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Abstract

In this paper a time evolution equation for internal kink oscillations is derived. It
is valid for both stable and unstable plasma regimes, and incorporates the response
of an energetic particle population. A linear analysis reveals a parallel between (i)
the time evolution of the spatial derivative of the internal kink radial displacement
and (ii) the time evolution of the perturbed particle distribution function in the
field of an electrostatic wave (Landau problem). It is shown that diamagnetic drift
effects make the asymptotic decay of internal kink perturbations in a stable plasma
algebraic rather than exponential. However, under certain conditions the stable root
of the dispersion relation can dominate the response of the on-axis displacement for
a significant period of time. The form of the evolution equation naturally allows one
to include a nonlinear, fully toroidal treatment of energetic particles into the theory
of internal kink oscillations.
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I. Introduction

Two important instabilities of axisymmetric, current-carrying toroidal plasmas
– sawtooth relaxations [1] and fishbone oscillations [2] – are associated with the
instability of internal kink modes. These are waves with toroidal mode number
n = 1 and dominant poloidal mode number m = 1, such that the radial displacement
is nearly constant in the central plasma region where the safety factor is less than
unity; i.e., where q(r) < 1. This radial displacement rapidly drops to zero in a
narrow layer centered at the q = 1 surface.

Sawteeth are magnetohydrodynamic(MHD) events determined by properties of the
bulk plasma, which occur in both Ohmic and auxiliary-heated plasma discharges.
Fishbones, however, involve the resonant interaction of the MHD response with a
fast ion population, and are commonly observed in present tokamak experiments
when the plasma is heated by neutral beam injection and/or by ion cyclotron radio
frequency waves. There is also the possibility that fishbones may be excited by
fusion-product alpha particles.

This paper addresses two aspects of the theory of the internal kink:

(i) The derivation of a new, compact evolution equation for the internal kink including
the singular layer dynamics. With this equation we can evolve the field that
responds to either externally-imposed currents, or to a self-consistent non-MHD
current. An example of the latter is the perturbed energetic particle current that
gives rise to fishbone instabilities. In this case, the basic equation that we derive
in this paper must be supplemented by a simultaneous solution of the energetic
particle kinetic equation in the spirit of Ref. [3].

(ii) An elucidation of the detailed structure of internal kink oscillations for stable as
well as unstable plasma parameters.

In standard linear MHD theory, the radial profile of the internal kink displacement
is readily obtained for unstable conditions; i.e., when the associated potential energy
functional, δW , is negative. The situation is similar when the energy functional is
generalized to include kinetic effects due to fast ions. In this case a normal mode
is found when the system is unstable [4-5]. However, in the stable case the usual
normal mode solution appears to fail. Nonetheless, we show that the stable root of
the dispersion relation is physically significant.

In the first part of this work we derive a reduced evolution equation for the fishbone
instability in the limit that the background plasma behaves as a linear internal kink.
In the background response we include diamagnetic effects associated with thermal
ions, so that the reduced equation is applicable to the full range of collisionless
fishbone instability regimes discussed in the literature, both when diamagnetic terms
are important [4], and when they are not [5]. However, this evolution equation
does not take into account the effect of fluid nonlinearities, and as a consequence,
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represents only a first step towards a complete nonlinear theory of the fishbone
instability.

A detailed mathematical analysis of the reduced equation, which takes the form
of an initial value problem for the on-axis plasma displacement, then enables us to
extend the standard linear theory to include the description of stable eigenmodes
by means of an appropriate analytic continuation. In doing so, we show that the
internal kink response is in fact a general type of collective plasma oscillation which
has both a physical and mathematical similarity to Landau’s description of electron
plasma oscillations [6].

The paper is organized in the following way. In Sec. II, we derive an integral
equation for the on-axis kink displacement, and then compute the long-time asymp-
totic response of the solution in Sec. III. Sec. IV presents an explicit calculation of
the time-dependent radial profile for the case where diamagnetic and fast ion effects
are negligible. A general connection with the mathematical structure of the Landau
problem is made in Sec. V. Finally, in Sec. VI, we give a summary of the most impor-
tant results. Two Appendices are included, and outline the essential mathematical
steps required to justify results quoted in the main body of the paper.
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II. Reduced Equation of Motion

We begin by writing the collisionless equation of motion for the bulk plasma dis-
placement ξξξ:

ρDtt ξξξ =
1

c
(δj×B + j× δB)−∇δpcore −∇ · δIPhot , (1)

where ρ is the mass density and Dtt is a differential operator that describes the
effect of inertia and finite Larmor radius. j and δj are the equilibrium and perturbed
plasma currents, B and δB are the equilibrium and perturbed magnetic fields, and
δpcore is the perturbed (isotropic) plasma pressure. The quantities δj, δB and δpcore

are taken to be linear in ξξξ, although no such restriction is placed on δIPhot – the
perturbed hot particle pressure tensor.

It is convenient to decompose the n = 1 displacement into a sum over complex
poloidal components, ξξξ(m), according to

ξξξ(r, t) =
∑

m

ξξξ(m)(r, t)ei(ϕ−mθ) + c.c. , (2)

where ϕ and θ are the poloidal and toroidal angles respectively, and r is a radial flux
coordinate. Since only the radial component of ξξξ(1) will arise in subsequent calcula-
tions, we will denote this simply by ξ. The limiting form of the radial displacement
is the familiar internal kink step function

ξ(r, t) −→
{

ξ0(t) , if r < r1;
0 , if r > r1,

(3)

where r1 is the radius of the q = 1 surface. This form of the displacement re-
quires that ε1 ≡ r1/R0 � 1, where R0 is the major radius. We also assume that
1− q(0) > 0. From the equation of motion, Eq. (1), one can then employ standard
techniques to derive an equation for the radial displacement ξ in a narrow layer
about r = r1.

d

dr

[
r3B2

0

(
M

vA
2
Dtt + k2

‖

)
d

dr
ξ(r, t)

]
= 0 . (4)

The time-derivative operator which appears above is

Dtt ≡
∂2

∂t2
+ iω∗i

∂

∂t
, where ω∗i ≡ −

1

r1ρωci

dpcore

dr

]
r=r1

(5)

is the ion diamagnetic frequency and ωci is the ion-cyclotron frequency. In Eq. (4),
B0 is the magnetic field on axis, M is an ion inertia enhancement factor [7] (which
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is often taken as 3 or 1 + 2q for low frequency modes), vA = B0/
√

4πρ is the Alfvén
speed and k‖ is the parallel wavenumber. Eq. (4) can be integrated once in r to give

(
∂2

∂τ2
+ iΩ∗

∂

∂τ
+ x2

)
∂

∂x
ξ(x, τ) = S(τ) , (6)

where we have introduced the layer variable x ≡ (r − r1)/r1, the normalized time
τ ≡ ωAt, and the normalized frequency Ω∗ ≡ ω∗i/ωA such that ωA ≡ vAs/

√
MR0

(for definiteness, we specify Ω∗ ≥ 0). The parallel wavevector has been expanded in
the usual way according to k‖ = sx/R, with s ≡ d(ln q)/d(ln r) the magnetic shear.
The function S(τ) is an integration constant which depends only on the on-axis
displacement, ξ0(τ) ≡ ξ(−∞, τ). It can be shown that

S(τ) = −λH

π
ξ0(τ)− 1

π
ΛK[ξ0](τ) , (7)

where the coefficient λH is directly related to the minimized MHD potential energy
[8-9]

|ξ0(t)|2λH ≡ −
2

(sε1B0)2
δWMHD

R0
. (8)

In S(τ), the quantity ΛK[ξ0](τ) represents the fast particle dynamics. The square
brackets indicate that ΛK is a time-dependent functional of the on-axis displacement,
ξ0(τ). One can also define ΛK in terms of an equivalent fast particle energy, δW hot

– which, unlike δW MHD, is not in general a self-adjoint form:

ξ∗0(τ)ΛK[ξ0](τ) ≡ − 2

(sε1B0)2
δW hot(t)

R0
. (9)

An explicit form for δW hot, which is readily found in the literature [10], is

δW hot =
1

2

∫
dΓ
(
mv2

‖
+ µB

)
δf κκκ · ξξξ∗ , (10)

where Γ = d3x d3v is the phase space volume element, κκκ = b · ∇b is the magnetic
curvature vector, b ≡ B/B, and µ is the magnetic moment. In Eq. (10), δf = f−f0

is the deviation of f from its equilibrium value, f0. Note that δf is allowed to be
nonlinear in ξξξ.

The task which remains is to find a solution of the layer equation, Eq. (6), which
satisfies the boundary conditions ξ(x, τ) → ξ0(τ) as x → −∞, and ξ(x, τ) → 0 as
x→∞. In order to reduce the problem to a single equation for ξ0(τ), we first solve
Eq. (6) for ∂ξ/∂x subject to the initial conditions
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∂

∂x
ξ(x, τ)

]
τ=0

= F (x) ,
∂

∂τ

∂

∂x
ξ(x, τ)

]
τ=0

= G(x) ; (11)

where F (x) and G(x) are localized but otherwise arbitrary functions of x such that

∫ ∞

−∞

dxF (x) = −ξ0(0) ,

∫ ∞

−∞

dxG(x) = −ξ̇0(0) . (12)

The solution of the Eq. (6), subject to the initial conditions, Eq. (11), is

∂ξ(x, τ)

∂x
= e−iΩ∗τ/2

{
F (x) cos(Xτ) +

[
i
Ω∗

2
F (x) + G(x)

]
sin(Xτ)

X

}

− 1

π

∫ τ

0

dτ ′ [λHξ0(τ
′) + ΛK(τ ′)]

sin[X(τ − τ ′)]

X
e−iΩ∗(τ−τ ′)/2 ,

(13)

where X(x) ≡
√

(Ω∗/2)
2

+ x2. We then integrate ∂ξ/∂x over all x to find

ξ0(τ) = Q(τ) +

∫ τ

0

dτ ′ [λHξ0(τ
′) + ΛK(τ ′)] J0

[
Ω∗

2
(τ − τ ′)

]
e−iΩ∗(τ−τ ′)/2 , (14)

where

Q(τ) ≡ −e−iΩ∗τ/2

∫ ∞

−∞

dx

{
F (x) cos(Xτ) +

[
iΩ∗

2
F (x) + G(x)

]
sin(Xτ)

X

}
. (15)

Eq. (14) is an integral equation which determines the on-axis displacement, ξ0(τ).
While it can be analyzed in the present form, it may also be convenient to cast
it into an alternate form such that the fast ion term appears outside the integral.
This can be done by means of the transformation described in Appendix A, with
the result

I[ξ0](τ)︸ ︷︷ ︸
linear operator

= ΛK[ξ0](τ)︸ ︷︷ ︸
source from

fast particles

+ Q̂(τ)︸ ︷︷ ︸
source due to

initial conditions

, (16)

where I is the linear integro-differential operator:

I[ξ0] ≡ ξ̇0(τ) +

[
iΩ∗

2
− λH

]
ξ0(τ) +

(
Ω∗

2

)2 ∫ τ

0

dτ ′ξ0(τ
′)K

[
Ω∗

2
(τ − τ ′)

]
. (17)
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The kernel in Eq. (17) is K(x) ≡ exp(−ix)J1(x)/x. At each time step, the energetic
particle current ΛK(τ), defined in Eq. (9), must be computed by solving a kinetic
equation for δf . The amplitude ξ0(τ) can then be advanced in time according to
a suitable finite-differencing of Eq. (17). This scheme has been implemented in a
numerical code to calculate the fishbone response [11] where energetic particles are
treated nonlinearly. The nonlinear features of the problem will be discussed in detail
in an alternate publication.
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III. Long-Time Limit of Linear Oscillations

We now discuss the asymptotic behavior of ξ0(τ) for large τ in the linear approx-
imation, i.e., when ΛK is a linear functional of ξ0. We begin by taking the Laplace
transform of Eq. (14) for ξ0, and then using a known expression (Eq. 6.611.1, p. 707
of Ref. [12]) for the Laplace transform of the Bessel function

∫ ∞

0

dτ e−ατJ0(βτ) =
1√

α2 + β2
.

After some rearrangement, we find

[√
ω(ω − Ω∗)− iλH

]
L[ξ0] =

√
ω(ω − Ω∗)L[Q] + iL[ΛK] , (18)

where L is the integral operator

L[ξ0] ≡
∫ ∞

0

dτ eiωτξ0(τ) . (19)

In the linear approximation, the fast particle term reduces to

L[ΛK] −→ λK(ω)L[ξ0] + g(ω) , (20)

where g(ω) is a term associated with the initial perturbation of the hot particle
distribution function, δf , which is not induced by ξ0. In this paper, we simply set
g(ω) = 0, which means that the response connected with g is ignored, although in
principle this response can be calculated as a separate contribution to ξ0 – in the
same manner as we calculate the contribution from Q(τ). Also, the definition of λK

is consistent with Ref. [13-14]. With this result, the transformed integral equation
becomes simply D(ω)L[ξ0] =

√
ω(ω − Ω∗)L[Q], where D is the dispersion function

D(ω) =
√

ω(ω − Ω∗)− i [λH + λK(ω)] . (21)

The causality principle requires D(ω) to be analytic in the upper half plane with
the branch of the square root determined by the condition

Im
√

ω(ω − Ω∗) > 0 for Imω > 0 . (22)

The inverse transformation to the time domain gives the following integral repre-
sentation for the on-axis displacement:

ξ0(τ) =
1

2π

∫ ∞+iσ

−∞+iσ

dω e−iωτ

√
ω(ω −Ω∗)L[Q]

D(ω)
. (23)
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Re ω

Im ω

Deformed
contour

Ω*

Original contour

σ

Pole of L(Q)

Root of D

0

Branch cut

Fig. 1. Structure of the complex ω-plane showing the original Laplace inver-
sion contour, and the same contour deformed into a loop integral encircling
the branch cut connecting ω = 0 and ω = Ω∗, and around the poles associated
with (i) a stable root of D(ω), and (ii) a pole of L[Q].

The inversion integral requires σ positive and chosen so that the contour lies above

all poles of the integrand (zeros of D(ω) and poles of L[Q]).

To evaluate ξ0(τ) in the large-τ limit, it is convenient to close the contour in the
lower half-plane and shrink it around the branch cut and poles as indicated in Fig. 1.
Upon doing so, we can rewrite Eq. (23) as

ξ0(τ) =

∮
dω

2π
e−iωτ

√
ω(ω − Ω∗)L[Q]

D(ω)

− i
∑

n

e−iωnτ Res

[√
ω(ω − Ω∗)L[Q]

D(ω)

]

ω=ωn

.

(24)

The first term is the loop integral which encircles the branch cut connecting the
branch points at ω = 0 and ω = Ω∗, while the second represents the contributions
which arise from the poles of L[Q]/D(ω). To simplify the discussion, we assume
that the singularities of L[Q]/D(ω) are poles. In the general case, however, a more
complicated analytic structure is possible.
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Im ω

Ω*
Re ω

Ω* FishboneLarge-

Ω*/2

Ω*Small- Fishbone

0

H(λ > 0)

H(λ < 0)

Fig. 2. Location of the zeros of D(ω) for the limiting cases of small and large
Ω∗. In the small-Ω∗ case, when the plasma is MHD stable (λH < 0) and λK

is small, a single root lies in the lower half plane. This mode is eventually
destabilized as λK increases in magnitude. In the large-Ω∗ case, two roots
exist on the real axis for λK = 0. The root near ω = Ω∗ is destabilized by
fast ions while the root near ω = 0 is stabilized. The dotted curves indicate
the path of each root as fast ion pressure increases.

The semicircular branch cut in Fig. 1 is convenient to simultaneously treat two
important limiting cases: that of small Ω∗, when diamagnetic effects play a minor
role; and that of large Ω∗, such that the MHD drive from positive λH is stabilized
by diamagnetic effects. These two cases correspond to two qualitatively different
regimes of the fishbone instability. In the first regime, for which Ω∗ � λH and the
plasma is MHD stable (λH < 0), the root of D(ω) occurs at ω ∼ Ω∗/2+ iλH for zero
fast ion pressure, as shown in Fig. 2. As the fast ion pressure increases from zero,
the root moves upward and eventually crosses the real axis – indicating the onset of
the fishbone instability. In the second regime, where diamagnetic effects are strong
enough to stabilize the internal kink (0 < λH < Ω∗/2), one finds two roots on the
real axis in the absence of fast ions. The root which sits close to ω = Ω∗ is the
diamagnetic fishbone root, and is destabilized by a fast ion population (since for low
frequencies, we typically have Re λK, ImλK < 0). This is also illustrated in Fig. 2.
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An asymptotic evaluation of the loop integral in Eq. (24), detailed in Appendix B,
shows that it generally decays in time as τ−3/2 for nonzero Ω∗. The corresponding
contribution to the asymptotic form of ξ0(τ) is

ξ0(τ) ∼
√

Ω∗

τ3/2

[
e−3πi/4A(0) + ei(3π/4−Ω∗τ)A(Ω∗)

]
as τ →∞ , (25)

where the factor A(ω) is calculated in Appendix B. Note that the 3/2 power is
insensitive to the initial conditions.

When the system is linearly unstable, the exponentially growing contribution to
ξ0(τ) from the eigenvalue ωn with Imωn > 0 is the dominant one, although the
unstable root may be so close to the real axis that the transient contribution from
the branch cuts can compete with it over an extended period of time. In a stable
system, the cut contribution, Eq. (25), is the dominant one in the limit τ → ∞
since every pole, ωn, gives rise to an exponentially decaying term. However, under
certain conditions, the pole contributions may persist for long times. In order that
the first term on the right hand side of Eq. (24) reduce to the asymptotic form given
by Eq. (25), the condition

Ω∗

τ
� min

{
x2

0, |λH + λK|2,Ω2
∗

}
(26)

must be satisfied. Above, x0 is the width of the initial profile (see also Sec. IV).
We then conclude that neither the stable eigenvalue nor the poles of L[Q] generally
determine the ultimate decay rate of ξ0(τ), since the decay for nonzero Ω∗ is a power
law rather than exponential. In the limit Ω∗ → 0, the branch points merge and the
cut disappears. The decay then becomes exponential, with the rate determined by
the pole with the least negative imaginary part (see Fig. 1). A final exception occurs
when a pole with Imωn = 0 exists. Then, it is apparent that the mode is marginally
stable and oscillatory with real frequency ωn.
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IV. Radial Displacement for Zero Diamagnetic Drift

In the limit Ω∗ → 0, the branch cut contribution to Eq. (24) vanishes and the
decay rate becomes purely exponential. We can explicitly illustrate this property of
the solution for the simple case Ω∗ = ΛK = 0 by constructing an analytic solution
for ξ(x, τ) given the specific initial profiles

F (x) = −x0

π

ξ0(0)

(x− aλH)2 + x2
0

and G(x) = 0 . (27)

Fig. 3a. Profile of the radial derivative of the displacement for z0 = 2.0 at
times τ = [0, 1, 2, 4]. In this case, the initial profile (dotted curve) evolves to
a narrower eigenmode profile. The latest time is shown as a solid curve.

This choice satisfies the required constraint imposed by Eq. (12), and gives a “forc-
ing” function Q which decays exponentially in time at a rate proportional to the
initial profile width, x0:

Q(τ) = ξ0(0) e−x0τ cos(aτ) . (28)

Now, we introduce the dimensionless width z0 ≡ x0/λH and then solve Eq. (14)
with Q given in Eq. (28). The result is

INSTITUTE FOR FUSION STUDIES REPORT IFSR-802 11



Fig. 3b. Profile of the radial derivative of the displacement for z0 = −2.0
(i.e., λH < 0) at times τ = [0, 1, 4, 8]. Here, the initial profile (dotted curve)
decays to an oscillatory structure, with the latest time shown as a solid curve.

ξ0(τ) =
ξ0(0)

a2 + (1 + z0)2

[
(1 + z0)e

λHτ

+
(
a2 + z0(1 + z0)

)
e−|z0λH|τ cos(aλHτ) + ae−|z0λH|τ sin(aλHτ)

]
.

(29)

In the stable case, λH < 0, there are two possible decay rates. When −1 < z0 < 0
(and taking x0 strictly positive) the decay is exponential with oscillations at fre-
quency aλH, while for z0 negative, with magnitude greater than unity, the asymp-
totic decay is exponential in accordance with the first term in Eq. (29). Let us take
the solution further, but first simplify to the symmetric case a = 0. Then the on-axis
displacement becomes

ξ0(τ) = ξ0(0)

[
eλHτ + z0e

−|z0λH|τ

1 + z0

]
. (30)

Substituting this result into Eq. (13), and evaluating the time integrals explicitly,
yields the following expression for the radial profile (with z ≡ x/λH):
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−π(1 + z0)

ξ0(0)

∂ξ(z, τ)

∂z
=

eλHτ

1 + z2
︸ ︷︷ ︸

normal mode

+
z0e

−|z0λH|τ

z2
0 + z2

︸ ︷︷ ︸
decaying transient

+
z2(z2

0 − 1)

(1 + z2)(z2
0 + z2)

[
cos(zλHτ) +

sin(zλHτ)

z

]

︸ ︷︷ ︸
oscillating transient

(31)

The interpretation of the above result is straightforward. The normal mode, or
collective, response is exponential in time and independent of the initial perturba-
tion. It grows/decays when λH is positive/negative. For the unstable case, this term
quickly dominates the others and gives rise to the standard arctangent normal mode
solution for the internal kink, with a width determined by λH (see Fig. 3a). The
second term is an exponential transient which always decays. The radial shape of
this transient can be wider (z0 < 1) or narrower (z0 > 1) than that of the collec-
tive response. The final term is a complicated oscillatory function which exhibits
nonseparable dependence on space and time (see Fig. 3b). When integrated over x,
the contribution to the on-axis displacement from this term decays exponentially in
time.

That these results are consistent with the frequency-space analysis of the previous
section can be seen by an explicit computation of the function L[Q]. Using the
causal x-space contour defined in Appendix B, it is easy to deduce

L[Q] = − ξ0(0)

ω + ix0
. (32)

This indicates clearly that the pole of L[Q] is responsible for the second term in the
numerator of Eq. (30).

Although we have taken Ω∗ = 0 in this section, it is true that when Ω∗ is small
but nonzero, the above results apply when τ < 1/Ω∗.
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V. Connection with the Landau Problem

We now discuss a parallel between the linear internal kink problem and the Landau
damping problem for an electrostatic plasma wave [6]. The analogous quantities in
these two problems are, respectively, the radial profile of the displacement gradient
in the transition layer and the perturbed particle distribution function in velocity
space near the Landau resonance

∂ξ(r, t)

∂r
←→ δf(v, t) , (33)

where the spatial profile of δf is sinusoidal. We note that both problems involve a
continuum of localized perturbations (local Alfvén modes for ∂ξ(r, t)/∂r and Van
Kampen modes [15] for δf). We also note that, in the unstable system, both
∂ξ(r, t)/∂r and δf(v, t) have a Lorentzian-type structure near the resonance point,
with the width of the resonance determined by the linear growth rate. The exponen-
tial time dependence factors out in the unstable case, since the dominant part of the
perturbation shapes into a collective eigenmode in either real space (for the internal
kink problem) or in velocity space (for the electrostatic problem). The magnitudes
of the on-axis displacement and the perturbed electrostatic potential, δφ, satisfy

ξ0(t) = −
∫

dr
∂ξ(r, t)

∂r
and δφ(t) ∝

∫
dv δf(v, t) (34)

respectively. These grow at a rate determined by the unstable eigenvalue.

To obtain an eigenvalue in the case of a stable system, it is necessary to deform the
integration contours in Eq. (33) into the complex plane. If this is not done, one will
come to the conclusion that an eigenmode does not exist. The accurate conclusion,
when analytic continuation via specification of a “causal coutour” is made, is that
the eigenmode does not exist on the real axes but rather in the complex r- and v-
planes. Such a causal contour for the internal kink is defined explicitly in Appendix
B.

Unlike the case for an unstable perturbation, the dominant component of a stable
perturbation, which is associated with the initial conditions and not the stable eigen-
value, cannot in general be factorized. This component evolves into an undulating
profile with ever decreasing scale in position (internal kink) or velocity (electrostatic
mode) – by consequence of phase mixing in the continuous spectrum. This phase
mixing causes damping of the integrated quantities in Eq. (33). For stable internal
kink perturbations this damping generally follows a power law for nonzero Ω∗.
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VI. Summary

In this work we have studied the internal kink mode evolution problem by solving
an initial value problem for the plasma displacement. The solution, in the form
of a reduced integral equation for the on-axis displacement, is applicable to both
stable and unstable plasma conditions, and includes currents produced by energetic
particles. In obtaining our reduced equation, we had to contend with the common
belief that the roots of the analytic dispersion relation are meaningful only when
the linear system is unstable. We have carefully analyzed the initial-value problem
to show rigorously that the stable roots of the dispersion relation also have physical
meaning. Indeed, when diamagnetic effects are negligible and the spatial width of
the initial perturbation is larger than the natural width of collective modes, the root
of the dispersion relation determines the dominant time-asymptotic response of the
on-axis displacement. In the general case for finite diamagnetic frequency, a stable
disturbance is shown to decay asymptotically as τ−3/2, although the exponentially
decaying collective mode can dominate for a long transient time when its damping is
weak. This feature suggests that if the effect of the energetic particles changes in time
so as to make the system stable (for example, through flattening of the distribution
function), the decay of the fishbone burst may be slower than exponential.

The model we have developed is also sufficiently general to allow for computation
of the fast-ion dynamics in a fully toroidal manner – including arbitrary equilibrium
orbits. A numerical simulation code has also been developed to track the nonlinear
energetic particle dynamics [10], and results of this calculation will be presented in
a forthcoming publication.
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Appendix A: Alternative Form of the

Evolution Equation

In this appendix we outline the formal procedure which was used to derive Eqs. (16)
and (17) of the main text. Multiplying Eq. (18) by −i and inverting leaves

L−1
{[
−i
√

ω(ω −Ω∗)− λH

]
L[ξ0]

}
= L−1

{
−i
√

ω(ω −Ω∗)L[Q]
}

+ ΛK[ξ0](τ) .

(A1)

The operator L−1 is the inverse Laplace transform,

L−1[f ] ≡ 1

2π

∫ ∞+iσ

−∞+iσ

dω e−iωτf(ω) , (A2)

with σ > 0 chosen so that the contour lies above any singularities of the integrand.
Although the term associated with the source Q(τ) can be worked out explicitly, it
is not necessary for the present purpose to do so. Instead, we simply define a new
source term

Q̂(τ) ≡ −iL−1
{√

ω(ω −Ω∗)L[Q]
}

. (A3)

With this definition, we are left with Eq. (16) of the main text:

I[ξ0](τ)︸ ︷︷ ︸
linear operator

= ΛK[ξ0](τ)︸ ︷︷ ︸
source from

fast particles

+ Q̂(τ)︸ ︷︷ ︸
source due to

initial perturbation

, (16)

such that

I[ξ0] = L−1
{[
−i
√

ω(ω − Ω∗)− λH

]
L[ξ0]

}
,

= − λHξ0(τ) + L−1
{
−i
√

ω(ω − Ω∗)L[ξ0]
}

,

= − λHξ0(τ) +

∫ τ

0

dτ ′Z(τ − τ ′)ξ0(τ
′) .

(A4)

The function Z(τ) is just the inverse transform of the square root, namely

Z(τ) = L−1
[
−i
√

ω(ω − Ω∗)
]

. (A5)

This can be computed analytically if we rewrite the square root as
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−i
√

ω(ω − Ω∗) = −iω +
iΩ∗

2
+ z(ω) , (A6)

so that z(ω)→ 0 as ω →∞. The first two terms on the right hand side of Eq. (A6)
are evidently the Laplace transform of a δ-function and its derivative. To evaluate
the third term, we shrink the original contour around the branch cut [0,Ω∗] that is
chosen to lie along the real axis. This gives

∮
dω

2π
e−iωτz(ω) = −i

∮
dω

2π
e−iωτ

√
ω(ω − Ω∗)

=
2

π
e−iΩ∗τ/2

∫ Ω∗/2

0

dx cos(xτ)

√
(Ω∗/2)

2 − x2

=
Ω∗

2τ
e−iΩ∗τ/2 J1

(
Ω∗τ

2

)
,

(A7)

where Eq. 3.752.2, p. 419 of Ref. [12] has been used to evaluate the integral. Finally,
we obtain

Z(τ) = δ′(τ − 0) +
iΩ∗

2
δ(τ − 0) +

(
Ω∗

2

)2

K

[
Ω∗τ

2

]
, (A8)

where K(x) ≡ exp(−ix)J1(x)/x. These results give I[ξ0] as written in Eq. (17) of
Section II.

The form of Eq. (A5) is also suggestive with regard to generalization of the time
evolution operator I to cases which include a more detailed treatment of inner layer
physics. This generalization is conceptually straightforward. For example, when
resistivity, η, is included in the inner layer equations, a more complicated function
of frequency replaces the square root function:

Z(τ) −→ L−1 [G(ω,Ω∗, η)] , (A9)

where G can be deduced from, for example, Eq. (70) of Ref. [14]. The net effect is
to make the kernel, K, in Eq. (A8) η-dependent.
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Appendix B: Laplace Transform of the Source

In this appendix, we indicate how to obtain the asymptotic expansion of the loop
integral in Eq. (24) in the limit τ →∞. First an explicit expression for L[Q] in terms
of the functions F and G is obtained by transforming Q(τ) as defined in Eq. (15):

L[Q] ≡
∫ ∞

0

dτ eiωτQ(τ)

= −
∫ ∞

−∞

dx

∫ ∞

0

dτ ei(ω−Ω∗/2)τ

[(
G(x) +

iΩ∗

2
F (x) + F (x)

∂

∂τ

)

×
sin τ

√
x2 + (Ω∗/2)

2

√
x2 + (Ω∗/2)

2

]
. (B1)

It is convenient to integrate by parts the term containing a partial time derivative.
The result is

L[Q] = −
∫ ∞

−∞

dx

∫ ∞

0

dτei(ω−Ω∗/2)τH(x, ω)
sin τ

√
x2 + (Ω∗/2)

2

√
x2 + (Ω∗/2)

2
, (B2)

where we have introduced the new profile function

H(x, ω) ≡ i(Ω∗ − ω)F (x) + G(x) . (B3)

Performing the τ -integration in Eq. (B2) gives a simple result valid for all ω in the
upper-half plane:

L[Q] = −
∫ ∞

−∞

dx
H(x, ω)

ω(Ω∗ − ω) + x2
. (B4)

When Imω becomes negative, we must remember to deform the contour off the real
x-axis to ensure causality, as shown in Fig. 4.

The large-τ asymptotic expansion of ξ0 in Eq. (24) is dominated by the endpoint
contributions at ω = 0 and ω = Ω∗, where at each endpoint a similar integral will
arise. The asymptotic behavior of each endpoint integral is

∫ α

0

dz e−zτ
√

z ∼
√

π

τ3/2
as τ →∞ , (B5)
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where α is a small, positive number. In addition, we must expand Eq. (B4) in the
neighborhood of each branch point, and retain the terms which do not vanish as
ω(Ω∗ − ω)→ 0. This can be carried out directly by use of the separation

∫ ∞

−∞

dx
H(x, ω)

ω(Ω∗ − ω) + x2
=

∫ ∞

−∞

dx
H(0, ω)

ω(Ω∗ − ω) + x2
+ P

∫ ∞

−∞

dx
H(x, ω)−H(0, ω)

ω(Ω∗ − ω) + x2
.

(B6)

The first integral on the right hand side of this equation can be done explicitly.
The second is taken in the principle value sense and so remains finite in the limit
ω(Ω∗ − ω)→ 0. The required expansion for L[Q] is thus

L[Q] ∼ − iπH(0, ω)√
ω(ω −Ω∗)

−P
∫ ∞

−∞

dx

x

∂H

∂x
as ω(Ω∗ − ω)→ 0 , (B7)

where an integration by parts has been used to simplify the principal value integral.
For illustrative purposes, it is useful to evaluate Eq. (B7) for the Lorentzian profile
of Sec. IV (with Ω∗ = a = 0) to show that the result is identical to the first two
terms in the Taylor expansion of Eq. (32) as ω → 0.

Finally, when Eq. (B7) is substituted into Eq. (24) and the branch point contri-
butions are evaluated using Eq. (B5), we arrive at Eq. (25) of the main text, which
is reproduced below:

ξ0(τ) ∼
√

Ω∗

τ3/2

(
e−3πi/4A(0) + ei(3π/4−Ω∗τ)A(Ω∗)

)
. (22)

The function A(ω) is defined as

A(ω) =

√
1

4π

(
πH(0, ω)

[λH + λK(ω)]2
+

1

λH + λK(ω)
P
∫ ∞

−∞

dx

x

∂H(x, ω)

∂x

)
. (B8)
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