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Abstract

Experiments show that the observed radial profiles of the ion thermal conductivify
X; have the opposite shapes with those obtained from the ion temperature gradient
mode (7; mode) turbulence model by the traditional mixing length estimate. In this
work, this radial profile problem is reconsidered with an electromagnetic study of the
linear stability of the toroidal 7; mode and a new rule for choosing the mixing length.
It is first shown that the electromagnetic effect gives a significant stabilizing effect
on the toroidal 7; mode, and that the observed reduction of X;(r) in the core region
can be explained by this electromagnetic effect. Secondly, in view of earlier numerical
simulations showing the transfer of fluctuation energy to larger scales than those for
the fastest growth rate, as well as fluctuation measurements indicating longer radial

correlation lengths, a new mixing length formula is proposed to explain the radial



increase of the X;. It is shown that the new formula fits well the observed X;(r) profiles
in two TFTR supershot discharges and also gives the scaling law in the current and

the magnetic field which agrees better with experiment than the conventional formula.



In controlled fusion research, the anomalous transport of the particle and energy is one
of the most important problems to overcome. It is generally believed that this anomalous
transport occurs by various microinstabilities, such as the ion temperature gradient mode (so-
called 7; mode), the trapped electron and ion modes, and the resistive magnetohydrodynamic
modes. Among these instabilities, the n; mode is recognized as a fnain cause of the anomalous
thermal transport for the ion component. R:.cently, several experimental attempts!? have
been carried out to test more directly the hyp«thesis that the anomalous ion transport is due
to the 7; mode. In these experiments, the ion thermal conductivity X; has been measured as
a function of radius and compared roughly with some theoretical models®* of the 7; mode.
In relation to these experiments, Horton et al.® performed a more detailed comparison of the
experimental results of the TFTR, 44669 supershot discharge with various theoretical models
of the n; mode. One of main problems commonly found from these comparisons is that it is
difficult to explain theoretically the observed radial increase of X;(r).

To obtain some understanding of this radial profile problem we reconsider the simple
mixing length formula which is used to calculate X; in most theoretica.l’ studies. In these
studies, the mixing length formula assumes that in the turbulent state the dominant trans-
port occurs by the mode with the maximum growth rate 4yax with the scale length of the
mixing determined by the same mode. Thus, the mixing length formula takes the following
simple form Ymax/k2 may, Where kT1,, is the radial width of the mode with the maximum
growth rate ymax. Here, the isotropic approximation k; ~ k, is usually taken, based on the
fact that the numerical simulation results®”® show that in the turbulent state the fluctua-
tions take on approximately the isotropic structure. Also, since the kinetic studies®*? of the
linear stability of the toroidal 7; mode show that the maximum growth rate occurs about at

kypi ~ 0.5 over a wide range of parameters, the mixing length formula leads to the thermal



diffusivity given approximately by

Xl’ = 47maxpz2 (1)

Now, noting that the growth rate v scales nearly as 7y « v; for constant T;/ T, we can see that
X; T‘3 /2 Thus, the theoretical X; from the simple mixing length argument produces the X;
profile which decreases radially like the temperature profile — opposite to the experimental
diffusivity.

This profile problem encountered in the theoretical modeling using the simple mixing
length formula may be separated into the fol'owing two questions. First, why is the actual
transport in the core region with the high ion emperature much smaller than that expected.
Secondly, why does the actual transport increase with the minor radius. Of course, these
two questions may be closely related. In this work, we try to answer these two questions
through the more complete study of the toroidal n; mode.

First, we consider the first question about the X;’s decrease in the core region. A plausible
explanation of this question is that the 7; modes become stable in the core region by some
stabilizing effects. Omne such stabilizing factor is the parallel ion transit drift effect. In
Fig. 1, we show the result of three standard mixing length models for the TFTR 44669A
supershot discharge (a detailed overview of the TFTR 44669A discharge can be found in
Ref. 5). Figure 1 shows clearly that if we take k) = 1/Rq the decrease of the X; in the
core region (r < 0.3m) can be explained in agreement with the experiment. However, the
more exact nonlocal result, which was obtained by solving the gyrokinetic equation®!° in the
ballooning space, shows that the local assumption k) = 1/Rq overestimates significantly the
actual effect of the parallel ion transit term. The nonlocal analysis shows that the actual
value of k| is about 1/2Rq less than 1/Rgq, and this value is too small to give the decrease
of the X; in the core region. The rapid vanishing of the mixing length X;’s in Fig. 1 in
the deep center region of r < 0.1m is found by parametric variation to come mainly from

the stabilizing effect®! of the adiabatic electron term 7 = T;/T.. However, this 7 = T;/T,
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effect is still ineffective to reduce the X; in the intermediate core region of 0.1m < r < 0.3m.
Furthermore, this 7 effect is significant only for the hot ion temperature plasma such as in the
supershot discharge analyzed here, and can not explain the decrease of X; in discharges with
T; ~ T.. Thus, the analysis shows that neither the parallel transit drift nor the r = T;/T,
stabilization can explain sufficiently the decrease of the X; in the core region. Now, we
consider the electromagnetic effect as another core stabilizing factor.

There are many previous works!?~1% which studied the electromagnetic effect on the
toroidal 7; mode. These studies show that the effect is stabilizing but becomes significant

when (3 approaches the 8., where 3. is the threshold § value for the ideal ballooning insta-

bility. Thus, for most discharges with 8 < . the effect is expected to be small. However, it |

was also shown'® that when the kinetic effect from the magnetic curvature drift resonance is
included, the kinetic threshold value BX becomes appreciably smaller than the usual mag-
netohydrodynamic (MHD) value SMHP, This decrease of the critical 3, has two iﬁﬁportant
meanings. One is that the electromagnetic ballooning mode can be kinetically unstable at
the smaller # value. However, this is not expected to be a serious problem since the detailed
study shows that for X < B < BMHD the real frequency of the unstable mode is much higher
than the small growth rate,!® and thus the mode will give a negligible transport effect. The
second consequence of the smaller threshold 3 is that the electromagnetic effect can give a
more significant stabilization to the toroidal n; mode in a smaller 3 regime than previously
considered.

Motivated by this idea we have recently developed a numerical code for solving the
gyrokinetic equation in the ballooning space with the electromagnetic effect. Compared with
previous approximate works, our work includes the full kinetic effects such as the magnetic
curvature and parallel ion transit drift resonances as well as the finite ion Larmor radius
effect. In this work, we apply the numerical code to the two TFTR supershot discharges to

see how much the electromagnetic effect works in the actual system. More detailed numerical



results and comparisons with previous works of the electromagnetic effect will be given in a
separated paper.!®

Before we give the numerical results, it may be useful to consider the simple local kinetic
limit to obtain some physical understanding of the electromagnetic effect. In the local
kinetic limit, we will take k) as a variable and show that the electromagnetic effect depends
significantly on the magnitude of k. The electromagnetic responses of the electron and ion

distribution functions are given from the gyro-kinetic equation as

—wT.
fi = _QjFMj - W — Wi; Jg (kJ_UJ_) (¢ — mA”)] , (7= i,€) (2)

T; w—wpj = k" \ W c

2
T = weifl + (25— 8 = (Y 2} /v2. :
where wg; = waj[l 771(—,-2th 3)s wp; = €wxi( + vi)/v{; is the magnetic curvature

drift frequency, ws; = —kycI;/q;BL, is the electron diamagnetic drift frequency, n; =
OInT;(r)/0InN(r), k) and k. are the parallel and perpendicular wavenumber with k3 =
k2 + k2, € = L,/R with L, = —(81n N/dr)™!, v; = (T;/m;)'/?, we; = ¢;B/mjc, and J is
the zeroth order Bessel function. The variables ¢ and A are the perturbed electrostatic and
parallel vector potential, respectively. The perpendicular vector potential A representing
the parallel magnetic compression may be neglected for the present finite but low 8 <« 1
plasma.

Now, from the quasineutrality condition

Ny = Ne or /fidav = /fcdav 3 (3)
and the parallel Ampere’s law,
V2 A = —k2 A =-4—”J—i”—‘3(/v fd3v—/v-f-d3) (4)
LAY LA e = lleJe liJi ’

we obtain the following two basic equations in the dimensionless form,
w(l+71—Po)p = (T(w —wxe) = kP )Y, ()

2h7k2
Bi

Y =wk P — T(w— we)|p — [kﬁPg — T(w(w — wae) — Wpe(W — wage))]¥ ,  (6)



where

_2 dv)
kJ_U_L)e 2 U_Ld’U_L\/—z-_ﬂ- ’ (7)

v? 3

w—wk (1 +m (5 —3
/(U") ( ( 2)) Jz(

W — € W ( + U”> - k“v“
and 7 = T;/T., Bi =87 NT;/B?, wa, = ky/7, wki = —ky, Wkpe = wke(l+ 1), and ¥ = %ﬁiA".
Here, we note that in deriving Egs. (5) and (6), the ordering of w/kjvse, wpe/kvie < 1 has
been used to take the first order terms only in the electron response. On the other hand, we
have normalized the wave numbers &k, and kjj to p; = vii/we and L,,, respectively, and the
frequencies w and wx to v/ L. 7
To better understand the physical contents of Egs. (5) and (6) we briefly consider the
well:known fluid limit of |wp/w| < 1, |kjve/w| < 1 and k2 < 1. In this limit, Eq. (7) gives
| Wik; wp; k|2| Wikpi
Pozl———-+< —k} + (1___?_),
w

W W W

k 1 H
Plﬁ—ﬂ<1—&}:p—>, Pzﬁ’l—wi,
w w :

with wap; = wi(1 +7;) and wp; = 2e,wx;, so that Egs. (5) and (6) reduce to, respectively,

[T(l_‘%)_ﬁ_@(l “’*P‘)}(qﬁ 0+ (-2) (1-2E)s=0, @

2k k3
ﬂ,

We note that Egs. (8) and (9) are the continuity and vorticity equations, respectively, in

W(w — wap )k P = L 2th + Wpi(W — Wikpi) G + TWD(W — Wipe )P (9)

the incompressible fluid limit. Equations (5)-(6) or (8)-(9) describe the coupling of the
electrostatic drift wave and the electromagnetic shear Alfvén wave. In the electrostatic limit
of B; — 0, Eq. (9) gives ¢ = 0, and then Eq. (8) reduces to the electrostatic 7; mode equation
in the local fluid limit. On the other hand, in the shear Alfvén limit where w ~ w4y, Eq. (8)
gives ¢ = 1, and Eq. (9) becomes the ideal ballooning mode equation in the local fluid
limit. In this limit, it is easy to see that the ideal ballooning instability is generated when
B2 B~ kffea[l + i + (il‘+ 7me)/7)]. Here, we note that the ballooning stability threshold

value f3. is a sensitive function of k. This suggests that the electromagnetic effect also will
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depend significantly on k). Thus, we first consider the k) dependence of the toroidal #;
mode using the local kinetic equations (5) and (6), even though the k) is an operator in the
nonlocal case.

Figure 2 shows the normalized growth rate as a function of kj for various §; values
when n; = 2.5,7. = 2.1, ¢, = 0.18, T;/T, = 1.5 and k,p; = 0.5, which correspond to the
parameter set at 7 = 0.3m of discharge 44669 A. In Fig. 2 we note that the solid curve
corresponds to the toroidal n; mode, while the dashed line represents the the kinetic-MHD
ballooning mode, which is destabilized very rapidly with the decreasing k. Figure 2 shows
that the electromagnetic effect gives an overall stabilizing effect on the toroidal 5; mode in
agreement with previous results. In particular, for a given finite §; the stabilizing effect
becomes strong as k) decreases, that is, the threshold value B.(o kﬁ) — ;. When k
approaches to k| it where 3; ~ S, the growth rate of the toroidal »; mode becomes zero
and the kinetic-MHD ballooning mode is destabilized. Thus, Fig. 2 shows that, in terms of a
local k) approximation, the toroidal 7; mode is almost completely stabilized by the coupling
with the shear Alfvén wave at the region kj < kj,cqe or equivalently 3 > g..

These local results now suggest that in the electromagnetic regime of finite §;(> 1073)
the unstable toroidal 7; modes should try to maximize k| to reduce the stabilizing coupling
with the shear Alfvén wave. However, the increasing kj also means the increase of the
stabilizing effect of the parallel ion transit drift term kjvy;. Thus, there is an optimum
k) value (denoted by kjmax), Where the growth rate becomes maximum, for example at
B; = 0.006 the kjjmaxLn =~ 0.12 in Fig. 2. Comparing this maximum growth rate with that
in the electrostatic limit, we find that it has been significantly reduced (at 8; = 0.006 by a
factor 3) by the combination of the shear Alfvén wave coupling and the parallel ion transit
drift (ky vy) effects.

Now, we present the results of solving the nonlocal gyrokinetic equation. Figure 3 show

the maximum growth rates as a function of the minor radius for the TFTR 44669A discharge



in the electrostatic and electromagnetic regimes. The nonlocal results are also compared with
the local results maximized over k. First, compared with the electrostatic case, we find that
the electromagnetic case has much smaller maximum growth rates in the intermediate core
region. Near the edge region, the electromagnetic effect is found to be negligible. On the
other hand, in the electromagnetic case the more exact nonlocal value is smaller than the
local value at kjmax- Also, it is worthwhile to note that our nonlocal results for the growth
rate and the real frequency have been compared with those of Rewoldt!” for the parameters
of TFTR 44669A at r = 0.3m and found to be in good agreement for both the 7; mode and
the kinetic-MHD ballooning mode.

In Fig. 4, we show the X; values obtained with the the electromagnetic effect for the two
supershot discharges of TFTR 44669A and TFTR 51025. Now, the X;’s are in much better
agreement with the experiment in the core region. (To obtain agreement in X; with Xf"p in
the outer half region of the plasma the mixing length formula will be modified as discussed
later). Thus, we conclude that the decrease of X; in the core region can be mostly explained
if we consider the electromagnetic effect.

Here, we show other experimental evidences that seem to support this conclusion that
B; plays an important role in the core transport. First, comparing a recent hot ion H-mode
experiment? by Taroni et al. in JET with the TFTR 44669A supershot experiment, we find
that TFTR has a much larger X; value (about 4 times on average) than JET. Since the two
experiments have almost the same magnitude and profiles for T}, T., n., while in the toroidal
magnetic field TFTR is about 1.7 larger than the JET, the main difference between the
two experiments is that JET has the §; value which is about three times larger than that
of TFTR. Thus, even though there can be other possibilities such as the ¢ and geometry
effects, the smaller value of the X; in JET may be due to the larger electromagnetic effect
from the three times higher §;. Secondly, the experiment? of the L to H transition in DIII-D

by Burrell et al. shows the significant decrease of the X; in the core region after the L to



H transition. During the transition, there are no appreciable changes in the profiles of T;,
and ¢, while the density profile flattens more with the significant increase of the density. If
we note that the flattening of the density profile does not contribute to the stabilization,
in terms of the 7; mode there is no other proper explanation of the stabilization, besides
that due to the electromagnetic effect by the increased density (the electrostatic dispersion
relation is independent of density). Finally, a recent experiment!® by Hirayama et al. in
JT-60 shows that there is a significant decrease of the X; in the core region when the density
only is increased by about two times. All these experiments suggest that the electromagnetic
or density effect plays an important role in reducing the ion thermal transport in the core
region.

Now, since we have obtained a plausible solution about the problem of why the X; de-
creases in the core region, we turn our attention to thé second problem of why the experimen-
tal X;(r) increases with minor radius. As can be seen in Fig. 4 the traditional mixing length
formula (based on k1 max) does not explain this trend. This contradiction between the simple
mixing length transport and experiment suggests the following two possibilities: one is that
the actual transport near the edge region is not by the ion temperature gradient mode, and
the second is that the traditional mixing length formula can significantly underestimate the
actual transport.

Here, we consider the second possibility and propose a new mixing length formula. We
note that there are numerical simulation results!®?° which show that the simple mixing length
estimate may underestimate the actual transport. Our idea for the new formula is basically
based on the inverse cascade phenomena, which was observed in numerical simulations® for
the modeling of the nonlinear interaction of the 7; mode in the slab limit. As shown there, in
the turbulent state the energy of the short wavelength modes cascade to the long wavelength
side, making the most long wavelength mode dominate the fluctuation energy. This inverse

cascade suggests that the dominant radial mode width in the turbulent state will be closer to
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the longest wavelength mode still unstable, rather than that of the fastest growing mode as
assumed in the traditional mixing length formula. A recent fluctuation study by Mazzucato®
also supports this feature since the correlation length measured by the reflectrometer seems
to be much larger than the 1/ky max. Thus, if we take the radial mode width as ky min and still
assume that the saturation level of the fluctuation is proportional to the maximum growth

rate Ymax, we are lead to the following new mixing length formula

T o
If there were no damping mechanism for the long wavelength modes, the longest wavelength
will be determined by finite geometry as kymin =~ 1/7 and then the formula (10) will give
much higher X; value than the experiment. However, a strong linear damping of the long
wavelength modes can take place for the toroidal 7; mode by the parallel ion transit drift
effect.

To explain briefly this stabilization of the long wavelength-mode, we consider the gyroki-
netic equation of the local form, (w—wp —kjvy)h = £(w—wf)JoFy, where h is the nonadia-
batic part of the perturbed distribution function. From this form of the gyrokinetic equation,
we can see that the parallel ion transit drift dominate the curvature drift if kv > wp. As
shown more explicitly in Ref. 9, this condition actually corresponds to the mode transition
condition from the toroidal to the slab n; mode. Thus, the toroidal mode can be considered
as stabilized when the condition is satisfied. Here, if we use the usual local approximation
wp = wp(f = 0) = 2e,ww; the above condition becomes kyp; < kyR/2. From this simple
form, we can see that the long wavelength toroidal 17,; modes with kyp; < (kypi)min ~ Ky R/2
are linearly stabilized.

Here, we note that the value of kj is linked to the value (kypi)min. In the electrostatic

limit, the nonlocal analysis showed kj ~ 1/2Rq. On the other hand, in the electromagnetic

regime, k| must increase to reduce the stabilizing coupling with the shear Alfven wave and
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we may approximate kj = kjmax. Here, kjmax depends significantly on the f; value and
increases with §; along the approximate formula kjjmax o \/B;, as shown in Fig. 2. We can
estimate from Fig. 2 that for 8; = 0.0045, which is the §; value at r = 0.3m of the discharge
TFTR 44669A, the kjjmax L value is about 0.11, and which closely corresponds to k; ~ 1/Rgq
for this radius. The mode with kj =~ 1/2Rq (or kj L, =~ 0.06), which corresponds to the
electrostatic mode at §; = 0, is almost stabilized by the strong coupling with the shear
Alfven wave at this §; value. Thus, even though it is not easy to determine the k) value
exactly, it seems possible to take kj ~ 1/Rq as the first approximation for the dominant k.

Here, we consider the implication of taking the value kj ~ 1/Rq as the first approxima-
tion. Then, the above stabilization condition of the long wavelength toroidal 7; mode gives

(kypi)min ~ 1/2q. Thus, our new formula Eq. (10) becomes

X; ~ dymaxplq’ (11)

where Ymax i1s @ numerically determined function of the tokamak parameters. We note that
compared with the usual mixing length formula (1), the new formula (11) has a additional
strong ¢ dependence. This strong g dependence gives the X;, which is ¢? times larger than
the previous formula (1).

In Fig. 4(a), we show the X; calculated by this new formula for the discharge TFTR
44669A. We find that the new X; agrees well with the experiment over most of the minor
radius. A similar agreement is also found for the another TFTR supershot discharge (shot
number 51025), as shown in Fig. 4(b). Thus, we find that by the strong q dependence
the new formula can well explain the observed radial increase of the X;. On the other
hand, we note that the ¢ dependence®?? is a crucial factor which most previous theoretical
models of the 7; transport have failed to produce, while the experimental scaling law both
in the Ohmic heated®® and auxiliary heated?* plasmas require such a dependence. Our new

formula provides a plausible solution of the physical origin of such q dependence. Noting
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that p? = m;T;/e*B? and q¢ = rB/RBy, it is easy to see that the new formula has a very
weak B dependence, and a favorable current scaling of X; o« 1/I? (Of course, here, it should
be noted that some additional dependences on B and I can come through the 4max). These
dependences do not agree exactly with the empirical scaling law, but they are in much better
agreement than the conventional simple mixing length formula.

Here, it may be useful to note a recent experimental result by Zarnstorff et al. which
investigates how the X; varies when the ¢ profile is changed. This current ramp experiment
has produced the somewhat surprising result that the X; does not follow directly the change
of ¢. From this result Zarnstorff et al.? suggest that the strong ¢ dependence may come
from the inner region, or the nonlocal dependence on the current profile. Here, we try
to explain this behaviour by our model. Fii‘st, we note that the sudden increase of ¢ by
the decrease of the current will decrease significantly kf (< 1/¢*) term, making B. (o< kf})
approach ;. As discussed earlier, this means the significant increase of the electromagnetic
effect, and thus the substantial reduction of the growth rate of the toroidal n; mode. Thus,
the increase of the radial mode width, which is proportional to ki, ~ 2gp; in our model,
will be compensated by the decrease of the the maximum growth rate, making the X; almost
unchanged. The increase of the X; after some time may be caused by the increase of the
growth rate which occurs since the electromagnetic effect will be reduced by the ongoing
radial anomalous transport. Thus, our model suggests that the effect of ¢ is closely related
with the electromagnetic effect.

In this work, we have not considered the effect of trapped particles, for simplicity. One
particular feature of the trapped particles is that they are less sensitive to the stabilizing
effects of the parallel transit drift. Thus, the trapped particles are expected to give some
more destabilizing effect, as shown in some recent works.?*?®¢ We also note that the trapped
ion mode can be generated in the very low frequency and longer wavelength regime.

Summarizing, we have shown that it is possible to explain some of important properties
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of the observed X; using the toroidal 7; mode turbulence model. First, we have shown that
the observed reduction of X;(r) in the core region can be explained by the electromagnetic
effect. Secondly, we have proposed a new mixing length formula which can well explain the
radial increase of the X;(r) and gives the scaling law in the current and magnetic field which
agrees well with the experiment. Our new formula of the ion thermal transport would be
important for analyzing other hot ion mode discharges. Finally, we note that our new formula
is based on two essential assumptions: (1) the inverse cascade to the long wavelength side,
and (2) the strong linear damping of the long wavelength toroidal 7; mode by the parallel
ion transit drift term (in particular, note the formula (11) bases on the choice k) = 1/Ryq).
It will be important to check these by more advanced analytical and numerical methods. In
particular, the electromagnetic gyrokinetic simulation in the toroidal geometry, which is a

main goal of the recent Numerical Tokamak Project, is expected to provide a reliable test.
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Figure Caption

1. Comparison of three theoretical models of ion thermal conductivity with experimental

result for the TFTR 44669A supershot discharge in the electrostatic limit.

2. The normalized growth rate as a function of kj for various §; values when n; = 2.47,

ne = 2.1, € = 0.18, T;/T, = 1.5, and kyp; = 0.5.

3. The maximum growth rate as a function of minor radius in the electrostatic (nonlo-
cal) and electromagnetic (local and nonlocal) cases for the TFTR 44669A supershot

~ discharge.

4. Comparison of two theoretical models of ion thermal conductivity with experimental
result in the electromagnetic regime (a) for the TFTR 44669A supershot discharge,
(b) for the TFTR 51025 supershot discharge.
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