 5,

and the potential model has a peak at r ' 1:1r0. In both models, the mass

accumulated by the magnetic dynamo e�ect is larger in inner region(r=r0 < 1)

and the self-gravitation larger in outer region(r=r0 > 1). The self-gravitation

e�ect may suppress further because of tidal force from fast sheared ow, and

the magnetic dynamo play a important role for accumulation of the gas.

3.5 Numerical Simulation of Coupled Instabilities

The results of three-dimensional MHD simulations in a corotating reference

frame is presented. The basic equation are ideal MHD equations in the rotating

frame where the gas is stationary at r = r0. In this frame 2
(r0) gives the
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Coriolis acceleration. It is assumed that the curvature e�ect is negligible and

the local cartesian coordinate system(x; y; z) is used. The code I use here is

developed by Matsumoto [6](with the modi�cations noted below), which uses

the modi�ed Lax-Wendro� method [81]. This code is as same as that Chou

used to show the Jeans-Parker instability [82].

A schematic of the simulation box is shown in Fig. 3.2. The bottom(z =

0) and top(z = H) of the box corresponds to the equatorial plane and surface of

the disk, and uniform gravity is applied in the z direction. The initial shear ow

is applied in the y direction, which corresponds to the ow in the azimuthal di-

rection in the accretion disk case and magnetic �eld in the y direction supports

uid against the gravity. The periodic boundary in the x(radial) direction and

a free boundary at z = H are assumed. The boundary condition at z = 0 is

antisymmetric for magnetic �eld, and symmetric for other �eld variables. The

periodic boundary conditions in the y and z directions, and the shear boundary

condition in the x direction are adopted [6, 45],

f(x; y; z; t) = f(x + Lx; y � 2ALxt; z; t)

vy(x; y; z; t) = vy(x+ Lx; y � 2ALxt; z) + 2ALx (3.33)

where Lx; Ly; Lz is the sizes of the simulation box in the x; y; z directions,

respectively.

Simulation results are shown in Fig. 3.8 and Fig. 3.9, where plasma

� is unity on the equatorial plane(z = 0), and the adiabatic gas constant

 = 1:05 for nearly isothermal dynamics. Sinusoidal incompressible perturba-

tion is the input, whose wavelength corresponds to kmr = vA=A in x direction

and kP (3.5) in y direction to the velocity �eld. The results of this local shearing
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Figure 3.8: Contour plots of density � and plasma beta �, and velocity �eld pro-
jected to the plane x = 0:625 at t = 2:05
�1(left column) and t = 2:93
�1(right
column). The contours of density are logarithmically spaced. The plots illus-
trate the evolution of magnetic loop and accretion of gas to the foot points of
loops.

box simulation shows the same characteristics of the global simulations [15]. At

t = 2:05
�1, the Parker instability creates magnetic loops in the azimuthal di-

rection and plasma accretes to the foot points of loops. Plasma also accretes in
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Figure 3.9: Contour plots of density � and plasma beta �, and velocity �eld pro-
jected to the plane y = 0:5 at t = 2:05
�1(left column) and = 2:93
�1(right
column). The contours of density are logarithmically spaced. The plots il-
lustrate the evolution of dense layer and blobs near the equatorial plane of
accretion disk.

the radial direction due to the magnetorotational instability. The combination

of these two instabilities makes high density stripe regions in the equatorial

plane.

At later time(t = 2:93
�1), the density at the bottom of the loops

becomes larger and shows some dense blobs(Æ�=� ' 0:3). Note that even

though strong shear ows exist, blobs and spiral dense regions do not disappear

due to phase mixing. Magnetic �elds continuously escape through the top of

the box because of the buoyancy of the ux tubes with higher values of the

magnetic �eld, but the maximum strength of magnetic �eld increases because
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magnetic �eld is continuously ampli�ed by the magnetorotational instability.

Global simulations [15] showed that the competition between the mag-

netorotational and the Parker instability become quasi-periodic after some ro-

tations. When the magnetic �eld becomes strong the dynamo process slows

down and the Parker instability accelerates and vice-versa. In Fig (3.9), the

simulation is terminated before it reaches the quasi-periodic state, but all the

major features of the global simulation appear in the local simulation.

3.6 Laboratory Plasmas with Shear-ow Induced Struc-

tures

The "simulation" of the above processes of structure formation relevant to the

planetary genesis in laboratory plasmas is considered. In tokamak plasmas,

strong shear ows has been observed either due to the external drive(such as

the neutral beam injection(NBI) [83,84]) or due to the spontaneous creation of

ow drive mechanism [85,86]. In addition it appears possible to generate shear

ows in laser irradiated targets [87].

For a plasma in tokamak, the gravitational force is replaced by the cen-

trifugal force, which is created by the thermal velocity and/or ow in toroidal

direction and is some substantial fraction � of Cs,

gz =
(�Cs)

2

Rt
(3.34)

where Rt is the major radius of the torus. Then, the growth rate ratio R in

Eq. (3.8) can be written in the form

Rtoc =
2A
R2

t (1 + �)3(1�p�)
5�4C2

s�(2� 3
p
�)(5�=2�p� + 1)

: (3.35)
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Since the toroidal ow velocity v� = 
Rt is equal to �Cs and � � 1, the

tokamak Rtok can be reduced further to

Rtok =
A

5


1

��2
: (3.36)

The value of � in a typical experiment is a few percent(� � 0:03) in the

core, and drops by factor of 10 to 20 near the wall. If the average value

� = 10�3 � 10�2 is assumed, and � = 0:1, Rtok becomes a function of the ratio

A=


Rtok =
A



� 103 � 104: (3.37)

The toroidal ow shear pro�le, and thus the ow shear parameter A, are known

from the toroidal ow pro�le measured by the Doppler-shifts of co-rotating im-

purities. The hydrogenic working gas of the plasma rotates with the impurities

due to the radiation, strong collision and friction between the two ion species.

the details are in Zhu et al. [75]. The typical value of A is 100kHz. The

toroidal rotation of the hydrogen plasma is driven by the neutral beam in-

jection. In large tokamaks(JET, JT60U, DIIID), the toroidal velocity reaches

200 � 300km/s, which yields 
 � 100kHz. The Alfv�en frequency is compara-

ble since kk � (1=q)R � 10�3cm�1 and vA =
q
B2
p +B2

T=
p
4�� � BT =

p
4�� �

3� 108cm/s. For a review of the toroidal Alfv�en eigenmode(TAE) and contin-

uum, see [52, 88{91]. The estimated value of Rtok is about 103 � 104 for the

transport barrier region. However, large values of Rtok does not mean plasma

is turbulent, but means that the Parker instability grows slowly because of the

strong magnetic �eld[see Eq. (3.4)]. The details of the turbulent transport from

both rotating shear, magnetic shear and the thermal gradient are complex in

tokamaks. Shear ow can be either stabilizes or destabilizes depending on the

details [92]. Other electrostatic shear ow driven instabilities are possible [93].
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Another problem is to maximize the growth rate of the magnetorota-

tional instability by equalizing the Alfv�en frequency !A to the rotating speed


. For tokamak devices, poloidal magnetic �eld is � 0:1T and density n is

5�1013cm�3, which yields the e�ective Alfv�en velocity of the order of 102km/s.

Thus, the typical length of the magnetorotational instability in the poloidal di-

rection [6],

�mr =
vAp
A
' Rt

�
p
�
� Rt; (3.38)

is the order of 104cm, where vAp = Bp=
p
4�� is the Alfv�en velocity due to the

poloidal magnetic �eld. The typical wavelength of the Parker instability in the

toroidal direction is

�P = 2�=kP =
4�(1 + �)

�3=4(2� 3
p
�)1=2

Rt

�2
; (3.39)

whose value is 105cm.

Dimensionless measure of the magnetic(Maxwell stress) viscosity coeÆ-

cient �B caused by the magnetorotational instability is given by [6],

�B = �hÆBxÆByi
4��C2

s

<
hÆB2i
4��C2

s

: (3.40)

Substituting all the variables in eq. (3.40), the magnetic viscosity in tokamak

device is estimated to be �B � 0:01 due to the low level of hÆB2i in the

system [94].

Next, the possibility of laser simulation plasma experiments is consid-

ered. A schematic view of a simulation experiment is shown in Fig. 3.10 [87].

Though it may not be easy to apply magnetic �elds to the target, strong �elds

may be generated by applying electric current to a target perpendicular to the

direction of laser injections to create magnetic �eld in the azimuthal direction.
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Figure 3.10: A schematic view of a laser experiment. Electric current is apply
parallel to the rotation axis to create magnetic �eld in the azimuthal direction.
The directions of laser injection are slightly out of axis to create shear ow in
the azimuthal direction. The injected laser compresses the target radially to
make target Parker unstable.

The injection directions of lasers are o�set from the symmetry axis, so that

the target obtains angular momentum from the laser beams. The target is

nonuniform to create a sheared rotation in the equatorial plane. Since the tar-

get is Rayleigh-Taylor unstable due to the imploding pressure of the laser and

magnetorotational unstable due to the sheared rotation and magnetic �eld, one

should be able to observe how global structure grows experimentally if variables

are properly chosen.

A critical condition for laser-space plasma experiments is to make the

equations of motion invariant under the scale transformation [77]:

�d = a1�e;

pd = a2pe;

hd = a3he;

�d = a4�e; (3.41)

where �, p h and � are characteristic values of density, pressure, spatial scale
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and time, respectively, and subscripts d and e indicate those values are for the

accretion disk(d) or the experiment(e). The ratios a1; a2; a3 are determined

from those parameters. Under the transformation, the characteristic values of

time scale � , magnetic �eld B, and angular frequency 
 are transformed as

�d =

s
a1
a2
a3�e � a4�e;

Bd = a
1=2
2 Be;


d =

s
a2
a1

1

a3

e =

1

a4

e: (3.42)

First, the ranges of a1 and a2 are determined from the relative density and

magnetic �eld strengths. The typical strengths of magnetic �eld are Bd =

10�3G� 1G and Be = 1G� 1T, which yields a2 = 10�14 � 100. Since the

typical number density of a protoplanetary accretion disk is n = 104 � 106cm�3

whose content is mostly hydrogen(�d = 10�20 � 10�18g/cm3) and that of target

is �e = 1 � 10g/cm3, the ratio a1 is the order of 10
�21 � 10�18. The pressure

of the disk is estimated by assuming its temperature T � 100K, which yields

pd = C2
s�= = 10�11 � 10�8 Pa and an experiment pe = pd=a2 = 10�11 � 106

Pa.

Next, the range of a2 is determined again, from an analysis of the typical

scale length and time scale rather than the magnetic �eld. The typical scale

length of an protoplanetary disk can be determined by the distance between

the Alfv�en singularities in corotational frame [63],

hd � vA
A

=
Bp
4��A

= 1016 � 1021cm; (3.43)

where A = 3
=4 and 
 = 10�9 � 10�7 s�1 are used, whose period is 10 � 103

yr. For laser experiments, he = 10�4 � 10�2cm, which yields a3 = 1018 � 1025.
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The typical time scale of accretion disk evolution is estimated by the growth

rate of the magnetorotational instability,

�d =
1

!A
� 1



= 107 � 109s: (3.44)

The typical time scale of experiments is �e = 10�8 � 10�2 s, which makes

the time scaling factor a4 � 1011 � 1017. Since the pressure is / �(T=m) �
a1(a3=a4)

2 � a2 so that from the square-time scaling one �nds

a2 = a1

�
a3
a4

�2
; (3.45)

to make the equation of motion invariant under the scaling transformation, the

range of a2 is 10
�19 � 100(this large range is due to the square in Eq.[3.45]),

which overlaps with the range of a2 calculated from magnetic �eld strength.

Thus, it is found that a laser experiment for an accretion disk may be achieved

in the range 10�14 < a2 < 100.

The rotation frequency for experiments 
e is given by


e = a3

s
a1
a2

d = 102 � 1010
d: (3.46)

A simulation regime would be 
e � 102s�1, which correspond to Be � 100G,

Pe � 10�6Pa, he � 10�4cm, �e � 10�6s.

This scale transformation are also applied to active galactic nuclei(AGNs).

Typical ranges of variables for AGNs are BAG = 10�3G� 10�1G, �AG = 105 �
106g/cm3, TAG = 103 � 104K, MAG = M� � 108, rAG = 10 � 100AU. Substi-

tuting all the variables to eqs.(3.41) and (3.42), we can estimate realistic experi-

mental values as Be = 10�1G, �e = 10g/cm3, Pe = 109 � 1011Pa, he � 10�2cm,

�e � 10�2s, and 
e = 10s�1. The comparison of the estimated values are shown

in Table 3.6.
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Planetary AGN Tokamak Laser
Planetary AGN

L(cm) 1010 � 1011 1013 � 1015 103 � 104 10�4 � 10�2

t(s) 107 � 109 106 � 1012 10�5 � 10�4 10�8 � 10�2

P (Pa) 10�6 � 10�3 109 � 1011 103 � 104 10�9 � 10�6 109 � 1011

�(g/cm3) 10�18 � 10�20 105 � 106 10�11 � 10�10 1 � 10
B(G) 10�3 � 1 10�3 � 10�1 103 102 10�1

T (eV) 10�2 10�1 � 1 104 10�2 � 10�1 1
a(cm/s2) 10�4 � 102 10�11 � 10�6 1010 � 1013 10�8 � 10�2 1011 � 1016

R1=2 1 � 10 106 � 109 101 � 102 � 1

Table 3.1: Typical quantities of accretion disks and experimental plasmas. L:
scale length, t: typical time scale, P : typical pressure, �: density, B: magnetic
�eld strength, T : typical temperature, a: acceleration, R: growth rate ratio.

In both cases, the ratiosR andRd may be small. It is not easy to adjust

the rotation frequency and the shear rate of the target to the ideal values. The

Parker instability is relatively easy to control, since the pressure of the laser

directly makes the target Parker-unstable. The resulting gas buoyancy may

be too strong to couple either the magnetorotational instability or kinematic

dynamo. Thus, the tokamak simulation would appear more straightforward to

create for the accretion disk.

3.7 Discussion

The combined e�ects of the magnetorotational, kinematic dynamo, and Parker

instabilities gives rise to density blobs in an accretion disk, which may con-

tribute to the structure formation in accretion disks prior to the self-gravitational

instability. The mass spectrum of such aggregations has been calculated from

the typical wavelength of the magnetorotational instability, self gravitation,

and magnetic dynamo, indicating the accumulation of the density in the radial

direction. The similarity of mass spectra by the magnetorotational instability
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and Jeans(self-gravitational) instability indicates that the magnetorotational

instability can create similar mass spectra predicted from the conventional

theory in shorter time scale, which may solve three observational questions

addressed in x3.1.

By the scale transformations of the equation of motion, it is found that

this coupling instability regime may be observable experimentally in laboratory

plasmas to simulate the structure formation process in protoplanetary disks.

The azimuthal dependence of the coupled instability in the nonlinear phase

remains to be an issue of investigation.

To show how the theoretical estimation match with observations, I

choose the dust ring around � edriani [95] as an example. As showed in Chapter

2, the wave number directional dependence of the magnetorotational instabil-

ity arises only from the ratio q = k2�=k
2
z , where k� is the wave number in the

azimuthal direction(k� = ky), and kz is in the direction of the rotation axis [63].

By using the radius of the disk r and azimuthal mode number m, k� is esti-

mated as k� = m=r. For thick disk, kz can be estimated by � divided by a half

height of the disk H and a vertical mode number n as kz = n�=H. The ratio

q is then given by

q =
�
mH

�nr

�2
: (3.47)

The dust ring around � edriani [95] is observed to have an azimuthal structure

with mode number m = 5 � 6. The ratio between the height to the radius

of the disk is assumed as H=r � 1=3, and estimate q = 4=9 for n = 1, which

agrees with the analytical value of q with maximum growth rate(see Fig./

2.5). Thus, it is plausible that gas in the disk is accumulated to a ring with

radius r � 60 AU by the magnetorotational instability and that the Parker



70

instability couples to the magnetorotational instability to explain the creation

of an azimuthal structure in � edriani.

After blobs are created in a accretion disk, only stable ones remain to be

the seeds of planets. With respect to the nonlinear evolution of the seeding pro-

cess, a work by Horton & Smith [76] may be instructive to the present problem.

They showed that the coupling of radial plasma gradient to the centrifugal and

Coriolis forces gives rise to solitary monopole and dipole vortices in the sheared

rotation of the Io plasma torus around Jupiter. The dynamics is through the

drift wave-Rossby wave process [96]. The maximum vortex radius Rv is given

approximately by velocity shear length Rv ' �(d ln
=dr)�1 = �r
=2A, which
may be greater or smaller than the blob size created by the coupling of the mag-

netorotational and Parker instabilities, depending on how strong the magnetic

�eld is. Since the typical wavelength of the magnetorotational instability is

�mr = !A=(Aky) � 1=kP and the Parker instability �P = 8�H=
p
3 � H, the

typical size of the blob is the height of the disk in both the radial and azimuthal

directions, which is of the order of 1 AU. If the blob size is smaller than Rv, the

blobs are stable and grow by interacting with each other to give rise to plan-

etesimals. Once stable blobs are created in the disk, they would be subject to

the Jeans and Jeans-Parker instabilities [82]. If the blob size is larger than the

Jeans and Jeans-Parker instabilities, these instabilities may start immediately

from the blob formation. These further facilitate the structure formation. In

this second stage, the di�erential rotation may be slower than that in a Kep-

lerian disk so that the Jeans instability can create a larger structure against

phase mixing in the shear ow. When the typical length of the blobs exceeds
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the Jeans wavelength �J ,

� > �J =
2�Csp
4�G�

; (3.48)

the Jeans instability sets in. However, �J is 103 � 104 AU with T = 100K and

n = 104/cm3, indicating that density should be higher at least in dense regions

for the Jeans instability.

DiÆculty of huge planetary formation like the Jupiter and the compara-

ble ages of the Earth and Sun(see x3.1) can solve if the structure formation can
be accelerated by any mechanism other than the Jeans instability. As I showed

in x3.2, magnetorotational instability can accelerate the structure formation in

the radial direction, whereas the Parker instability create a structure in the

azimuthal direction. Furthermore, the magnetorotational instability acceler-

ates the accretion of a disk by transferring the angular momentum outward(see

Chapter 2). Thus the total e�ect of these MHD instabilities can accelerate the

protoplanetary formation, which may solve these two questions.

As I showed in x3.3, the structure formation via MHD instabilities de-

pend on the existence of magnetic �eld, and the distribution of magnetic �eld in

a protoplanetary disk a�ects the resulted mass spectra. The potential density

distribution (3.26) only assumes the azimuthal symmetry, and two parameters

�0 and  can be chosen arbitrarily, which means that the mass spectra may

have maximum at any radius [22]. Even though steady state solution may

not be realistic, the calculated mass spectra may explain the existence of huge

exosolarplanets.

Gas particles(grains) in a accretion disk are formed with a distribution

over radius a with density nd(a) � 1=a7 [97]. They are mostly charged [98,99].
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Charged dust particles with large mass may give rise to the strong Hall electric

�eld, which breaks the "frozen-in" law of the magnetic �eld and separates dusty

plasma from electron-ion plasma [100], whereas smaller grains are more tightly

frozen to the �eld [101]. Thus, after planetesimals are created, the e�ect of

dusty plasma becomes important.

In Sec. 3.6, the possibility of experiments of analogous phenomena in

laboratory plasmas has been discussed. Though this is an excellent case for the

creation of a database for planetary formation, there remain several problems

in achieving scaling. First, radiation pressure may be stronger in laser plasmas

than in protoplanetary accretion disks(perhaps appropriate to the radiation

pressure in disks with AGNs). Since the temperature of the protoplanetary ac-

cretion disk gas is typically low(T � 102K), the radiation pressure is neglected

in the calculation and simulation. However, the temperature in the analog laser

experiments is typically high(10 � 100eV) so that the radiation pressure is not

negligible. Second, the control of shear ows is challenging in laboratory plas-

mas for its role in the transport of angular momentum although recent progress

with RF heated plasma has been made [102{104]. In tokamak devices, shear

ows are created by unbalanced natural atomic beam injection(NBI) and by

radio frequency(RF), and maintained by plasma itself in ohmic heating. To

create near Keplerian shear ows in the device, the injection angle of NBI, ex-

ternal magnetic �eld, and plasma density should be carefully chosen. In laser

plasmas, shear ows may be created by injected laser from opposite direction,

producing a torque on the target pellet. Uniform sheared ow is diÆcult to

create because of the inhomogeneity of laser irradiation to a target. Despite

these diÆculties, analog experiments are important provide database for non-
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linear evolution of accretion disks with large density and magnetic �eld ranges.

Laboratory analog simulation always include more space-time scales and phys-

ical e�ects than possible with digital computer simulations. Our theoretical

estimations can be applied to not only in protoplanetary disks and AGNs, but

also any accretion disks such as accretion disks around dwarf novae and black

holes. Analog experiments of those disks are also possible. Although these

analog simulation experiments I suggested in this chapter is purely theoret-

ical, simulation experiments may show more solid answers to the questions

addressed in x3.1. If the technical diÆculties can be solved, we can simulate

more realistic accretion disks by experiments than three-dimensional computer

simulations.



Chapter 4

The Coupling of the Magnetorotational and

Parker Instabilities

4.1 Introduction

As stated in x3.3, the coupling of the magnetorotational and Parker instabili-

ties play a important role in the structure formation in protoplanetary disks.

Magnetic �eld in a disk is enhanced by the magnetorotational instability [3,4],

and the magnetic �eld energy is extracted by the Parker instability [16, 17].

However, even when magnetic �eld initially has only an azimuthal component,

it will expanded due to sheared ow and magnetic buoyancy, which eventually

creates complex structure and makes the disk turbulent. Three dimensional

simulations [15, 45] showed complex structures are created in accretion disks.

Non-eigenmode analysis [24] and coherent-wave solution analysis [23] do not

fully resolve the coupling of the magnetorotational and Parker instabilities.

In x3.3, the growth rate ratio is estimated solely by non-coupled ef-

fects of the magnetorotational and the Parker instability. More accurate cri-

teria for the structure formation can be given only by analyzing the coupling

of these two instabilities. In this chapter, the linear analysis of the coupled

magnetorotational-Parker instability is performed in the co-rotating frame with

uniform gravity, which is provided by a central object. If the vertical gravity

74
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is zero, the wave equation is proven to be the same as Eq. 2.6 in x2.2.

4.2 Wave Equation for the Coupling Instability

The basic ideal MHD equations in the co-rotating frame with angular velocity


 and uniform gravity g are

@�

@t
+r � (�V ) = 0; (4.1)

@�V

@t
+r � (�V V ) = �rP +

(r�B)�B

4�

� �g + 2�V �
 + �(
� r)�
; (4.2)

@B

@t
= r� (V �B); (4.3)

where g has not only the radial component but also the axial component gz in

this chapter. Incompressibility is assumed again,

r � v = 0; (4.4)

which prohibits compressible grow of the Parker instability. However, in the

linear stage, the Parker instability can grow in an incompressible uid by ex-

changing heavier element with lighter element of uid, and only this type of the

Parker instability is considered here. The local cartesian coordinates (x; y; z)

is adopted again, with ow shear vy0 = �2Ax and the angular velocity in the

z direction, 
 = 
ẑ. The uid is assumed to be bounded below by a �xed

boundary z = 0, which corresponds to the equatorial plane of the disk.

An isothermal hydrostatic equilibrium is adopted, which requires the z-

dependence in the unperturbed density �0 and the magnetic �eld in y direction

By0 and z direction Bz0 as:

�0 = �0 exp
�
� z

H

�
; (4.5)
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By0 = B0 exp
�
� z

2H

�
; (4.6)

Bz0 = 0; (4.7)

in order to satisfy the equation of motion (4.2) in z direction

d

dz

 
P +

B2
0

8�

!
+ �gz = 0; (4.8)

and r � B = 0. Here, P (z) = P0 exp(�z=H) is the pressure, and H is the

height of the disk, which is given by

H =
C2
s

gz

 
1 +

1

�

!
; (4.9)

where the sound speed

C2
s =

P

�0
; (4.10)

and the plasma beta

� =
8�P

B2
0

; (4.11)

are constant. The strength of uniform gravity in the z direction gz is then

determined by Eq. (4.9). In the unperturbed state, other components of the

velocity and magnetic �eld are assumed as vx0 = vz0 = Bx0 = 0.

The �rst order equations are then given by

d�

dt
+ (v � r)�0 = 0; (4.12)

�0
dv

dt
+ �0(v � r)v0 � �0(v �
)

= �r(p+ B � b
4�

) +
(B0 � r)b

4�
+
(b � r)B0

4�
� �g; (4.13)

db

dt
= (B0 � r)v + (b � r)v0 � (v � r)B0: (4.14)

Then consider solutions of the form [17]

vi = CsVi(x; !) exp (ikyy + ikzz + sz=2H) ;

bi = B0Bi(x; !) exp (ikyy + ikzz + (s� 1)z=2H) : (4.15)
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where the parameter s is to be chosen later to satisfy the �xed boundary con-

dition at z = 0. The Laplace transform (2.5) is employed for time dependence

of the perturbations.

It is convenient to introduce dimensionless parameters here. Since the

frequency is always Doppler-shifted because of the sheared ow, the normalized

Doppler-shifted frequency is given by 
D(x) = H!D=Cs, where !D = ! +

2Akyx. Other parameters can be also normalized in a similar fashion,

Ki = kiH; (4.16)


n =

H

Cs

; (4.17)

An =
AH

Cs

; (4.18)


2
A =

2K2
y

�
; (4.19)

which represent the normalized wave number, angular frequency, the Oort's

constant, and the Alfv�en frequency, respectively. Then the homogeneous parts

of the induction equations are

�i
DBx = iKyVx; (4.20)

�i
DBy = iKyVy � 2AnBx +
1

2
Vz; (4.21)

�i
DBz = iKyVz: (4.22)

Eliminating Bi from the equations of motion leads to the simple matrix form

r
 
P +

B � b
4�

!
=

0
B@ �(x) �(x) 0

(x) �(x) 0
0 0 �(x)

1
CA
0
B@ Vx

Vy
Vz

1
CA

� exp (i!t+ ikyy + ikzz + (s� 2)z=2H) ; (4.23)
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where

� = i
D +

2
A

i
D
;

� = 2
n;

 = �2(
n � An)� 2An

2
A


2
D

;

� = i
D +

2
A � 1

i
D

: (4.24)

Since the subsonic uid motion is incompressible, taking the rotation of the

equations of motion for eliminating pressure term is acceptable. By taking the

rotation of (4.23) for eliminating the pressure term, and substituting velocity

to the equation of continuity

V 0
x + iKyVy + (iKz + s=2)Vz = 0; (4.25)

yields the wave equation

V 00
x +

"
� iKy�

�
+
(K2

y� +K2
zm�)

iKy��
+
�0

�
+ log

 
iKy�

K2
y� +K2

zm�

!0
� �K2

zm

iKy�

#
V 0
x

+

"
�K

2
y� +K2

zm�

�
+
�K2

zm

��
+
0(K2

y� +K2
zm�)

iKy��
� �0K2

zm

iKy��

�K
2
zm

iKy�
log

 
iKy�

K2
y� +K2

zm�

!0
�
 
K2

zm

iKy�

!0#
Vx = 0; (4.26)

where V 0
i = (@Vi=@x)=H, and Kzm is a modi�ed wavenumber in the z direction,

given by �K2
zm = (iKz+s=2)(iKz+(s�2)=2). In order to satisfy the boundary

conditions on the equatorial plane, we must take s = 1 and K2
zm = K2

z + 1=4.

Preliminary results are obtained from examining the wave equation

(4.26). If g = 0, � = � and K2
zm = K2

z . Then the di�erential equation is

reduced to the pure magnetorotational case,

V 00
x +

�0 � iKy(� + )

�
V 0
x +

 
�K2 � iKy

0

�
+
K2

z�

�2

!
Vx = 0; (4.27)



79

where K2 = K2
y +K2

z , which is identical to Eq. (2.6).

The another limit can be examined if the background ow does not have

shear, i.e. A = 0. In this case, all the x-di�erential terms in the coeÆcients of

the wave equation (4.26) and the Doppler-shift e�ect vanish, 
D = 
. Thus

Fourier transform can be employed in the x direction by introducingKx = kxH,

and Eq. (4.26) is reduced to the Parker dispersion relation with uniform ow,

�K2
x +

"
Ky�

�
+
(K2

y� +K2
zm�)

Ky��
� �K2

zm

Ky�

#
Kx �

K2
y� +K2

zm�

�
+
�K2

zm

��
= 0:

(4.28)

The resonances occur at the Alfv�en frequency and the the Brunt-V�ais�al�a fre-

quency in the atmospheric science [26],


2 = 
2
A; 
2 = 
2

A � 1; (4.29)

which can be reduced further by taking B = 0, which indicates one root is al-

ways unstable to convection because of the unstable strati�cation of the incom-

pressible uid. Note that the background ow does not a�ect the stabilization.

Singularities of Eq. (4.26) indicate where the resonance occurs. There

are six singular points of Eq. (4.26) in total,


2
D = 
2

A; 
2
D = 
2

A � 1; 
2
D =

K2
y +K2
2

A

K2
; (4.30)

which can be rewritten as

!2
D = !2

A; !2
D = !2

A � !2
g; !2

D

k2y!
2
g + k2!2

A

k2
; (4.31)

where K2 = K2
y +K2

z + 1=4, !2
g = g=H. Clearly, the third, new resonance is

caused by the coupling of the magnetorotational and Parker instabilities.
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The another feature of the eigenmodes of the coupling instability is the

eigenmodes are no longer con�ned between two Alfv�en singularities. As shown

above, we can decompose the eigenmodes into the Fourier modes in the x

direction if the background ow does not have shear, indicating the eigenmodes

have in�nite structure in the x direction. Thus, the eigenmodes 'leak' from the

Alfv�en singular points in both positive and negative x directions, destabilizes

uid to convection from boundary and g.

4.3 Discussion

The coupling of the magnetorotational and Parker instabilities has been dis-

cussed. The wave equation is derived by assuming the background shear ow

and gravity, and the resonance and mode coupling of the Alfv�en and Brunt-

V�ais�al�a frequency are shown. Since incompressibility is assumed, uid is always

unstable to convection. The dispersion relation shows that the shear ow does

not stabilizes the Parker instability.

Magnetic �eld plays an important role in this coupled instability. Eq.

(4.31) shows that the magnetic �eld parallel to the direction of the wave stabi-

lizes the Parker instability, since the perturbation stretches the magnetic �eld

line. The Alfv�en frequency and Brunt-V�ais�al�a frequency are coupled because

of the magnetic �eld, which create another continuum.

General property of the eigenmodes is briey examined by comparing

two limit cases. In the pure magnetorotational case, as shown in Chapter 2,

the eigenmode is sandwiched between two Alfv�en singularities. However, in the

pure Parker case, eigenmodes are not bounded. Thus, the eigenmode of the

coupled instabilities increases its radial size with g.



Chapter 5

Conclusion

The magnetohydrodynamical structure formation of protoplanetary disks is

studied. In Chapter 2, an accretion disk is shown to be unstable to non-

axisymmetric perturbation of the magnetorotational instability. Since the mag-

netorotational instability transfers angular momentum out from an accretion

disk and its eigenmodes create a structure in the radial direction, the result

implies that magnetorotational eigenmodes construct the radial structure in

the disk, which accelerates the planet formation prior to self-gravitation.

The another possible mechanism of planetary formation without self-

gravitation of gas is discussed in Chapter 3. Even if the magnetization of a

protoplanetary disk is weak at the very beginning of the planetary formation,

magnetic �eld is continuously enhanced by the magnetorotational instability

in the outer region. In the inner region, however, magnetic �elds enhanced by

kinematic dynamo are extracted from the disk surface via the Parker instability,

which may cause the ejection of jets from the central region. The dominance

of the magnetorotational instability in the early stage also implies that the

radial structure in an accretion disk evolves faster than the azimuthal structure,

creating ring-like structures in the disk �rst.

In the later(moderately magnetized) stage, all the three instabilities
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compensate with each other, creating a disk turbulent in both the radial and

azimuthal directions. Kinematic dynamo, driven by the central star in this

stage, creates the radial structure in the inner region. Three dimensional sim-

ulation has shown that the arm and blob-like structure are created in a local

shearing box because of the coupling of the magnetorotational and Parker insta-

bilities, indicating gas aggregation prior to self-gravitation in a protoplanetary

disk. This scenario does not require self-gravitation, which is essential for the

conventional theory of the planetary formation, and create dense regions much

faster than self-gravity. Since one of the most diÆcult problems from obser-

vations is that the planetary formation should be faster than the conventional

theory, this scenario may solve this problem.

The radial mass spectra created by the magnetorotational instability,

kinematic dynamo, and self-gravitation are estimated by assuming two types

of the density pro�les. The Spectrum with the torus density pro�le model has

a maximum at some radius, which may explain the existence of huge mass

extrasolar planets like Jupiter, and the origin of the Solar system. Since the

magnetorotational instability is dominant in the early stage, the radial struc-

ture is created mainly caused by the excitation of eigenmodes of the magne-

torotational instability. The structure is accentuated further accumulated by

the Parker instability in the azimuthal direction and the Jeans instability in

the later stage of the formation process. Since the maximum density radius can

move with changing parameters in the potential model, these density spectra

may explain the variety of the observed mass spectra of exosolarplanets.

The applicability of the shear-ow induced structure in laboratory plasma

is discussed in place of the direct measurement of the magnetic viscosity in ac-
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cretion disks. Even though the coupling of the magnetorotational instability or

kinematic dynamo with the Parker instability may be weak in both a tokamak

plasma and laser plasma, laboratory experiments may be achievable and use-

ful for understanding the formation mechanism of planets and AGNs. Issues

for achieving laboratory plasma experiments are addressed, which include con-

trol of sheared ow, radiation pressure, and inhomogeneity. Even though the

schematics for these simulation experiments are ideal, these experiments may

provide more information than computer simulations.

The coupling of the magnetorotational and Parker instabilities is ana-

lyzed. These two instabilities are coupled via magnetic �eld, which appears the

coupling of the Alfv�en frequency and the Brunt-V�ais�al�a frequency explicitly.

The wave equation is shown to be identical to the pure magnetorotational case

if the gravitational e�ect is neglected. A detailed study of eigenmodes of this

coupling instability remains to be an issue of investigation.
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