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Information comes to the researcher or other system in untold forms. Informa-

tion is carried in physical objects which interact with the observer or system

that they inuence. Living systems make use of information in subtle ways, to

�nd and make use of sources of materials and energy.

In this work the focus is on the reduced distribution functions and when

they yield information of relevance. Information correlation functions, correla-

tion functions, and entropy are of primary interest. The estimation of functions

of the underlying distribution is examined.

Several key theorems of statistical mechanics are shown to be conse-

quences of a single theorem on counting labeled partitions, bringing together

the cumulant expansion, linked cluster theorem, and Ursell development as

consequences of this theorem. The information correlation functions provide a

basis for the notion of the information between set of random variables.

The ow of information is closely examined, in both the classical and

quantum frameworks. In the Hamiltonian context, when the unexamined part

of the distribution is taken to be the maxent distribution, the information ow

into the subsystem is shown to be zero.
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The Ising model forms the basis of a non-trivial exactly solvable sys-

tem for examining the correlations and information correlation functions. The

expressions for the entropies of any subset of Ising spins are given, and it is

shown that the information correlation functions give the mutual information

between the �rst and last spins considered.

The quantum Heisenberg model forms the basis for a non-trivial system

exhibiting dynamics. The measurement entropy and the intrinsic entropy are

de�ned and are shown to be related by an inequality. A time-ordered mutual

information that is of great interest when examining the setting and measure-

ment of quantum states is introduced.

Estimating the values of functions of the underlying distribution (i.e.

entropy, mutual information, etc.) and their uncertainties forms a large portion

of the key results. Closed form expressions for the moments of the entropy and

the mutual information are given.
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Chapter 1

Introduction

Information is ubiquitous. Information is carried in physical systems by phys-

ical objects, and these objects are consumed by the users of that information.

Each and every living system makes use of information to ensure its survival

and to continue its existence, from �nding food to reproducing to �nding de-

structive in�ltrating agents (the immune system), information is presented and

acted upon. More speculatively, making use of information is perhaps funda-

mentally what separates life from non-life. Intrinsic to the use of information is

the need to be able to recognize the message being sent by reducing the infor-

mation in the physical object presented to the relevant message. This is a very

general statement. To be more speci�c, in what ways can a reduced description

of a system su�ce to bring the relevant information to the consumer of that

information?

In this dissertation the question of how information is carried in a physi-

cal system is examined. The systems studied here are simple, as are all systems

which have a presentable analysis. The point of view that the states of the

physical system of interest may be treated probabilistically, that there is an

underlying distribution which describes the probability that a particular state

occurs, is taken thoroughly. Certainly the thermodynamic systems studied

here are treated on this basis, but more generally whenever such a distribution

exists and is known, or is learnable, the methods of this work apply. Thus

throughout everything starts with these distributions.

1
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The relationships between the full distribution and reductions of the full

distribution are of prime interest here, for it is the reductions of the full dis-

tribution that represent the process of ignoring, perhaps relevant, information.

In making the reduction it is important to know just what is being lost, and it

is similarly important to know when a reduction is satisfactory and when it is

not.

To begin with a simple but important example (see a similar example

in [84]), restrict attention to a typewriter symbol set, and suppose that three

magnetic tapes are presented. Unknown to the consumer of the tapes, one

contains a poem, one contains random noise, but the symbols occur with the

same frequencies as those of the poem, and one, the blank tape, contains noth-

ing but one symbol, zero, repeated forever. What is to be done to distinguish

them? This is analogous perhaps to a researcher examining a biological sys-

tem in which there are many long strands of DNA. In some of the cases the

strands carry useful information, and in others there is nothing but random

bases joined together. In others still there may be long regions of repeated

bases which are there only because some enzyme went out of control at some

point in the evolution of this genome. What is to be done to recognize the dif-

ference between these strands? What is to be done to distinguish useful DNA

from non-useful DNA? In the case of the �rst two tapes, the poem and the noise

tapes, both have the same �rst order entropies. But the second order entropy

of the poem is probably lower than that of the noise. And so on. At very high

orders though, the poem probably has very low entropy, with the next unseen

symbol being nearly predictable. Thus at high orders and seen in terms of the

entropies, it appears similar to the third tape, the blank tape. The blank tape

has zero entropy at all orders. Clearly, understanding the entropy of a system

at just one order is not enough to make a clear assessment of the content. This

example makes it clear that in order to understand a system, it is important

to carefully consider the various reductions of that system and their relation-
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ships. But no claim that once this is done a useful distinction is possible can

be made. This analysis has left all of coding theory and image compression out

of the picture; indeed this is not the focus of the e�ort here. The important

issues to be understood here are those surrounding the various reductions. In

any system of any large degree of complexity, summary statistics like entropy

cannot be expected to provide a clear picture of the system, certainly they do

not provide the information present in the full distribution, but for the pur-

poses of engineering or for mapping out relevant biological mechanisms this is

necessarily what the researcher must depend upon.

In order to quantify the information in a distribution the entropy is

available, see chapter 2. The development here is uniquely centered on count-

ing, with every e�ort made to show explicitly how counting states and entropy

are related. The development of the entropy and conditional entropy is made

in this fashion. From this immediately follows the mutual information. The

notions of redundancy and relevancy are introduced and several competing def-

initions from the literature are noted. Several theorems about the entropy are

concisely given, see section 2.2, and made use of throughout the work. In par-

ticular, the reduced entropy relationship and the reduced entropy per degree

of freedom relationship are of immense value.

In order to quantify the goodness of a reduction of the distribution there

is an interesting set of techniques arising from many body theory in statistical

mechanics which are centered on the notion of partitioning. These includes

methods for approximating the moment generating function, the cumulant ex-

pansion, see sections 3.1 and 3.3, and approximation of the distribution func-

tion itself, the Ursell expansion, see section 3.5, and the cluster expansion,

see section 3.8. The usual moment functions, correlation functions, and the

cumulants are made explicit. It is important to know when a set of random

variables is telling you something new that some subset of the set could not.
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For this the information correlation functions, see section 3.12, are introduced.

In many ways these functions are the proper generalization of the entropy and

mutual information, and generally the notion of the amount of information

available between a set of random variables. These functions have been noted

for possible use in corners of the statistical mechanics community, especially

with the uid theorists [26] and plasma physicists [39, 84]. In this dissertation

they are employed as tools for making the behavior of systems explicit. It is

hoped that by presenting the tools of many body physics clearly and concisely,

and by providing interpretations for the information correlation functions, the

various communities that could make use of these tools will do so - especially

the neural networks and machine learning communities - for these techniques

indeed present powerful methods for function approximation, function learning,

representation theory, etc. That all of these methods are linked together by the

central concept of partitioning is the key result of chapter 3. There the linked

cluster theorem, cluster expansions, the Ursell development and the cumulant

expansion are tied together by one theorem about partitioned structures, see

section 3.8. Clearly this approach provides for a rigorous description of many

variable interaction and representation, awaiting numerous applications as the

techniques become better known outside the theoretical physics community.

Chapter 4 continues with an analysis of an extremely simple statistical

mechanical system, the bit string system, where correlations arise not because

of some interesting structure in some Hamiltonian, but because there is a simple

constraint involved. This is analogous to the situation in quantum mechanics,

where a type of symmetry, the symmetries that must be obeyed by fermions

and bosons, induces correlations in systems of these particles. The bit string

example has an interesting twist - for non-physical values of bits, fractional

bits, interesting discontinuities in the entropies occur, see section 4.9. The bit

string system is shown equivalent to a lattice hard sphere gas, where in the

non-lattice case there is a hypothesized phase transition.
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Information is carried in physical objects described by probability dis-

tributions. These distributions change in time. Chapter 5 on the classical

equations of information ow discusses the time evolution of these distribu-

tions, and thus the information that they carry. For Hamiltonian systems, this

is the Liouville equation, see section 5.1. The reduction of the full probability

distribution also is generally changing in time. The BBGKY hierarchy, see

section 5.2 describes the time evolution of the reduced distribution function in

two parts, the evolution of the reduced system due to itself, and the evolution

of the reduced system due to the rest of the system. The presentation here

focuses on the structure of the separation of the reduced system and the rest

of the system, applicable to general ows, with the actual Hamiltonian ow

description included later. This makes the presentation much simpler to follow

than the usual textbook study. It is perhaps somewhat surprising that tak-

ing a maximally uninformative rest-of-system makes the entropy change of the

reduced system zero, see section 5.5.

Models play an important role in the presentation here. Previously men-

tion was made of the study of the simple bit string system with constraint in-

duced correlations. In chapter 6 the Ising coupled spin system is discussed. Ex-

pressions for the entropies of collections of neighboring spins are given in closed

form in section 6.8 and shown graphically. The presentation shows clearly how

the various reduced entropies, moments, and information correlation functions

indicate areas of the phase space of interest, in particular the antiferromagnetic

coupling case shows more structure than the ferromagnetic coupling case. En-

tropies for collections of non-neighboring spins are also given in closed form,

see section 6.17. It is interesting to note that the reduced entropies per spin

are ordered, see sections 6.15 and 6.17. Also shown (section 6.18) is that the

information correlation functions are given by the mutual information between

the �rst and last spins in the set considered. This indicates that all of the

information available between a set of bounded spins is actually available from
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the endpoint spins alone, although this result is tied to the interpretation of

the information correlation functions, see sections 3.13 and 3.14. Several other

topological reductions of the information correlation functions are mentioned,

leading to the observation that the information correlation functions may be

used to explore many aspects of the redundancy structure of a set of random

variables.

Quantum systems are of interest because the world is fundamentally

quantum in nature, and because this is the technological frontier for the fore-

seeable future in computing. Quantum systems are described by density ma-

trices. In chapter 7 the density matrix is described in terms of a state density

function. The evolution of this density function is discussed, see section 7.2,

giving rise to the quantum Liouville equation (coordinate dependent descrip-

tion). Analogous to the classical case, there is a quantum BBGKY hierarchy,

see section 7.3, which breaks the evolution into two parts, the reduced system

and the rest of the system. The Heisenberg and pure-state time development

equations are discussed here too.

The quantum Heisenberg model of coupled spin-1=2 particles is studied

in chapter 8. Here also is presented a brief outline of the classi�cation of spin

systems. Entropy and all of the other system functions mentioned so far are

presented for the quantum Heisenberg model. The interesting behavior occurs

in the antiferromagnetic coupling case, as it did in the Ising system, and is

indicated by the structure of the high order information correlations, entropies

and other system functions. Again, we �nd that it is important to consider the

high order nature of these systems in order to understand them. Phase transi-

tions between the dominant states are observed at many values of the external

�eld applied to the system, depending on the number of spins in the system.

The relationship between the intrinsic entropy of the system (the entropy of the

density matrix) and the measurement entropy of the system is made explicit.
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One key result is that the measurement entropy is greater than or equal to

the intrinsic entropy, see section 8.8. In potential applications, an important

quantity to consider is the mutual information between a measurement, and

an unmeasured but perhaps more desirable operator, see section 8.9. Because

the operators for the energy eigenstates and the measurement eigenstates need

not commute, the mutual information here is a time ordered (�lter ordered)

mutual information. Similarly, in more complex scenarios, the information cor-

relation functions are generally time ordered information correlation functions.

The mutual information spoken of here is the mutual information between the

measured and unmeasured observables.

Information comes via measurements, and by nature only a �nite num-

ber of these are available. Chapter 9 is devoted to the extraction of information

from �nite data, and it is here that we come full circle and complete the pic-

ture. Information is carried by a physical system, the system is measured by

the observer, and the relevant aspects of the system are then inferred. This is

the basis of all pattern recognition, learning, and prediction. It is important

to not only infer the value of a quantity, but to also infer the uncertainty that

is left after some �nite number of data are seen, to know when to stop trying

to obtain more data, and because a single value representing a guess at the

underlying system is almost completely irrelevant unless it is also known how

good that guess is. Here the tools for making these guesses and presenting their

uncertainties are developed completely. The chapter starts o� with a discussion

about learning the values of parameters determining a system. It is shown how,

sometimes, more data can lead to greater uncertainty about the parameters,

but that the uncertainty about the parameters decreases on the average. The

exact amount of decrease is quanti�ed, see section 9.2. Inferring the values

of the moments of the entropy is the next problem solved. The expressions

give closed forms for the inference of the value of the entropy, its uncertainty,

and all of the other moments of the entropy. The presentation is quick, via
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the presentation of several theorems which demonstrate how to do the integra-

tions needing to be done, see section 9.3.8. The results for the entropy appear

in section 9.3.9. The results for the estimators for moments, correlations and

cumulants appear in section 9.3.11. After the entropy and moment inference

tools are developed, the tools needed to express the inferences of the moments

of the mutual information, chi-squared, and covariance are presented. Again

this is done quickly by way of many theorems, see section 9.3.13, with results

in section 9.3.14. The appendices for this chapter present the mathematics

needed to make the development of this section both rigorous and simple, and

should serve as a useful reference to many in similar work to follow.

Derivatives of the entropy in statistical mechanical systems at ther-

modynamic equilibrium are the subject of chapter 10. It is well known that

these may be related to dynamical power spectra and the equations of classi-

cal thermodynamics, see section 10.2. There is a similar relationship between

the derivatives of the reduced entropy and correlations of the energy and the

reduced distribution function, see section 10.4. That the reduced entropies are

ordered was shown in chapter 2. That the derivatives of the reduced entropies

are not is shown in section 10.5.

In summary, throughout this work a great deal of attention is paid to

the nature of the high order entropies, information functions, and cumulant

functions, and how they indicate interesting behavior in physical systems, the

content of chapters 4, 6 and 8. Also, a great deal of attention is paid to how

to infer the underlying physics of a system from actual measurements made

on the system, the content of chapter 9. Many things of interest remain to

be done yet, and many interesting ideas need to be explored. Especially in-

triguing is the possibility of using clusters of magnetic spins in the design of

quantum computers, manipulating external �elds to set the information of the

internal state, how information is placed within these systems being analyzed
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using tools like the time ordered mutual information of section 8.9. Applica-

tion of the techniques presented here, especially those of chapters 3 and 9 to

the �elds of biological system modelling, machine learning, image processing,

and pattern recognition are also to come. Not to mention the usefulness of

these ideas in such nontraditional �elds for physical scientists such as economic

analysis. There is doubtless a great deal of pattern recognition work yet to be

done in recognizing and understanding the mechanisms of life, and the anal-

ysis presented in this work forms an ideal basis for such investigations. This

work will serve as a reference and creative motivator for those involved in such

work, and apart from the other results presented inside, this is perhaps its most

important role.

A brief note on the notation used within. Distribution functions may be

denoted by P , p or �, with the tendency to be that P or p are used for discrete

distributions while � is used for continuous distributions. Logarithms in the

sections where graphical results are presented are always base e. The coupling

strengths in the chapters on the spin systems are referred to as ferromagnetic

when they favor alignment of the spins, or as antiferromagnetic when they

favor anti-alignment, in keeping with the usage in [24, 25, 44]. The parameter

� = (kT )�1 always appears as b in the labels of the � axes of graphs.



Chapter 2

Entropy

2.1 Entropy

The entropy of a thing is the asymptotic average of the logarithm of the num-

ber of ways that the thing occurs. Thus, if there are two independent event

generators A and B each generating events a and b with uniform probabilities

for each generator, and there are nA events possible for the �rst generator,

nB for the second, then there are nAnB equally probable possibilities for both

generators taken together. Consider N events from A� B, i.e. N pairs (a; b).

There are nNA ways that events from A can occur, and nNB ways events from B

can occur. There are (nAnB)
N ways that events from A�B can occur. Thus,

the entropy of the joint process is

S(A;B) =
1

N
log((nAnB)

N ) = log(nAnB) = S(A) + S(B) (2.1)

which is an example of a very important and useful property of entropy - the

entropy of independent processes is an additive quantity, whereas the num-

ber of ways is a multiplicative property. As a further example, consider the

probabilities p1; : : : ; pk where �k
i=1pi = 1 and pi � 0 for each i. Sample this

distribution N times and �nd that there are ni events of type i. The number

of ways to see distinct vectors n = (ni) is

NumWays[n] =

 
N

n

!
(2.2)

10
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The logarithm of this is easily computed, and the asymptotics are simply found

from Stirling's approximation (equation 6:1:37 of [3]) so that

log(NumWays[n]) � �N�k
i=1pilog(pi) (2.3)

Clearly there were N events in this, so the average of it is the entropy that was

de�ned above

S(p) := ��k
i=1pilog(pi) (2.4)

Now consider the joint process of two random variables, denoted A and B

before, except now the two processes will not necessarily be independent. Gen-

erate N events from the joint distribution pij = P (ai; bj), with i 2 f1; : : : ; nAg

and similarly j 2 f1; : : : ; nBg. Clearly, the joint entropy of this process is given

by S(A;B) = ��ijpijlog(pij). How does this relate to S(A) and S(B)? Clearly,

the number of ways that two things may occur is no more than the product of

the numbers of ways each occurs individually, and this is certainly reected in

this case by the fact that

S(A;B) � S(A) + S(B) (2.5)

with equality holding i� A is independent of B. The proof is trivial, simply

note that log(x) � x � 1, consider x = (pi�p�j)=pij and show that it's average

logarithm over pij, �ijpijlog((pi�p�j)=pij), is non-positive (where pi� = �jpij,

etc.). See also the generalization of this, the reduced entropy relationship

theorem below.

Now, let's consider what happens when we are given one of the two

outcomes of each event (a; b) from A�B consistently, and we want to deduce

the other. To be speci�c, let the events from A � B be generated N times,

and let the value of B be seen each time. What is the asymptotic average

log number of ways to see A given that B is seen each time? Well, let nb(bj)

be the number of times that bj occurs, and for these occurrences of bj, let
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najb(ai j bj) count the occurrences of ai. De�ne the vectors nb = (n(bj)) and

najb(bj) = (najb(ai j bj)); then for a �xed value bj of B there are

NumWays[najb(bj)] =

 
nb(bj)

najb(bj)

!
(2.6)

ways that the A values could be distributed for this bj. Taking the product of

these numbers of ways gives us the number of ways that the A values could be

distributed given the B values. This is

NumWays[najb;nb] = �nB
j=1

 
nb(bj)

najb(bj)

!
(2.7)

Taking the logarithm and doing the asymptotics gives gives us

log(NumWays[najb;nb]) = �nB
j=1 [ Np�jlog(Np�j)�

�nA
i=1nb(bj)pijjlog(nb(bj)pijj) ]

= �N�ijpijlog(pijj) (2.8)

where we have pijj := pij=p�j. Averaging by dividing by N gives us the entropy

of A given B, or S(A j B) := ��ijpijlog(pijj). Note that S(A;B) = S(A j B)+

S(B). Similarly, S(A;B) = S(B j A) + S(A). Note that we could have found

the log number of ways that A could occur given bj as �nb(bj)�ipijjlog(pijj),

and then noted that asymptotically nb(bj) = Np�j to average this and �nd the

result above.

After working through these examples, the interpretation of entropy as

an uncertainty - an additive quantity representing the state of ignorance of the

outcome - is straightforward. For example, if A is determined by B, then there

is no uncertainty in A given B, immediately S(A j B) = 0; further there is no

more uncertainty in the joint distribution then there is in the distribution of

B, i.e. S(A;B) = S(B). Finally, note that the quantity S(A)�S(A j B) gives

the uncertainty change between not knowing B and knowing B, and is called
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the mutual information. It is symmetric in its arguments, and can be written

as

M(A;B) = S(A) + S(B) � S(A;B) (2.9)

= S(A;B) � S(A j B)� S(B j A) (2.10)

The mutual information is clearly a quantity that for two random variables

can be labeled the information about one variable that is in the other, and

vice-versa. It is the information that each random variable shares about the

other. In section 3.12 higher order information functions of this nature are

de�ned, the information correlation functions, and these can be interpreted as

the information between a set of random variables.

There are several other information functions that are of interest. We

may de�ne the redundancy of one random variable in another as the mutual

information of the two. We might also de�ne the normalized redundancy of

two random variables as the mutual information divided by the joint infor-

mation (entropy), M(A;B)=S(A;B). This is a quantity that has value zero

only for independent processes, and has value one when one process com-

pletely determines the other. For two or more random variables the redun-

dancy has been de�ned as the sum of the single entropies minus the joint en-

tropy, S(A) + S(B) + : : :� S(A;B; : : :) [66, 93]. This redundancy is distinctly

di�erent from that of the information correlation functions to be de�ned in

section 3.12 When there are only two processes this is the mutual information.

A measure of correlation has been de�ned as 1�S(BjA)=S(A) [16]. Note that

this is asymmetric in the processes. It is 0 when the entropy of B given A

is equal to the entropy of A, which for identically distributed variables occurs

only when they are independent. A symmetric function with similar properties

is 2(1� S(A;B)=(S(A) + S(B))) = 2M(A;B)=(S(A) + S(B)).
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2.2 Convexity properties of entropy

Before continuing it is necessary to quantify the convexity properties of the

entropy. The following theorem [16] is used several times in this work, and

demonstrates the convexity properties of the entropy succinctly

Theorem. Log sum inequality. Given non-negative ai, bi, i = 1; : : : ;m

mX
i=1

ailog
�
ai
bi

�
�

 
mX
i=1

ai

!
log

 Pm
i=1 aiPm
i=1 bi

!
(2.11)

with equality i� ai = bi, i = 1; : : : ;m.

Proof: By Jensen's inequality and the convexity of f(x) = xlog(x)

mX
i=1

�if(xi) � f(
mX
i=1

�ixi) (2.12)

for �i � 0 and
Pm

i=1 �i = 1. Let

�i =
biPm
i=1 bj

; xi =
ai
bi

(2.13)

in equation 2.12, along with continuity (if any ai, bi are zero) to �nd the result.

QED.

Reduced probability distribution functions are de�ned as integrations

of the complete distribution over some subset of the variables of the complete

distribution. For example in equation 2.8 use has already been made of the re-

duced distributions pi� and p�j. The next theorem makes explicit the connection

between the entropies of di�erent orders based on these reduced distributions.

Let �k(Xi1 ; : : : ; Xik) be the distribution function reduced over those variables

not in the set indicated. As usual, de�ne the reduced entropy as

Sk(i1; : : : ; ik) = �
Z
dxi1 : : : dxik�k(xi1 ; : : : ; xik)log(�k(xi1 ; : : : ; xik)) (2.14)

The following theorem demonstrates the relationship between entropies based

on di�erent reductions of the distribution function.
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Theorem. Reduced entropy relationship. Given the full distribution

�(A [ B) and the distributions reduced from it, �(A), �(AnB) and �(BnA),

where A and B are sets of random variables with elements in fX1; X2; : : :g

then

S(A) + S(BnA) � S(A [ B) (2.15)

with equality when �(A [ B)=�(BnA) is independent of BnA.

Proof: From the continuous version of the log sum theorem we have

Z
dxA[B

 
�(A [ B)log

"
�(A [ B)

�(BnA)

#!
�

Z
dxA

 �Z
dxBnA �(A [ B)

�
log

"R
dxBnA�(A [ B)R
dxBnA�(xBnA)

#!

(2.16)

From this the theorem follows almost immediately. QED.

Note that in the discrete case a looser upper bound occurs when �(BnA)

is replaced by 1=d, where d is the product of the number of objects in each

summation over xi with Xi 2 BnA. This also gives rise to the interpretation

of the entropy as a dimension - here d or S(BnA) is the number of degrees

of freedom in the stochastic variable BnA, which leads to interesting results

regarding the dimension of chaotic time series, see [63].

Intuitively, the reduced distributions contain less information than the

full distribution. This is correct, since S(A [ B) = S(AjB) + S(B), indicating

that S(B) � S(A [ B), the reduced entropy being less than the full entropy.

But there is another sense in which the reduced distribution contains less infor-

mation: the entropy per degree of freedom is less for the reduced distributions,

as is shown in the next theorem.

Theorem. Reduced entropy per degree of freedom relationship. Given a

full distribution over n objects X1; : : : ; Xn, �n(x1; : : : ; xn), with the probabilities

�(xk j xk+1; : : : ; xk+r) independent of k (the conditional density is dependent
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only on the values of its arguments, not the position in the sequence of variables)

for 1 � r � n and 1 � k � n� r, then

S(1; : : : ; n� 1)

n� 1
�

S(1; : : : ; n)

n
(2.17)

Proof: Because of the shift invariance, we may indicate the dependence

on r neighbor subscripts Xk+1; : : : ; Xk+r by the subscript r. Similarly, indicate

conditioning of Xk on Xk+1; : : : ; Xk+r by the subscript 1 j r. Expand nSn�1 �

(n� 1)Sn

nSn�1 � (n� 1)Sn = n
X

x1 ;:::;xn

�(x1; : : : ; xn)log

 
�(x1; : : : ; xn)

�(x1; : : : ; xn�1)

!
+ Sn

= �nS1jn�1 + Sn

= �nS1jn�1 + (S1jn�1 + S1jn�2 + : : : + S1j1 + S1)

(2.18)

Note that S1jn�1 is conditioned on a superset of the variables that the other

conditioned entropies above are conditioned on, i.e. that S1jk � S1jn�1 for

k = 0; : : : ; n� 1 (note S1j0 = S1). Thus rearrange equation 2.18 as

�nS1jn�1+ (S1jn�1 + S1jn�2+ : : :+ S1j1 + S1) =
n�1X
i=0

S1ji � S1jn�1 � 0

(2.19)

where the di�erence is clearly positive because each term in the sum is positive.

QED.

The statement used in the proof of the theorem above that conditioning

on more things decreases the entropy is a direct consequence of the log sum

inequality. In chapter 9 on estimating unknown parameters from data, we prove

that the uncertainty about the unknown parameters does not generally decrease

when the inference is based upon (the distribution of the unknown parameters is
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conditioned upon) more data. This result may seem to contradict the theorem

above, however, the data is a speci�c instance of possible data and is thus not

averaged over, while the conditional entropy averages over the conditioning

variables, too.

An interesting application of the reduced entropy per degree of freedom

is [98] where an overall complexity measure for a time series is developed that

is the summation of these entropies.



Chapter 3

Information correlation, cumulants, clusters,

and partitions

3.1 Cumulants

In this chapter some of the mathematical methods and background of many

variable theory are introduced. The cumulant expansion is de�ned and the re-

lationship between cumulants and moments is described. Then the information

correlation hierarchy is de�ned and its relationship to the cumulant expansion

is made explicit. Finally, the linked cluster theorem, the Ursell development,

and the cumulant expansion are shown to be direct consequences of a simple

theorem about partitions. These techniques form the basis for investigations

of the interdependency structure of a set of many variables.

3.2 Cumulants in one dimension

The derivatives of the moment generating functionM(z) ofX give the moments

of X, i.e. M(z) = hezXi, where dkM
dzk

jz=0 = hXki.

The cumulant expansion of the function X is given by solving for the

coe�cients ui in M(z) = Exp(�1
i=1

zi

i!
ui). The solution is given by equating

coe�cients of z and the �rst few cumulants are

u1 = hXi (3.1)

u2 = hX2i � hXi2 (3.2)

18
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u3 = hX3i � 3hXihX2i+ 2hXi3 (3.3)

3.3 Cumulants in many dimensions

In the case of many random variables we have a similar generating function

giving the various moments. M(z1; : : : ; zn) = hez1X1+:::+znXni, Here we have

dk1

dz1
k1
jz1=0 : : :

dkn

dzn
kn
jzn=0M = hX1

k1 : : : Xn
kni (3.4)

The cumulant expansion in this case is then given by equating coe�cients of

the zk in

M(z1; : : : ; zn) = Exp

0
@ 1X
i=1

X
fmg

ui(x)
zm1

1 : : : zmn

n

m1! : : :mn!

1
A (3.5)

where fmg indicates
Pn

k=1mk = i, and x in ui(x) consists of m1 X1 indices,

etc. The �rst four cumulants are [27]

u1(i) = hXii (3.6)

u2(i; j) = hXiXji � hXiihXji (3.7)

u3(i; j; k) = hXiXjXki

�hXiihXjXki � hXjihXkXii � hXkihXiXji

+2hXiihXjihXki (3.8)

u4(i; j; k; l) = hXiXjXkXli

�hXiihXjXkXli � hXjihXiXkXli

�hXkihXiXjXli � hXlihXiXjXki

�hXiXjihXkXli � hXiXkihXjXli � hXiXlihXjXki

+2hXiihXjihXkXli+ 2hXiihXkihXjXli

+2hXiihXlihXjXki+ 2hXjihXkihXiXli

+2hXjihXlihXiXki+ 2hXkihXlihXiXji

�6hXiihXjihXkihXli (3.9)
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In general, all distinct terms where each variable appears exactly once are

included, and the coe�cient of any term is (�1)n�1(n � 1)! where n is the

number of averages in the term.

3.4 Independence property

The important property to note is the following: uk(: : :) is zero i� there are

some arguments Xi; Xj that it depends on which are independent. This prop-

erty follows directly from the observation that the logarithm of a product is

the sum of the logarithms and that no zizj term will be present when there are

some Xi; Xj which are independent.

3.5 Ursell functions and the density hierarchy

This section should be taken as an introduction to the Ursell development.

A more rigorous treatment appears in section 3.8. Substituting for the Xi =

�(xi�xi) in equations 3.6{3.9 with i 6= j; k; j 6= k, we have a hierarchy of func-

tions Ui written in terms of the reduced probability distribution functions. For

example, U3(x1; x2; x3) = �3(x1; x2; x3) � �1(x1)�2(x2; x3) � �1(x2)�2(x3; x1) �

�1(x3)�2(x1; x2)+2�1(x1)�1(x2)�1(x3). The functions Ui are known as the Ursell

functions. The relationship between the Ui and the �i is known as the Ursell

development. Note that the subscript on the �i indicates the order of the

reduced density function, while the argument(s) indicate the variable(s) not

averaged over. Note also, that the kernel � may in actuality be any functionW

having been normalized so that summing over its arguments yields one, so in

what follows W has been substituted for �. Writing the reduced W functions

in terms of the Ursell functions turns out to have a simple form, (the sum over

all partitions).

W1(i) = U1(i) (3.10)
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W2(i; j) = U2(i; j) + U1(i)U1(j) (3.11)

W3(i; j; k) = U3(i; j; k) + U1(i)U2(j; k) + U1(j)U2(k; i)

+U1(k)U2(i; j) + U1(i)U1(j)U1(k) (3.12)

Here each argument of the W functions is indicated by the argument's sub-

script.

3.6 Summation property

Note that for the U 's we have

�iU1(i) = �iW1(i) = 1 (3.13)

�iU2(i; j) = �i [W2(i; j)� U1(i)U1(j) ] = 0 (3.14)

�iU3(i; j; k) = 0 (3.15)

: : :

with, in general, the sum over any index of any higher order U function being

zero, and as indicated, the proof is by induction. The proof depends on the

unit normalization and marginalization properties of the W functions.

3.7 The Ursell functions, partitions, and graphs

Let V k
1 be the set of all containers of k variables from a set of variables X. Let

V N be the set of all possible partitions of N variables from X. Let any element

of V N be called a graph. Each graph in V N is then a set of containers vm 2 V m
1

with the sum of the m's being N . (In the graphical picture, the vm are called

clusters.) To each vm associate a function of the variables it contains, the Ursell

function Um(vm). Now, consider the graphs gN 2 V N . For each graph gN form

the product of the functions that it represents, �vm2gNUm(vm), and call this

the weight of the graph gN . Now, sum over the graphs, and de�ne this sum as
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W (V N ) = �gN2V N�vm2gNUm(vm). Due to the fact of the partitioning used to

create W , the Ursell development of section 3.5 immediately holds.

Examples of the decomposition above occur in the Mayer f-function

expansion where each edge connecting two points of the graph represents a

factor in a product representing the function [69], and in quantum �eld theory

calculations using Feynman diagrams [55]. The key thing to note is that the

Mayer f-function expansion is fundamentally a theorem about labeled parti-

tions, rather than graphs. Similarly, the cumulant expansion is fundamentally

a theorem about labeled partitions. In the next section we make explicit this

fundamental idea, and rigorously show the connections between the counting

of labeled partitions, the partition theorem, and the linked cluster theorem.

3.8 Partition theorem, cluster theorems

The fundamental idea behind the cumulant expansion, the Ursell development,

Mayer's cluster theorem, and the linked cluster theorem from quantum �eld

theory can be represented most succinctly by considering the idea of structuring

a set of objects. To de�ne, each structuring of an n-set of objects is a way

that a set of objects may be named or organized. For instance, we have the

uniform structure, which is the set itself. We may also have a structure like

permutation, which is any ordering of the objects. There is also the structure

of partitioning a set of objects. Consider the operation of partitioning the n-set

into subsets. For example, ff1; 3g; f2gg is one partition of f1; 2; 3g. How many

ways can a structure of a certain type be imposed? Let M(x) = �1
i=0

xi

i!
mi

be the exponential generating function for a structure of type M . Then there

are mn ways that an n-set can be structured according to M . For example,

there is one way that the uniform structure can be imposed on any non-empty

n-set. Therefore, the generating function for the uniform structure is ex � 1.

Now consider the notion of structuring a set of structures. In how many ways
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can this be done? In general, if there are several structures of type M2, and

the structures are themselves organized into a structure of type M1 then the

generating function for M1 structured M2 structures is M1(M2(x)).

Theorem: Structure Composition or Structure Substitution. LetM1(x) =P1
i=1m

(1)
i

xi

i!
be the generating function for a structure of type M1, and similarly

for M2(x) =
P1

i=1m
(2)
i

xi

i!
. The number of ways that an n-set can be �rst parti-

tioned into subsets, then each subset structured byM2, and then these structured

subsets taken as objects and structured by M1 is given by the coe�cient of xn=n!

in M1(M2(x)).

Proof: Take any partition of the n set. There are b1 subsets of size 1, b2

subsets of size 2, : : :, bk subsets of size k. Thus 1b1 + 2b2 + : : :+ kbk = n. We

may permute subsets of the same cardinality, and within any subset we may

permute the objects. Thus there are

n!

1!b1 : : : k!bkb1! : : : bk!
(3.16)

such partitions. For each of these partitions, each subset of the partition is

structured by M2, and the number of ways that the partitioning and M2 struc-

turing may be done is then

(
m

(2)
1

1!
)b1 : : : (

m
(2)
k

k!
)bk

n!

b1! : : : bk!
(3.17)

Now, the number of ways these structured subsets may be structured by M1

is given by m(1)
q times this, where q = b1 + : : : + bk, and the contribution to

the coe�cient of xq in the generating function for the compound structure is

found by multiplying by xq=q!. This contribution is found in M1(M2(x)) from

the term m(1)
q (M2(x))

q=q! as

m(1)
q

q!

 
q

b1; : : : ; bk

!
(
m

(2)
1 x

1!
)b1 : : : (

m
(2)
k xk

k!
)bk (3.18)
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Conversely, every such term represents some partition of the n-set into q subsets

with structuring of the set of subset objects according to M1 (the factor m
(1)
q )

and with structuring of each subset according to M2. QED.

Now we are ready to prove the various forms of the partition theorem

which have been found useful in many-body physics.

First, there are two observations that need to be made that make the

preceding theorem more general: 1. It is possible to generalize the theorem

above to the notion of weighted objects. The weight of a single object is assigned

then by some function (M2 above) of the single object, and need not be an

integer as might have been assumed in the proof of the structure composition

theorem. As before let the weight of a compound object be the product of

the weights of the objects making up the compound object. 2. It is possible

to label any set in any manner desired, and to each labeled set associate a

distinct cluster (some abstract mapping for now, later a cluster is de�ned as a

connected graph) dependent only upon the labels that the set has associated

with it (independent of any ordering that might have been utilized). The

labeling set may be of any nonempty size, even though only as many labels

appear (perhaps not distinct) as there are elements in the set. The object that

the set of a given size then represents is then the set of all clusters of that size,

and its weight is then the sum of the weights of the clusters. These observations

will be used in deriving the cumulant and Ursell expansions.

De�ne a cluster as any labeled subset. De�ne a graph as any set of

clusters. Let the weight of a set of clusters be the sum of the weights of the

clusters in the set. Let the weight of any graph be the product of the weights

of the clusters in the graph. Let the weight of a set of graphs be the sum of the

weights of the graphs. Let the number of vertices of a cluster be the number

of objects in the cluster. Let the number of vertices of the graph be the sum of

the numbers of vertices of the clusters in the graph. The structure composition
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theorem leads directly to the Linked Cluster Theorem.

Theorem. Linked Cluster Theorem. Let V k represent the set of all

graphs on k vertices. Let V k
1 be the set of all clusters on k vertices. Let the

weight of any set of graphs be the sum of the weights of the graphs in the set,

and let the weight of any graph be the product of the weights of the clusters in

the graph. Represent the weight of a graph g as hgi. Let the weight of the empty

graph be 0. Then

heV xi = ehe
V1xi � 1 (3.19)

Proof: The coe�cient of xN=N ! on the left hand side may be taken as

the sum of the weights of all graphs on N vertices, so the left hand side is the

generating function for the sum of the weights of all graphs on N vertices. The

generating function of the uniform structure is ex�1. By the structure compo-

sition theorem the generating function for the compound structure consisting

of the uniform structure of M2 structures is e
M2(x) � 1. Let m2

k be the weight

associated with a subset of size k. Make the identi�cation indicated above the

theorem of labeled subset and cluster. Then m2
k is the weight of the set of all

clusters of size k. The function heV1xi is then the generating function M2(x)

just de�ned. Make the identi�cation of uniform structure of clusters and graph

to �nd that the right side is immediately another expression for the generating

function given by the left side. QED.

We may rewrite the linked cluster theorem in symbols more easily read

directly. Let G(N) be any graph on N vertices, G1(N) be any connected graph

on N vertices and W (G) be the weight of any graph G. We then have that the

linked cluster theorem is

1 + �1
N=1

xN

N !
�G(N)W (G(N)) = Exp[�1

m=1

xm

m!
�G1(m)W (G1(m))] (3.20)

The weights of clusters may be any desired functions, and the rule stating that

the weight of a graph made up of clusters is the product of the weights of
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the clusters immediately yields the Ursell development of 3.5 with sum of the

weights of the graphs on vertices, the W (G(N)) here, being the Wk there. A

proper choice for the weights of the clusters immediately leads to the cumulant

expansion theorem we have already discussed, as is proven next.

Theorem: Cumulant expansion theorem. See section 3.3

Proof: Let the labels of the vertices in equation 3.20 range over a set

f1; : : : ; kg, and set x = 1 in that equation. Let G1(m) be any labeling of an

m-vertex cluster consisting of m1 labels 1, : : :, mk k labels k. De�ne um(x) by

um(x) = (zm1

x1
: : : zmk

xk
)�1W (G1(m)), where x is an argument consisting of m1

X1's, etc. Since an m vertex cluster may be labeled with m1 1's, : : :, mk k's in�
m

m1:::mk

�
ways we �nd that the expression

P
G1(m)W (G1(m)) of equation 3.20,

is
P

fmg

�
m

m1:::mk

�
ui(x)z

m1

x1
: : : zmk

xk
. Now, with the choice of the u given after

equation 3.5, the right side of equation 3.20 becomes the right side of equa-

tion 3.5, and similarly for the left sides of these equations, thus showing that

the cumulant expansion theorem follows as a special case of the linked cluster

theorem, with the weights of the clusters given by special sums of products of

averages of the variables that the labels of the cluster vertices represent. QED.

To summarize, in this section we have shown that the cumulant ex-

pansion, and the various cluster theorems are simply re-namings of a theorem

about labeled partitions.

3.9 Factorization property

Referring back to the property that any cumulant involving two independent

variables is zero, it follows that whenever anyW is representable as a product of

W 's then the corresponding U function is zero. In other words, any U function

depending on any two independent functions (variables in the case that the

functions are simply random variables) is zero.
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3.10 Clustering

The cumulant expansion and the linked cluster theorem make it clear that we

may cluster in various ways. In the linked cluster theorem we have clustered

by the number of variables involved (vertices of a graph). We might also con-

sider clustering by the types of variables involved (support), or by the types

of functions involved (functions of arguments within certain sets of variables,

say). If we cluster by support then we have an expansion which is useful in

de�ning hierarchical decompositions of functions, as seen in the next section.

3.11 Function hierarchies

Now, consider the case where we have clustered by support. The U(v)'s

which appear all appear as a sum in an exponential when the representa-

tion hExp(�izifi)i = Exp(�vC(v; z)U(v)) is made. This yields the prod-

uct representation �vExp(�(v; z)) for hExp(�izifi)i. By extension to power

series other than that for Exp, we may write any average of any function

F (X1; :::; Xn) as hF i = Exp(�[�n(1; : : : ; n)+�n�1(1; : : : ; n� 1)+ : : :+�1(1)]),

where �[] means take the sum of the functions arguments over arguments that

are unique ordered subsets of f1; : : : ; ng. Thus, F1(1) = Exp(�(1)); F2(1; 2) =

Exp(�(1; 2) + �(1) + �(2)), etc. When we have a hierarchy of functions Fi, or

when we generate such a hierarchy from a single function's series expansion,

we can solve this system for the �i.

3.12 Information correlation functions

In particular, consider the reduced density functions �1(i); �2(i; j), etc. Make

the hierarchical expansion

log(�1(i)) = �1(i) (3.21)

log(�2(i; j)) = �2(i; j) + �1(i) + �1(j) (3.22)
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: : :

log(�n(1; : : : ; n)) = �n(1; : : : ; n) + : : :+ �2(1; 2)

+�2(1; 3) + : : : + �1(1) + : : :+ �1(n) (3.23)

and �nd

�1(i) = log(�1(i)) (3.24)

�2(i; j) = log(
�2(i; j)

�1(i)�1(j)
) (3.25)

: : :

�n(1; : : : ; n) = log(
�n�[�n�2] : : :

�[�n�1] : : :
) (3.26)

where �[] means to take the product over unique ordered subsets of f1; : : : ; ng.

Multiplying both sides of this hierarchy by �n and integrating over the vari-

ables gives a very suggestive information correlation hierarchy. The order-1

expressions in the hierarchy are the negative entropies of the individual ran-

dom variables. The order-2 terms are the mutual informations. These are

one measure of the degree of mutual dependence of two variables.The order-3

information correlation functions are less amenable to interpretation (see sec-

tions 3.13 and 3.14 for interpretations of the information correlation functions),

but give an information correlation of three random variables, which is zero i�

any two subsets are independent. These are one measure of the degree of

mutual dependence of three variables.

C1(i) :=
Z
�nlog(�1(i)) dxn = �S1(i) (3.27)

C2(i; j) :=
Z
�nlog(

�2(i; j)

�1(i)�1(j)
) dxn =M(i; j) (3.28)

C3(i; j; k) :=
Z
�nlog(

�3(i; j; k)�1(i)�2(j)�3(k)

�2(i; j)�2(j; k)�2(k; i)
) dxn (3.29)

Note that the full negentropy (information) of the system of variables is given

by the permutation sum of the information correlations as in

In = �Sn(1; : : : ; n) =
Z
�nlog(�n) dxn = �n

i=1�[Ci] (3.30)
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It is useful to point out that we now have two quantities which are zero i� the

density function factors, Ck and uk. In later chapters we will analyze the infor-

mation correlation structure of several physical systems and draw conclusions

about how the correlation structure indicates underlying physical phenomena.

Information correlation functions have attracted the attention of liquid theo-

rists [26] and plasma theorists [39, 84].

3.13 Interpretation of the information correlation func-

tions.

Suppose that we are given information about the distribution of n variables in

the form of distributions of some subsets of those variables. Let the subsets be

denoted si, subsets of S = f1; :::; ng. For example let n = 3 and let s1; s2 be

given with s1 = f1; 2g, and s2 = f2; 3g, indicating that we are given �2(1; 2) =R
�3(1; 2; 3) dx3 and similarly �2(2; 3). Call this information K, for known.

Now infer the distribution of the n variables given this information, and call

this inference �njK = �n(1; : : : ; n j K). The inferred uncertainty of the full

distribution is then given by SnjK = �
R
�njKlog(�njK) dxn. Because �njK is

consistent with K we have for each i the marginal of �njK over the variables

not in si is one of the given distributions, �N(si)(si). Doing some algebra, for

two sets A;B,

S(A [ B j K) = S((A n B) [ (A \ B) [ (B n A) j K) (3.31)

= S(A n B j (A \ B) [ (B n A); K)

+S(B n A j (A \ B); K) + S(A \ B j K) (3.32)

Now, note that S(A nB j (A\B)[ (B nA); K) � S(A nB j (A\B); K). Then

it follows that S(A [ B) � S(A) + S(B) � S(A \ B) (all conditioned on K).

Note that equality holds i� A n B is independent of B n A when conditioned

on A \ B. This can be extended to more than two subsets by noting that the
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algebra with the equality holding is the same as that for counting set elements

upon intersection or union, i.e. additive. The approximate result is then

S([n
i=1Ai) � �s�f1;:::;ng(�1)

N(s)+1S(\i2sAi) (3.33)

The connection to the information correlation functions Ci can be made by

taking the Ai = f1; : : : ; ng n fig. Then the right side of equation 3.33 is just

Cn + Sn, so that Cn equals how much the expression on the right side mis-

estimates the entropy of all of the variables. (In general, the sign of Cn may

be positive or negative. Take S(;) = 0 to make everything consistent.) This

observation also allows us to generalize the notion of the information correlation

function to include those functions de�ned similarly when any set of indicator

sets is given, that is

CA := �S([n
i=1Ai) + �s�f1;:::;ng(�1)

N(s)+1S(\i2sAi) (3.34)

3.14 Another interpretation of the information corre-

lations

Note, if we let go of the notions of intersections and unions of sets of random

variables, if the notations of union and intersection are considered as joint

and, somewhat metaphorically, as between, then we may de�ne the information

between two random variables A and B as S(A\B) := S(A)+S(B)�S(A[B)

and so on for more than two random variables. We then need to be able to

imagine the \between" process of two random variables, and be able to take its

union and intersection with other random variables in a fashion that satis�es

the set union and intersection algebra. Then the inequalities above become

equalities, and the information correlation functions on n random variables

become (�1)n times the information between the n random variables. The

algebra is straightforward. The previous section shows how this fairly seductive

labelingmay lead the worker astray. For the generalized information correlation
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functions mentioned at the end of the previous section, the interpretation here

is the information between the named reduced densities.

3.15 Information correlation functions - example

As a clearly contrived example of what the information correlation functions

indicate, consider the three binary variables xi 2 f0; 1g, i = 1; 2; 3. Let Pij =

1
2
�(xi; xj). Then P123 =

1
2
�(x1; x2)�(x2; x3), i.e. it is zero unless all three have

the same value.

Consider the full information correlation function, C3 of equation 3.29.

It is straightforward to show that

C3 =
Z
P123log(

P123P1P2P3

P12P23P31

)dx1dx2dx3 = �log(2) (3.35)

Thus the information between the reduced distributions is log(2) (the n of

section 3.14 is odd), as might be expected from the fact that there is one bit

determined by the full distribution not determined by the any of the reduced

distributions. Again, we must warn the reader that care must be used in

interpreting the information correlation functions.

3.16 Correlation functions

The standard approach to understanding correlations involves averaging prod-

ucts of zero-mean random variables. We have both a moment hierarchy and a

correlation hierarchy. The moment hierarchy is simply

m1(i) = hXii (3.36)

m2(i; j) = hXiXji (3.37)

m3(i; j; k) = hXiXjXki (3.38)

: : :
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The correlation hierarchy is

c2(i; j) = h(Xi � hXii)(Xj � hXji)i (3.39)

c3(i; j; k) = h(Xi � hXii)(Xj � hXji)(Xk � hXki)i (3.40)

: : :

It is useful to note that both c2(i; j) = u2(i; j) and c3(i; j; k) = u3(i; j; k), and

that this is not true for any higher order. It is also useful to note that for

zero-moment random variables, ck = mk.

3.17 Information ow

With regard to information ow within a physical system, we may consider the

time evolution of the cumulant hierarchy, uk and the information correlation

hierarchy, Ck, even the momentmk and correlation ck hierarchies, once we have

evolution equations for the density functions. See chapter 5.

3.18 Estimating the information functions

In any real data acquisition scenario the amount of data available for analysis is

necessarily limited. In the case of small samples, it is important to understand

the signi�cance of the information correlation functions, etc., and to know

whether they say anything meaningful about information and correlations in

the data. See chapter 9.



Chapter 4

Constraint induced correlations

4.1 What is done here

A simple bit-string system of weakly interacting bits is de�ned. The system

consists of a microcanonical ensemble of bit strings of �xed length, with a �xed

number of 1 and 0 bits for each member of the ensemble.

A �xed portion of the string is observed. The �xed overall length of the

whole string and the �xed number of ones and zeros in the whole string induces

weak correlations between the observed bit locations.

The relationships between the hypergeometric probability distribution,

which describes the probability of having some observation of the bit string

system with a �xed number of bits, the binomial probability distribution, and

the Poisson probability distribution is discussed.

The �rst and second order entropies for this simple bit-string system

are then computed. Then asymptotic limits are found for both large strings

and small bit density. The exact �rst and second order entropies are compared.

How each changes as the bit density of the system is changed is found.

A phase transition in the bit string system is found. This is not the usual

temperature-dependent transition, as the system is temperature independent

and we are considering a microcanonical ensemble. It is a phase transition

that occurs as the bit density is changed. Speci�cally, the derivative of the

second order entropy diverges logarithmically at two transition bit densities

33
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in the range (0; 1). This phase transition may be useful in understanding the

hypothesized Kirkwood phase transition in a hard-sphere gas. The bit string

system is identical to a lattice hard sphere gas on the simplex lattice. Higher

order entropies exhibit phase transitions at increased numbers of densities. The

third order entropy has a phase transition at four densities, etc.

The computation is generalized to entropies of arbitrary order, and the

information correlation functions for the system are computed, their asymp-

totics are noted, etc. These functions thus characterize a system having one

of the weakest forms of correlations possible - correlations induced by a single

constraint on a single extensive variable.

4.2 The bit string system and observed states

Consider the bit string system microstates as bit strings of length N , with

0 <= B <= N 1-bits and N � B 0-bits. De�ne the bit density of the system

q := B=N . Observe 0 < m � N bits of these strings. These are the observed

states. There are b 1-bits observed, 0 � b � min(m;B). In pictures:

B ones, N � B zeros.
observed unobserved
m bits N �m bits

b ones, m� b zeros B � b ones, N �B �m+ b zeros

4.3 Distribution of the observed states

We may easily compute the distribution of the observed states from the as-

sumption that all microstates of the system with the same total number of bits

B are equally probable.

The total number of states (where there are B one bits among the N bits) is

C(N;B) =
N !

B!(N �B)!
(4.1)
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Now suppose an m bit state having b one bits is observed. Fix the locations

of the one bits in the observed state. How many microstates correspond to

this observed state? To �nd this, just distribute the remaining N � b one bits

among the remaining N �m locations. Then each distinct N �m bit pattern

is a microstate corresponding to the observed state. The number of observed

states with b 1-bits in �xed locations of the m observed bits is thus

C(N �m;B � b) (4.2)

and therefore the probability of any observed state xb having b 1-bits and m�b

0-bits is given by

Pm(xb) = C(N �m;B � b)=C(N;B) (4.3)

Note that the probability of seeing some observed state of length m having b

one bits is C(m; b)Pm(xb), so that

mX
b=0

C(m; b)Pm(xb) = 1 (4.4)

Note that C(m; b)Pm(xb) =: Pm(b) is the hypergeometric distribution, the dis-

tribution giving the probability that b balls of m balls are labeled one, where

the m balls are chosen randomly without replacement from an urn holding

N balls of which B are labeled one [43]. This allows us another approach

to deriving the distribution Pm(xb). First note that drawing m balls from an

urn randomly without replacement is equivalent to randomly lining up all N

balls, and taking the �rst m of them. Then note that for each arrangement

of the undrawn balls there are C(m; b) distinct orderings of the m drawn balls

of which b are labeled one. Each of these orderings is equally probable by the

assumption of equal probability microstates, so the probability of any one must

be Pm(xb) = Pm(b)=C(m; b). Thus Pm(xb) = C(N �m;B � b)=C(N;B), as

already derived in equation 4.3.
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It is useful to express the hypergeometric distribution in the large N

limit when q := B=N is �xed. Doing this shows that Pm(xb) becomes the

binomial probability distribution for a �xed sequence involving b ones and

m � b zeros, and that the hypergeometric distribution becomes the binomial

distribution for bit sequences of length m having b one bits,

Pm(xb) ! qb(1� q)m�b (4.5)

Pm(b) !

 
m

b

!
qb(1� q)m�b (4.6)

Now, if we consider q � 1 and b� m then the factor (1�q)m�b may be written

(1� q)m�b � 1�
�
m�b
1

�
q � 1�mq, and in turn this may be approximated as

exp(�mq). Similarly, m!=(m � b)! � mb. Finally, in this limit we have with

� := mq being the expected number of ones in m locations at rate q that the

hypergeometric distribution becomes the Poisson distribution

Pm(b)!
e���b

b!
(4.7)

Thus, the hypergeometric, binomial, and Poisson distributions are simply re-

lated - the binomial distribution is the hypergeometric distribution for an urn

with a large number of balls and a �xed fraction of one balls, and the Poisson

distribution occurs when additionally the fraction of one balls in the urn is

small. In the bit string system these cases correspond to having a large unob-

served portion of the bit string (binomial case) and to having a small number

of ones relative to the number of locations of the bit string (Poisson case).

4.4 High order entropies of the observed states

The entropy at order m is given by

Sm(N;B) = �
mX
b=0

X
xb

Pm(xb)log(Pm(xb)) (4.8)

= �
mX
b=0

 
m

b

!
Pm(xb)log(Pm(xb)) (4.9)
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where in the second equation xb may be understood as the probability of any

observedm bit state having b one bits - all such states have the same probabilty.

If the distributions of equations 4.6 or 4.7 are taken for the distribution of the

bit strings it is immediately obvious that because e�ectively the bits are treated

by these distributions as independent (a large unobserved portion is assumed)

that the entropy will simply be the entropy for a single bit times the number

of observed bits. Thus, letting q be the probability that a single bit is one we

have for the large string case

Sm(q) = mS1(q) = m(�qlog(q) � (1� q)log(1 � q)) (4.10)

which is trivially veri�ed for the binomial form Pm(xb) = qb(1� q)m�b. For the

Poisson form, note that e�ectively we have assumed that m!1 while mq is

constant. The argument is slightly trickier and the limit of m must be taken

carefully, but the result is again that the entropy per bit is �qlog(q) � (1 �

q)log(1 � q).

Clearly, if the entropy is to show the e�ects of the �nite unobserved por-

tion then we must compute with the non-limiting case form of the distribution,

equation 4.3.

4.5 First and second order entropies

The �rst order entropy has already been found, and it is dependent on the ratio

B=N = q only.

S1(N;B) = �qlog(q) � (1� q)log(1 � q) (4.11)

The second order entropy may be computed directly from the combinatorial

coe�cients. The result is that

S2(N;B) = 2S1(N;B) + log(1 �
1

N
)�

C(N � 2; B)

C(N;B)
log(1 �

1

(N �B)
)

�
C(N � 2; B � 2)

C(N;B)
log(1 �

1

B
) (4.12)
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The combinatorial identities useful in deriving this result are given in ap-

pendix 4.13.

4.6 Asymptotic S2 is twice S1

Let N !1 with B=N �xed in equation 4.12. The last three terms there have

the arguments of their logarithms going to 1, with log(1) = 0, and therefore

these terms disappear, leaving

S2(N;B) = 2S1(N;B): (4.13)

Clearly, the result is more general, from section 4.4 we saw in fact that

asymptotically Sm = mS1. Thus all correction terms Sm �mS1 disappear in

the thermodynamic limit.

4.7 S2 � 2S1

Since both P1(a)P1(b) and P2(a; b) are both probability distributions, then by

the information inequality (see chapter 2) we �nd

�
X

a;b2f0;1g

P2(a; b)log(
P2(a; b)

P1(a)P1(b)
) � 0 (4.14)

but the left hand side is also S2� 2S1. Thus the result S2(N;B) � 2S1(N;B).

Also, then, the last three terms on the right side of equation 4.12 sum to a

non-positive number, i.e.

log(1�
1

N
)�

C(N � 2; B)

C(N;B)
log(1�

1

(N �B)
)�

C(N � 2; B � 2)

C(N;B)
log(1�

1

B
) � 0

(4.15)

This result is also general, in fact by considering Sm�1 and S1 resursively

we can easily show Sm � mS1.
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4.8 Correction terms in S2

The last three terms of S2 in equation 4.12 for N ! 1 with B=N �xed are

O(1=N2). Speci�cally, expanding these correction terms in a Taylor series for

N with B = Nq yields

S2 � 2S1 ' �
1

2

1

N2
�

1 + 2q(1� q)

6q(1� q)

1

N3
+ h:o:t: (4.16)

Note 1) this is independent of q only in the �rst term; 2) this is negative,

which is required to satisfy the theorem of section 4.7; 3) in deriving this

result it was assumed that N � 2, so that the second order entropy exists;

however 4) in deriving this result a range for B was not assumed other than

0 � B � N , contrary to the perhaps misleading form of the correction terms

in equation 4.12; 5) the correction terms of equation 4.12 are not necesarily

real for noninteger N and B or, therefore, away from the discrete values of q

allowed. However it is clear from the form of equation 4.12 that the correction

terms become imaginary for noninteger B only for 0 < B < 1 (0 < q < 1=N)

and 0 < N�B < 1 (1�1=N < q < 1); 6) the third and higher order correction

terms are not independent of q; 7) the third order correction term becomes

singular at q = 0; 1 (B = 0; N), indicating that for �xed N , as q ! 0; 1

(B ! 0; N), the correction terms can become quite large. However, entropies

are always positive, and as q ! 0; 1 all entropies converge to zero, so either

the series for the correction terms must also converge to zero in sum in these

limits, or the radius of convergence of the series does not include these limits,

which is actually the case; 8) each coe�cient of the series of equation 4.16 is

a real function of q, yet the overall correction of equation 4.12 is not real for

values of q in the ranges mentioned above. This is an e�ect of the fact that the

radius of convergence of the Taylor series includes only those values of N for

which the arguments of the logarithms in equation 4.12 are all positive.

Not unexpectedly after the discussion just given, the maximum absolute

value of the correction of equation 4.12 occurs at the points q = 1=N; 1� 1=N ,
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and has a slope which diverges logarithmically as these points are approached.

In this unphysical sense, the derivative of the second order entropy with respect

to bit density shows a phase transition as the number of one bits per string

of length N drops to one, or increases to N � 1. Again, what this indicates

physically is not de�ned, as it is not possible to have fractional bits.

4.9 The Kirkwood phase transition

The discontinuous behavior demonstrated here may prove useful in investigat-

ing the hypothesized phase transition of Kirkwood [87] for a hard sphere gas.

The Kirkwood transition hypothetically occurs for a density smaller than the

close-packing density, while here the phase transition occurs for two densities of

bits smaller than the maximum bit density of one. Because of the hard-sphere

potential, the system analyzed there is independent of temperature, while the

system described here is de-facto independent of temperature. For the hard-

sphere gas it is known that, if a phase transition does occur at a density less

than the close-packed density, the dimension must be greater than one. Here

the dimension is e�ectively in�nite because only the number of bit locations is

considered, not the spatial organization of these locations. Finally, to complete

the analogy to the hard sphere gas, let the bits interact with a hard sphere

potential: the energy of any con�guration of bits where no two bits are at the

same location may be considered zero independent of the con�guration of the

occupied locations, while the energy of any con�guration of bits some two of

which occupy the same location may be taken as in�nite, thus disallowing such

con�gurations at any temperature. That is, the bits interact with a pairwise

potential that is zero for bits at di�erent locations, and in�nite for bits at the

same location. With this interaction potential the bit string system becomes

temperature independent when considered as a thermodynamic system. Thus

the in�nite bit string system is a lattice hard-sphere gas on the in�nite simplex.
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Before taking this too seriously though, note that the hard sphere gas exists in

a continuous space, and that all these discontinuities indicate for now is that

fractional bits do not occur. At the very least, the analogy to and the exactly

solvable nature of the bit system may a�ord an avenue toward insightful work

on the hypothesized Kirkwood phase transition in the hard-sphere gas. For this

reason, the plots are given for continuous ranges of q and N values, showing

where interesting behavior may be found/utilized in some other investigation.

Like the operation sqrt on the integers and the subsequent introduction of the

algebraic numbers (like sqrt(2)), perhaps there is a sensible interpretation of

these fractional bit objects.

A plot of the correction at the maximal absolute correction (q = 1=N)

as a function of string length is given in �gure 4.1. A plot of the correction as

a function of bit density for a string length of N = 10 is given in �gures 4.2,

and again magni�ed for the second order correction in the region of the lower

phase transition in �gure 4.3. A plot of the derivative of the correction (one

sided) at the lower phase transition point and N = 10 is given in �gure 4.4.

4.10 General Sm

The third and higher order entropies also exhibit unphysical phase transitions.

The derivative of the third order entropy has transitions at q = 1=n; 2=N; 1�

1=N , and 1� 2=N . Note again that it is di�cult to interpret such transitions

physically because the systems described away from the discrete values of q =

k=N; k = 0; 1; : : : ; N must have fractional numbers of bits to be realized. In

general, the derivative of the mth order entropy exhibits a phase transition at

2(m�1) locations, up tom = bN=2c+1. Graphs of the corrections Sm=m�S1,

m = 2; : : : ; 4 as a function of N at q = 1=N appear in �gure 4.1, and as a

function of bit density q for N = 10 in �gure 4.2. Note that complex values

occur at unphysical values of q only when too few or too many one bits are
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sought in the observed region, or for N less than the number of bits needed to

make the entropies exist.

The variation of the entropy di�erences at physical values of q are of

interest. Graphs of these variations as a function of the order of the entropy

and N = 10 appear next. The di�erences are normalized by the order of the

entropy. In �gure 4.5 the entropy di�erences between the points q = k=N

and q = (k � 1)=N are plotted for k = 1; : : : ; 4. These �gures demonstrate

that even for this simple system it is important to consider the higher order

functions of the probability distributions of observed states in certain regions

of the parameter space.

2 4 6 8 10
N

-0.5

0.5

1

1.5

2

Sm/m-S1

Figure 4.1: Correction terms Sm=m� S1, m = 2; 3; 4 at q = 1=N as a function
of the length of the strings, N . Wider spaces in the dashing indicates lower
m. Plot indicates that thermodynamic limit of corrections is zero. Low N
behavior is complex due to having strings shorter than needed to de�ne the
entropy involved.
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0.2 0.4 0.6 0.8 1
q

-0.02

-0.01

0.01

0.02

Sm/m-S1

Figure 4.2: Correction terms Sm=m� S1, m = 2; 3; 4 at N = 10 as a function
of q. Wider spaces in the dashing indicates lower m. O� q = k=N for integer
k behavior is complex due to having nonphysical numbers of bits, fractional
numbers of bits.

0.02 0.04 0.06 0.08 0.1 0.12
q

-0.01

-0.005

0.005

S2 - 2 S1

Figure 4.3: Second order correction term S2 � 2S1 at N = 10 as a function of
q. Real part is solid. Imaginary part is dashed. Line crosses curve at divergent
derivative.
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-0.01 -0.005 0.005 0.01
q-1/N

-0.2

0.2

0.4

0.6

0.8

1

d[S2 - 2 S1]/dq

Figure 4.4: Derivative of second order correction term S2 � 2S1 at N = 10 as
a function of q near 1=N . Real part is solid. Imaginary part is dashed.

2 4 6 8 10
m

0.05

0.1

0.15

0.2

0.25

0.3

D(S)

Figure 4.5: Entropy di�erences. Entropy order on x axis. The quantity plotted
is D(S) = (Sm(N;B)�Sm(N;B�1))=m for B = 1; : : : ; 4 and strings of length
N = 10. Higher graph indicates lower B. These are e�ectively the derivative
functions at small one bit counts per string.
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4.11 Information correlation functions

Because of the complete symmetry between observed bit locations, the infor-

mation correlation functions (see section 3.12) are given by

Ck(i1; : : : ; ik) =
kX

j=1

(�1)k�j+1
 
k

j

!
Sj (4.17)

Plots of the information correlation functions to order four are shown as a

function of the bit density for N = 10 in �gures 4.6- 4.9.

4.12 Moments, Correlations, Cumulants

Because of the fact that the only term in the sum for the moments that con-

tributes is the term where all bits are one, the moments, correlation functions,

and cumulants are trivial to compute. The moments of the bit string observed

state distribution are given by

m1(i) := hbii =
mX
b=0

X
xb

biPm(xb) = P1(1) = q (4.18)

m2(i; j) := hbibji = P2(2) =
q(q � 1=N)

1� 1=N
(4.19)

: : : (4.20)

mk(i1; : : : ; ik) = hbi1 : : : biki = Pk(k) (4.21)

As before, the correlations and cumulants are identical to order three. Plots of

the moments (�gure 4.10), correlations (�gures 4.11- 4.13) and cumulants to or-

der four (�gure 4.14) (the �rst three cumulants are the same as the correlations

of the same order) as a function of bit density for N = 10 are shown.
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0.2 0.4 0.6 0.8 1
q

-0.7
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-0.4

-0.3

-0.2

-0.1

InfCor1

Figure 4.6: First order information correlation at N = 10 as a function of q.
Real part is solid. Imaginary part is dashed. This is also known as negative of
the �rst order entropy.

0.2 0.4 0.6 0.8 1
q

-0.005

0.005

0.01

InfCor2

Figure 4.7: Second order information correlation at N = 10 as a function of q.
Real part is solid. Imaginary part is dashed. This is also known as the mutual
information.
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0.2 0.4 0.6 0.8 1
q

-0.004

-0.002

0.002

InfCor3

Figure 4.8: Third order information correlation at N = 10 as a function of q.
Real part is solid. Imaginary part is dashed.

0.2 0.4 0.6 0.8 1
q

-0.004

-0.003

-0.002

-0.001

0.001

InfCor4

Figure 4.9: Fourth order information correlation at N = 10 as a function of q.
Real part is solid. Imaginary part is dashed.
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0.2 0.4 0.6 0.8 1
q

Moments 1 - 4

0.2

0.4

0.6

0.8

1

m

Figure 4.10: Moments 1 thru 4 at N = 10 as a function of q. Increasing order
moments are more curved.

0.2 0.4 0.6 0.8 1
q

-0.025

-0.02

-0.015

-0.01

-0.005

cor2

Figure 4.11: Second order correlation at N = 10 as a function of q. This is also
the second order cumulant.
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0.2 0.4 0.6 0.8 1
q

-0.002

-0.001

0.001

0.002

cor3

Figure 4.12: Third order correlation at N = 10 as a function of q. This is also
the third order cumulant.
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Figure 4.13: Fourth order correlation at N = 10 as a function of q.
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0.2 0.4 0.6 0.8 1
q
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-0.0002

0.0002

0.0004
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cum4

Figure 4.14: Fourth order cumulant at N = 10 as a function of q.

4.13 Appendix A - Combinatorial identities

The identities

C(N � 2; B) +C(N � 2; B � 1) = C(N � 1; B)

C(N � 2; B � 1) +C(N � 2; B � 2) = C(N � 2; B � 1)

C(N � 2; B) + 2C(N � 2; B � 1) +C(N � 2; B � 2) = C(N;B)

were found useful in deriving the result for S2 in section 4.5. The proof follows.

Consider N � 1 slots containing B ones. When the �rst slot is 0 then

B one bits are distributed into into N � 2 slots, and when the �rst slot is 1,

then B � 1 one bits are distributed into N � 2 slots. The sum of the number

of ways that each case can happen counts the number of ways that B one bits

may be distributed into N � 1 slots, or

C(N � 2; B) +C(N � 2; B � 1) = C(N � 1; B � 1): (4.22)

N � 1 slots with B ones X
�
N�1
B

�
ways

�
N�1
B

�
ways

0 N � 2 slots with B ones
�
N�2
B

�
ways

1 N � 2 slots with B � 1 ones
�
N�2
B�1

�
ways



51

Similarly C(N�2; B�1)+C(N�2; B�2) = C(N�2; B�1). Finally,

consider N slots, and look at the possible ways to have the �rst two slots

00; 01; 10; 11 respectively. Their sum counts B one bits into N slots.



Chapter 5

Classical equations of information ow

5.1 Liouville equation

The time evolution of the density function is needed to discuss the time evo-

lution of the correlations and information correlation functions. The key char-

acteristic of the density function is that it integrates to one, which implies the

probability conservation equation in general, then more speci�cally a ow equa-

tion when a velocity �eld is de�nable (deterministic continuous dynamics), and

the Liouville equation when in addition the dynamics is Hamiltonian. In this

section we discuss the development of the Liouville equation for the full density

function, and the corresponding equations for the reduced density functions.

In general, let �(x; t) be the density function describing the probabilities

of seeing state x at time t. Since the probability at any time of seeing some

state is one, we have
R
�(x; t) dx = 1. Microscopically, consider a volume

element V and the probability in this element at time t, p(V; t) =
R
V �(x; t) dx.

In general the time evolution of a set of many variables is not going to be

deterministic (in the sense that the future state of the system is not speci�ed

by the present state of the system alone), such as in any relaxation process

driven by radiative cooling or by other interactions of the system with a high

complexity and uncertainty outside world. However, if the systems described

by the density function evolve deterministically and continuously then it is

possible to de�ne a velocity �eld on the space of states x. The velocity �eld

52
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is simply given by the rate of change of system points. Then, the change in

the probability within V with respect to time is due to the ow through the

surface S of the volume element, so we write

d

dt
p(V; t) =

Z
V

@

@t
�(x; t) dx = �

Z
S
�(x; t) _x � dS (5.1)

With the use of Gauss' theorem, the surface integral may be rewritten and we

�nd Z
V

@

@t
�(x; t) dx = �

Z
V
r � (�(x; t) _x) dx (5.2)

Taking the small volume limit in equation 5.2, the probability conservation

equation, gives us the equation of continuity

@

@t
�(x; t) = �r � (�(x; t) _x) (5.3)

So far this equation holds whenever a velocity �eld _x is de�nable. In the case

of Hamiltonian evolution, it turns out that the probability density behaves

like an incompressible uid. We show this by considering Hamilton's equa-

tions @H=@p = _q and @H=@q = � _p for each component of the coordinate and

conjugate momentum. Operate with the divergence so that

r � (�(x; t) _x) = (r� � _x+ �r � _x ) (5.4)

Then, noting that x = (p; q) and making the substitutions from Hamilton's

equations we �nd for Hamiltonian evolution that �r � _x = 0 and

r � (�(x; t) _x) = f�;Hg (5.5)

where fA;Bg := @A
@q

@B
@p
� @B

@q
@A
@p
, the sum over components being implicit. Fi-

nally, noting that we may take the volume small, and noting that d�=dt =

@�=@t+r� � _x we �nd for Hamiltonian evolution

d�

dt
=

@�

@t
+ f�;Hg = 0 (5.6)
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which is known as Liouville's equation. The total time derivative of the den-

sity being zero indicates that the density at any time evolving system point

remains constant, and that in turn the volume integral of any point function of

the density, such as the entropy or information correlation functions, remains

constant.

In summary we have gone from a very general notion of probability

conservation, through the addition of the information that the system evolves

deterministically, to the additional constraint that the system evolves according

to a Hamiltonian.

5.2 Reduced density functions and the BBGKY hier-

archy

Integrating the density function over a subset of the variables of dependence

yields a reduced density function. In this section the subscript of the density

function indicates its order. For example, form < n, �m(xm) :=
R
dxm �n(xn),

where dxm := dxm+1 : : : dxn. The reduced density function also has a dynam-

ics, which may be found by integrating the solution found from the Liouville

equation. Integrating both sides of equation 5.6 over xm yields what is known

as the BBGKY hierarchy (Born, Bogoliubov, Green, Kirkwood, Yvon) [12].

First, take H = Hm + Hm, where Hm is the part of H that is the sum of

functions of pi's and qi's with all indices i � m, to �nd

Z
d�

dt
dxm = 0 (5.7)

=
Z
[
@�

@t
+ f�;Hg ] dxm (5.8)

=
@�m
@t

+
mX
i=1

f�m; Hmgi +
mX
i=1

Z
f�;Hmgi dxm (5.9)

Except for the last term, this equation is the Liouville equation for the reduced

system with the reduced Hamiltonian. Because of this form, the last term of
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equation 5.9 is the only place where the reduced system couples to the rest of

the system. As an aside, in deriving equation 5.9 the following expression of

the poisson bracket is useful.

f�;Hg =
mX
i=1

f�;Hgi +
nX

i=m+1

[
@

@qi
(�
@H

@pi
)�

@

@pi
(�
@H

@qi
) ] (5.10)

The last summation always integrates to zero over xm. In standard presenta-

tions (see, for example [69, 38, 57]), the BBGKY hierarchy is a set of equations

which takes into account the information that the Hamiltonian has the form

H = H(1)
n +H(2)

n withH(1)
n =

Pn
i=1 [ f(pi)+g(qi) ] andH

(2)
n =

Pn
1�i<j�nV (qi; qj).

If we use this information in equation 5.9 then we have f�;Hmgi = f�;H(2)
m gi

for i < m, and the coupling of the reduced system to the rest of the system then

explicitly occurs only through the potential function. Also for this case, when

the distribution function is symmetric under permutation of the indices of its

arguments, the coupling term reduces to an integral over xm+1 with integrand

involving �m+1.

5.3 Geometry of the BBGKY equations - general ows

There is a simple geometric derivation of the BBGKY hierarchy that is worth-

while discussing. Note that we cannot directly apply the notion of ow to the

reduced density function. There can be multiple solutions to the dynamics at

any given time which have the same �rst m coordinates. These solutions will

evolve in separate directions, depending on the initial values of the n�m other

coordinates. However, we may de�ne a ow by averaging all of these solutions.

The probability density ow at xn is given by �n _xn, and the truncation of this

to the m space of interest is �n _xm. We average this over xm and de�ne the

reduced ow velocity through �m _xRm :=
R
�n _xmdxm. With this ow de�ned,
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then we have from equation 5.3 the conservation equation

@

@t
�(xm; t) +r � (�m _xRm) = 0 (5.11)

and making the substitution for the de�nition of _xRm puts the conservation

equation in the form

@

@t
�(xm; t) +r �

Z
�n _xmdxm = 0 (5.12)

Interchanging the r and the integral is possible, and the resulting equation is

easily seen to be the same as equation 5.9 (the quantity @ _qi=@qi + @ _pi=@pi =

r � _x = 0). Thus, the BBGKY equation for the reduced density function

is simply the ow equation for the reduced density; the reduced dynamics is

no longer Hamiltonian, but that of the superposition of Hamiltonian systems

indicated by �n. This makes it quite clear why no equation involving only �m

can succeed: the information from the variables xm+1 : : : xn a�ects the evolution

at all times.

5.4 Information ow, correlation ow

The observation from the Liouville equation that an isolated Hamiltonian sys-

tem's entropy is constant (see section 5.1), and in fact that any volume integral

of a point function of the density is constant, makes it simple to de�ne the infor-

mation ow into a subsystem. For if the subsystem were isolated, not coupled

to the rest of the system, then the entropy of the subsystem would be a con-

stant Su. When the subsystem is coupled, let the entropy be Sc(t), a function

of time. The negative rate of change of this entropy is the magnitude of in-

formation ow into the system, (negative ow indicates that the subsystem is

losing information or \structure") With Sc(t) := �
R
�mlog(�m) dxm we have

immediately that

FI =
Z
(1 + log(�m))

@�m
@t

dxm (5.13)
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Note that the above expression is equivalent to
R
log(�m)

@�m
@t

dxm since proba-

bility is conserved. If the evolution of the subsystem was completely speci�ed

by the Hamiltonian Hm, substituting @�m=@t = �fHm; �mg and using Gauss'

theorem to integrate would give zero exactly. Since the ow is not completely

determined by Hm we substitute from the BBGKY equation 5.9 to �nd that

the information change in the subsystem is due solely to the coupling of the

subsystem to the rest of the system and is

FI = �
Z
(1 + log(�m)) [

mX
i=1

Z
fHm; �gi dxm ] dxm (5.14)

With a slight adjustment to the derivation above we note that in fact the rate

of change of any functional of a point function f of the density �m is given by

the above with f 0 substituted for 1 + log(�m).

5.5 Maxent outside implies no ow into subsystem

One surprising point. If the maximal entropy distribution �ME consistent with

�m is substituted for � above, i.e. substitute �ME = C�1 � �m, where C =R
1dxm, for �, then the subsystem density e�ectively decouples from the rest of

the system. The change in entropy of the subsystem is then zero. The result

is more general.

Theorem. (Factorization of complete density into subsystem and outside

densities implies no ow into subsystem). Let the complete distribution function

of n particles factor into �m over the subsystem and �m over the rest of the

system. Then the time derivative of any point function of the subsystem reduced

distribution function f(�m) integrated over the subsystem variables has zero

time derivative. i.e.
d

dt

Z
f(�m)dxm = 0 (5.15)
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Proof: The time derivative may be written

d

dt

Z
f(�m)dxm =

Z
f 0(�m)

@�m
@t

dxm (5.16)

Substitute for @�m
@t

from the BBGKY equation 5.9,

@�m
@t

= �
mX
i=1

f�m; Hmgi �
mX
i=1

Z
f�;Hmgi dxm (5.17)

The
Pm

i=1f�m; Hmgi term of the resulting integral may be written as

�
Z
f 0(�m)

mX
i=1

f�m; Hmgi dxm

= �
mX
i=1

Z  
@f(�m)

@qi

@Hm

@pi
�

@f(�m)

@pi

@Hm

@qi

!
dxm

= 0 (5.18)

where the last line, equation 5.18, is found by integrating the line above it using

Gauss' theorem. Note that in applying Gauss' theorem,
R
V r�(fv)dV =

R
S fv �

da, the velocity is not de�ned as ( _q; _p) because the Hamiltonian appearing is

Hm and not the full HamiltonianH = Hm+Hm. Instead, the velocity is de�ned

as (vq;vp) = (@Hm
@p ;�@Hm

@q ). The structure that makesr�(fv) = ff;Hg is built

into this de�nition because @2Hm
@p@q

= @2Hm
@q@p

. (This proves the statement leading

to equation 5.14 that the ow into the subsystem from the Hm term is always

zero.) The
Pm

i=1

R
f�;Hmgi dxm term may be rewritten as

�
Z
f 0(�m)

mX
i=1

�Z
�mf�m; Hmgi dxm

�
dxm

= �
Z
�m

 
mX
i=1

Z
f 0(�m)f�m; Hmgi dxm

!
dxm

= 0 (5.19)

where the last line, equation 5.19, is found by integrating the inner integral

using Gauss' theorem in a manner similar to that leading to 5.18. The sum of

these terms is zero; therefore no information ows into the subsystem when the

distribution function factors into a subsystem part and an outside part. QED.
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Note that the theorem above does not imply that there will be no in-

formation ow into the subsystem for all time. It simply states that whenever

the ensemble density factors that there is no ow at those times.

The theorem above leads to a somewhat surprising counter-intuitive

result: coupling any subsystem density to a maximum entropy outside system

density does not immediately lead to information ow to or from the subsystem.

The corollary below immediately follows from the theorem above.

Corollary. (Maxent outside implies no information ow into subsystem).

If the complete distribution function factors as � = C�1�m, where C =
R
1dxm,

then there is no information ow into the subsystem.

Some comments on irreversibility and the equations of motion of the

reduced density function are in order. These equations may form the basis for

an approach to the understanding of the nature of irreversibility in thermody-

namical systems. See, for example, [37]. Also [5] is an interesting discussion

of the evolution of the correlation structure in Hamiltonian systems with two-

body potentials. Other approaches exist, however. A proposal to understand

the nature of irreversibility by modifying the equations of motion of physics

is reviewed in [15]. Macroscopic coarse-graining plays a large role in some

presentations of irreversibility, see for example [53].

It should be pointed out that studying irreversibility from the point of

view of the ensemble density is somewhat awed. In the case of the single

universe that we live within there is only one system to consider. The key is

to understand why irreversibility is a phenomenon in this universe.



Chapter 6

Information and correlation in the Ising

system

6.1 Entropy in the Ising System

The following details the calculation of the high order entropies of k neighboring

or non-neighboring sites of the linear (1D) Ising system. The system has no

intrinsic dynamics, and stochastic dynamics are not considered. Limits as the

number of spins in the complete system is increased and as the number of sites

being considered is increased are considered. Information correlation functions

of the sites are investigated and found to give quantities which are the mutual

information between the �rst and last sites of those considered in the chain

up to a sign. Graphs show that the information correlation function indicate

where in the phase space of the system the high order distribution functions

provide new information.

6.2 Ising Model - Closed chain

For simplicity consider the closed chain Ising model - a string of n neighbor

coupled spin sites � = (s1; :::; sn) joined at the ends. Thus spin s1 is coupled

to spin sn. The spin values si take on the values �1 or 1. The energy of the

system is given by the sum of the internal interaction energies of neighboring

spin states and the energy of interaction of the set of states with an external

�eld, which for the Ising model is taken to be a sum of spin-�eld energies. Thus,

60
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with the spin-spin coupling given by �Q and the spin-�eld constant �R, the
energy in the Ising model is given by

E(�) = �
nX
i=1

[Qsisi+1 +Rsi] (6.1)

6.3 Probability of states

Using full state maxent or the thermodynamic assumption we �nd that the

probabilityPn(�) of any state � with energy E(�) is proportional to e��E(�)=Zn(�)

with � = 1=kT unspeci�ed for now. The normalization constant (partition

function) is given by

Zn(�) =
X
�

e��E(�) (6.2)

so that P (�) is given by

Pn(�) =
e��E(�)

Zn(�)
(6.3)

6.4 Reduced probabilities

Summing Pn(�) over the spins �k := (sk+1; :::; sn) gives the probability of the

state �k = (s1; :::; sk). For simplicity, de�ne the k-partition function Zn;k(�k; �)

by

Zn;k(�k; �) =
X
�
k

e��E(�k ;�k): (6.4)

The probability of the k-spin state �k is given in terms of the k-partition

function by

Pn;k(�k) =
Zn;k(�k; �)

Zn(�)
(6.5)

where Zn(�) = Zn;0(�), and where Pn = Pn;n follows.
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6.5 Computing the partition functions

We �nd the exact results for the reduced entropies using the transfer matrix

method, previously applied to �nd correlations (see [87, 30]). Write the energy

E(�) symmetrically as

E(�) =
nX
i=1

Ei(�)

Ei(�) = �[Qsisi+1 +R=2(si+ si+1)]: (6.6)

De�ne the 2� 2 transfer matrix L by

L(si; si+1) = e�[Qsisi+1+R=2(si+si+1)]

= e��Ei(�) (6.7)

With

q := �Q (6.8)

r := �R (6.9)

we have

L(si; si+1) = eqsisi+1+
r
2
(si+si+1) (6.10)

or

L =

"
eq+r e�q

e�q eq�r

#
: (6.11)

In terms of the transfer matrix L the partition function is given by

Zn;k(�k; �) =
X
�
k

�n
i=1L(si; si+1); (6.12)

These forms may be simpli�ed directly, noting that the sums of the products

above amount to matrix products, so that we have

Zn;k(�k; �) = L(s1; s2):::L(sk�1; sk)L
n�k+1(sk; s1) (6.13)

and

Zn(�) = Zn;0(�) = Tr(Ln) (6.14)
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6.6 Simplifying the transfer matrix

The mth power of the transfer matrix L may be written using the unit eigen-

vectors of L, v1 and v2, and their corresponding eigenvalues �1 and �2 as

Lm = (vT1 �1v1 + vT2 �2v2)
m

= vT1 �
m
1 v1 + vT2 �

m
2 v2 (6.15)

Lm[a; b] = v1[a]v1[b]�
m
1 + v2[a]v2[b]�

m
2

=
2X

i=1

vi[a]vi[b]�
m
i : (6.16)

6.7 Expression for the partition function

Using the result for the transfer matrix Lm we �nd

Zn(�) = Tr(Ln) = �n1 + �n2 : (6.17)

6.8 High order entropies in the Ising system

De�ne the kth-order entropy of the n-spin Ising system by

Sn;k(�) := �X
�k

Pn;k(�k)log(Pn;k(�k))

= �X
�k

Zn;k

Zn
log(

Zn;k

Zn
)

= �X
�k

Zn;k

Zn

[log(Zn;k)� log(Zn)]

= � 1

Zn

X
�k

Zn;klog(Zn;k) + log(Zn) (6.18)

We may substitute the result for Zn;k into the expression for the entropy, and

using xlog(x) = d
d�
x�j�=1 (the derivative with respect to � of x�, setting � to

one) then �nd

Sn;k(�) = � 1

Zn

d

d�
j�=1 [

X
s1;s2

((k � 1)L(s1; s2)
�Ln�1(s2; s1)
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+L(s1; s2)
k�1Ln�k+1(s2; s1)

�) ]

+ log(Zn) (6.19)

6.9 The full Ising entropy

Setting k = n in 6.19 the expression for the full entropy per spin of the n spin

state Ising system is given by

Sn;n(�)

n
=

�1
nZn

d

d�
j�=1 [

X
s1;s2

((n� 1)L(s1; s2)
�Ln�1(s2; s1)

+L(s1; s2)
n�1L(s2; s1)

�) ] +
log(Zn)

n

=
�1
nZn

d

d�
j�=1

" X
s1;s2

(nL(s1; s2)
�Ln�1(s2; s1))

#

+
log(Zn)

n

=
�Ps1;s2

�
t(1)log(�1t(1))t

T (n� 1)
�

1 + (�2
�1
)n

+log(�1) + log(1 + (
�2
�1

)n) (6.20)

where

t(m) := Lm(s1; s2)=�
m
1

=
2X

i=1

vi[s1]vi[s2](�i=�1)
m (6.21)

6.10 Thermodynamic limit of transfer matrix

With �1 > �2 we �nd that

lim
m!1

t(m) = v1[s1]v1[s2] (6.22)
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6.11 Thermodynamic limit of full Ising entropy

Using the result of equation 6.22 and the orthonormality of the eigenvectors v1

and v2 of L we �nd

SI := lim
n!1

Sn;n=n

= � X
s1;s2

ft(1)log(t(1))v1 [s1]v1[s2]

+t(1)v1[s1]v1[s2]log(�1)g + log(�1)

= � X
s1;s2

(t(1)log(t(1))v1 [s1]v1[s2]) (6.23)

6.12 Thermodynamic limit of high order entropies

We may also �nd the thermodynamic limit of the k-spin system. The algebra

is omitted here because it's similar to the algebra in the SI case.

Sk := lim
n!1

Sn;k=k

= (�1=k) X
s1;s2

[ (k � 1)t(1)log(t(1))

+t(k � 1)log(v1(s1)v1(s2)) ] v1(s1)v1(s2) (6.24)

Note that taking k ! 1 here gives SI . Graphs of the entropy per spin for

orders 1 � 4 including both the ferromagnetic Q > 0 and � > 0 and the

antiferromagnetic Q < 0 and � > 0 (Q > 0 and � < 0) appear in �gures 6.1-

6.4. Note the sharp di�erence in the antiferromagnetic case between the �rst

and second order entropies, and the marked similarities between the second

and higher order entropies. Note that the logarithms are base e, and that �

appears as b in the axis label.

6.13 Eigenvalues and Eigenvectors

We may write the eigenvalues �i and the eigenvectors vi; i = 1; 2 as

�1 = eqcosh(r) + sqrt(e2qsinh2(r) + e�2q)
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Figure 6.1: First order entropy per spin of the Ising system. Entropy of one
spin.
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Figure 6.2: Second order entropy per spin of the Ising system. Note the di�er-
ence between the �rst and second order entropies, and the similarities of the
second-fourth order entropies. The bump on the antiferromagnetic phase side
occurs as the external �eld is increased, and indicates a transition between the
"# : : : states, and the "" : : : state.
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Figure 6.3: Third order entropy per spin of the Ising system.
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Figure 6.4: Fourth order entropy per spin of the Ising system.
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�2 = eqcosh(r) � sqrt(e2qsinh2(r) + e�2q) (6.25)

v1 = (eq(eqsinh(r) + sqrt(e2qsinh2(r) + e�2q]); 1)=n1

v2 = (eq(eqsinh(r) � sqrt[e2qsinh2(r) + e�2q]); 1)=n2 (6.26)

where n1 and n2 are the normalization constants needed to make v1 and v2 unit

vectors.

6.14 Eigenvalues and Eigenvectors in zero external �eld

When the external �eld R = 0 things become simple. The following quantities

are needed:

�1 = 2cosh(q); �2 = 2sinh(q);

v1 = (1; 1)=Sqrt(2); v2 = (�1; 1)=Sqrt(2);
t(m) = [1 + (2�(s1; s2)� 1)(�2=�1)

m]=2 (6.27)

where �(s1; s2) := 1 if s1 = s2; 0 else.

6.15 High order entropies in zero external �eld

Substituting for the various quantities with R = 0 in the expression for Sk and

simplifying we �nd

Sk = (1� 1=k)(�p+log(p+)� p�log(p�)) + log(2)=k: (6.28)

where p+ and p� are de�ned as

p+ = [1 + sinh(q)=cosh(q)]=2

p� = [1� sinh(q)=cosh(q)]=2 (6.29)
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In terms of the R = 0 value of SI = �p+log(p+)�p�log(p�) (see equation 6.23)

we have

Sk = (1� 1=k)SI + log(2)=k = SI + [log(2) � SI ]=k (6.30)

From equation 6.30 we see that the entropy per spin decreases as the order

increases, consistent with the reduced entropy per degree of freedom theorem

of chapter 2. From the form of equation 6.30 it is implied that the change in

entropy with changes in the average energy (or any parameter) decreases in

magnitude as the order increases. Thus it is important to observe the high-

order structure indicated by the high order entropy in order to understand the

creation of that structure as the average energy changes. In fact, since @SI
@hEi

= �

(see chapter 10, equation 10.22), note that

@Sk
@hEi = �(1� 1

k
) (6.31)

Note the extremely simple k-dependence of the kth order entropy Sk. Note

that the quantities p+ and p� obey

p+ + p� = 1; 0 � p+; p� � 1; (6.32)

so that they may be interpreted as probabilities, and referring to equation 6.5

we see that p+ and p� are the probabilities that any two neighboring spins are

the same and di�erent respectively. Note that 0 � SI � log(2).

Note that all derivatives of Sk with respect to system parameters or

variables have the same functional dependence on system parameters up to the

factor 1� 1=k.

6.16 High order reduced distributions of non-contiguous

sites

In this section the general form for the distribution of any subset of the system

sites is developed. Consider any set of k distinct spins of the n spin system.
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Let � = fi1; : : : ; ikg be the indices of these spins, and without loss of generality

let i1 < : : : < ik. Label the spin values �� = (si1; : : : ; sik), and the rest of

the spin values ��. With this notation, de�ne the partition functions Zn;k(��),

where the number of spins is made explicit in the subscript, but their locations

are only made explicit as arguments, as is typical in descriptions of many body

distribution functions.

Zn;k(��) =
X
��

�n
i=1L(si; si+1) (6.33)

where we identify sn+1 with s1. Simplifying Zn;k we �nd immediately that

Zn;k(��) = �k
m=1L

im+1�im(sim; sim+1
) (6.34)

where ik+1 � ik is taken to be (n� i1 + ik). Write the probability for the spin

state �� directly as

Pn;k(��) =
Zn;k(��)

Zn
(6.35)

where Zn := Zn;0.

6.17 High order entropies of non-contiguous sites

Using the probability for the state of k non-contiguous sites of equation 6.35

we �nd that the entropy of these sites is given by

Sn;k(�) = �X
��

Pn;k(��)log(Pn;k(��))

= � 1

Zn

kX
m=1

X
s1;s2

fLim+1�im(s1; s2) log(L
im+1�im(s1; s2))

�Ln�(im+1�im)(s2; s1)g+ log(Zn) (6.36)

In the thermodynamic limit (n ! 1) and using the substitution of equa-

tions 6.21 and 6.22 we �nd that the entropy per spin is given by

Sk(�) = lim
n!1

Sn;k(�)

k
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= �1

k

X
s1;s2

f
k�1X
m=1

t(im+1 � im) log(t(im+1 � im))

+t(ik � i1) log(v1[s1]v1[s2]) g v1[s1]v1[s2] (6.37)

Compare equation 6.37 to equation 6.24. If the spins are equally spaced, and

we let the spacing be d = im+1 � im, m = 1; : : : ; k � 1, and de�ne SI(d) to be

the entropy per spin of an in�nite ising system, taking every dth spin, while

Sk(d) is the similar quantity, but for k of the spins with the spacing d, then

Sk(d) = (1� 1

k
)SI(d) � 1

k

X
s1;s2

t(ik � i1) log(v1[s1]v1[s2]) v1[s1]v1[s2] (6.38)

In zero external �eld, where from equation 6.27 the eigenvector components

have values �1=p2, this becomes

Sk(d) = SI(d)� [log(2) � SI(d)]=k (6.39)

which should be compared with equation 6.30. Probabilities of same and dif-

ferent spins separated by d are also similarly given (see equation 6.29) by

p�(d) =
1� tanh(q)d

2
(6.40)

6.18 Information correlation functions in the Ising sys-

tem

Referring to section 3.12 and using the general distribution for the Ising system

we �nd that the �k of equation 3.26 (here denoted by �n;k) of the information

correlation function Ck equations 3.29 (here denoted by Cn;k) is given by

e(�1)
k�n;k(��) = Lik�i1(si1; sik)

Zn�
k�1
m=1L

n�(im+1�im)(sim ; sim+1
)

�k
m=1L

n(sim ; sim)
(6.41)

Taking the logarithm of this and averaging yields Cn;k. In the large n limit,

where there are a large number of spins in the system, the terms in the fraction

largely cancel, leaving the simpler result that

e(�1)
k�n;k(��) = 1 +

v2[si1 ]v2[sik ]

v1[si1 ]v1[sik ]
(
�2
�1

)ik�i1 (6.42)
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A comparison with the distribution of two spins and its marginals shows that

Ck is (�1)k times the mutual information between the spins (see section 6.16).

In general this mutual information and Ck are then

M(i1; ik) =
X
s1;s2

v1(s1)
2v1(s2)

2 �

(1 +
v2[s1]v2[s2]

v1[s1]v1[s2]
(
�2
�1

)ik�i1)log(1 +
v2[s1]v2[s2]

v1[s1]v1[s2]
(
�2
�1

)ik�i1)

(6.43)

Ck(��) = (�1)kM(i1; ik) (6.44)

Graphs of the information correlation functions of 2; 3 and 4 neighboring spins

are given in �gures 6.5-6.7. When the external �eld is zero, we �nd that the

ratio of v's is either +1 or �1 depending on whether si1 and sik di�er. (Note

that the logarithms are base e, and that � appears as b in the axis label.) Thus,

referring to section 6.14 for the values of the eigenvectors and eigenvalues the

nth information correlation function is given simply in this case by

Ck(��) =
(�1)k
2

[ (1 + rd)log(1 + rd) + (1� rd)log(1 � rd) ] (6.45)

where r := �2=�1 = tanh(q) and d := ik � i1. Thus, we have a straightforward

interpretation of Ck(��) in the large number of spins limit (regardless of whether

the external �eld is zero) - it is de�ned on a set of k possibly widely-separated

spins, but gives us (�1)k times the mutual information between the �rst spin

and the last spin. The asymptotics of Ck(��) in zero �eld are trivial, since

(�1)kCk(��) � r2d=2+ r4d=12+O(r6d). Finally, de�ning p+ik�i1 and p�ik�i1 to be

the probability that spins i1 and ik are the same and di�erent, respectively, we

have p�ik�i1 = (1� rd)=2, and

Ck(��) = (�1)k [ log(2) � S(p+ik�i1; p
�
ik�i1

) ] (6.46)

where S(p; 1� p) := �plog(p) � (1� p)log(1 � p).
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Figure 6.5: Second order information correlation function of the Ising system.
Information correlation of two neighboring spins. Note that the information
correlation functions are similar up to a sign at each order for this system. The
information correlation functions are the mutual information of the �rst and
last spins along the chain in the k spins considered at order k times (�1)k
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Figure 6.6: Third order information correlation function of the Ising system.
Information correlation of three neighboring spins.
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Figure 6.7: Fourth order information correlation function of the Ising system.
Information correlation of four neighboring spins.

6.19 Forms of the information correlation function

The result of equation 6.44 is a speci�c case of a more general result. It is

easily seen that any Ck(��) on a set of random variables where there are two

of the random variables v1 and v2 which are conditionally independent given

any other random variable(s) is the mutual information between the two ran-

dom variables. I.e. if P (v1; v2 j vi) = P (v1 j vi)P (v2 j vi) for i 6= 1; 2 then

Ck(v1; : : : ; vk) = (�1)kC2(v1; v2). This occurs in any chain of random variables,

where �xing any random variable in the middle of the chain e�ectively removes

any dependence that the random variable at one end of the chain has on the

random variable at the other end of the chain. Other interesting results of

this nature are obtainable. For instance, C4 for four random variables where

three of them decouple given the fourth (imagine a three pointed star tree for

the dependency of coupling, with the fourth variable at the center of the tree)

reduces to �C3 on the three that decouple when the fourth is speci�ed, and so

on. Another result of this nature is based on similar topological considerations:

if a random variable is a cut point of the dependency tree (removing it splits

the tree into two nonempty parts), then the information correlation function
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on all of the random variables reduces to a lower order information correlation

function on the subsets of random variables that are generated by removing

the cut point random variable.

6.20 Moments, correlations, and cumulants

From equation 6.35, the moments of k spins in the Ising system are given by

hsi1 : : : siki =
X
��

Pn;k(��) �
k
m=1sim (6.47)

=
1

Zn

X
��

�k
m=1simL

im+1�im(sim ; sim+1
) (6.48)

In the thermodynamic limit this simpli�es as

hsi1i = f(1; 1) (6.49)

hsi1 ; si2i =
X
a

f(1; a)2
 
�a
�1

!i2�i1

(6.50)

hsi1 : : : siki =
X
a

f(1; a1) �
k�2
m=1

2
4 f(am; am+1)

 
�am
�1

!im+1�im
3
5

�f(ak�1; 1)
 
�ak�1
�1

!ik�ik�1

(6.51)

where

f(a; b) =
X
s

sva[s]vb[s] (6.52)

From the moments, the correlations and cumulants may be calculated.

Figures 6.8- 6.11 show moments of orders 1 through 4 of neighboring spins. Fig-

ures 6.12- 6.14 show the correlation functions of orders 2 through 4 of neighbor-

ing spins. Figure 6.15 shows the cumulant function of orders 4 of neighboring

spins. Recall that the �rst three correlation and cumulant functions are equal

by order.
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Figure 6.8: First order moment - moment of one spin. Note the transitional
behavior in the region of the increase in the entropy, where the states "# : : :
becomes dominated by "" : : :.
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Figure 6.9: Second order moment of two neighboring spins.
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IsingMom3, Q=1
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Figure 6.10: Third order moment of three neighboring spins.
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Figure 6.11: Fourth order moment of four neighboring spins.
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IsingCor2, Q=1
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Figure 6.12: Second order correlation of two neighboring spins.
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Figure 6.13: Third order correlation of three neighboring spins.
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Figure 6.14: Fourth order correlation of four neighboring spins.
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Figure 6.15: Fourth order cumulant of four neighboring spins.



Chapter 7

Quantum equations of information ow

7.1 Equation of motion of pure states

In the quantum case the dynamics of pure states� are governed by Schrodinger's

equation,

i�h _� = H� (7.1)

Note that � is a vector representing the state. In a particular normalized basis

f�kg of states (�k
y
�k = 1) we have �(t) =

P
k �k(t)�k, where the coe�cients

�k(t) are complex functions of time representing the probability amplitudes of

the basis states �k. The solution of Schrodinger's equation for �(t) is given by

�(t) = e�iHt=�h
�(0) (7.2)

7.2 Density of states, quantum Liouville equation

To capture the notion of a distribution of pure states which have no phase

relationship between them consider a collection of states � each occurring at

time t with probability density �(�; t). In order to simplify the discussion

in the following calculations, let �k � xk + iyk, �k
� � xk � iyk, and write

the distribution function in conjugate coordinates as �(�;��; t). Note that � is

positive semide�nite, and nonzero only on the surface �y
� = 1. In anticipation

of a quantum Liouville equation, de�ne a ow on the space (�;��) by v =

( _�; _��). In a manner analogous to the derivation of the classical Liouville

80
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equation of section 5 we may derive the quantum Liouville equation in terms

of the conjugate coordinates. To be technically precise, we must go through

the algebra using the coordinates fxk; ykg, and the result of doing this is

d�

dt
= 0 = i�h

@�

@t
+
X
k

[
@�

@�k

@(�yH�)

@�k�
�

@(�yH�)

@�k

@�

@�k�
] (7.3)

= i�h
@�

@t
+
X
k

f�;�yH�gk (7.4)

This is the precise analogy of the classical Liouville equation and, except for the

factor i�h and the complex coordinates, it has the same form as that equation.

Given �, the expected value of an operator Q is given by

hQi =
Z
�(�;��; t) �yQ� d�d�� (7.5)

where we note that we depend on the fact that the probability density � is

nonzero only on the normalized surface of �'s to connect � and ��. Equa-

tion 7.5 leads immediately to the coordinate-independent or invariant repre-

sentation of the expectation value by (note that the operator
P

k �k�k
y = [1],

where [1]ij � �ij)

hQi =
X
k

Z
�(�;��; t) �yQ�k�k

y
� d�d�� (7.6)

=
X
k

�k
y [
Z
��(�;��; t)�y d�d��]Q�k (7.7)

= Tr[[�]Q] (7.8)

where

[�] �
Z
��(�;��; t)�y d�d�� (7.9)

is the density operator.

We move from the equation of motion of the probability density of states

to the equation of motion of the density operator. Take the equation of motion

of the probability density of states, equation 7.4, multiply it on the left by �,
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multiply it on the right by �y, and then integrate over � and ��. The term

involving the partial time derivative of the density of states is trivial to �nd,

but the other terms involve more e�ort to work out. The partial time derivative

term is Z
�

@�

@t
�
y d�d�� =

@[�]

@t
(7.10)

while the other terms are found using the identity

f�;�yH�gk =
@

@�k
[�

@

@�k�
(�yH�)]�

@

@�k�
[�

@

@�k
(�yH�)] (7.11)

and integrating by parts, noting that � is nonzero only on the normalized

surface of �'s. Doing the algebra and substituting yields the coordinate-

independent equation of motion of the density operator

i�h
@[�]

@t
+ [[�]; H] = 0 (7.12)

where [A;B] � AB � BA is the operator commutator. (It is perhaps easiest

to demonstrate this result by showing that the ijth elements of the operators

are equal for all i; j). This relationship can also be derived by doing a di-

rect di�erentiation with respect to time of [�] as de�ned in equation 7.9 on

the one hand, and then on the other, noting that equation 7.4 shows that

the probability density at a point moving with the Schrodinger ow is con-

stant, transforming to time zero coordinates, and doing the time derivative on

that form. The derivation done here shows how the coordinate-dependent and

coordinate-independent descriptions of the motion interrelate, demonstrates

how to begin with the coordinate independent quantum Liouville equation and

then derive the coordinate independent quantum Liouville equation, and pre-

pares the reader for the quantum reduced density equations of motion, directly

analogous to the classical BBGKY equations of section 5.2.
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7.3 Quantum BBGKY equations

As in the classical case, section 5.2, the quantum BBGKY equations are the

expression of the reduction of the full system to a susbsystem of the full system.

Consider an orthonormal basis denoted by the set of vectors fj �kig, and de�ne

the subsystem by the condition k 2 f1; : : : ;mg. Analogous to the classical case,

the Hamiltonian may be written as a part speci�c to the subsystem and the

remaining part, each term of which includes a coupling to the rest of the system,

H = Hm +Hm (7.13)

For example, the Hamiltonian

H =
mX
k=1

j �kih�k j �k +
mX

rs=1

j �rih�s j �rs +Hm (7.14)

with �rs = ��sr and �k 2 R, and where each term in Hm contains a basis vector

with index in fm + 1; : : : ; ng, is a possible expression for a Hamiltonian with

pairwise state interactions. Take the quantum coordinate independent form of

the density evolution equation, equation 7.12, insert the Hamiltonian in the

form of equation 7.13, and trace over all of the states outside the subsystem to

�nd the quantum BBGKY equations for the reduced density matrices

i�h
@[�]m
@t

+ [ [�]m; Hm ] + Trm[ [[�]; Hm] ] = 0 (7.15)

where [�]m = Trm[ [�] ]. Compare this equation to equation 5.9. As in the

classical case, the entropy of the reduced system is a constant unless there is

information ow from the rest of the system into the subsystem.

7.4 Schrodinger representation and Heisenberg repre-

sentation

Until now we have discussed the evolution of a quantum system from the

point of view that the wavefunctions are evolving and the operators are �xed
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(Schrodinger basis). In this picture, the time evolution of an expectation value

is

dhQi

dt
=

d

dt
Tr[[�]Q] =

1

i�h
[Q;H] (7.16)

When the operator Q depends on time, this is modi�ed to

dhQi

dt
=

1

i�h
[Q;H] + h

@Q

@t
i (7.17)

Now, when the operator Q is time-independent, and the state basis vectors are

transformed so that all of the time dependence is in the operators, putting us

in the Heisenberg picture, j �(t)iH !j �(0)i = U y j �(t)iS , and QH = U yQU ,

then the equation of motion is easily found to be (HH commutes with H)

dhQHi

dt
=

1

i�h
[QH; H] (7.18)

7.5 Time development of pure state measurements.

When a thermodynamic quantum system is at equilibrium there is no de�nite

phase relationship between the energy eigenstates of the system. The system is

in a mixed state, and the probability of any measured value of any quantity is

independent of time because the phases of the energy components of the system

cannot interfere. In the case of an isolated quantum system, however, the state

may be represented by a pure state (taken at time zero, say), j �i =
P

k ck j ki,

with the sum of the component amplitudes being one,
P

k j ck j2= 1, and

the j ki are taken as energy eigenstates. The time evolution of such a state

is simple, with each energy component being multiplied by Exp(�i=�hE(k)t)

following immediately from the Schrodinger equation, equation 7.1. Thus, the

time evolution of the state j �i above is given by

j �(t)i =
X
k

ck e
� i

�h
E(k)t j ki (7.19)
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and the probability of �nding the system in the state j i at time t is given by

p(t) = j
X
k

ck e
� i

�h
E(k)t h j ki j2

=
X
jk

cjc
�
ke

� i

�h
(E(j)�E(k))th j jihk j i

=
X
k

j ck j
2j h j ki j2

+2Re[
X
j>k

cjc
�
ke

� i

�h
(E(j)�E(k))th j jihk j i] (7.20)

Clearly this is not independent of time because the second term is time de-

pendent, unless j i is itself an energy eigenstate, or unless all of the energy

eigenstates with nonzero j i amplitude are degenerate - having the same en-

ergy.



Chapter 8

Information and correlation in the quantum

Heisenberg system

8.1 Description of system, Hamiltonian

This chapter describes the quantum spin system. Various model Hamiltonians

are described, the history of previous solution attempts for special forms of

these Hamiltonians (quantum and classical) is briey outlined. The Heisen-

berg model (spin dimension of three) with a fully cross-coupled set of spins

(hypersimplex spatial structure, or in�nite space dimension), a uniform cou-

pling constant, and zero external �eld is taken as being a good non-trivial

candidate for exact solution. Failing to �nd an exact solution, a numerical

solution is presented. The equilibrium solution is explored. A classical system

which reproduces the equations of motion of the quantum system is explored.

The the entropy, moment, correlation, and information correlation functions

for the quantum Heisenberg system are discussed.

The quantum spin system is described by a Hamiltonian of the form

H = �
1

2

X
ij

ST
i �Qij � Sj �

X
i

Si �Ri (8.1)

where the individual spin vectors in the system are labeled with a subscript. In

general the spin-spin couplingQ is a tensor and the external �eldR is a vector,

indicating that the coupling between the spins and between the �eld and the

spins in di�erent spatial directions may not be constant. Further, the subscripts

86



87

on Q andR indicate that the coupling between the spins and between the �eld

and the spins may vary depending on their spatial organization. In the next

two sections we discuss the various special forms that this Hamiltonian may

take, the existing known solutions of these forms, and the dynamical equations

that accompany this Hamiltonian.

8.2 Hamiltonian forms and known solutions

Compare the Hamiltonian of equation 8.1 to the Hamiltonian of section 6.2

where the classical Ising model was described. There the dimensionality of

the spins was taken to be one, and the dimensionality of the space that the

spins are ordered within was taken to be one. The coupling parameter Q

was taken constant for nearest neighbors and zero for non-nearest neighbors,

and the external �eld R was taken constant for all spins. The common usage

is to name the models after the dimensionality of the spins regardless of the

spatial dimension. Thus, one dimensional spins organized in any way spatially

with whatever coupling strengths are denoted by the term Ising model. When

the dimensionality of the spins is three, the coupled spin system is called the

Heisenberg model.

In general, the spin-spin coupling may be anisotropic or isotropic, both

in the space and the spin dimensions. The spin-spin coupling can be nearest

neighbor, farther than nearest neighbor, etc. We can also consider either a

zero or a nonzero external �eld, R, which may be coupled either isotropically

or anisotropically in the space and spin dimensions.

Another detail that arises is whether or not the spins have a �xed size.

There are so-called soft spin models, where the spins are allowed to have any

size, but the Hamiltonian for these soft-spin models is generally taken to be

di�erent from that of equation 8.1. See [24] for further details.

There is also the relevant detail of whether an equilibrium solution to
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any particular model system has been found, and what the properties of the

solution are - does it demonstrate a phase transition, etc. The form of the

mean �eld theory solution is also of interest.

There is no compilation of the various systems that have been con-

sidered, and new solutions are regularly being found. In summary, we may

categorize by spin and space dimensions, known solutions and properties of

the solutions (classical or quantum, in mean �eld, nonzero or zero external

�eld, isotropic or anisotropic spin-spin coupling in space and spin dimensions,

isotropic or anisotropic �eld-spin coupling in space and spin dimensions, and

whether the solution demonstrates interesting properties, such as phase tran-

sitions, etc.). For classical spin models the interested reader may consult

[6, 7, 83, 30] Classical spin glasses are discussed in [10, 24, 60]. For quan-

tum spin models the reader may consult [86, 44, 89, 64, 1, 70, 82, 56] among

others. In all cases no reduced distributions are considered, and no reduced

entropies or information correlation functions are considered. [89] is a good ex-

ample of a numerical paper treating the two-dimensional quantum Heisenberg

spin-1=2 model with exchange and dipole interactions. At the time of preparing

the �nal draft of this document the authors of [13] (Los Alamos) indicated that

they had heard rumors of a collaboration which was approaching the solution

of the long-range quantum Heisenberg model using the results of [13]. A result

like this would be useful in �nding the complete time-evolution solution of the

model.

8.3 Dynamics, comparison of classical and quantum

systems.

Dynamics of spin systems can be discussed from both the exact and the stochas-

tic points of view. Here the stochastic point of view is bypassed in favor of exact

dynamical solutions. For work relevant to the stochastic point of view with Ising
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spins see [24] Strictly, there is no classical dynamics for the Ising model, the

spins are �xed values. In fact, classically, the Hamiltonian of equation 8.1 has

no dynamics because there is no explicit dependence on the conjugate moen-

tum: @H=@pi = 0 = _qi. However, it is possible to construct a classical model

that has non-trivial dynamics which depends on underlying variables not yet

stated in equation 8.1. It turns out that the equations of motion of this clas-

sical model have the same form as the quantum dynamical equations in the

Heisenberg representation. This is demonstrated next for a system of rotating

\corner-charged squares". The example given appears to be the simplest clas-

sical system involving discrete charged particles that reproduces in form the

equations of motion of the angular momentum of the quantum coupled spin

system. Another example, perhaps simpler, but not involving discrete charges,

would be a system of charged rotating circles or current loops. Note that the

exchange interaction approximation that the magnetic �eld at any square is

given in direction by the sum of the spins of the other rotating squares is un-

physical. For the magnetic interaction we need to consider a dipole �eld, but

this yields a di�erent equation of motion, as is shown. In e�ect, the true spin-

spin coupling arises not from a �ctitious magnetic �eld as is assumed here, but

from the fermion exchange asymmetry. See for example [48].

Consider a classical system of charges consisting of quadruples of charges,

with the four charges of the ith quadruple each having the same charge value

ei = 1 and mass value mi = 1, and with the charges in each quadruple con-

strained to lie at the corners of a rigid rotating massless square. Let the

positions of the corners of the ith square relative to its center be given by

ni;1;ni;2;ni;3;ni;4 in counterclockwise order (the direction of the rotation), with

j ni;� j= 1. Each square rotates about the axis thru its center and perpendicu-

lar to itself, with the corners of the square moving with unit magnitude velocity

j _ni;� j= 1. Thus the mass, length, and charge values in this example can be

ignored for now; we may reconstitute them at the end of the calculation. Let
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there be a uniform magnetic �eld Bi in the vicinity of the square. We easily

compute that the net force on any square is zero

F i = ei
4X

�=1

_ni;� �Bi = ei
d

dt
(

4X
�=1

ni;�)�Bi = 0�Bi = 0 (8.2)

(Note that this is true for any charge con�guration which is any number of

charges equally spaced on a circle.) The torque on the square is nonzero. We

�nd the torque for two interaction Hamiltonians: the exchange energy He and

the dipole energy Hd. These Hamiltonians are given by the expressions

He(i; j) = �Si � Sj (8.3)

Hd(i; j) =
X
�

3

d2
((ni;� + d) � Si)((ni;� + d) � Sj)� Si � Sj (8.4)

where d is the vector separation of the squares. Using Hamilton's equation

@H=@qk = � _pk with q = ni;�, p = _ni;�, noting that the spin Si =
1

2

P
�ni;� �

_ni;� we have

Exchange : �ni;� =
1

2
_ni;� � Sj (8.5)

Dipole : �ni;� =
1

2
_ni;� � Sj �

3

2d2
[( _ni;� � d)((ni;� + d) � Sj)

�(ni;� � _ni;� � d)Sj] (8.6)

The torque is _Si = 1

2

P
�ni;� � �ni;�. In summing over the charges on the

square note also that only terms with an even number of n's appearing may be

nonzero (this is true for any charge con�guration which is an even number of

charges equally spaced on a circle). The identity a� (b�c) = b(a �c)�c(a �b)

is useful when computing the torque, and note that ni;� � _ni;� = 0 always (this

is true for any charge con�guration which is an even number of charges equally

spaced on a circle). Note also that for the square ni;� = � _ni;�+1, where the

corner subscript is taken mod(4). Finally, the torque for square i due to Sj is

Exchange : _Si = Si � Sj (8.7)

Dipole : _Si = Si � Sj �
3

d2
(Si � d)(Sj � d) (8.8)
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In three places so far the generality of the various even charge symmetry sim-

pli�cations has been noted, so we might ask if the result above holds for all even

number charge con�gurations. The answer is no! The single symmetry used to

arrive at the equations of motion above that is not general is ni;� = � _ni;�+1,

which holds for the square, octagon (in the form ni;� = � _ni;�+2), 4k-gons,

etc. For the circular charged loop there is square symmetry too, and the above

result also holds. However, for the rod (two charges), the hexagon, 4k+2-gons,

etc., the result does not hold. For simple derivations of the results above for

current loops, see for example [40].

The quantum equations of motion of the operators _Si, for the Hamilto-

nian of equation 8.1, in the Heisenberg representation are, from equation 7.18

and assuming that Qij = Qji, and that [Qij ]�� = ���Qij (diagonal and spin

direction isotropic)

_Si =
i

�h
[H;Si] =

X
j

QijSi � Sj + Si �Ri (8.9)

The identity [Si�; Sj�] = i�h�ij����Si� is useful in showing this result. Compare

equation 8.9 with equation 8.7 to see that the spin-spin coupling terms have

the same form in the classical description and the quantum description, though

the objects in the two equations are di�erent. The spin-�eld terms also have

the same form.

8.4 Symmetric spin Hamiltonian

After some consideration the Hamiltonian of equation 8.1 was taken for consid-

eration with Qij a constant, i.e. isotropic in both spin and space dimensions,

in�nite space dimension, i.e. every spin interacting equally with every other

spin, a spin dimension of three, i.e. Heisenberg spins, and zero external �eld.

This is analogous to the Sherrington-Kirkpatrick (SK) model (in�nite space

dimension) [45], but the interaction strength in the SK case is taken as a site-
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random quantity and the spins are Ising, which implies that the SK analysis is

necessarily classical. Thus the Hamiltonian of interest is

H = �Q=2
NX

i;j=1;i6=j

Si � Sj (8.10)

When this Hamiltonian is written, as below, in terms of the total spin S =P
i Si and the individual spins then the eigenstates are immediately seen to be

those where the system total and individual angular momentum j values are

listed.

H = �Q=2(S2 �
X
i

Si
2) (8.11)

8.5 Energy eigenvectors of the symmetric spin Hamil-

tonian

It is necessary to diagonalize this 2N dimensional Hamiltonian in order to �nd

the distribution of states at thermodynamic equilibrium. The 2N operators

fS2

i g; fS
2

1k = (S1 + : : : + Sk)
2g, k = 2; : : : ; N , and Sz = S1z + : : : + Skz

form a complete set of operators commuting with H and each other. The

N total spin eigenvalues si; i = 1; : : : ; N , along with the N � 1 successively

larger susbsystem s values s1�2 := s12; s1�3 := s123; s1�4; : : : ; s := s1�N may

be taken. Taking the total Sz value m rounds out the set of 2N eigenvalues

needed. The energy eigenvalue of any eigenstate depends only on its s value

and is E = s(s+1)�N(1=2)(1=2+1) = s(s+1)� 3N=4 for spin 1=2 particles.

Since spin correlations are of interest, the basis where the Siz are easily found

must be used to express the energy eigenstates. Thus step one is to generate

a complete list of energy eigenvectors j s1; s2; s1�2; s3; s1�3; : : : ; s;mi with the

energy eigenvalues described above. The second step is to make use of Clebsch-

Gordon coe�cients to transform the energy eigenbasis just generated to the

j (simi)i basis. The description of how this is done is given in appendix B.
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8.6 Spin correlations in the symmetric spin Hamilto-

nian equilibrium distribution

Once the eigenstates of the Hamiltonian are found and written in a form where

Siz is easily found then the distributions for seeing values of (S1z; : : : ; SNz) =

(m1; : : : ;mN ) are readily generated. First, the energy of each of the energy

eigenvectors is found. From these energies the probabilities of the eigenvectors

at equilibrium are given by the Boltzmann distribution PE(v) / exp(��E(v)).

The distribution of the vectors of Siz values is then generated. From this disti-

bution the correlation functions and information correlation functions desired

may be computed as a function of temperature and coupling strength.

The distribution of measured spin values is simply found from the rep-

resentation of the energy eigenvectors in the j (simi)i basis. Given an eigenvec-

tor in the energy eigenbasis, the probability of measuring the Siz eigenvalues

(m1; : : : ;mk) is the square of the amplitude of the component vector j (simi)ki,

where the mi values for i = k + 1; : : : ; N are ignored. Then sum this prob-

ability times the probability that the energy eigenvector occurs (Boltzmann

distribution) over the energy eigenvectors to �nd the overall probability of the

measured values. This is the same thing as tracing over the reduced density

matrix for spins 1; : : : ; k times the operator j (simi)kih(simi)k j, i.e.

PM((m1; : : : ;mk)) = Trk[�k j (simi)kih(simi)k j] (8.12)

Evaluating the information correlation functions (see section 3.12) is

trivial because the information correlation functions are simply a sum involving

functions of the probabilities of the observed states, which is what is generated

in equation 8.12 above.

Evaluating the moments, and therefore the correlations and cumulants

(see section 8.12) is straightforward. In evaluating the average of a product

of spins hm1m2; : : : ;mki each term involving an even number of mi = �1=2
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values contributes a positive quantity. Every other term contributes a negative

quantity. The magnitude of each term is (1=2)k times the probability of the

state. The moments are given by the trace

hm1 : : : mki = Trk[�kS1z : : : Skz] (8.13)

8.7 Symmetric spin Hamiltonian with external �eld

When the external �eld R is applied to the system then the zero �eld spin-ip

symmetry is broken. The operator Sz = S1z + : : : + SNz was chosen as one

of the complete commuting set in section 8.5 to label the energy eigenvectors.

Thus those eigenvectors are also eigenvectors of

H = �Q=2(S2 �
X
i

Si
2)�RzSz (8.14)

which is the Hamiltonian of equation 8.11 with an external �eld applied only

in the z direction. The eigenvalues in the energy eigenvector basis are now

given by s(s + 1) � N(1=2)(3=2) +mRz. The probabilities of each eigenstate

are calculated from the Boltzmann distribution using these energies, and as

before the probability distribution of the S1z : : : Skz eigenstates, the information

correlation functions, moments, correlations, and cumulants may be calculated.

8.8 Entropy of the spin system

The spin system is in thermodynamic equilibrium with the environment and

therefore the density function is diagonal in the energy eigenstates, each energy

eigenstate j vi having probability PE(v) / exp(��E(v)) as already mentioned.

The density matrix is therefore given by

� =
X
v
PE(v) j vihv j (8.15)

The entropy of this system is then given by

SE(V ) = �Tr[�log(�)] (8.16)
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= �
X
v
PE(v)log(PE (v)) (8.17)

As already mentioned, the probabilities of the various measured values of the

z-components of the spins are given by

PM(mk) = Trk[�k jmkihmk j] (8.18)

where mk = (m1; : : : ;mk) and the si values are dropped here in the represen-

tation of the Siz eigenvectors. Based on this probability distribution we have

the measurement entropy,

SM(Mk) = �
X
mk

PM(mk)log(PM (mk)) (8.19)

which, because of the full symmetry of the Hamiltonian is independent of which

particular k spins are chosen. It may come as some surprise that SM (Mk) 6=

SE(V ) (almost always) even when k = N , the number of spins in the system.

However, the two entropies are related, and their di�erence is a physically

meaningful quantity. The fact that they are not equal is shown next, and

the generality of the argument to follow indicates that care must be taken

when de�ning the entropy of a system from measurements of the states of that

system.

Consider the distribution of measured mk = (m1; : : : ;mk) states given

in equation 8.18. We can make the following expansion of this as

PM (mk) = Trk[�k jmkihmk j] (8.20)

= Trk[
X
m

k

hmk j

 X
v
PE(v) j vihv j

!
jmki jmkihmk j]

(8.21)

=
X
v
PE(v)

0
@X
m

k

Cv(mk;mk)C
�
v(mk;mk)

1
A (8.22)

=
X
v
PM(mk j v)PE(v) (8.23)
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where

j vi =
X
q
k
;q

k

Cv(qk; qk) j qki j qki (8.24)

�k =
X
m

k

hmk j

 X
v
PE(v) j vihv j

!
jmki (8.25)

=
X
v
PE(v)

X
q
k
;rk

0
@X
m

k

Cv(qk;mk)C
�
v(rk;mk)

1
A j qkihrk j

(8.26)

PM (mk j v) =
X
m

k

Cv(mk;mk)C
�
v(mk;mk) (8.27)

and wheremk = (mk+1; : : : ;mN ), and the qk and rk are also (Siz) eigenstates,

etc.

Now from equation 8.27 note that for k = N we have Cmv := PM(m j

v) = Cv(m)C�
v(m), where the subscript on m has been dropped. Because of

the orthonormality of the various vectors involved
P
mCmv =

P
v Cmv = 1.

Note also that PM (m) =
P
v CmvPE(v). Making the appropriate substitu-

tions in the log sum inequality we �nd

Theorem. Measurement increases entropy. Given a density matrix �

describing a quantum mechanical system of the form � =
P
v PE(v) j vihv j,

where the j vi are orthonormal, and an orthonormal measurement basis jmi,

de�ne the intrinsic entropy SE = �
P
v PE(v)log(PE (v)) and the measurement

entropy SM = �
P
m PM (m)log(PM (m)), where PM (m) = Tr[� j mihm j].

Then SM � SE, with equality i� PE(v) is independent of v.

Proof: By the log sum inequality of chapter 2 we have

X
mv

CmvPE(v)log

 
CmvPE(v)

Cmv

!
�

X
m

 X
v
CmvPE(v)log

 P
v CmvPE(v)P
v Cmv

!!
(8.28)
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Consider the quantity on the left, cancel the Cmv's and sum over m, then

consider the quantity on the right, sum over v where these sums appear, �nally

change signs on both sides, and using equation 8.23 �nd that

SE(V ) � SM (MN ) (8.29)

Note that the entropy of the reduced measurements (k < N) may be

less than the intrinsic entropy simply because of the reduction in dimensionality

involved.

It is important to note that quantities like P (m;v) need to be carefully

considered. For instance, the notion of making simultaneous measurements of

m and v is impossible, because the operators for these eigenvalues do not gen-

erally commute. It is possible to time-order the "measurements" (now called

�lters), and then quantities like P (m1;v2 j �) appear, where the M �lter is ap-

plied �rst, followed by the V �lter. This quantity indicates the probability that

the quantum object follows the route through channel m of M , then through

channel v of V . This allows us to perform strange inferences of retrodiction,

like P (m1 j v2; �), the probability that the object passed through channel m

of M having been found in channel v of V , addressed briey in the next sec-

tion. We can go much further though, and do in the next section: we may ask

the question what is the information in one measurement that would have been

available in another measurement that could have been, but wasn't, made?.

In summary, we have the relationship that SE(V ) � SM (MN ).

In �gure 8.1 an example of the relationship SE(V ) � SM(MN ) is demon-

strated. (Note that the logarithms are base e, and that � appears as b in the

axis label.)
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Figure 8.1: Typical plot of the entropy of the density matrix SE (narrow dashes)
and the entropy of the measured values of the z-components of the spins SM
(wide dashes) for the two-spin case and order two entropies. Note SM � SE .

8.9 Mutual information between measured and unmea-

sured variables

Suppose that the measurement basis M is all that is available to the experi-

menter, but that the result of a computation is given by the probabilities of

the various eigenstates of another operator, V . This is similar to the situation

we now have in the Heisenberg spin system, where M is the z-component spin

operator, and V is the energy operator, but for now these operators will be

taken to be any arbitrary operators. The question of interest is What is the

information about V , which could have been measured but was not measured,

gained in a measurement of M?. Note that it is somewhat bizarre to be asking

this question, because quantum objects, being what they are, do not generally

allow the measurement of both M and V simultaneously. The act of measuring

V would indelibly change forever the object being measured. We are discussing

the possibility of gaining information about a measurement result that, in fact,

cannot exist.

Let the underlying density matrix of the system being measured be
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given by �. Then the probabilities for measuring the eigenstates of M and V

are given by P (m1 j �) and P (v1 j �) respectively, where the subscript indicates

the time-order of the �lter application. If the �lter V is applied �rst, followed

by the �lter M , then the joint probability of seeing eigenstates of M and V

is given by P (m2v1 j �). It is tempting to answer the question posed above

with the quantity below, the time-ordered mutual information between the two

�lters X
mv

P (m2v1 j �)log

 
P (m2v1 j �)

P (m2 j �)P (v1 j �)

!
(8.30)

where the probability distribution P (m2 j �) is the reduction of P (m2v1 j �)

over v. This is indeed the mutual information between the measurements ofM

and V , assuming that the �lter V is applied before the �lter M . However, in

the question posed above, no actual measurement of V is to be made! In fact,

the proposed measurement of V and the measurement of M are conditionally

independent once � is speci�ed.

What has been ignored, and is needed, is that the measurement of M is

indirectly a measurement of �, and it is this � that would have been measured

by V . In other words, the probability that � was the underlying distribution,

given that some eigenvalue of M was measured, and then the probability that

V was measured on this underlying �, must appear in the information between

the unmade measurement of V and the measurement of M . In order to do this,

the prior probability of the underlying � must be speci�ed, as is seen in the

following development. Admittedly, it is strange to be discussing a distribution

over potential, but unmade, measurements; yet it is consistent. The probability

of a measurement that could have been made can be de�ned!

As before, let the distributions of measured eigenstates of M and V ,

given �, be P (m j �) and P (v j �) respectively. Let the prior probability that

� was the underlying state be given by P (�), and let the probability that �

was the underlying state, given that the eigenvaluem of M was measured, be
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given by P (� j m). This probability distribution is given by Bayes' theorem

(see section 9.1), once both P (m j �) and P (�) are given:

P (� jm) =
P (m j �)P (�)

P (m)
(8.31)

where P (m) =
R
P (m j �)P (�) d�. The probability P (v j m) that the eigen-

value v of V would have been measured given that the eigenvaluem of M was

measured is conceptually clearly given by

P (v jm) =
Z
P (v j �;m)P (� jm) d� (8.32)

Now, P (v j �;m) = P (v j �), and similarly P (v;m j �) = P (v j �)P (m j �).

The last of these indicates that the joint distribution conditioned on � of the

unmeasured V eigenvalue and the measured M eigenvalue may be treated as

if both were measured on the same state �. Finally, applying these identities

and Bayes' theorem, the unconditioned joint distribution is easily seen to be

P (v;m) =
Z
P (v;m j �)P (�) d� (8.33)

and as usual

P (v;m) = P (v jm)P (m) (8.34)

so that all of the usual identities for events can be de�ned for the unmeasured

V events and the measured M events. The time-ordered mutual information

between the measurement and the unmeasurement is given by

I2(Mmeas; Vunmeas) =
X
mv

P (v;m)log

 
P (v;m)

P (v)P (m)

!
(8.35)

It is interesting to note that this mutual information is exactly zero if � is

known in advance (the prior probability of � is a delta function distribution),

and so there must be some uncertainty in the underlying physical state for the

mutual information just de�ned to be nonzero. This is admittedly the usual

case. I propose that this is the quantity that should be considered when making
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measurements (M) of a system that is to yield information about some aspect

of the system that another measurement (V ) would have been able to provide

more directly.

I leave it to another day to come to terms with what it means to have

a probability distribution, like that just de�ned, over events that are assumed

to not happen, and which, if happened, would fundamentally change the result

of the measurement that is made. It is as if a step out of the usual probability

theory has been taken.

8.10 Entropies

The entropies for the various spin systems considered were computed. There

are three principal results that may be seen in the �gures. (Note that the

logarithms are base e, and that � appears as b in the axis label.)

At in�nite temperature, � = 0, every state is equally probable, and the

entropy/spin reaches its maximum value of log(2).

For ferromagnetic, or positive, spin-spin coupling constant Q > 0 the

behavior of the entropy of any order and any number of spins is simple. For

both decreasing temperature (� ! 1) and increasing external �eld R the en-

tropy decreases. This is seen in the plots of the �rst and second order entropy

of the two spin system in �gures 8.2 and 8.3 which show the typical ferro-

magnetic behavior. When the external �eld is zero, the entropy approaches a

nonzero value at zero temperature, determined by the degeneracy of the lowest

energy level. The entropy SE in zero �eld for 2; 3, and 4 spins is graphed in

�gure 8.4. The temperature at which the entropy \transitions" from its in�nite

temperature value to its zero temperature value is given approximately by the

mean-�eld theory value of the temperature, which is di�erent for each system

depending upon the number of spins in the system. Note that the \transition"

temperature is increasing as the number of spins increases. This is in accord
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with the mean �eld theory result in the thermodynamic limit of an in�nite

number of spins that kBTc = dQ=2, where d is the coordination number of each

spin and the critical � is �c = 1=(kBTc) [30]. Thus we expect for a system of

N spins, where because the spins are fully coupled to each other d = N � 1,

that �c = 2=[(N � 1)Q]. All of the plots are with Q = 1, so that this is

�c = 2=(N � 1) here, decreasing for increasing number of spins in the system.

The decreasing behavior is seen. That the transition is not sharp, nor properly

given by the mean �eld theory value, may be attributed to the fact that a �nite

number of spins has been considered.
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Figure 8.2: The ferromagnetic side of the �rst order entropy SM for the 2 spin
case showing relatively little structure.

Antiferromagnetic, or negative spin-spin coupling Q, also e�ectively oc-

curs for positive Q and � < 0. The graphs of SM in the 2; 3, and 4 spin cases in

�gures 8.5{8.13 show more complex structure in this case than in the ferromag-

netic case, with several entropy maxima occurring as the external �eld varies.

These maxima correspond to states having higher energy in zero external �eld

becoming energetically favorable in nonzero �elds. Consider three probabili-

ties of energy eigenstates, each having a di�erent coupling to the external �eld

given by p1 / Exp[��(1�R)]; p2 / Exp[��(2� 2R)]; p2 / Exp[��(4� 3R)],
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Figure 8.3: The ferromagnetic side of the second order entropy SM for the 2
spin case showing relatively little structure.
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Figure 8.4: Entropy of the density matrix SE for the 2 (narrowest dashes), 3
and 4 spin (widest dashes) cases. Note the increasing temperature at which the
larger spin system transitions on the ferromagnetic side of the plots (positive �)
in approximate agreement with the mean �eld theory result that the transition
temperature is proportional to the coordination number.
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and let � = 1 for now. For 0 � R < 1=2 they are ordered as p1 > p2 > p3.

For R = 1=2 there is a crossing, p2 = p3, and then for 1=2 < R < 2=3 we

have p1 > p3 > p2. For R = 2=3 there is another crossing, and p1 = p3. For

2=3 < R < 1 we have p3 > p1 > p2. Finally, for R = 1 we �nd p1 = p2 and

for R > 1 we have p3 > p2 > p1. In this manner there can be phase transitions

where the dominant behavior switches between di�erent eigenstates. At zero

temperature, such transitions are sharp. At nonzero temperature, the entropy

increases at such transitions because there are more states then contributing on

the average. This is seen clearly in a cross section of the four-spin system, where

there are two entropy local maxima as the external �eld changes, �gure 8.14.

Figures 8.15 and 8.16 show the probabilities of states and the transition be-

havior just described for the three spin system. Figure 8.15 shows the energy

eigenstate probabilities, while �gure 8.16 shows the probabilites of measuring

(Siz) values.

Figure 8.14 also shows the emergence of the structure in the entropy.

Plotted here are the entropies of orders one through four. Note the increasing

amount of structure as the order increases. Note also that the complete struc-

ture does not make itself apparent until the fourth order, though the third

order entropy does show a hint that there are two transition regions in the

phase space. The entropies have been normalized by the number of spins in-

volved in the summation for the entropy, and they are ordered consistent with

the entropy per degree of freedom relationship theorem of chapter 2.

Consider the sequence of graphs of �gures 8.10{8.13 showing the reduced

entropies and the full entropy for the four spin system. The reduced entropy

graphs show much less structure. It is thus important to consider the full en-

tropy for such systems in order to understand their behavior. For instance,

the local entropy maxima seen in the order four plot indicate that there are

two distinct states that might be set with an external �eld. The information
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Figure 8.5: First order entropy SM for the 2 spin case. Detail in this and the
next eight plots is of the antiferromagnetic phase.
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Figure 8.6: Second order entropy SM for the 2 spin case.
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Figure 8.7: First order entropy SM for the 3 spin case.
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Figure 8.8: Second order entropy SM for the 3 spin case.
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Figure 8.9: Third order entropy SM for the 3 spin case.
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Figure 8.10: First order entropy SM for the 4 spin case.
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Figure 8.11: Second order entropy SM for the 4 spin case.
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Figure 8.12: Third order entropy SM for the 4 spin case.
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Figure 8.13: Fourth order entropy SM for the 4 spin case.
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Figure 8.14: Entropies per spin for the 4 spin case of orders one thru four. Note
the two entropy maxima, occurring at transitions between dominant energy
eigenstates. The top graph is the �rst order entropy, the bottom is the fourth
order entropy. Note that the full transition structure does not make itself
apparent until the higher orders have been explored. Note also the ordering of
the entropies per degree of freedom here, consistent with the entropy reduction
per degree of freedom theorem.
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Figure 8.15: Probabilities of the two spin energy eigenstates. Note the transi-
tion between the eigenstates occurring at R = 1.
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Figure 8.16: Probabilities of the two spin z-comonent states. Note the transi-
tion between the eigenstates occurring at R = 1. Two of the eigenstates are
degenerate.
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Figure 8.17: Cross section of the eighth order entropy of eight Heisenberg
spins. Note that there are eight regions where the slope of the region has a
sign di�erent from the neighboring regions.

carrying capacity of the system at these �elds is greater than it is at others.

These indications of complex state behavior open the the possibility that sig-

ni�cant applications of these systems will arise. Systems like these might serve

as a way to prepare information for another system or an interface to another

system, perhaps a system performing quantum computations directly based on

the states of magnetic clusters like these. In section 8.12 we will see that the

entropy changes are associated with changes in the magnetic moment of the

cluster.

Finally, the amount of structure in the spin system of order k is reected

in the fact that there are k regions where the slope has a sign di�erent from

the neighboring regions, as seen in the graph of the eighth order entropy for

eight spins, �gure 8.17, i.e. there are k=2 bumps.
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8.11 Information correlation functions

The information correlation functions Ck, according to the interpretation of

section 3.13, may be seen as the information between these spins. The graph of

�gure 8.18 for the two spin system, �gures 8.19{8.20 for the three spin system,

and �gures 8.21{8.23 for the four spin system indicate regions of temperature

and external �eld where the distribution of subsets of spins in these systems

carries new information not contained in smaller subsets, and where the sub-

set distributions are redundant to smaller subset distributions. (Note that the

logarithms are base e, and that � appears as b in the axis label.) Comparing

�gures 8.21{8.23, it is clear that the full system distribution is needed to de-

scribe the low temperature and small �eld antiferromagnetic regions. In these

regions at each order lower than the number of spins there is structure having

to do with the transitions that cannot be captured by still lower order distri-

butions. The ferromagnetic side of the graphs appears far simpler, with almost

all of the structure being captured by the lower order distributions (the �rst

order information correlation is the �rst order negentropy). In a single system

there are thus two regions where the behavior of the information correlation

functions is vastly di�erent, and where the complexity of the description needed

is therefore vastly di�erent.

8.12 Moments, correlations, cumulants

The graphs for the moments, correlation functions, and cumulants for the four

spin system are given in �gures 8.24{8.31. The moments show transitions at

the same values of the external �eld that gave rise to entropy maxima. The

moment graphs indicate that the antiferromegnatic region is where all of the

interesting behavior occurs. The stairstep moment increase to spin alignment

in the antiferromagnetic region as the external �eld is increased (recall that

negative temperature is being used to create a negative coupling constant, and
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Figure 8.18: Second order information correlation for the 2 spin case.
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Figure 8.19: Second order information correlation for the 3 spin case.
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Figure 8.20: Third order information correlation for the 3 spin case.
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Figure 8.21: Second order information correlation for the 4 spin case.
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Figure 8.22: Third order information correlation for the 4 spin case.
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Figure 8.23: Fourth order information correlation for the 4 spin case.
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that this a�ects the alignment in that it makes anti-alignment with the exter-

nal �eld more favorable; the external �eld has thus also e�ectively changed in

sign.) indicates that each transition is where a subset of the energy eigenstates

with increasingly aligned spins becomes dominant. The plots of the correlations

and cumulants (the �rst three cumulant functions and correlation functions are

equal by order) indicate much of the same interesting behavior as the informa-

tion correlation functions. The information they convey is about average values

of products of deviations, and so they have the ability to indicate this aspect

of the complex structure of the antiferromagnetic region. In the ferromagnetic

region the third order correlation appears to dip in the region of small external

�eld and high temperature. This region is not brought sharply to attention by

any structure in the information correlation functions in this region.
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Figure 8.24: First order moment for the 4 spin case.

8.13 Mathematica for the symmetric spin Hamiltonian

See appendix B for the Mathematica code used to solve the quantum Heisenberg

coupled spin model presented.
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Figure 8.25: Second order moment for the 4 spin case.
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Figure 8.26: Third order moment for the 4 spin case.



118

M4o4 Q=1

0
1

2
3

4
5

R

-10

-5

0

5

10

b

-0.05

0

0.05

M  

0
1

2
3

4
5

R

Figure 8.27: Fourth order moment for the 4 spin case.
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Figure 8.28: Second order correlation for the 4 spin case.
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Figure 8.29: Third order correlation for the 4 spin case.
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Figure 8.30: Fourth order correlation for the 4 spin case.
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Figure 8.31: Fourth order cumulant for the 4 spin case. Recall that the �rst
three correlations and cumulants are equal by order.



Chapter 9

Estimating information and correlation from

�nite data

9.1 Inferring unknown parameters from data

What is given in general is data, not the true data generating system, nor the

true parameters for the data generating system. What is usually somewhat

understood is the class of possible systems for the data generating system,

and less well understood usually is what the values of the parameters are for

any particular data generating system. For instance, the system generating

the data may be known to give gaussian distributed data. But the mean and

width parameters of the gaussian are unknown. The data does not determine

these parameters, but it indicates them, and if we proceed intelligently we may

infer them. With a su�cient amount of data the parameters are determined as

well as is possible. In this case (large data) almost any method for estimating

the parameters will su�ce. What is crucial is the method used to estimate the

parameters when the data does not strongly determine the parameters. For

instance, how would you estimate the probability that the next bit will be a

one or a zero after seeing only three examples of bits generated by a random

bit generator which could be generating ones with any probability 0 � p � 1?

How would you estimate the uncertainty of the value of p guessed?

The nuts and bolts of estimating something unknown from data lies

within Bayes' theorem. Bayes' theorem is simply two ways of writing the joint

121
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probability distribution of data and parameters, but most importantly in our

application it relates the probability of the unknown parameters to the known

data. Bayesian estimation methodology di�ers widely from likelihood based

methods in that it is this distribution of parameters given data, P (x j d), that

is used in making guesses about the parameters, rather than the likelihood

P (d j x). The likelihood is simply what we use to generate simulated data

after the unknown parameters are guessed. Bayes' theorem may be written

P (x j d) =
P (d j x)P (x)

P (d)
(9.1)

where P (x) is called the prior probability of the parameters x. In all Bayesian

methods it is the choice of prior that reects everything that was known about

the distribution of the parameters before the data was seen. For any given data

set, P (d) is a constant and can be found by summing over the parameters as

in P (d) =
R
P (d j x)P (x) dx.

Referring back to likelihood methods mentioned before, if you have a

demon who is generating data using a known type of generating system but

with the parameters for the system unknown to you, and the demon states

the probability distribution from which it chose the parameters for the data

generating system, then the Bayesian methodology is provably optimal when

the prior is taken to be the demon's parameter choice distribution. Likelihood

methods will tend to be too guided by the data, over�tting the parameters to

match the data too closely, and they are provably not optimal in general.

In the next section the question of whether data always provides an

increasing amount of information about the unknown parameters is answered.

The answer is no. Sometimes more data leads to more confusion. However,

on the average more data does provide more information about the unknown

parameters. What is meant here by information, confusion, and average is

quanti�ed, and the theorem showing that on the average information about

the unknown parameters increases upon seeing data is proved.
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Later sections apply Bayesian methodology to the task at hand of esti-

mating entropy, information correlation functions, chi-squared, moments, and

correlations, from �nite data. Finite data really is the only interesting case in

problems of inference. Large data allows the use of almost any random prov-

ably suboptimal methodology to �nd good estimates. Developing methods of

inference that make use of all available information is the elegant side of sta-

tistical inference. Practically, data is expensive. Thus the large data case is

ignored.

9.2 Inference increases information about the true dis-

tribution on average

Let the data be given one sample point at a time. The sample data are thus

ordered and will be indicated by dn = (d1; : : : dn). After each new sample is

given an inference of the unknown parameters using Bayes' theorem, taking the

form of the distribution of these parameters, will be made. The information

in the inferred parameter distribution will be found, and surprisingly it will be

shown that this information does not generally increase upon seeing new data.

However, when this inferred information is averaged over possible data samples,

the average information about the unknown parameters does increase when new

data is seen. Thus, on average, more is learned about the unknown parameters

when additional data is presented, but additional data can sometimes lead to

more confusion.

The measure of the uncertainty of (and confusion about) the unknown

parameters is the entropy of the distribution of the unknown parameters. Work-

ing in the probability density framework the entropy of the distribution of

parameters after seeing n data samples dn is given by

Sn(dn) = �
Z
P (x j dn) log(P (x j dn)) dx (9.2)
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The change in the uncertainty of the parameters upon seeing the nth data

sample is then given by �Sn(dn) := Sn(dn) � Sn�1(dn�1). At �rst it might

be thought that this uncertainty should always decrease. However, this is not

the case. Suppose, for example, that the mean of a gaussian distribution is to

be inferred, while the width of the gaussian is known. Suppose further that

n = 2, and that d1 and d2 happen to lie very far apart from each other, which

can happen by chance for gaussian distributed data. In this case, P (x j d1) is

going to be more sharply peaked than P (x j d2). This is because the d1 = (d1)

inference puts density at d1, while the two sample d2 = (d1; d2) inference puts

density at both of the data locations, which are far apart. In fact, taking the

uniform distribution for the parameter prior, the one sample inference is a single

gaussian bump centered on the data, while, if the two data samples are very far

apart, the two sample inference is two identical gaussian bumps (having half

the height and the same width as the one sample inference gaussian bump),

and the entropy of the two sample inference will be one bit greater than that

of the one sample inference. Sometimes new data leads to increased confusion

about the parameters.

Now, consider what happens when the average over data sets dn of

the change in uncertainty (confusion) is taken. The average of interest is the

average change in confusion when a new data sample is seen, given by

h�Sni :=
Z
�Sn(dn)P (dn) ddn (9.3)

The next step is to show that the average change in the confusion about the

parameters is negative. To do this, note that for any function f(x;dn�1)Z
f(x;dn�1) P (x j dn�1) P (dn) ddn

=
Z
f(x;dn�1) P (x j dn�1) P (dn�1) ddn�1

=
Z
f(x;dn�1) P (x;dn�1) ddn�1

=
Z
f(x;dn�1) P (x;dn) ddn (9.4)



125

Now, expand the average change in the confusion written in equation9.3 as

h�Sni = �
Z Z

P (x j dn) log(P (x j dn)) P (dn) ddndx

+
Z Z

P (x j dn�1) log(P (x j dn�1)) P (dn) ddndx (9.5)

and simplify the inner integral of the second term on the right side using the

identity proven in equation 9.4 to �nd

h�Sni = �
Z Z

P (x;dn) log(P (x j dn)) ddndx

+
Z Z

P (x;dn) log(P (x j dn�1)) ddndx (9.6)

Collect the logarithms and note that the integral over x is a Kullback-Leibler

distance, and allows us to apply the information identity (for probability den-

sities p1(x) and p2(x), KL(p1; p2) :=
R
p1log(p1=p2)dx � 0) to �nd that the

average change in the confusion about the parameters is negative

h�Sni = �
Z Z

P (x;dn) log(
P (x j dn)

P (x j dn�1)
)dx ddn

= �
Z
P (dn)

 Z
P (x j dn) log(

P (x j dn)

P (x j dn�1)
)dx

!
ddn

� 0 (9.7)

Because negative uncertainty is information, a negative change in confusion

corresponds to a positive change in information. Thus we have proven the

following theorems:

Theorem: Information increases on the average. Although in particular

data the information about the parameters may decrease upon seeing a new

data sample, on the average the information about the parameters increases

upon seeing a new data sample.

Theorem: Average information increase is the Kullback-Leibler dis-

tance. The average increase in the information about the parameters is the

average of the Kullback-Leibler distance between the parameter distributions

conditioned on the data after and before the new sample is seen.
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9.3 Estimating functions of probability distributions

from �nite samples.

9.3.1 Statement of the problem solved here

Consider a system with m possible states and an associated m-vector of prob-

abilities of those states, p = (pi), 1 � i � m, (
Pm

i=1 pi = 1). The system is

repeatedly and independently sampled according to the distribution p. Let the

total number of samples be N and denote the associated vector of counts of

states by n = (ni), 1 � i � m, (
Pm

i=1 ni = N). The problem is to estimate

a given function Q(p) from n, the samples. The functions considered are the

entropy, mutual information, moments, average, variance, covariance and other

correlations, and chi-squared.

Some previous work on estimating Q(p) from n, using frequency meth-

ods to generate correction terms, appears in [4, 21, 22, 31, 32, 33, 34, 51, 52,

61, 77].

Fully formal justi�cations of the manipulations carried out in this paper

can be found as appendices 9.4{9.10.

9.3.2 Estimating from �nite data is ubiquitous

The problem of estimating a function of an unknown distribution from �nite

samples of that distribution is ubiquitous in physics, arising for example in

dimension estimation and in estimating correlations from data.

For example, in information dimension estimation, [31, 63] we imagine

a discretization of a space containing an attractor. The attractor constitutes a

probability density function across the space, and therefore a probability dis-

tribution across the bins of the discretization. We are interested in how the

Renyi entropy of the distribution across the bins changes as the discretization

changes. This behavior gives us the information dimension of the attractor,
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which is useful in non-linear time-series analysis, in connection with estimating

the embedding dimension, see [21, 63]. It turns out that to accurately mea-

sure the information dimension we would like to make accurate estimates of

the Renyi entropy for as wide a range of granularities of the discretization as

possible. In particular, we would like to make accurate estimates when the dis-

cretization is quite �ne. In such a regime, the number of counts per bin - i.e.,

the values ni - will be quite small. Accordingly, we are unavoidably faced with

the small sample statistics problem of how to meaningfully perform inference

with small samples. This is precisely the regime in which Bayesian techniques

excel.

9.3.3 The distribution of data

By the assumptions of section 9.3.1 the data is multinomially distributed as

P (n j p) =

 
N

n

!
mY
i=1

pnii (9.8)

9.3.4 The Bayes' estimator

The Bayes' estimator of Q(p) will be denoted Q(n) and taken as the posterior

average

Q(n) =
Z
dp P (p j n) Q(p) (9.9)

The reason for this is explained in the next section.

Note that it may also be of interest to compute the distribution of the

estimator. This is given by

P (Q(p) = q j n) =
Z
dp �(Q(p)� q) P (p j n) (9.10)

In most cases here only moments of Q are considered. When moments are

considered the notation Q(k)(n) will denote the estimator of Q(p)k.
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9.3.5 The Bayes' estimator minimizes posterior mean square error

If p is known, then the estimator of Q(p) that minimizes the mean square error

(data average) is directly Q(p), regardless of the data. More generally, when p

is not �xed then the mean-squared error is given byZ
dpP (p)

X
n

P (n j p) (Q(n)�Q(p))2 (9.11)

Varying with respect to Q(n) and applying Bayes' theorem (see equation 9.1)

gives the result that the estimator is the posterior average of the function being

estimated [18], equation 9.9. Thus, assuming that the prior for p is known, the

posterior average of Q(p) is the average mean square error optimal estimator.

Note that in general other error measures than mean square error may be

considered, and these lead to di�erent estimators.

9.3.6 Form of the prior

The priors considered here are sums of terms of the form

P (p) /
mY
i=1

pkii �(p)�(p) (9.12)

where �(p) = �(
Pm

i=1 pi � 1) and �(p) =
Qm

i=1 �(pi) with �(x) = 1 for x � 0

and zero otherwise. The proportionality constant is set by normalization of

P (p).

It should be noted that a prior of the form above may be used to approx-

imate any prior of several variables because the polynomials form a complete

set of basis functions for function approximation.

9.3.7 Form of the integrals giving the estimator

From equation 9.9 and by Bayes' theorem, equation 9.1, the estimator may be

written as the ratio of integrals

Q(n) =

R
dpP (n j p)P (p)Q(p)R

dpP (n j p)P (p)
(9.13)
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and considering a prior of the form in equation 9.12 and cancelling proportion-

ality constants this may then be written as

Q(n) =

R
dp
Qm

i=1 p
ni+ki
i �(p)�(p)Q(p)R

dp
Qm

i=1 p
ni+ki
i �(p)�(p)

(9.14)

Clear from this expression is that the exponents k of the prior are simply added

to n; from now on they will be ignored and may be replaced at the end of the

calculation by substituting n + k for n within the range of validity of the

expression. Thus, de�ning

I[Q(p);n] =
Z
dp

mY
i=1

pnii �(p)�(p)Q(p) (9.15)

the estimator is given by the ratio

Q(n) =
I[Q(p);n]

I[1;n]
(9.16)

When the prior is the sum of terms of the form in equation 9.12, the numerator

and denominator both contain respective summations. In each term of each

summation though, the respective k are simply added to n.

9.3.8 Integrating

The results of this section are presented as a series of theorems leading quickly

to the estimators of the moments of the entropy, presented in the next section.

Note that the conditions of existence of the results are given in full generality

in the complex domain, although the actual event counts are non-negative

integers.

De�ne the Laplace convolution operator 
 by its operation on two func-

tions

(f 
 g)(�) :=
Z �

0
dxf(x)g(� � x) (9.17)

Theorem 1. If F (p) =
Qm

i=1 fi(pi) thenZ
dp�(p)�(p)F (p) = (
m

i=1fi)(1) (9.18)
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Proof: De�ne �k = 1 �
Pk

i=1 pi. De�ne Fk =
Qk

i=1 fi(pi)�(pi). De�ne

dpk = dp1 : : : dpk. The integral in the statement of the theorem, after substi-

tuting for �(p) and �(p), becomes

Z
dpm�(�m)Fm

=
Z
dpm�1

�Z
dpm�(�m�1 � pm)�(pm)fm(pm)

�
Fm�1

(9.19)

Integrating over pm the integral takes the form

Z
dpm�1�(�m�1)fm(�m�1)Fm�1

=
Z
dpm�2

�Z
dpm�1�(�m�2 � pm�1)fm(�m�2 � pm�1)

� �(pm�1)fm�1(pm�1)
�
Fm�2 (9.20)

The inner integral may be written as a convolution, and noting that �m�2 must

be positive we �nd

Z
dpm�1�(�m�1)fm(�m�1)Fm�1 =

=
Z
dpm�2�(�m�2)(fm 
 fm�1)(�m�2)Fm�2 (9.21)

Clearly, this can be extended by induction and the associativity of the convo-

lution operator to give the desired result. QED.

For the following, the Laplace transform operator L and its inverse are

discussed in appendix 9.6.3.

Theorem 2. (Laplace convolution) If L[fi] exists for i = 1; : : : ;m, then

L[
m
i=1fi] =

mY
i=1

L[fi] (9.22)

Proof: The proof is lengthy, but may be found in [36]. The result is

mentioned in [50, 54].
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De�ne the Gamma function �(z), Re(z) � �1 by

�(z) =
Z 1

0
tz�1e�tdt (9.23)

Theorem 3. If Re(ni) � �1, i = 1; : : : ;m, then

I[1;n] =

Qm
i=1 �(ni + 1)

�(N +m)
(9.24)

Proof: By theorem 1

I[1;n] = (
m
i=1p

ni
i )(1) (9.25)

By theorem 2

(
m
i=1p

ni
i )(�) = L�1[

mY
i=1

L[pni](s)](�) (9.26)

Note that

L[pn](s) =
�(n+ 1)

sn+1
; Re(n) > �1 (9.27)

Substitute from equation 9.27 in the right side of equation 9.26. Finally use

equation 9.27 again to take the inverse. Setting � = 1 �nishes the proof. QED.

Theorem 4. If Re(ni) > �1, i = 1; : : : ;m, then

I[
mY
i=1

log(pi)
ri ;n] =

 
mY
i=1

@rini

!
I[1;n] (9.28)

Proof: Note that @np
n = pnlog(p). The interchange of derivative and

integral is given in appendix 9.7.

In using theorem 4 we will take the derivatives in the expression on the

right side of equation 9.28 where N appears in I[1;n] (see equation 9.24); thus

note that since N =
Pm

i=1 ni, we have @niN = 1.

De�ne the polygamma function

	(n)(z) = @n+1z log(�(z)) (9.29)
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(see [3] for properties of the polygamma function), and de�ne

�(n)(z) = 	(n�1)(z) = @nz log(�(z)) (9.30)

Introduce

��(n)(z1; z2) = �(n)(z1)��(n)(z2) (9.31)

Theorem 5. For Re(ni) > �1, i = 1; : : : ;m,

I[log(pu);n] =

Qm
i=1 �(ni + 1)

�(N +m)
��(1)(nu + 1; N +m) (9.32)

Proof: By theorems 3 and 4

I[log(pu);n] = @nuI[1;n]

= @nu

Qm
i=1 �(ni + 1)

�(N +m)
(9.33)

Taking the derivative and substituting for the � function yields the result.

QED.

Theorem 6. For Re(ni) > �1, i = 1; : : : ;m,

(6.1)

I[log(pu)log(pv);n] =

Qm
i=1 �(ni + 1)

�(N +m)
�

f��(1)(nu + 1; N +m)��(1)(nv + 1; N +m)� �(2)(N +m)g

u 6= v (9.34)

(6.2)

I[log(pu)
2;n] =

Qm
i=1 �(ni + 1)

�(N +m)
�

f��(1)(nu + 1; N +m)2 ���(2)(nu + 1; N +m)g

(9.35)

Proof: Apply theorems 3 and 4 in a manner similar to the proof of

theorem 5. Here two derivatives are needed.
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9.3.9 Estimators for the �rst and second moments of the entropy

De�ne ej = (�(i; j)), the vector of all zeroes, except for a single one in the jth

position.

Theorem 7. For Re(ni) > �1, i = 1; : : : ;m,

S(1)(n) = �
mX
i=1

ni + 1

N +m
��(1)(ni + 2; N +m+ 1) (9.36)

Proof: Applying theorems 3, 4, and 5,

S(1)(n) =
I[�

Pm
i=1 pilog(pi);n]

I[1;n]

= �
mX
i=1

I[log(pi);n + ei]

I[1;n]

= �
mX
i=1

@niI[1;n+ ei]

I[1;n]

Theorem 8. For Re(ni) > �1, i = 1; : : : ;m,

S(2)(n) =
mX

i 6=j=1

(ni + 1)(nj + 1)

(N +m)(N +m+ 1)
�

f��(1)(ni + 2; N +m+ 2)��(1)(nj + 2; N +m+ 2)

��(2)(N +m+ 2)g

+
mX
i=1

(ni + 1)(ni + 2)

(N +m)(N +m+ 1)
�

f��(1)(ni + 3; N +m+ 2)
2
+��(2)(ni + 3; N +m+ 2)g

(9.37)

Proof: Similar to proof of theorem 7 noting that

S(2)(n) =

Pm
i;j=1 @ni@njI[1;n+ ei + ej ]

I[1;n]
(9.38)

In a similar manner, all higher moments of the entropy may be calcu-

lated by di�erentiation, leading to the observation that the posterior moment
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generating function of the entropy is given by

mgf [S](x) =
Z
dp P (p j n) eS(p)x (9.39)

=
1X
k=0

h
�k
i=i(

Pm
�i=1

@n�i)
i
I[1;n+

Pk
i=i e�i]

I[1;n]

(�x)k

k!
(9.40)

Note that for n = 0 we have S(1)(n) = ���(1)(2;m+ 1) =
Pm

i=1 i
�1 �

1. Also note that limN�>1 S(1)(n) = �
Pm

i=1(ni=N)log(ni=N), the frequency

counts estimator.

9.3.10 Entropy estimator comparison

The graphs appearing in �gures 9.1{9.4 depict several comparisons of the Bayes'

and frequency-counts estimators for entropy. In all cases the solid line repre-

sents the Bayes' estimator, the dash-dot line represents the frequency-counts

estimator, and the dotted line represents the true value of the entropy, where

applicable. Figure 9.5 depicts the pdf of the Bayes' estimator for a �xed ratio

of counts as the number of counts increases. The graphs are the result of exact

numerical computations of the various quantities represented.

Figure 9.1a is a demonstration of the fact that the Bayes' estimator is

better than any other estimator in the least mean-square sense; in particular

it is better than the frequency counts estimator. Figure 9.1a shows the mean-

squared error of the Bayes' estimator and the frequency counts estimator when

m = 2 and the prior is uniform, where the mean-squared error for any estimator

Q(n) is given by expression 9.11. As is immediately seen the Bayes' estimator

has a smaller mean-squared error than the frequency-counts estimator for all

N (consistent with section 9.3.5).

Figure 9.1b depicts the average sample variance, that is

Z
dp P (p)

X
n

P (n j p)

0
@S(n)�X

n0

P (n0 j p)S(n0)

1
A
2

(9.41)
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of the Bayes' and frequency counts estimators. For a particular sample size N ,

the Bayes' estimator has a smaller sample variance.

Figure 9.2 shows the sample averages of the estimators as functions of

the sample size N for various values of �xed p, that is

X
n

P (n j p)S(n) (9.42)

Figure 9.3 shows the same sample averages (equation 9.42) of the esti-

mators, but now as functions of the true p for various values of the sample size

N .

It is of interest to note that for a particular range of p values and su�-

ciently large N , the sample average of the frequency-counts estimator actually

comes closer to the true entropy than does the sample average of the Bayes'

estimator (see �gures 9.2d{f and 9.3d{f]). To see how this is possible in light

of the fact that the Bayes' estimator has lower mean-squared error, �rst note

that

Z
dpP (p)

X
n

P (n j p) (S(n)� S(p))2 =

Z
dp P (p)

X
n

P (n j p)

0
@S(n)�X

n0

P (n0 j p)S(n0)

1
A
2

+
Z
dp P (p)

 X
n

P (n j p)S(n)� S(p)

!2
(9.43)

so that the mean-squared error is the sum of the mean sample variance and

the mean-squared bias. The left hand side of equation 9.43 is depicted in

�gure 9.1a. The �rst integral on the right hand side is depicted in �gure 9.1b.

The integrand of the last integral on the right hand side (excluding the prior)

appears in �gure 9.2 as the square of the di�erence between the curve for

the estimator, and the value of p being estimated. This quantity favors the

frequency-counts estimator for some values of p for su�ciently largeN ; however
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the �rst integral on the right more than compensates to give a result favoring

the Bayes' estimator.

Figure 9.4 depicts the sample averages of the estimators' square di�er-

ences from true as a function of r for various sample sizes N ,

X
n

P (n j p)(S(n)� S(p))2 (9.44)

The integral of expression 9.44 multiplied by the prior (here uniform), depicted

for various N , is shown in 9.1a.

Finally, �gure 9.5 shows

P (S(p) = s j n) =
Z
dp �(S(p)� s)P (p j n) (9.45)

for a �xed ratio (1 : 15) of observed counts n1 : n2, as a function of the number

of counts N = n1 + n2. Note the increasing density placed upon the entropy

S(1=16; 15=16) as the counts N increase. The average of s according to this

density is the Bayes' estimator given the observations.



137

      

0 5 10 15 20
0

0.05

0.1

0.15

N

M
ea

n 
S

am
pl

e 
V

ar
ia

nc
e
      

0 5 10 15 20
0

0.1

0.2

0.3

N

M
ea

n 
S

qr
. E

rr
or

 F
ro

m
 T

ru
e

Figure 9.1: Top. Mean square error. Bot. Sample variance.
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Figure 9.5: Posterior density of entropy.

9.3.11 Estimators for moments, correlations, cumulants.

Consider the function A(p) =
P
q a(q)

Qm
i=1 p

qi
i . For instance, special cases

of this function include all of the moments of a set of random variables, the

average

Avg(a;p) =
mX
i=1

aipi (9.46)

the variance

V ar(a;p) =
mX
i=1

(ai �Avg(a;p))2pi = Avg((a �Avg(a;p))2;p) (9.47)

and the other correlations and cumulants, etc. de�ned within chapter 3.

Here we demonstrate that the posterior moments of A are available in

closed formwith the results already available. This leads to the observation that

the posterior moments are available for any function which may be expressed

as a series in the form of A, and this includes all of the functions we consider in

this chapter. However, great simpli�cations occur for many of these functions,

as has already been seen in the case of the entropy, and as will be seen in
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the cases of the mutual information, chi-squared, and other functions to be

considered in the next sections. For now, simply note that

A(1)(n) =

P
q a(q)I[

Qm
i=1 p

qi
i ;n]

I[1;n]
(9.48)

=

P
q a(q)I[1;n+ q]

I[1;n]
(9.49)

If the components of q range over the non-negative integers then the powers of

A may be written as

A(p)k =

0
@X
q
a(q)

mY
i=1

pqii

1
A
k

(9.50)

= �k
�=1

X
q�

a(q�)
mY
i=1

p
q�
i

i (9.51)

=
X
q
c(a; q; k)

mY
i=1

pqii (9.52)

where

c(a; q; k) =
X

q1;:::;qk ;
Pk

�=1
q�
i
=qi

a(q1) : : : a(qk) (9.53)

Thus the posterior moments are available as

A(k)(n) =

P
q c(a; q; k)I[1;n + q]

I[1;n]
(9.54)

When A(p) = p then not only are all of the posterior moments available,

but the complete posterior distribution is simply expressed (see equations 9.8,

9.12, and 9.10. Equation 9.10 becomes a vector equation, the delta-functions

selecting a particular value of p).

9.3.12 Extended notation for more complicated functions of prob-

ability distributions

Because estimators like that for the mutual information and chi-squared involve

what is best described as subset-sums, notation is now introduced to handle

this situation.
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The convention for indices is i, j, ij, etc. The generalization to two

dimensional indices is transparent for the following notation.

Subsets of indices will be denoted using �u and �v, while the full set of

indices will be denoted by �. Union and intersection are denoted by �u+v =

�u [ �v and �uv = �u \ �v. Set subtraction is denoted by �u�uv = �u \ �uv

indicating the elements in �u not in �v. Two sets of indices having non-empty

intersection will be called pairwise overlapping. More complicated index set

intersection structure also appears. The pairwise overlap case may also occur

where one index set is contained in the other, and this will be denoted the

contained overlap case.

There are two basic entities that have to be summed over subsets of

indices, the counts, n, and the probabilities, p. De�ne �u =
P

i2�u pi, �u =P
i2�u �i, where �i = ni + 1. Also needed are pi� =

P
j pij, p�j =

P
i pij, �i� =P

j �ij and ��j =
P

i �ij. The sum of all counts in the form � = � :=
P

i �i is

useful.

Exponents will involve the variables �i or �u, with �u being variables to

be di�erentiated with respect to, and �u being associated with the subset �u.

The sum of these variables will be denoted by � =
P

u �u.

The variables of transformation will be taken to be s, t, �u (associated

with �u), and � .

Hypergeometric functions pFq and p1;p2;p12Fq1 ;q2;q12 are given in appendix 9.4,

along with the de�nition of the Pockhammer symbol (a)b.

The product of gamma functions n =
Qm

i=1 �(�i) is useful.

The prior is suppressed, The subscript �P on an integral indicates that

the surface of integration and weight of integration are those set by the prior,

see section 9.3.6.



144

9.3.13 More integration techniques

In this section the reader is led quickly via a series of integration theorems to

the the next section where the theorems are applied.

Theorem 9. If Re(�i) > 0, i = 1; 2, and � = �1 + �2 then

(9.1) �
p�1�1 
 p�2�1

�
(�) =

�(�1)�(�2)

�(�)
� ���1 (9.55)

(9.2)

�
p�1�1e�pt 
 p�2�1e�pt

�
(�) =

�(�1)�(�2)

�(�)
� ���1 � e��t (9.56)

Proof: (9.1) Apply theorem 2, noting that L[p��1](s) = �(�)
s�

. (9.2)

Apply theorem 2 noting that L[p��1e�pt](s) = �(�)
(s+t)�

. Both for Re(�) > 0.

Theorem 10. If Re(�i) > 0, i = 1; 2, and � = �1 + �2 then

(10.1)

�
p�1�1e�pt1 
 p�2�1e�p(t1+t2)

�
(�) =

�(�1)�(�2)

�(�)
� ���1 � e��(t1+t2)

�1F1(�1;�; t2�) (9.57)

(10.2)

�
p�1�1 
 p�2�1e�pt

�
(�) =

�(�1)�(�2)

�(�)
� ���1 � e��(t)

�1F1(�1;�; t�) (9.58)

Proof: (10.1) Write the convolution in its integral form and compare

with equation 9.117 of appendix 9.4. (10.2) Substitute t1 = 0 in the result for

(10.1).

Theorem 11. If Re(�1) > 0; Re(�12) > 0; Re(�2) > 0, and � = �1 +

�12 + �2 then

�
p�1�1e�pt1 
 p�12�1e�p(t1+t2) 
 p�2�1e�pt2

�
(�) =
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�(�1)�(�12)�(�2)

�(�)
� ���1 � e��(t1+t2)

�1;1;0F0;0;1(�1; �2;�; t2�; t1�) (9.59)

Proof: Apply theorem 10.1 to �nd the result for the �rst convolution,

then use the series representation for 1F1 for the second convolution, comparing

the result with the de�nition of 1;1;0F0;0;1 in appendix 9.4. Convolving the series

term-by-term is ok since the series is uniformly convergent on [0; 1].

Theorem 12 presents preliminary results for the non-overlapping case.

Theorem 12. If the subsets �u de�ned for u = 1; : : : ; k, satisfy �uv = ;

for all u 6= v and if Re(�u + �u) > 0 for u = 1; : : : ; k, and if Re(�i) > 0 for

i = 1; : : : ;m then

I[
kY

u=1

��uu ;n] =
n

�(� + �)

kY
u=1

�(�u + �u)

�(�u)
(9.60)

Proof: Assume k = 1 and Re(�1) < 0 to begin. Apply T�1T with

respect to �1 to the integral (see appendix 9.6.1 for the de�nition of the T

transform) and evaluate the inner T transform. Noting e��ut =
Q

i2�u e
�pit and

that T [z�](t) = e�zt for �1 < 0, �nd

I[��11 ;n] = T�1

2
4Z

�P

dp

0
@Y
i2�1

pnii e
�pit

1
A�

0
@Y
i=2�1

pnii

1
A
3
5 (9.61)

(See appendix 9.7.1 for the justi�cation of the interchange the integral over

p and the T transform.) Now, write the transformed integral above as the

convolution

I[��11 ;n] = T�1
��

i2�1p

ni
i e

�pit
�

 (
i=2�1p

ni
i )
�
(1) (9.62)

Use theorem 9.1 9.55 and induction to �nd (with �1 = � � �1)

(
i=2�1p
ni
i ) (�) =

Q
i=2�1 �(�i)

�(�1)
� ��1�1 (9.63)
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Similarly, use theorem 9.2 and induction to �nd

�

i2�1p

ni
i e

�pit
�
(�) =

Q
i2�1 �(�i)

�(�1)
� ��1�1 (9.64)

Substituting the last two expressions into I[��11 ;n] yields

I[��11 ;n] =
n

�(�1)�(�1)
T�1

�
��1�1e��t 
 ��1�1

�
(1) (9.65)

The T�1 transform may now be taken to �nd (see appendix 9.4,9.7)

I[��11 ;n] =
n

�(�1)�(�1)

�
��1��1�1 
 ��1�1

�
(1) (9.66)

Now apply theorem 9.1 in this expression to �nd for Re(�1) < 0

I[��11 ;n] =
n�(�1 + �1)

�(�1)�(� + �)
(9.67)

Refer to appendix 9.8 for the continuation to Re(�1) � 0. Refer to appendix 9.9

for the existence conditions. Now, for k > 1 apply the identity operator T�1T

k times (with respect to �1; : : : ; �k respectively) and evaluate only the T trans-

forms initially. Since �uv = ; for u 6= v, the convolution form of the transformed

integral becomes

I[
kY
i=1

��ii ;n] = T�11 : : : T�1k

��

k

u=1

�

i2�up

ni
i e

�pit
��


�

i=2[k

u=1
�u
pnii
��

(1)

(9.68)

Now extend the application of theorem 9.2 to the k convolution products

(
i2�up
ni
i e

�pit) for u = 1; : : : ; k. Do the substitutions and take the inverse

T transforms to �nd the result. QED.

Appendix 9.5 contains a derivation of an interesting identity based on

an alternate form of the result in theorem 12.

Theorem 13 applies theorem 12 to �nd non-overlap results needed specif-

ically for the expression of Bayes' estimators for the �rst two moments of the

entropy, mutual information, and various other functions.
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Theorem 13. If the subsets �u de�ned for u = 1; : : : ; k, satisfy �uv = ;

for all u 6= v and if Re(�u + �u) > 0 for u = 1; : : : ; k, and if Re(�i) > 0 for

i = 1; : : : ;m then the following hold

(13.1) One logarithm subset sum.

I[
kY

u=1

��uu � log(�u);n] =
n

�(� + �)

kY
w=1

�(�w + �w)

�(�u)

���(1)(�u + �u; � + �)

(9.69)

(13.2) Two logarithms of subset sums, di�erent subsets.

I[
kY

u=1

��uu � log(�u)� log(�v);n] =
n

�(� + �)

kY
w=1

�(�w + �w)

�(�u)

�
�
��(1)(�u + �u; � + �)��(1)(�v + �v; � + �)��(2)(� + �)

�
(9.70)

(13.3) Squared logarithm of a subset sum.

I[
kY

u=1

��uu � log(�u)� log(�v);n] =
n

�(� + �)

kY
w=1

�(�w + �w)

�(�u)

�
�
��(1)(�u + �u; � + �)2 +��(2)(�u + �u; � + �)

�
(9.71)

Proof: The proof is done for theorem 13.1; theorem 13.2 and 13.3 follow

in a similar manner. Di�erentiate both sides of the formula for I[
Qk

u=1 �
�u
u ;n]

given in theorem 12 with respect to �u using the fact that @��
� = ��log(�). (See

appendix 9.7.2 for justi�cation of the interchange the integral and derivative.)

Doing this gives the desired result. QED.

Theorems 12 and 13 dealt with non-overlap sums. Theorems 14 and 15

below discuss pair-wise overlap sums. In theorem 14a the non-contained overlap
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case is discussed. In theorem 14b the contained overlap case is discussed. See

appendix 9.4 for the de�nition of the hypergeometric function 2;2;0F0;0;1 .

Theorem 14a. If the subsets �1 and �2 satisfy �12 6= ;, �1 6= �12 6= �2,

Re(�1 + �1) > 0, Re(�2 + �2) > 0, and Re(�i) > 0, i = 1; : : : ;m, then

I[��11 �
�2
2 ;n] =

n
�(� + �)

�
�(�1+2 + �)

�(�1+2)

�2;2;0F0;0;1((�1�12;��2); (�2�12;��1);�1+2; 1; 1) (9.72)

Proof: To begin, assume that Re(�i) < 0, i = 1; 2, and that the �i are

not integers. Apply T�11 T�12 T1T2 (Ti is with respect to �i, see appendix 9.6.1)

to the integral I[��11 �
�2
2 ;n]. Evaluating the (non-inverse) T transforms yields

the convolution (see theorem 1)

I[��11 �
�2
2 ;n] = T�11 T�12

��

i2�1�12p

ni
i e

�pit1
�


�

i2�12p

ni
i e

�pi(t1+t2)
�



�

i2�2�12p

ni
i e

�pit2
�


�

i=2�1+2p

ni
i

��
(1) (9.73)

(See appendix 9.7.1 for justi�cation of the interchange of the integral over

p and the T transform.) Apply theorem 9.1 and induction to �nd (where

�1+2 = � � �1+2)

�

i=2�1+2p

ni
i

�
=

Q
i=2�1+2 �(�i)

�(�1+2)
� ��1+2�1 (9.74)

Similarly, use theorem 9.2 and induction to �nd

��

i2�1�12p

ni
i e

�pit1
�


�

i2�12p

ni
i e

�pi(t1+t2)
�


�

i2�2�12p

ni
i e

�pit2
��

(�) =Q
i2�1+2 �(�i)

�(�1�12)�(�12)�(�2�12)

�
p�1�12�1e�pt1 
 p�12�1e�p(t1+t2) 
 p�2�12�1e�pt2

�
(�)

(9.75)

Substitute the result for theorem 11 into the triple convolution above, and

substitute the last two expressions into the convolution form of the transformed
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integral to �nd

I[��11 �
�2
2 ;n] = T�11 T�12 [

n
�(�1+2)�(�1+2)

�
��
p�1+2�1e�p(t1+t2) � 1;1;0F0;0;1(�1�12; �2�12;�1+2; t2p; t1p)

�

 p�1+2�1

�
](1)

(9.76)

Now, take inverse T transforms and apply theorem 9.1 to �nd the desired

result. Refer to appendix 9.9 to determine the conditions for the existence

of the identity. Refer to appendix 9.8 for the continuation of the result to

Re(�i) � 0. Finally, for values of � � 0, refer to appendix 9.10. QED.

See appendix 9.5 for a derivation of two interesting identities resulting

from alternate forms of this proof. When �2 � �1 the above result simpli�es

as in theorem 14b below.

Theorem 14b. If the subsets �1; �2 satisfy �12 6= ;, �2 � �1, Re(�1+�) >

0, Re(�12+ �2) > 0, and Re(�i) > 0, i = 1; : : : ;m, then

14b.1

I[��11 �
�2
2 ;n] =

n
�(� + �)

�
�(�1 + �)

�(�1)
� 2F1((�1�12;��2);�1; 1) (9.77)

14b.2

I[��11 �
�2
2 ;n] =

n
�(�12)

�
�(�12 + �2)

�(�1 + �2)
�
�(�1 + �)

�(� + �)
(9.78)

Proof: Similar to proof of theorem 14a, but apply theorem 10.1 instead

of theorem 11. The second form (theorem 14b.2) of the result is derived by

applying Gauss's identity (see appendix 9.5) to the �rst form of the result

above. QED.

Theorems 15a and 15b build upon the results of theorems 14a and 14b

respectively and state results needed to express speci�c terms of the various

Bayes' estimators. Theorem 15a contains results for the non-contained overlap
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case. Theorem 15b contains results for the contained overlap case. Since we are

most directly interested in non-negative integer �'s and because simpli�cation

occurs at those �'s, Theorem 15a is stated only for non-negative integer �'s.

Theorem 15a. If �1 � 0 and �2 � 0 are integers and the conditions for

theorem 14a hold then

15a.1

I[��11 �
�2
2 ;n] = C(0)F (00) (9.79)

15a.2

I[��11 log(�1)�
�2
2 ;n] = C(1)F (00) + C(0)F (10) (9.80)

15a.3

I[��11 log(�1)�
�2
2 log(�2);n] = C(2)F (00) +C(1)[F (10) + F (01)] + C(0)F (11)

(9.81)

15a.4

I[��11 log(�1)
2��22 ;n] = C(2)F (00) + 2C(1)F (10) +C(0)F (20) (9.82)

where

C(0) :=
n

�(�1+2)
�
�(�1+2 + �)

�(� + �)
(9.83)

C(1) := C(0) ���(1)(�1+2 + �; � + �) (9.84)

C(1) := C(0) �
�
��(1)(�1+2 + �; � + �)2 +��(2)(�1+2 + �; � + �)

�
(9.85)

and

(a)

F (00) := �1!�2!
�2X
i=0

�1X
j=0

(�1�12)i(�1�12)i
(�1+2)i+j

1

(�1 � j)!(�2 � i)!

(�1)i+j

i!j!
(9.86)
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(b)

F (10) := �1!�2!
�2X
i=0

1X
j=0

(�1�12)i(�2�12)j
(�1+2)i+j

1

(�2 � i)!

(�1)i+j

i!j!
Q1(j; �1) (9.87)

with Q1 given by

Q1(j; �1) := (1� �(j � �1 � 1))
(�1)j

(�1 � j)!

j�1X
r=0

1

�1 � r

+�(j � �1 � 1)(�1)�1+1�(j � �1) (9.88)

(c) F (01) is the same as (b) with i$ j and �1 $ �2.

(d)

F (11) := �1!�2!
1X
i=0

1X
j=0

(�1�12)i(�2�12)j
(�1+2)i+j

1

i!j!
Q1(j; �1)Q1(i; �2) (9.89)

(e)

F (20) := �1!�2!
�2X
i=0

1X
j=0

(�1�12)i(�2�12)j
(�1+2)i+j

1

(�2 � i)!

(�1)i+j

i!j!
Q2(j; �1) (9.90)

with Q2 given by

Q2(j; �1) := (1� �(j � �1 � 1))
(�1)j

(�1 � j)!

j�1X
r;s=0;r 6=s

1

(�1 � r)(�1 � s)

+�(j � �1 � 1)(�1)�1+12�(j � �1)
j�1X

r=0;r 6=�1

1

(�1 � r)
(9.91)

Proof: The proof is done for theorem 15a.2. The other cases have

similar proofs. Di�erentiate both sides of the expression for I[��11 �
�2
2 ;n] given

in theorem 14a with respect to �1. After di�erentiating, the left-hand side is

given by I[��11 log(�1)�
�2
2 ;n]. (The justi�cation of the interchange of the integral

and derivative is given in appendix 9.7.1.) Write the di�erentiated right-hand

side as

@�1
�
C(0) � 2;2;0F0;0;1((�1�12;��2); (�2�12;��1);�1+2; 1; 1)

�
(9.92)
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This expands to @�1(C
(0))� 2;2;0F0;0;1(: : :)+C(0)@�1(2;2;0F0;0;1(: : :)). The deriva-

tive of C(0) is given by @�1C
(0) = C(0) � ��(1)(�1+2 + �; � + �) = C(1). The

undi�erentiated hypergeometric is evaluated at �1 and �2 using the results in

appendix 9.10, cases 1 and 2. This evaluates to F (00) de�ned in (a) above.

The derivative of the hypergeometric may be taken term-by-term (this is jus-

ti�ed below). Use the results in appendix 9.10, cases 1 and 2, equations 9.144

and 9.147, to evaluate this derivative �1 and �2. Doing this gives the expression

F (10) de�ned in (b). With these derivatives and evaluations, theorem 15a.2 fol-

lows immediately. Now consider the validity of term-by-term di�erentiation of

the hypergeometric. There exists a closed neighborhood N containing the inte-

ger �1 with Re(�1+x) � 0, 8x 2 N . The results of appendix 9.10 show that any

truncation (in j) of the series for 2;2;0F0;0;1((�1�12;��2); (�2�12;�x);�1+2; 1; 1)

(see appendix 9.4) may be di�erentiated with respect to x on N . The sequence

of derivatives of the increasing order truncations converges uniformly on N .

(To see this, note that Si(x) :=
P1

j=�1+1
�(�2�12+j)
�(�1+2+i+j)

�(�x+j)
j!

is convergent for

each i, and Re(�1 + x) > 0. Now, note that Si(x) is a series of terms each

monotonic on N with the same monotonicity in x holding for each term, and

that the summation over i in (b) is �nite. These observations and the conver-

gence just established demonstrate the claim of uniform convergence.) Finally,

by theorem 7.17 of [73], the sequence of derivatives of the increasing order trun-

cations converges to the derivative of the limit of the series on N , justifying

the term-by-term di�erentiation of the in�nite series. QED.

See appendix 9.5 for some comments regarding alternate forms for the

results given above in theorem 15a. Theorem 15b builds on theorem 14b and

states the results for the case in which there are two subset sums, with the

indices of one subset completely contained in the other. Here, unlike in theorem

15a, there is no hypergeometric function to consider, so the presentation of these

results is much shorter. Further, unlike theorem 15a, the expressions given are

valid for all �'s in the range speci�ed (not just at nonnegative integers as in
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theorem 15a) because there are no poles in the expressions being considered at

the integers and therefore no further simpli�cation occurs at these points.

Theorem 15b. If the conditions for theorem 14b hold, then

15b.1

I[��11 log(�1)�
�2
2 ;n] = C(00) ���(1)(�1 + �; � + �) (9.93)

15b.2

I[��11 �
�2
2 log(�2);n] =

C(00) �
�
��(1)(�12 + �; �1 + �2) + ��(1)(�1 + �; � + �)

�
(9.94)

15b.3

I[��11 log(�1)�
�2
2 log(�2);n] = C(00) �

�
��(1)(�1 + �; � + �)2

+��(1)(�12 + �2; �1 + �2)��
(1)(�1 + �; � + �)

+��(2)(�1 + �; � + �)
�

(9.95)

15b.4

I[��11 log(�1)�
�2
2 ;n] =

C(00) �
�
��(1)(�1 + �; � + �)2 +��(2)(�1 + �; � + �)

�
(9.96)

15b.5

I[��11 �
�2
2 log(�2)

2;n] =

C(00) �
��

��(1)(�12 + �2; �1 + �2) + ��(1)(�1 + �; � + �)
�2

+��(1)(�12 + �2; �1 + �) + ��(1)(�1 + �; � + �)
�

(9.97)
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where

C(00) =
n

�(�12)

�(�12 + �2)

�(�1 + �2)

�(�1 + �)

�(� + �)
(9.98)

Proof: The proof is done for theorem 15b.2. The proofs of the other

results follow in a similar manner. The result of theorem 14b is

I[��11 �
�2
2 ;n] = C(00) =

n
�(�12)

�(�12 + �2)

�(�1 + �2)

�(�1 + �)

�(� + �)
(9.99)

Di�erentiate both sides of this with respect to �2. The left-hand side of the

di�erentiated expression is I[��11 �
�2
2 log(�2);n]. (The justi�cation of the inter-

change of the integral and derivative is given in appendix 9.7.2.) The derivative

of �(�12+�2)
�(�1+�2)

is given by �(�12+�2)
�(�1+�2)

� ��(1)(�12 + �2; � + �2). The derivative of
�(�1+�)
�(�+�)

is given by �(�1+�)
�(�+�)

� ��(1)(�1 + �; � + �). Substituting these expres-

sions for the appropriate derivatives in the overall derivative of the right-hand

side of the equality above for C(00) gives the claimed result. QED.

9.3.14 Estimators for functions involving up-to-pairwise overlap in-

tegrals

Results for the estimators of the entropy (�rst and second moments), mutual

information (�rst and second moments), average (�rst and second moments),

covariance (�rst moment), and chi-squared (�rst moment) are given next.

Entropy S(p) = �
Pm

i=1 pilog(pi). These results appear in a di�erent

form in equations 9.36 and 9.37.

Theorem 16. If Re(�i) > 0, i = 1; : : : ;m, then

16.1

S(1)(n) =
mX
i=1

�i
�
��(1)(�i + 1; � + 1) (9.100)
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16.2

S(2)(n) =

�
mX

i6=j=1

�i�j
�(� + 1)

�

�
��(1)(�i + 1; � + 2)��(1)(�j + 1; � + 2)� �(2)(� + 2)

�

+
mX
i=1

�i(�i + 1)

�(� + 1)
�
�
��(1)(�i + 2; � + 2)2 +��(2)(�i + 2; � + 2)

�

(9.101)

Mutual informationM(p) =
Pm;n

i;j=1 pijlog(
pij

pi�p�j
). De�ne �ij = �i�+ ��j �

�ij.

Theorem 17. If the �ij are non-negative integers (the integer condition

is used only in the simpli�cation of the term in theorem 17.2; for the other

terms it may be relaxed) then

17.1

M (1)(n) = IJ � I � J (9.102)

where

IJ =
I[
Pm;n

i;j=1 pijlog(pij);n]

I[1;n]
=

m;nX
i;j=1

�ij
�
��(1)(�ij + 1; � + 1) (9.103)

I =
I[
Pm

i=1 pi�log(pi�);n]

I[1;n]
=

mX
i=1

�i�
�
��(1)(�i� + 1; � + 1) (9.104)

J =
I[
Pn

j=1 p�jlog(p�j);n]

I[1;n]
=

nX
j=1

��j
�
��(1)(��j + 1; � + 1) (9.105)

17.2

M (2)(n) = IJRS + IR+ JS � 2(IJR+ IJS � IS) (9.106)
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where

IJRS =

Pm;n
i;j=1

Pm;n
r;s=1 I[pijlog(pij)prslog(prs);n]

I[1;n]
=

m;nX
i;j=1

m;nX
r;s6=i;j=1

�ij�rs
�(� + 1)

�

�
��(1)(�ij + 1; � + 2)��(1)(�rs + 1; � + 2)��(2)(� + 2)

�

+
m;nX
i;j=1

�ij(�ij + 1)

�(� + 1)
�
�
��(1)(�ij + 2; � + 2)2 +��(2)(�ij + 2; � + 2)

�

(9.107)

IR =

Pm
i;r=1 I[pi�log(pi�)pr�log(pr�);n]

I[1;n]
mX
i=1

mX
r=1;r 6=i

�i��r�
�(� + 1)

�

�
��(1)(�i� + 1; � + 2)��(1)(�r� + 1; � + 2)��(2)(� + 2)

�

+
mX
i=1

�i�(�i� + 1)

�(� + 1)
�
�
��(1)(�i� + 2; � + 2)2 +��(2)(�i� + 2; � + 2)

�
(9.108)

To �nd JS substitute ��j for �i� and ��s for �r� in the expression for IR, letting

i$ j and r $ s and let m$ n.

IJR =
I[
Pm;n

i;j=1

Pm
r=1 pijlog(pij)pr�log(pr�);n]

I[1;n]
=

m;nX
i;j=1

mX
r=1;r 6=i

�ij�r�
�(� + 1)

�

�
��(1)(�ij + 1; � + 2)��(1)(�r� + 1; � + 2)��(2)(� + 2)

�

+
m;nX
i;j=1

�ij(�i� + 1)

�(� + 1)
�
�
��(1)(�i� + 2; � + 2)2

+��(1)(�ij + 1; �i� + 1)��(1)(�i� + 2; � + 2) +��(2)(�i� + 2; � + 2)
�

(9.109)

To �nd IJS substitute ��s for �r�, let r $ s, and note that the range on the

changed summation a�ected changes from m to n, and substitute ��j for �i�, all
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of this in the expression for IJR.

IS =
I[
Pm

i=1

Pn
s=1 pi�log(pi�)p�slog(p�s);n]

I[1;n]
=

mX
i=1

nX
s=1

�is(�is + 1)

�(� + 1)
�

8><
>:
h
��(1)(�is + 2; � + 2)2 +��(2)(�is + 2; � + 2)

i

�

"
1�

�i� + ��s � 2�is
�

+
(�i� � �is)(��s � �is)

�(� + 1)

#

+��(1)(�is + 2; � + 2)�
1X
a=0

Q1(a; 1)

"
(��s � �is)a

(�is)a

 
1 +

�i� � �is
�is + a

!
+
(�i� � �is)a
(�is)a

 
1 +

��s � �is
�is + a

!#

+
1X

a;b=0

(�i� � �is)a(��s � �is)b
(�is)a+b

Q1(a; 1)

a!

Q1(b; 1)

b!

9>=
>;

(9.110)

where Q1 is de�ned in theorem 15a.

Proof: (17.1) Write the mutual information as the sum of three entropies

S(p), S((pi�)), and S((p�j)) and apply theorem 13.1. (17.2) Square the mutual

information written as the sum of three entropies and make the obvious identi-

�cations necessary for each term. Apply theorems 13.1, 13.2, 13.3, 15a.3, and

15b.3 as needed. QED.

Average Avg(p) =
Pm

i=1 piXi.

Theorem 18. If Re(�i) > 0, i = 1; : : : ;m, then

18.1

Avg(1)(n) =
mX
i=1

�i
�
Xi (9.111)

18.2

Avg(2)(n) =
mX

i 6=j=1

�i�j
�(� + 1)

XiXj +
mX
i=1

�i(�i + 1)

�(� + 1)
X2

i (9.112)
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Variance V ar(p) =
Pm

i=1 pi(Xi��X)2. Note that V 2(n) 6= ((�A)2)(1)(n).

where (�A)(p) = A(p) � A(1)(p); V (p) is not the variance of the estimator

A(1).

Theorem 19. If Re(�i) > 0, i = 1; : : : ;m, then

19.1

V ar(1)(n) =
mX
i=1

�i(� � �i)

�(� + 1)
X2

i �
mX

i6=j=1

�i�j
�(� + 1)

XiXj (9.113)

19.2

V ar(2)(n) = I[1;n]�1

0
@ mX
i;j=1

I[pipj;n]X
2
i X

2
j � 2

mX
i;j;k=1

I[pipjpk;n]X
2
iXjXk

+
mX

i;j;k;l=1

I[pipjpkpl;n]XiXjXkXl

1
A (9.114)

Proof: The integrals may be found by applying theorem 12.

Covariance Cov(p) =
Pm;n

i;j=1 pij(Xi � �X)(Yi � �Y ).

Theorem 20. If Re(�i) > 0, i = 1; : : : ;m, then

Cov(1)(n) =
m;nX
i;j=1

XiYj
��ij � �i���j
�(� + 1)

(9.115)

Proof: Apply theorem 14a.

The second posterior mean, the estimator for the second moment, of the

covariance depends on multiple overlap integrals and is given in reference [95],

theorem 26.

Chi-squared �2(p) =
Pm;n

i;j=1
(pij�pi�p�j)2

pi�p�j
.

Theorem 21. If Re(�ij) > 0, Re(�i�) > �1, Re(��j) > �1, i = 1; : : : ;m,

j = 1; : : : ; n then

(�2)(1)(n) = �1 +
m;nX
i;j=1

(� � 1)(� � 2)

�ij(�ij + 1)
�

1X
a=0

1X
b=0

(�i� � �ij)a(��j � �ij)b
(�ij + 2)a+b

(9.116)

Proof: Apply theorem 14a.
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9.3.15 Multiple overlap integration

Multiple overlap integrals are necessary in order to compute the second mo-

ment estimators of chi-squared and covariance (strictly, the second moment

estimator of the covariance may be computed by expanding the covariance as

the sum of powers of the pi's, but this ignores much of the symmetry that

leads to simpli�cations.) Multiple overlap convolution integrations are rather

tricky, and much development needs to be done in order to present the results,

amounting to more than three pages just to describe the new notation needed,

and another four to present the integration theorems. The interested reader

is encouraged to look in other work by this author where the necessary multi-

ple overlap convolution integrals are computed, see reference [95], theorems 22

through 27.

9.4 Appendix A. Hypergeometric functions

The hypergeometric functions used in this chapter are de�ned here. Paralleling

Lebedev [50], let a and b be vectors of dimensions p and q respectively. De�ne

(�)k = �(�+ k)=�(�). De�ne the single summation hypergeometrics F by

F(a; b; �) =
1X
i=1

 
�p
�=1(a�)i

�q
�=1(b�)i

!
� i

i!
(9.117)

An example of a single summation hypergeometric is 1F1(a; b; �), which has the

integral representation for b > a > 0 (see reference [50]

1F1(a; b; �) =
�(b)

�(a)�(b� a)

Z 1

0
dxe�xxa�1(1� x)b�a�1 (9.118)

Now, given vectors a1;a2;a12; b1; b2; b12 of dimensions p1; p2; p12; q1; q2; q12 re-

spectively, de�ne the double summation hypergeometrics

p1;p1;p2Fp12;q1 ;q2q12(a
1;a2;a12; b1; b2; b12; �1; �2) =

1X
i=0

1X
j=0

(�p1
�1=1(a

1
�1)i)(�

p2
�2=1(a

2
�2)j)(�

p12
�12=1(a

12
�12)i+j)

(�q1
�1=1

(b1�1)i)(�
q2
�2=1

(b2�2)j)(�
q12
�12=1

(b12�12)i+j)

� i1�
j
2

i!j!

(9.119)
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In writing the arguments of hypergeometrics, vectors will be denoted by e.g.,

c = (c1; : : : ; ck). However, when listing the components of a 1-dimensional

vector the parentheses will be dropped. Further, when any of the or p or q

subscripts are zero (which corresponds to an empty argument for that position),

the empty vector argument of the hypergeometric will simply be omitted from

the list of arguments.

9.5 Appendix B. Hypergeometric function identities

Gauss's identity for 2F1. An alternate proof of theorem 12 leads to an identity.

Where the inverse T transform is applied in the proof of theorem 12, instead

�nd the convolution (��1�1e��t 
 ���1) using theorem 10.2 and express it in

terms of 1F1. Now, do the inverse transform and equate this result to the result

of theorem 12 to �nd Gauss's identity:

2F1((a; b); c; 1) =
�(c)�(c� a� b)

�(c� a)�(c� b)
(9.120)

Identity for 3F2. An alternate proof of theorem 14a leads to another identity.

Instead of applying theorem 11, apply theorem 10.1 to the �rst two terms of

the pairwise overlap convolution p�1�12�1e�pt1
p�12�1e�p(t1+t2) and immediately

take the inverse T1 transform. Now, do the �nal convolution with p�2�12�1e�pt2

and take the inverse T2 transform. Note that there is only a single summation in

the result, whereas in the result in theorem 14a there are two summations. On

the other hand, the convolution p�12�1e�p(t1+t2
p�2�12�1e�pt2 can be taken �rst,

followed by a convolution with p�1�12�1e�pt1, e�ectively interchanging indices 1

and 2. Equating these two single-sum forms gives the identity

3F2((a1; a2; a3); (b1; b2); 1) =

�(b1)�(b2)�(b1 + b2 � (a1 + a2 + a3))

�(a2)�(b1 + b2 � (a1 + a2))�(b1 + b2 � (a2 + a3))

� 3F2(b1 � a2; b1 + b2 � (a1 + a2 + a3); b2 � a2;

b1 + b2 � (a1 + a2); b1 + b2 � (a2 + a3); 1)
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(9.121)

while equating either of the single-sum results just described to the original

result of theorem 14a yields Gauss's identity equation 9.120, above. (To make

the symmetry of equation 9.121 obvious, try substituting ai = (xj � xk)=2 �

(b1 + b2)=3).

Further simpli�cations. Utilizing Gauss's identity (see equation 9.120

above and [3], equation 15.1.1) provides further simpli�cation in theorem 15a

for cases 15a.2 and 15a.4. These simpli�cations are due to simpli�cations ap-

pearing in F (10) and F (01) respectively. The choice of the form of the results

presented was made considering the simplicity of the results and consistency

between the results.

9.6 Appendix C. Transforms

Appendix 9.6.1 discusses the T transform. Appendix 9.6.2 discusses the Z

transform.

9.6.1 Appendix C.1. The T transform

Start with the identity

�(��) =
Z 1

0
u���1e�udu; Re(��) > 0 (9.122)

for the gamma function. Make the change of variables u = �t. With � > 0,

independent of t, we �nd

�� =
1

�(��)

Z 1

0
t���1e��tdt; Re(��) > 0; � > 0 (9.123)

De�ne the operator T�1 by

T�1[F ](�) =
1

�(��)

Z 1

0
t���1F (t)dt; Re(��) > 0 (9.124)
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and de�ne the transform T by T [T�1[F ]] = F . As de�ned, the transform T is

closely related to the Mellin transform [54] (it is an inverse-Mellin transform)

and this similarity may be used to establish the conditions for the existence of

the transform and its inverse. Of interest in this work is the following: For �

independent of t, the functions �� and e��t form a transform pair. That is,

T [��](t) = e��t; T�1[e��t](�) = �� (9.125)

When using the T transform, the order of evaluation of the integral over t

and other integrals will need to be interchanged. See appendix 9.7.1 for the

justi�cation of the commutation of the integrals.

9.6.2 Appendix C.2. The Z transform

Let f(n) be any function that factors as f(n) =
Qm

i=1 fi(ni). For such functions,

the Z transform Z[f ](z) =
P1

n=0 f(n)z
n is useful in simplifying calculations

involving sums
P
n f(n), where the summation extends over all n having non-

negative integer components and
P

i ni = N . De�ne the discrete convolution

product of two functions g and h by (g
h)(n) =
Pn

i=0 g(i)h(n� i). (Note that


 is both commutative and associative, so that the order that the convolutions

are taken in is irrelevant, justifying the use of the above notation when several

functions are involved.)

The Z transform convolution theorem may be thought of as a discretized

form of the Laplace convolution theorem (see theorem 2).

Theorem 9.6.2.1: If F (N) =
P
n f(n) where the function f(n) :=Qm

i=1 fi(ni) then F (N) = (
m
i=1fi)(N) and Z[F ](z) =

Qm
i=1Z[fi](z), for all

z such that Z[fi](z), i = 1; : : : ;m, converges.

Proof: For m = 2 we have f(n) = (f1 
 f2)(N) and the Z trans-

forms of f1 and f2 are given by Z[fi](z) =
P1

n=0 fi(n)z
n, i = 1; 2, respec-

tively. For z within the radii of convergence of both of these power series, we
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have (after collecting terms having the same power of z) Z[f1](z)�Z[f2](z) =P1
n=0 z

nPn
i=0 f1(i)f2(n � i). The right-hand side is immediately seen to be

Z[F ](z). The result for arbitrary m follows by induction. QED.

Note that due to the uniqueness of power series representations, inverses

of Z transforms exist on the nonnegative integers.

9.6.3 The Laplace transform and inverse

The Laplace transform is given by

L[f ](s) :=
Z 1

0
f(t)e�stdt (9.126)

If L[f ] is the laplace transform of f then the inverse transform is given by

L�1[L[f ](s)](x) = f(x) =
1

2�i

Z c+i1

c�i1
L[f ](s)ds (9.127)

where c is a real number greater than all of the real parts of the singularities

of L[f ](s) (see [50, 54]). The inverse is found by applying the Fourier-Mellin

inversion theorem, [14].

9.7 Appendix D. Commuting linear operators

In appendix 9.7.1 we discuss the interchange of integrals. In appendix 9.7.2 we

discuss the interchange of derivatives and integrals.

9.7.1 Appendix D.1. Commuting two integrals

Interchanging the integrals appearing in these papers as the p integral and the

T transform integral is possible due to Fubini's theorem [49], which justi�es the

interchange of uncoupled integrations (region of integration of either integral

does not depend on the other integral's parameters) when the double integral

exists.



164

9.7.2 Appendix D.2. Commuting integrals and derivatives

Consider di�erentiating the integral
R
F (x; t)dx with respect to t Theorem D.2

generalizes theorem 9.42 of [73] and establishes conditions general enough to

allow the commutation of the derivative and integral for the functions appearing

in this paper. De�ne D2F (x; t) to be the partial derivative of F with respect

to its second argument, evaluated at (x; t).

Theorem D.2: If

(1) F (x; t) and D2D(x; t) are de�ned for (x; t) 2 �x ��t, where �x =

(0;1), and where �t is convex,

(2)
R1
0 F (x; t)dx exists 8t 2 �t,

(3) 8� > 0 and b > 0, 9f(x) with f(x) > 0 for x 2 �t, and � > 0 such

that
R1
0 f(x)dx < � and 8x �, t 2 �t, j t� s j< � )j D2F (x; t)�D2F (x; s) j<

f(x),

then D2

R1
0 F (x; t)dx =

R1
0 D2F (x; t)dx on �x ��t.

Proof: Let �(s; t) = F (x;t)�F (x;s)
t�s

for s 6= t. By (1) and the mean

value theorem, 8t > s with t; s 2 �t, 9u(s; t) 2 [s; t] such that �(s; t) =

D2F (x; u(s; t)). Using this and (3) we have that for any � > 0, 8b > 0,

9� > 0 and a nowhere-negative (in �x) f(x) obeying
R1
0 f(x)dx < � such that

if j t�s j< � and x � b, then j �(s; t)�D2F (x; t) j< f(x). From this and (2) it

follows that for all b > 0, 9� > 0, and a nowhere-negative (in �x) f(x) obeyingR1
b f(x)dx < � such that if j t� s j< �, then j

R1
b �(s; t)dx �

R1
b D2F (x; t)dx j

�
R1
b f(x)dx < �. Taking the limit s ! t, noting that lims!t

R1
b �(s; t)dx =

D2

R1
b F (x; t)dx, and �nally taking � ! 0 with b = �, we arrive at the desired

result. QED.

The functions F (x; t) of interest have the form F (x; t) = xtlog(x)me�cx

with Re(t) > �1 and c > 0. For these functions it may be shown that the

conditions of theorem D.2 hold.
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9.8 Appendix E. Analytic continuation: Expanding �'s

domain

To apply the T transform, the assumption that all �i < 0 had to be made.

Here we present a simple theorem that expands the region of validity of the

various expressions derived in this paper to the region where any of the �i may

be non-negative. We present the theorem for the single subset sum case only,

although the multiple non-overlapping subset case and the contained overlap

case may be handled in an almost identical manner.

Theorem 9.8.1: If Re(� + �1) > 0, Re(�) � 0 and Re(ni) > �1, i =

1; : : : ;m then

I[��;n] = n
�(� + �1)

�(�1)�(� + �)
(9.128)

Proof: Note that � > 0 implies that there is an integer q > 0 and an

� < 0 such that � = � + q. Thus I[��;n] may be rewritten as

I[��;n] =
X
i2�

I[pi�
�+q�1;n] =

X
i2�

I[��+q�1;n+ ei] (9.129)

where [ei]j = �ij, the Kronecker delta function. Iterate this operation q times

(removing one power from � and summing with an increased count vector each

time) to �nd

I[��;n] =
X
i12�

: : :
X
iq2�

I[��;n+ ei1 + : : :+ eiq ] (9.130)

Simplify this to yield

I[��;n] =
X

q;�iqi=q

 
q

q

!
I[��;n+ q] (9.131)

where the vector q has nonnegative integer components summing to q with

qi = 0 for i =2 �. Since � < 0, evaluate the integral I[��;n + q] using theorem
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12 with k = 1 (noting that �1 and � increase by q due to q being added to n)

to �nd

(�) I[��;n] =
�(�1 + q + �)

�(�1 + q)�(� + q + �)

X
q;�iqi=q

 
q

q

!
n+q (9.132)

Now, we put
P
q;�iqi=q

�
q
q

�
n+q into closed form by noting that it is the discrete

convolution product of the functions of (qi + 1)ni of qi given by

X
q;�iqi=q

 
q

q

!
n+q = �(q + 1)

"

m

i=1

�(ni + qi + 1)

�(qi + 1)

#
(q) (9.133)

Apply the Z transform convolution theorem (see appendix 9.6.2) to �nd

X
q;�iqi=q

 
q

q

!
n+q = �(q + 1)Z�1

"
mY
i=1

Z[(qi + 1)ni](z)

#
(q) (9.134)

Note that

Z[(qi + 1)ni] = Z[
�(ni + qi + 1)

�(qi + 1)
](z) = �(ni + 1)(1� z)�(ni+1) (9.135)

for j z j< 1 and substitute for the Z transforms to �nd

X
q;�iqi=q

 
q

q

!
n+q = n

�(�1 + q)

�(�1)
(9.136)

Substituting this result in (*) and simplifying leads to the desired result. QED.

We resort to analytic continuation in the non-contained overlap case.

9.9 Appendix F. Existence conditions

An example of determining the conditions of existence of the various integrals.

Existence of the integrals depends upon the behavior of the singularities ap-

pearing at the edges of the region of integration.

Consider the single pair overlap integral I[��11 �
�2
2 ;n], where �1; �2; �1; �2

are as in the de�nitions for theorem 14a, with the minor change that �1+2
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contains all m indices, which may be made without loss of generality. It will

be shows that the conditions for existence of this integral are Re(�i) > 0,

i = 1; : : : ;m, Re(�1 + �1) > 0 and Re(�2 + �2) > 0. Write the integral as

I[��11 �
�2
2 ;n] =

Z
�P

dp��11 �
�2
2

mY
i=1

pnii (9.137)

That Re(�i) > 0, i = 1; : : : ;m, follows immediately from the fact that
R
�P

pnii

exists i� Re(�i) > 0 and the fact that any pi may independently be near zero

for this particular overlap case. Now, either �1 or �2 may also be near zero. We

consider the �rst case, in which �1 is near zero, and use symmetry to supply

the result for the second case. Letting x =
P

i2�1 pi and y =
P

i2�12 pi, rewrite

equation 9.137 in a form that isolates �1 as

I[��11 �
�2
2 ;n] =

Z 1

0
dxx�1

Z x

0
dy(1� x+ y)�2

�

0
@Z dp1�12�(

X
i2�1�12

pi � (x� y))
Y

i2�1�12

pnii

�
Z
dp12�(

X
i2�12

pi � y)
Y
i2�12

pnii

�
Z
dp2�12�(

X
i2�2�12

pi � (1� (x� y)))
Y

i2�2�12

pnii

1
A (9.138)

Each of the three integrals over p in equation 9.138 may be done in closed form.

Do these integrals using theorem 9a and induction to �nd

I[��11 �
�2
2 ;n] =

n
�(�1�12)�(�12)�(�2�12)

�

Z 1

0
dxx�1

Z x

0
dy(x� y)�1�12�1y�12�1(1� (x� y))�2+�2�12�1

(9.139)

Apply the binomial theorem in equation 9.139 to expand two of the three factors

in the integrand, (x�y)�1�12�1 and (1�(x�y))�2+�2�12�1, in series. Using these

series, note that each term in the series for (x � y)�1�12�1 will contribute the

same power of x after the integration over y, while the terms of the series for
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(1 � (x � y))�2+�2�12�1 contribute increasing powers of x after the integration

over y. Note also that if the lowest-power-of-x term is integrable over x in a

region containing 0, then all of the terms are. Thus, the worst case occurs with

the constant term from the binomial series for (1 � (x � y))�2+�2�12�1. After

integration over y with this constant term, and considering the small x region

of integration, we are left with the integral over x given by

C
Z x

0
dxx�1+�1�1 (9.140)

where 0 < x < 1, and C is a constant. This integral exists for Re(�1+ �1) > 0.

This, symmetry, and the �rst condition (given by Re(�i) > 0, i = 1; : : : ;m)

establish the result. The method for more complicated overlap structures is

also indicated by this discussion. The discussion above is of interest in another

way: it provides a general method for �nding multiple overlap integrals without

the use of transform theory.

9.10 Appendix G. Derivatives of overlap convolutions:

Poles

This appendix discusses derivatives with respect to � of expressions such as

(��)k, where k 2 f0; 1; : : :g, and � may be any number within the constraints

of existence. We consider the various cases that arise when some combina-

tion of poles occurs and demonstrate the various simpli�ed expressions for the

derivatives in these cases.

When � is not an integer, there are no poles in either �(k� �) or �(��)

and the usual derivative expressions hold. When � is an integer and � < 0,

the usual expressions also hold since k � 0 and therefore k � � � 0. The case

where the usual expressions hold will be denoted Case 0.

When � is an integer and � � 0, there are two cases are of interest. The

�rst, Case 1, occurs when � � 0 and k � � > 0, so that there are poles in the
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denominator of only. The second, Case 2, occurs when � � 0 and k � � � 0,

so that there are poles in both the numerator and the denominator.

In order to �nd expressions for the derivatives in cases Case 1 and

Case 2 we use the following three facts. 1) The only singularities of the gamma

function �(x) are simple poles at x = �n; n = 0; 1; : : : with residues (�1)n=n!

respectively. 2) ��(n)(k � �;��) = (�1)n�1�(n)
Pk

i=1
1

(k�i��)n
whenever the

expressions exist. (The identity �(k � �)=�(��) =
Qk

i=1(k � i � �) may be

used in deriving this.) 3) �(k � �)=�(��) is the representation (away from

the poles in the gamma functions) of an analytic function (note that k � 0 is

still assumed). Using these facts, the expressions for Case 1 and Case 2 are

found by substituting � = �+ � for � (now restricted by the conditions of Case

1 and Case 2 to be a nonnegative integer) in the corresponding case Case 0

expressions and taking the limit �! 0.

Case 0: � non-integer, or � an integer with � < 0 and k� � > 0. There

are no poles in the numerator or denominator of �(k � �)=�(��).

The �rst derivative is given by

@1�

"
�(k � �)

�(��)

#
= �

�(k � �)

�(��)
��(1)(k � �;��) (9.141)

The rth derivative may be found by iteration, using equation 9.141 and

the recursion relation

@1��
(n)(k � �) = ��(n+1)(k � �) (9.142)

The second derivative is given by

@2�

"
�(k � �)

�(��)

#
=

�(k � �)

�(��)

h
��(1)(k � �;��)2 +��(2)(k � �;��)2

i
(9.143)

Case 1: � an integer, � � 0 and k � � > 0. The denominator contains

a pole.
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The zeroth derivative is 0.

Taking the appropriate limit in equation 9.141 gives us the �rst deriva-

tive

(�1)�+1�!�(k � �) (9.144)

Taking the appropriate limit in equation 9.143 yields the second deriva-

tive

(�1)�+12�!�(k � �)
kX

i=1;i 6=k��

(k � i� �)�1 (9.145)

Case 2: � an integer, � � 0 and k � � � 0. Both the numerator and

denominator contain poles.

The zeroth derivative is simply

(�1)k
�!

(� � k)!
(9.146)

Taking the appropriate limit in equation 9.141 gives the �rst derivative

(�1)k+1
�!

(� � k)!
��(1)(k � �;��) (9.147)

Taking the appropriate limit in equation 9.143 yields the second deriva-

tive

(�1)k
�!

(� � k)!

h
��(1)(k � �;��)2 +��(2)(k � �;��)2

i
(9.148)



Chapter 10

Derivatives of system functions, uctuations,

and correlations

10.1 Correlations and power spectra

The derivatives of some of the functions plotted in the various chapters with re-

spect to the parameters of the Hamiltonian, external �elds, coupling strengths,

and temperature, are of interest because they are related to correlations of

statistical variables in the systems described. These correlations are averages

over the possible states of the system using the calculated equilibrium distribu-

tion. Such averages must therefore implicitly ignore any dynamics. However,

for a system in thermodynamic equilibrium at a given temperature exhibiting

stationary ergodic dynamics, the average of a system variable using the equilib-

rium distribution is equivalent to the time average of the system variable. We

can go further. It is shown next that if there is a dynamics, the inverse Fourier

transform of the product of the amplitude spectra of two system variables is

the equilibrium distribution time-dependent correlation of those system vari-

ables. When the time between the two chosen system variables is taken to be

zero, we immediately have that the average power in the spectrum of a system

variable is equal to the equilibrium distribution correlation. In this manner it

is possible to get a connection between the time average behavior of a system

and equilibrium derivatives. The connection is best presented by way of the

Weiner-Khinchin theorem [27], described next.

171
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10.2 Relationship of equilibrium correlations to power

spectrum of dynamics: Weiner-Khinchin theorem

Let ~X(t); ~Y (t) be system variables for a system with stationary ergodic dynam-

ics. The correlation function of X = ~X �hxi and Y = ~Y �hyi, using the equi-
librium time-dependent distribution ��(x; y), the probability that X(t+�) = x

and Y (t) = y (independent of t because of stationarity), is given by

c� (X;Y ) =
Z

xy ��(x; y) dxdy

= hxyi�� (10.1)

Because of ergodicity, this correlation may be written as

c�(X;Y ) = lim
T!1

1

2T

Z T

�T
X(t+ �)Y (t) dt (10.2)

Now, the Fourier transform of the process X(t) is given by

X(!) =
1p
2�

Z 1

�1
ei!tX(t) dt (10.3)

with inverse

X(t) =
1p
2�

Z 1

�1
e�i!tX(!) d! (10.4)

and similarly for Y . Substituting equation 10.4 into equation 10.2, and consid-

ering that X and Y are real, the correlation may be written

c� (X;Y ) =
1p
2�

Z 1

�1
e�i!�X(!)Y �(!) d! (10.5)

which shows that the time-dependent correlation is the inverse Fourier trans-

form of a product of the amplitude spectra. This proves the Weiner-Khinchin

theorem, equation 10.5. Equations 10.1 and 10.5 are two ways that the time

dependent correlation function can be written as an inner product.

Correlations at zero time di�erence are the objects that may be calcu-

lated from the equilibrium distribution. Setting � to zero in equation 10.5 we
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see that these correlations are related to the amplitude spectra by

c0(X;Y ) =
1p
2�

Z 1

�1
X(!)Y �(!) d! (10.6)

Thus, the equilibrium correlations give directly the inner product of the ampli-

tude spectra, and in the case that X = Y , the correlation gives the total power

in the spectrum, i.e.

Pwr(X) = c0(X;X) =
1p
2�

Z 1

�1
j X(!) j2 d! (10.7)

so that the details of the time progression and spectrum of a single system

variable are not available from the equilibrium distribution, but the total power

in the spectrum of the system variable is available.

As a �nal comment on a di�erent use of equilibrium correlation func-

tions, when a linear response for the system function to (small) perturbations,

and a dissipative stochastic relaxation dynamics of the system function are as-

sumed, the time response coe�cient � of the system function to changes in the

system perturbed from equilibrium is related to the temperature and the equi-

librium uctuation strength D (correlation of the uctuations with themselves)

by, D = 2�=� [69, 30]. This relationship is called the uctuation-dissipation

theorem. It is a relationship between the equilibrium uctuations of a sys-

tem variable and the response of the system variable to perturbations from

equilibrium.

In the next section the derivatives of the distribution of states, entropies,

and moments with respect to the external �eld, coupling constant, and tem-

perature in the coupled spin system are discussed.

10.3 Derivatives and correlations in spin systems

As usual, let an individual state of the system be denoted by �, let the proba-

bility of � be given by P (�) / Exp(��E(�)), let averages using P (�) over �
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be denoted by angle brackets, and let the context be the spin Hamiltonians of

equations 6.1 and 8.1.

Distribution function:

@P (�)

@�
= �P (�)(E(�) � hEi) (10.8)

@P (�)

@R
= �P (�)(Sz(�) � hSzi) (10.9)

@P (�)

@Q
= �P (�)

X
ij

(Si(�)Sj(�) � hSiSji) (10.10)

Average energy:

@hEi
@�

= �(hE2i � hEi2) (10.11)

@hEi
@R

= �(hESzi � hEihSzi) (10.12)

@hEi
@Q

= �
X
ij

(hESiSji � hEihSiSji) (10.13)

Average magnetic moment:

@hSzi
@�

= �(hESzi � hEihSzi) (10.14)

@hSzi
@R

= �(hS2
zi � hSzi2) (10.15)

@hSzi
@Q

= �
X
ij

(hSzSiSji � hSzihSiSji) (10.16)

Entropy:

@SE

@�
= ��(hE2i � hEi2) (10.17)
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@SE

@R
= �2(hESzi � hEihSzi) (10.18)

@SE

@Q
= �2

X
ij

(hESiSji � hEihSiSji) (10.19)

From the above note that

@SE

@(�;R;Q)
= �

@hEi
@(�;R;Q)

(10.20)

@hSzi
@�

= � 1

�

@hEi
@R

(10.21)

The �rst relationship is the familiar dS = dQ=T from thermodynamics in di�er-

ent units, and indicates that the entropy is an increasing function of increasing

average energy. In fact, combining equations 10.20 we have

@SE

@hEi = � (10.22)

which does not hold true for the entropy of the reduced densities, for example

look at the Ising model, equation 6.30 where the derivatives of the reduced

entropy per spin are explicitly found to be larger than @SE
@hEi

at all orders. See

also the discussion in chapter 2.

10.4 Derivatives of the reduced entropy

Briey,

@Sr

@�
= hfEi � hfihEi (10.23)

where Sr is the reduced entropy based on the distribution Pr, a reduction of

the full distribution, and f = log(Pr). Thus the derivative above is the second

order correlation between the logarithm of the reduced distribution and the

energy. In the non-reduced case we have that f = ��E. Also,
@Sr

@(R;Q)
= �

 
hf @E

@(R;Q)
i � hfih @E

@(R;Q)
i
!

(10.24)
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Note that for a probability distribution that factors, as for independent parti-

cles, as

P (�) / �ie
��E(�i) (10.25)

the reduced entropy is simply the entropy of the subsystem not averaged over,

and f = ��Er, where Er is the energy of the reduced system. All of the

previous expressions equations 10.8{ 10.19 hold for the subsystem, as expected.

10.5 Ordering properties of the reduced entropy deriva-

tives

The derivatives with respect to � of the reduced entropy are not ordered. This

can be seen by rewriting the expression of equation 10.23 as

@Sr

@�
=

X
�

X
�

P (�; �)log(
X
�

P (�; �))(E(�; �) � hEi)

=
X
�

X
�

P (�; �)log(P (�))(E(�; �)� hEi)

=
X
�

X
�

P (�; �)log(P (�; �))(E(�; �) � hEi)

�X
�

X
�

P (�; �)log(P (� j �))(E(�; �)� hEi)

=
@SE

@�
�X

�

X
�

P (�; �)log(P (� j �))(E(�; �)� hEi) (10.26)

Consider the second term of equation 10.26. Is it always the same sign? The

answer to this is no, as may be seen more clearly by expanding the energy

di�erence as

E(�; �)� hEi = (E(�; �)�X
�

E(�; �)P (� j �))

+(
X
�

E(�; �)P (� j �) � hEi) (10.27)

The �rst term of equation 10.27 substituted into the second term of equa-

tion 10.26 is immediately positive for the same reason that the derivative of
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the full entropy is negative. However, the second term of equation 10.27 sub-

stituted into the second term of equation 10.26 is guaranteed neither positive

nor negative. Nor does its magnitude appear easily bounded. See �gures 10.1

and 10.2 for an example of a region where the derivative of the �rst order en-

tropy changes sign while the derivative of the second order entropy does not.

Note that the same may hold true in general for derivatives of the reduced

entropies with respect to the other parameters, as �gures 8.4 and 8.17 show

clearly. Thus, although the reduced entropies have an ordering, the derivatives

of them do not.

-2 -1.5 -1 -0.5
b

IsingEnt1, Q=1, R=1

0.675

0.6775

0.6825

0.685

0.6875

0.69

0.6925

S

Figure 10.1: First order entropy of Ising system in cross section in the antifer-
romagnetic region. Note the change in the sign of the derivative with respect
to �. Considering a neighboring pair of sites, this occurs as the temperature
is lowered as the states "", "#, #", ##, which yield equal probabilities of " and
# at a single site, get replaced by the smaller set of states "", "#, #", which
yield a greater probability for " than # at a single site, and these in turn �nally
replaced by "# and #" alone, which again yield equal probabilities of " and #
at a single site.
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-2 -1.5 -1 -0.5
b

IsingEnt2, Q=1, R=1

0.45

0.55

0.6

0.65

S

Figure 10.2: Second order entropy of Ising system in cross section in the anti-
ferromagnetic region. Note that the derivative of the entropy with respect to
� maintains the same sign.



Chapter 11

Conclusion

In this dissertation the topic of multivariable systems has been explored from

the information theoretic point of view, with the focus on delineating the mean-

ing of the information correlation functions.

The information correlation functions are the generalization of the en-

tropy and mutual information. They have the interpretation of being the infor-

mation between a set of random variables. They also may be seen in a certain

approximation to be the information in the complete distribution that is not in

the speci�ed subset distributions. The connection between the multi-variable

cumulant expansion, the Ursell functions, the linked cluster theorem and the

information correlation function was explored. Here, all of these methods for

approximating in various ways the moment generating function or density func-

tion were seen to be a consequence of a single theorem of structured partitions.

The dynamics of information ow in a reduced system of variables was

described from both the classical and quantum points of view. The ow of

information into a subsystem when the rest of the system is taken to be maxi-

mum entropy distributed was seen to be zero. It can be noted that the notion of

dynamical irreversibility can be studied from the point of view of this analysis,

although the notion of the increase of entropy from the point of view of ensem-

bles of systems or the density matrix is itself in question: what is really being

asked is why the second law holds for the particular instance of the universe
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that we inhabit.

The Ising model and the Heisenberg long-range coupled spin systems

were used as a testing area for the information correlation functions. In each

case it was seen that the interesting behavior within these systems was due to

high order correlations occurring, and that these were reected in the fact that

the high order information correlation functions. We are forced to conclude

that the information correlation functions provide a powerful method for de-

termining structure in the full distribution function that is not available from

the lower order reduced distribution functions. There are several results con-

cerning the entropies of the reduced spin systems. The �rst result is that in the

Ising model at zero �eld, the reduced entropies all have a very simple analytical

relationship: they are ordered by a factor independent of the system variables.

This makes it possible to state that changes in the structure reected in the

entropies with respect to changes in any variable are bigger the higher the order

of the entropy. The second result is that the information correlation functions

for any set of spins on the Ising chain are given by the mutual information

between the �rst and the last spin on the chain. This is to say that the infor-

mation between this set of spins is given by the information between the �rst

and last spins of the chain - the spins that interact with the environment that

the set of spins is within. This result is generalized to other topologies. The

third result, quite surprising, is that as the temperature increases the entropy

of a subsystem may be decreasing while the entropy of the complete system

is increasing. Order may be created in a subsystem while it is being destroyed

in the overall system. The fourth result found concerns the relationship be-

tween the measurement entropy and the intrinsic �Tr[�log(�)] entropy. The

measurement entropy is larger. The development of structure in the reduced

spin systems was noted. The ordering of the entropy per spin provides an easy

way to compare the structures in a manner that is best described as emergent.

The �fth result is that the entropy at su�ciently large order may both increase
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and decrease as some system parameter is varied. This was seen clearly the

external �eld was varied in both model systems studied.

The fact that quantum mechanics allows exactly one measurement of

a particular state to occur without changing the state leads to an interesting

quantity, the mutual information between a measured variable and an unmea-

sured variable. This result yields a measure proposed here as a quantity that

should be considered when experiments are done: it measures how much of the

information in the measurement is relevant to the desired information about

the physical system. This should have some relevance to quantum computer

systems proposed.

Information about a system is acquired from data, and from the data

inferences of the underlying physical system are made. In the large data case

many methods for determining the underlying system, including maximum

likelihood methods, work reasonably well. Bayesian methodology is the tool of

choice in the small data case. One new result is: Information about the underly-

ing system may decrease upon seeing new data, but on the average information

about the underlying system will increase upon seeing new data. The amount of

the average increase in information upon seeing new data is quanti�ed exactly

as a Kullback-Leibler distance.

Estimation of the entropy and the mutual information functions is the

subject of later sections of the chapter on estimation. Inferences of the values

and their uncertainties of the functions of interest are developed in a consistent

manner. Along with the estimators for the entropy and mutual information de-

veloped there, provably optimal for the speci�ed priors, are available estimators

for other functions such as chi-squared, covariance, and moments, correlations

and cumulants of all orders.



Bibliography

[1] Daniel P. Aalberts and A. Nihat Berker. Spin-wave bound-state energies

from an Ising model. Phys. Rev. B, 49(2):1073{1078, Jan 1994.

[2] Ryuzo Abe. Statistical Mechanics. University of Tokyo Press, Tokyo,

1975.

[3] Milton Abramowitz and Irene A. Stegun. Handbook of Mathematical Func-

tions. Dover, New York, 1963.

[4] G. P. arin. On a statistical estimate for the entropy of a sequence of

independent random variables. Theory Prob. Appl., 4(3):333{336, 1959.

[5] R. Balescu. Non-equilibrium statistical mechanics, chapter 5, pages 209{

271. In Biel and Rae [9], 1972.

[6] R. J. Baxter. Exactly Solved Models in Statistical Mechanics. Academic

Press, London, 1982.

[7] R. J. Baxter. Exactly Solved Models in Statistical Mechanics, chapter 1,

page 1. Volume 1 of D'Ariano et al. [17], 5{64.

[8] Shahar Ben-Menahem. Spin-measurement retrodiction. Phys. Rev. A,

39(4):1621{1627, Feb 1989.

[9] J. Biel and J. Rae, editors. Irreversibility in the Many-Body Problem.

Sitges International School of Physics, May, 1972. Plenum, New York,

1972.

192



193

[10] K. Binder and A. P. Young. Spin Glasses: Experimental facts, theoretical

concepts, and open questions. Rev. Mod. Phys., 58(4):801{976, Oct 1986.

[11] J. De Boer and G. Uhlenbeck, editors. Studies in Statistical Mechanics,

Vol. 1. Interscience Publishers, New York, 1961.

[12] N. Bogoliubov. Problems of Dynamical Theory in Statistical Physics, chap-

ter 1, pages 5{118. In Boer and Uhlenbeck [11], 1961.

[13] R. Camassa, D. D. Holm, and J. M. Hyman. Adv. Appl. Mech., 31:1, 1994.

[14] H. S. Carslaw and J. C. Jaeger. Operational Methods in Applied Mathe-

matics. Oxford University Press, London, England, 1953.

[15] Peter V. Coveney. The second law of thermodynamics: entropy, irre-

versibility, and dynamics. Nature, 333(2):409{415, Jun 1988.

[16] Thomas M. Cover and Joy A. Thomas. Elements of Information Theory.

John Wiley and Sons, New York, 1991.

[17] G. M. D'Ariano, A. Montorosi, and M. G. Rasetti, editors. Integrable Sys-

tems in Statistical Mechanics, volume 1 of Series on Advances in Statistical

Mechanics. Institute for Scienti�c Interchange, Torino, Italy, 1985.

[18] Morris H. DeGroot. Probability and Statistics. Addison Wesley, Reading,

MA, 1984.

[19] Richard O. Duda. Pattern Classi�cation and Scene Analysis. Wiley, New

York, 1973.

[20] A. Elkouraychi, M. Saber, and J. W. Tucker. On the theory of the trans-

verse Ising model with arbitrary spin. Physica A, 213:576{586, 1995.

[21] S. Eubank and D. Farmer. An Introduction to Chaos and Randomness.

1989.



194

[22] R. M. Fagen. Information measures: Statistical con�dence limits and

inference. J. Theor. Biol., 73:61{79, 1978.

[23] J. E. G. Farina. An elementary approach to quantum probability. Amer-

ican Journal of Physics, 61(5):466{468, May 1993.

[24] K. H. Fischer and J. A. Hertz. Spin Glasses. Cambridge University Press,

Cambridge, UK, 1991.

[25] Daniel S. Fisher, Je�rey M. Grinstein, and Anil Khurana. Theory of

Random Magnets. Physics Today, pages 56{67, Dec 1988.

[26] I. Z. Fisher. Statistical Theory of Liquids. University of Chicago Press,

Chicago, IL, 1964.

[27] C. W. Gardiner. Handbook of Stochastic Methods. Springer-Verlag, New

York, 1990.

[28] Apostolos Gerasoulis. On the granularity and clustering of directed acyclic

task graphs. IEEE Trans. Par. Dist. Sys., 4(6):686{702, Jun 1993.

[29] R. J. Glauber. J. Math. Phys., 4:294, 1963.

[30] Nigel Goldenfeld. Lectures on Phase Transitions and the Renormalization

Group. Addison-Wesley, Reading, MA, 1992.

[31] P. Grassberger. Finite sample corrections to entropy and dimension esti-

mates. Phys. Lett. A, 128:369{373, 1988.

[32] B. Harris. Colloq. Math. Societatis Janos Bolyai, 16:323{355, 1975.

[33] H. Herzel. Syst. Anal. Model. Simul., 5:435{444, 1988.

[34] H. Herzel, A. O. Schmitt, and W. Ebeling. Finite sample e�ects in se-

quence analysis. Tech. Report.



195

[35] Melvin J. Hinich. Higher Order Cumulants and Cumulant Spectra. Circ.

Syst. Sig. Proc., 13(4):391{402, 1994.

[36] D. L. Holl, C. G. Maple, and B. Vinograde. Introduction to the Laplace

Transform. Aplleton, New York, 1959.

[37] Henry B. Hollinger and Michael John Zenzen. The Nature of Irreversibil-

ity. D. Reidel Pub. Co., Dordrecht, 1985.

[38] Kerson Huang. Statistical Mechanics. John-Wiley and Sons, New York,

1987.

[39] Setsuo Ichimaru. Basic Principles of Plasma Physics. A Statistical Ap-

proach. Benjamin/Cummings, Reading, MA, 1973.

[40] John David Jackson. Classical Electrodynamics. Wiley, New York, 1975.

[41] E. Jen, editor. 1989 Lectures in Complex Systems, SFI Studies in the

Sciences of Complexity, Lect. Vol. II, volume II of SFI Studies in the

Sciences of Complexity. Addison-Wesley, 1990.

[42] Henrik Jeldtoft Jensen. 1=f Noise from di�usion in Lattice Gases. Mod.

Phys. Lett. B, 5(9):625{634, 1991.

[43] Norman L. Johnson and Samuel Kotz. Discrete Distributions. John Wiley

and Sons, New York, 1969.

[44] Shigetoshi Katsura. Statistical Mechanics of the Anisotropic Linear

Heisenberg Model. Phys. Rev., 127(5):1508{1518, Dec 1962.

[45] Scott Kirkpatrick and David Sherrington. In�nite-ranged models of spin-

glasses. Phys. Rev. B, 17(11):4384{4403, Jun 1978.

[46] Y. Kishimoto, T. Tajima, D. L. Fisher, and K. Mima. Cooling and Phase

Control by Using laser-Undulator Beatwave. In Tajima [85], 1996.



196

[47] Charles Kittel. Introduction to Solid State Physics. John Wiley and Sons,

New York, �fth edition, 1976.

[48] Charles Kittel. Quantum Theory of Solids. John Wiley and Sons, New

York, 2nd edition, 1987.

[49] A.N. Kolmogorov and S.V. Fomin. Measure, Lebesgue Integrals, and

Hilbert Space. Academic Press, New York, 1961.

[50] N. N. Lebedev. Special Functions and their Applications. Dover - Repub-

lication of the translation by Richard A. Silverman. Prentice, 1965, New

York, 1972.

[51] T. Leonard and J. Hsu. Bayesian inference for a covariance matrix. Ann.

Stat., 20:1669{1696, 1992.

[52] W. Li. Mutual information functions versus correlation functions. J. Stat.

Phys., 60:823{837, 1990.

[53] Seth Lloyd. Use of mutual information to decrease entropy: Implications

for the second law of thermodynamics. Phys. Rev. A, 39(10):5378{5386,

1989.

[54] Jon Mathews and R. L. Walker. Mathematical Methods of Physics. Ben-

jamin/Cummings, Reading, MA, 1970.

[55] Richard D. Mattuck. A guide to Feynman diagrams in the many-body

problem. McGraw-Hill, New York, 2nd edition, 1976.

[56] Barry M. McCoy, Jacques H. H. Perk, and Robert E. Schrock. Time-

dependent correlation functions of the transverse Ising chain at the critical

magnetic �eld. Nucl. Phys., B220([FS8]):35{47, 1983.

[57] Donald McQuarrie. Statistical Mechanics. Harper, 1973.



197

[58] Eugen Merzbacher. Quantum Mechanics. John Wiley and Sons, New

York, 2nd edition, 1970.

[59] Albert Messiah. Quantum Mechanics, volume II. Wiley, New York, 1976.

[60] Marc Mezard, Giorgio Parisi, and Miguel Angel Virasoro. Spin Glass

Theory and Beyond. World Scienti�c, New Jersey, 1987.

[61] G. A. Miller. Note on the Bias of Information Estimates, pages 95{100.

1955.

[62] Franz Mohling. Statistical Mechanics, Methods and Applications. John

Wiley and Sons, New York, 1982.

[63] F. C. Moon. Chaotic Vibrations. Wiley, New York, 1987.

[64] Gerhard Muller and Robert E. Shrock. Dynamical correlation functions for

one-dimensional quantum spin systems: New results based on a rigorous

approach. J. Appl. Phys., 55(6):1874{1876, Mar 1984.

[65] Chrysostomos L. Nikias and Jerry M. Mendel. Signal processing with

higher-order spectra. IEEE Signal Processing, pages 10{37, Jul 1993.

[66] Milan Palus. Identifying and quantifying chaos by using information the-

oretic functionals. In Time Series Prediction: Forecasting the Future and

Understanding the Past, pages 387{414, 1992.

[67] V.S. Pugachev. Probability Theory and Mathematical Statistics for Engi-

neers. Pergamon, New York, 1984.

[68] H. Quastler, editor. Information Theory in Psychology. Free Press, Glen-

coe, IL, 1955.

[69] L. E. Reichl. A Modern Course in Statistical Physics. University of Texas

Press, Austin, Texas, 1980.



198

[70] H. Reiger and A. P. Young. Zero-Temperature Quantum Phase Transition

of a Two-Dimensional Ising Spin Glass. Phys. Rev. Lett., 27(26):4141{

4144, Jun 1994.

[71] Fazlollah M. Reza. An Introduction to Information Theory. Dover, New

York, 1961.

[72] M. A. Ruderman and C. Kittel. Phys. Rev., 96:99, 1954.

[73] Walter Rudin. Priciples of Mathematical Analysis. McGraw-Hill, New

York, 1976.

[74] Hidetsugu Sakaguchi. Renyi entropy and statistical mechanics. Prog.

Theor. Phys., 81(4):732{737, Apr 1989.

[75] Hidetsugu Sakaguchi. Kolmogorov-SinaiEntropy of the Ising Model. Prog.

Theor. Phys., 86(2):303{307, Aug 1991.

[76] J. J. Sakurai. Modern Quantum Mechanics. Benjamin/Cumings, Menlo

Park, CA, 1985.

[77] A. O. Schmitt, H. Herzel, and W. Ebeling. A new method to calculate

higher-order entropies from �nite samples. Europhysics Letters, 23(5):303{

309, 1993.

[78] Thomas D. Schneider. Theory of MolecularMachines. I. Channel Capacity

of Molecular Machines. J. Theor. Biol., 148:83{123, 1991.

[79] Thomas D. Schneider. Theory of Molecular Machines. II. Energy Dissipa-

tion from Molecular Machines. J. Theor. Biol., 148:125{137, 1991.

[80] James B. Seaborn. Hypergeometric functions and their applications, vol-

ume 8 of Texts in applied mathematics. Springer-Verlag, New York, 1991.



199

[81] Claude E. Shannon and Warren Weaver. The Mathematical Theory of

Communication. University of Illinois Press, Chicago, 1963.

[82] Barry Simon. Uniqueness of Phase Transition Temperature in Multidi-

mensional Ising Models. Physics Today, pages s43{s44, Jan 86.

[83] H. Eugene Stanley. Introduction to Phase Transitions and Critical Phe-

nomenoa. Oxford University Press, New York, 1971.

[84] T. Tajima. Computational Plasma Physics with Applications to Fusion

and Astrophysics. Advanced Book Program. Addison-Wesley Pub. Co.,

Redwood City, CA, 1989.

[85] T. Tajima, editor. The Future of Accelerator Physics: The Tamura Sym-

posium Proceedings. American Institute of Physics, New York, 1996.

[86] Minoru Takahashi. Analytical and Numerical Investigations of Spin

Chains. Prog. Theor. Phys., 91(1):1{15, Jan 1994.

[87] Colin J. Thompson. Mathematical Statistical Mechanics. Princeton Uni-

versity Press, Princeton, NJ, 1972.

[88] Lev Vaidman, Yakir Aharonov, and David Z. Albert. How to ascertain the

values of �x, �y, and �z of a spin-
1

2
particle. Phys. Rev. Lett., 58(14):1385{

1387, Apr 1987.

[89] P. van Ede van der Pals and P. Gaspard. Two-dimensional quantum spin

Hamiltonians: Spectral properties. Phys. Rev. E, 49(1):79{98, Jan 1994.

[90] J. H. van Lint and R. M. Wilson. A Course in Combinatorics. Cambridge

University Press, New York, 1992.

[91] Richard F. Voss. Evolution of Long-Range Fractal Correlations and 1=f

Noise in DNA Base Sequences. Phys. Rev. Lett., 68(25):3805{3808, Jun

1992.



200

[92] Gregory H. Wannier. Statistical Physics. Wiley, New York, 1966.

[93] Satoshi Watanabe. Pattern Recognition: Human and Mechanical. John

Wiley and Sons, New York, 1985.

[94] Andreas S. Weigend and Neil A. Gershenfeld, editors. Time Series Pre-

diction: Forecasting the Future and Understanding the Past. Proceedings

of the NATO Advanced Research Workshop on Comparative Time Series

Analysis held in Santa Fe, New Mexico, May 14-17, 1992, number XV in

Santa Fe Institute Studies in the Sciences of Complexity. Addison-Wesley,

1994.

[95] D. R. Wolf and D. H. Wolpert. Estimating functions of probability dis-

tributions from �nite samples, part 2: Mutual information, chi-squared.

Los Alamos Unclassi�ed Report, LA-UR-93-833(Send email to comp-

gas@xyz.lanl.gov with subject \get 9403002"), 1993.

[96] D. H. Wolpert and D. R. Wolf. Estimating functions of probability distri-

butions from �nite samples. Phys. Rev. E, 52(6):6841{6854, Dec 1995.

[97] Hubert P. Yockey. Information Theory and Molecular Biology. Cambridge

University Press, Cambridge, UK, 1992.

[98] Yi-Cheng Zhang. Complexity and 1=f noise. A phase space approach. J.

Phys. I France, 1:971{977, Jul 1991.



Appendix



Appendix A

Clebsch-Gordon transformation of spin bases

A.1 Energy eigenbasis.

The coupled spin energy eigenbasis is generated in a direct manner with use of

the following two theorems, both proven in [59].

Theorem 1. Given two subsystems having total angular momenta s1 and

s2 respectively, the system consisting of both subsystems may assume any total

angular momentum value in the set fs1 + s2; s1 + s2 � 1; : : : ; Abs(s1 � s2)g.
Theorem 2. Given a system with total angular momentum value s, the

z-component of the angular momentum may assume any value in the set fs; s�
1; : : : ;�sg.

The Mathematica shown in appendix B.1 recursively generates the cou-

pled spin basis

j s1; s2; s12; s3; s13; : : : ; s1N ;mi (A.1)

where the si are the spins of the individual particles, the s1k are the total

angular momentum values of the system consisting of particles 1 thru k, and

m is the angular momentum z-component of the system of all the particles.
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A.2 Measurement basis. Energy to measurement basis

transformation.

The measurements of the z-components of the spins of the individual particles

are made most easily when these energy eigenvectors are transformed to the

basis j (si;mi)i. Doing this involves the use of transformation coe�cients called

Clebsch-Gordon coe�cients, which are real, are the overlaps in the expansion

of an energy eigenvector in terms of (Siz) eigenvectors

j s1; s2; s12;mi = X
m1m2

j s1;m1; s2;m2ihs1;m1; s2;m2 j s1; s2; s12;mi (A.2)

De�ning cg(s1;m1; s2;m2; s12;m) as this coe�cient, Racah demonstrated

cg(s1;m1; s2;m2; s12;m) =
p
2s12 + 1��1(s1; s2; s12)��2(s1;m1)�2(s2;m2)�2(s12;m)

�X
t

(�1)t
t!

[ �3(s2;m1)�3(s1;�m2)� (s1 + s2 � s12 � t)!

��4(s1;�m1)�4(s2;m2) ]
�1 (A.3)

where

�1(a; b; c) =

vuut(a+ b� c)!(b+ c� a)!(c+ a� b)!

(a+ b+ c+ 1)!
(A.4)

�2(a; b) =
q
(a+ b)!(a� b)! (A.5)

�3(a; b) =
q
(s12 + t� a+ b)! (A.6)

�4(a; b) =
q
(a+ b� t)! (A.7)

The proedure used to transform the energy eigenbasis vectors to the z-component

eigenbasis vactors is given in appendix B, section B.2. In this routine, each en-

ergy eigenvector is expanded recursively in terms of the Siz eigenvectors, using

equation A.2 repeatedly.



Appendix B

Mathematica for the Heisenberg spin system

B.1 Generating the coupled spin basis

The basis vectors of the coupled spin (energy eigenstate) basis j s1s2s12 : : : smi
are generated using genVecs[].

genVecs[ {rep_,order_,scale_} ] :=

Block[ { a={},n,j,m,q,newrep },

n=Length[rep]-order;

q=2(order+1);

If[ order<(n-1) ,

For[ j=Abs[rep[[q]]-rep[[q-1]]],

j<=(rep[[q]]+rep[[q-1]]),

j++,

newrep=Insert[rep,j,q+1] ;

a=Join[a,

genVecs[{newrep,order+1,scale}]] ;

] ;

] ;

If[ order==(n-1) ,

For[ m=-rep[[q-1]], m<=rep[[q-1]], m++,

a=Join[a,{{Join[rep,{m}],n-1,scale}}]

] ;

] ;

Return[a] ;

]

The arguments of genV ecs are rep, a list of the spin values, order,

the order of the representation given, usually 0, and scale, the value of the
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amplitude to be assigned to the vectors generated. For example,

genV ecs[ff1
2
;
1

2
g; 0; 1g] (B.1)

produces the list of four vectors with their order and scale.

fff1
2
;
1

2
; 0; 0g; 1; 1g; ff1

2
;
1

2
; 1;�1g; 1; 1g; ff1

2
;
1

2
; 1; 0g; 1; 1g; ff1

2
;
1

2
; 1; 1g; 1; 1gg

(B.2)

Here the order has become 1 because one coupling has occurred between the

two spins given.

B.2 Transforming to the measurement basis

The coupled-spin basis vectors are transformed from the energy eigenbasis to

the (Siz) basis using transVec[].

transVec[{rep_,order_,scale_}] :=

Block[ { vec={},n=Length[rep],q,j1,m1,j2,m2,j12,m12,newrep } ,

q = 2 order ;

If[ order!=0 ,

j1 = rep[[q-1]] ;

j2 = rep[[q]] ;

j12 = rep[[q+1]] ;

m12 = rep[[q+2]] ;

For[ m1=-j1,m1<=j1,m1++,

m2=m12-m1 ;

If[ ((-j2<=m2) && (m2<=j2)),

newrep=Delete[rep,q+1] ;

newrep=Delete[newrep,q+1] ;

newrep=Insert[newrep,m1,q] ;

newrep=Insert[newrep,m2,q+2] ;

vec=Join[vec,

transVec[{newrep,

order-1,

scale*cg[j1,j2,m1,m2,j12,m12]}] ] ;

] ;
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] ; ,

Return[{{rep,order,scale}}] ;

] ;

Return[vec] ;

] ;

The argument of transV ec is a length-three list consisting of rep, the represen-

tation of the basis vector in the basis produced by genV ecs, order, the order

of the representation given, usually N � 1, where N is the number of spins

(note that transV ec is recursive, order keeps track of the depth), and scale,

the value of the normalization of the vector generated. For example,

transV ec[ff1
2
;
1

2
; 1;

1

2
;
1

2
;
1

2
g; 2; 1g] (B.3)

transforms the vector j s1 = 1=2; s2 = 1=2; s12 = 1; s3 = 1=2; s = 1=2;m = 1=2i
to the vector

fff1
2
;�1

2
;
1

2
;
1

2
;
1

2
;
1

2
g; 0;� 1p

6
g;

ff1
2
;
1

2
;
1

2
;�1

2
;
1

2
;
1

2
g; 0;� 1p

6
g;

ff1
2
;
1

2
;
1

2
;
1

2
;
1

2
;�1

2
g; 0;

s
2

3
gg (B.4)

which is a list of three lists, each of these being a vector in the (simi) basis,

along with an order and scale indicator, and the whole list to be interpreted as

the sum of these vectors.

Along with transV ec, the routine transV ecs transforms a list of many

vectors, such as would be produced by the output of genV ecs.

transVecs[x_] :=

Block[ {n,vecs={},i} ,

n=Length[x] ;

For[ i=1,i<=n,i++,
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vecs=Join[vecs,{transVec[x[[i]]]}] ;

] ;

Return[vecs] ;

] ;

For example

transV ecs[genvecs[ff1
2
;
1

2
g; 0; 1g]] (B.5)

produces the output

ffff1
2
;�1

2
;
1

2
;
1

2
g; 0;� 1p

2
g; ff1

2
;
1

2
;
1

2
;�1

2
g; 0; 1p

2
gg;

fff1
2
;�1

2
;
1

2
;�1

2
g; 0; 1gg;

fff1
2
;�1

2
;
1

2
;
1

2
g; 0; 1p

2
g; ff1

2
;
1

2
;
1

2
;�1

2
g; 0; 1p

2
gg;

fff1
2
;
1

2
;
1

2
;
1

2
g; 0; 1ggg (B.6)

which is a list of the four vectors in the (si;mi) basis corresponding to the

four vectors in the coupled spin basis produced by the genV ecs command in

equation B.1.

B.3 Finding the coupled spin basis probability distri-

bution

Finding the probabilities of the energy eigenstates is a matter of utilizing the

quantum numbers in the eigenvectors in the coupled spin basis to �nd the

energy of each, and using the Boltzmann distribution to assign the probability.

This is done using the routine getProbabilities[].

getProbabilities[x_] :=

Block[ {i,j,numVecs,y,rep,order,energy,

e={},relP,absP=0,p={}} ,
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numVecs=Length[x] ;

For[ i=1,i<=numVecs,i++,

y=x[[i]] ;

order=y[[2]] ;

rep=y[[1]] ;

energy=rep[[2 order+1]] (rep[[2 order+1]]+1) ;

energy-=rep[[1]] (rep[[1]]+1) ;

For[ j=1,j<=order,j++,

energy-= rep[[2 j]] (rep[[2 j]]+1) ;

] ;

e=Join[e,{energy}] ;

relP=Exp[Q/2 b energy] *

Exp[R b rep[[2 (order+1)]] ];

absP+=relP ;

p=Join[p,{relP}] ;

] ;

Return[{absP,p}] ;

] ;

The argument of getProbabilites is a list of vectors in the coupled spin basis,

like that produced by genV ecs. The output is a two element list, the �rst

element being the normalization for the second element, which is proportional

by the �rst element to the list of probabilies of the vectors input. For example,

the command

getProbabilities[genV ecs[ff1
2
;
1

2
g; 0; 1g]] (B.7)

produces the output

fe�3 bQ4 + e
bQ

4 + e
bQ

4
�bR + e

bQ

4
+bR; fe�3 bQ4 ; e

bQ

4
�bR; e

bQ

4 ; e
bQ

4
+bRgg (B.8)

Note that the �rst element is the sum of the elements of the second element.

B.4 Distribution of measured states

The distribution of the measured states of (Siz) is found using getDistribu-

tion[].
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getDistribution[order_,vecs_,probs_] :=

(* finds the distribution in the +/- basis *)

Block[ {tbl,dist,numVecs,numBasis,phase,probVal,vecProb,

index,i,j,k,vec} ,

dist=Table[0,{2^order}] ;

numVecs=Length[vecs] ;

For[ i=1,i<=numVecs,i++,

vec=vecs[[i]] ;

numBasis=Length[vec] ;

vecProb=probs[[2]][[i]]/probs[[1]] ;

For[ j=1,j<=numBasis,j++,

phase=vec[[j]][[3]] ;

probVal=phase*phase ;

index=0 ;

For[ k=0,k<order,k++,

index=index+2^k*

If[vec[[j]][[1]][[2(k+1)]]<0,0,1] ;

] ;

dist[[index+1]]+=probVal*vecProb ;

] ;

] ;

Return[dist] ;

] ;

The arguments are order, which must be less than or equal to the number

of spins, a list of vectors vecs in the (si;mi) basis like that produced by

transV ecs, and probs, which is the list of probabilites produced by the output

of getProbabilites of the energy eigenvectors produced by genV ecs.

The same distribution of the measured states of (Siz) can be produced

in polynomial form using getDistributionPoly[].

getDistributionPoly[order_,vecs_,probs_] :=

Block[ {tbl,dist,numVecs,numBasis,phase,probVal,vecProb,poly,

spin,i,j,k,vec},

numVecs=Length[vecs] ;

dist=0 ;

For[ i=1,i<=numVecs,i++,
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vec=vecs[[i]] ;

numBasis=Length[vec] ;

vecProb=probs[[2]][[i]]/probs[[1]] ;

For[ j=1,j<=numBasis,j++,

phase=vec[[j]][[3]] ;

probVal=phase*phase ;

poly=1 ;

For[ k=1,k<=order,k++,

spin=vec[[j]][[1]][[2k]] ;

poly*=If[spin<0,(1/2-x[k]),(1/2+x[k])] ;

] ;

dist+=probVal*vecProb*poly ;

] ;

] ;

Return[Simplify[dist]] ;

] ;

The output is a polynomial in order variables, speci�c to spin one-half for the

routine above. Inserting a vector of spins in the resulting expression produces

the probability of that measurement.


