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Abstract

The possibility of using a popﬁlation of eﬁergetic electrons produced in a small
well-defined region as a. tr-a;cer for magnetic field lines and a diagnostic for anomalous
trén‘qurt is ‘exa'mined'in its éimplest form. The popﬁlation_ is produced by electron
cyclotron fesonance heating, and the needed power input__,estimated;' it is detected by
the emitted brel;nsstra;hlung and the flux is calcu}gted.l If _this is inadequate to perrriit

- the traéing of field lines, inforrriation.éan be gained by examining the spectrum, since
electrons passing twice through the local heating region will gain doublé energy, hence
near ra.tionél sﬁrfaces l.rnay be identified. The method appears ﬁromising,. but open

questions are indicated.

%) Permanent address: Physics Department, University of California at San Diego, La Jolla, CA 92093.
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I. Introduction

There is 11ttle quest1on that a knovvledge of the magnetic field geometry in a confined plasma is
critical to understandlng transport. Equlhbrmm requires a very spec1al magnetlc geometry— _
closed and nested magnetlc surfaces, and any departure_from this must yield excess transport;
however, we actually know very little about the internal field, and any experiment which gives
promiee of exploring that internal field is worth examining. |

One such experiment has been suggested by Guest and Dandl. It has long been known

- that electron cyclotron resonant heating, espeCially at the second harmonic, can produce,

at least in mirror geometries, a local population of extremely energetic electrons, which are
ea‘sivly detected by the excess soft X-rays thejf produce as bremsstrahl_nng. These authors

suggest thafc the'sa,me kind of heating in a tokamak could populate a srnall set of field

- lines Wlth energetic electrons and these can be followed, hence the field lines traced out,

by observmg the enhanced soft X-ray emission. Alternatlvely, if the heating is local but.
snstalned, those electrons that pass repeatedly through the heating zone—which will happen
only on rational surfaces with a small winding nurnber—_—ys}ill gain large amounte of energy,
and 'the, spectrum of the emitted X-rays, rather than fheir‘ _epa,tial distribution, Will give
information about the ﬂnx surfaces. | ‘ | |

Mahy questions are Taised by this suggestion: (a) How many hot electrons are needed

to provide a readily detectable signal? (b) What r.f. power is needed to produce adequate

heal;ing? (c) What is the effect of multiple paeses through the heating region? (d) How many
electrons are heated? (e) If the field is irregular, i.e., strays from the magnetic surfaces, how
many are lost, and what effect does this heve on the X-ray spectrum?

~To geﬁ some prelifnina,ry answers to these questions,‘ and to define the problems, we will

explore an extremely oversimplified rnodel of this process, which can be developed to give a

“good deal of information about the promise of the experifnent.







II. The Model

Censider a very ditfuse plasma confined to an iﬁﬁnite cylinder by a helical magnetic field—
produced perhaps By external conductors, including a wire down the axis of .the cylinder.
Suppose the plasma is heated by a radiation field that fills a thin disk acrose the cylinder,
and is repeated at fixed distances [ aiong the cylindrical axis. Finally assume that collisions
do no more than spoil any phase relations between the particles eﬁd the fields in successive
~ heating episodes, and assume further that there is no D.C. electric field. In this, the simplest

of contexts., we then will try to answer some of the questions raised above.

A What fraction of the electrons must be heated to give an
adequate X-ray signal? - ' '
To get at this we use the simple nonrelativistic form of the bremsstrahlung cross section,
. and write for the total flux of photons having frequency v produced by colhs1ons between

ions, and electrons of energy 5

Lt ey Y

Where g is the relatwe velocity on collision.

The useful measurable quantlty is proba,bly the total energy radiated above some cut off

"-flequency Vo, Wthh may be written

dé

E(UO) = nyn_ ¢mc [s_tyo Povf(v )/hio/g (hy) log [\/- \/;_;_1}

wlnch for a Maxwelhan distribution becomes

dE, 2 hvo
o (1/0) = ﬁn+n $mc? ng (kT)
where 1 mvg = kT and

/ dz ze az/ dyleg(l-l-ﬁ)

Integrating by parts eliminates the logarithm and reduces F' to
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This approaches 2/4/7 as a — 0 and for large o becomes

thus, for hvo > kT,

dE 2 o5 KT it
7 = .n+n_ﬁ¢mc Vg hz/oe‘ .

- If the heated electrons could also be represented as Maxwellian at a temperature 13, the
ratio of th'e'added flux to the background becomes’ |

g Adg/dt AnTy ﬁﬁ(l 2)

TTdgldt T n T TR\ T
The power radiated at energies greater than .5_ keV by a plasma w‘ith density n = 10** and a
temperature of 1keV is o

& ,
@ _ 1.6 x 10%eV/cm®/sec
dt . o
= _250pw§tt/cm3, .

‘and the ratio of the excess energy to background for a population at 2keV is

_ Ndgdt A
R T dEjdt ‘_24‘_5'}71

B. What r.f. power is needed for a given AE?
Since the electric field induces a change in velocity of Av where, in “circularly polarized”

rotation By = B-h = B;, Eyy = 25 (E, £iE,)
| 6‘ t . . : '
Av, = -—/ dt' E, (z',1') 79
m Jo A

and






d€
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" hence,
AE —-/cﬁﬁr (2,7) 2““/'ﬁ' (', ¢/) e

The trajectory integrals can be carried out in familiar fashion yielding

kJ.vJ. 1m—-n | w(n—a)Q+ kv
__/th wt)E]J(Q)( )45/ [wtn=c)tkyy ]t

The phases are random variables here, hence the Bessel func’mons must be of the same order,

_Whik the time integral is small unless
w+ (n— o)1 + k“v“ — 0.

If % is small, and w = 2Q this requires n and o = —1 and if, moreover, k vy /) = 2v__l_/c and

is small, ther1
m Q2

“where ¢; is the correlation time for the field, measured. along particle trajectories, :a,nd 1o the

EZtOtla )

AE =

total acceleration time. These times could be written 'as lo, lc‘/v“ Where__ lo is the acceleration
length and l the correlation 1ength for the r.f. ﬁeld A '
: v_l _ <sm [(Aw + k”v”) Zo/v”] >
‘ (Aw -+ k”v”) lo/’U“ '

-. If detuning is small [, = [y and the energy acquired becomes

‘ = gl 272
A8 = <m3)4<%> Elm

where, because the plasma dens1ty is low, we have assumed w/ k=ec

From this the power needed to provide a mgmﬁcant energy gain may be determmed If
AE = 1keV and g = S_L then PI? = 175 kwatts. |
- The actual power needed depends on the_systerrl used to excite the plasma. For a res-

onator, P is replaced by QP where Q is the qﬁality.factor. j2 clearly decreases as the

-







~acceleration and correlation lengths are increased. However, requirements seem fairly mod-

est.
C. What is the effect of multiple passes?

The correlation times depend only oﬁ the v which is unaltered by the traﬁsverse heating
fields, and if collisions, while destroying phase relations between particles and fields, do not
interchange & and &) then the energy gain depends only on &£, . Hence, if the first passage
gives an energy gain of s& so that the energy after passing through' the heating s¢¢tion
becomes (1 + s)&p the energy after N passages becomes (1 + s)V&.

If scattering reduées the ratio £./& by. a factor A between the heating sections the

perpendicular energy gain becomes
» gN = (1+S —‘A)Ngo.

If the redistribution factor is_enough to keep the ratio constant, the gain in total energy

becomes

&y = (I+NS)&. | -
. It is the multiplication factor at low collisions that makes multiple heating attractive.

Note that in the absence of scattering, the fraction of the particles heated is determined
by the first cyclé, thereafter all the (initia.lly heé,ted particles will accelerate in the same way,
since the correlation length depends only on v which is not changed by this purely transverse

heating process.

D. How many electrons are heated in a pulse?

The first question to be a,nswered-here is what fraction of the electrons are in the neighbor-

hood of the resonant field line. This depends on the bandwidth bf the r.f. field, and on the






~ Doppler shift, kjvy. The bandwidth of the excitation is determined by‘re(juiring that
(Aw + k“v”) o <,

since the integral which deterrnmes the correlation t1me—or length—falls oﬂ" for larger values

of the argument.
- The width of the resonant region then is determined by requiring that the gyrofrequency
lies within this bandwidth |
AQ < (Aw + k”v”) < —
From this

T 7rv|| L Ty,

T TR =T 5

where L, = (B.dB/ dz)~! is the magnetic field shear length. We may use these aiguments .

to write an expression for the number of pa,rtlcles that are accelerated. This is per umt axial

length

: An(r,c‘:) = 27r7'5rf (5“,8_1_)

2 TLL

T > f (5”, 5J_>

=27r

To find the number of partlcles Wh1ch are a,ccelerated to an  energy > & on the ﬁrst pass, we

- evaluate the number at &€ — A&, then 1ntegrate from & — co. If AS is not too large this

yields
. : —_ 92 FL—LS. 3 v”A af
An(>€0) | 2mr . é‘;)d' 885
where
| ' AS = E212 'UJ"

mc? v”
~ in the simplést approximation. The integral becomes
£\

1 1 .d'U 2 sin 9 —.(0/1;9)2 1 ( ) —E/ET
73/2 ET J1jaman=e, v§ /dﬂvlcos K =0 \/— kT (llog o 1) bt kT ’







- where the log o is the »re‘sult, of a cutoff used to avoid the singularity at vui = (0. This

singularity arose from approximating the field correlation as ! [v||- To determine a suitable
va,lue for this we must examme the correlation tlme more carefully.

The correlatlon tlme was deﬁned as

0 : : . l
</ dt e’A“’te’k"”"t> , where {5 = )
“\Jo

. l
which is indeed proportional to 1/v) provided v is not too small. However if kv is small

enough, so that it is € Aw then it may be neglected, the integral becomes
/ dt et IA w = / F(t)dt

where F is the envelope of E, and the correlation time is determined by the bandwidth.
As a specific and relevant example consider the r.f. source as a beam propagétiﬁg across

the magnetlc field in ‘a wedge, with a small openmg angle ¢o so that k = ksm¢ and

- k1 = kcos¢g for ¢ < ¢o. Then the

tc' — /Ofo dt/ dTi expi (Aw +k sin ¢'U||) t

| iAws SITL k¢0v||t
./ dt kgoyyt

R

The second fa,ctor depends only on the ratlo between the acceleration length v”t and the

- field correlation l_ength 1/kéo, and if thls is small, reduces to unity, and the correlation time

is determined by

1 to _t ! /
E/o th(t)/O dt' F(t

It = lo/v); is small, this does yield lo/e||, since the F' may be treated as constants; but if

* 1o is large, this is the autocorrelation time for the dr‘i‘v‘ing‘ﬁeld and is given by the r'eciprocal

of the bandwidth 1 / (Aw).' The mjnimum value of v is then v > (Aw) lp, and the minimum

A:‘: l°, and we approximate v by the thermal speed, and write

_ (Bw) 2060 _ [ (Aw) 2l
Ho =90 v \ w 7 <l

value of p is po =

-8






' ' Thén the accelerated fraction becomes

n(>¢&) _ 3/2 TLLs (AE} < (‘W'L ) ) ( 5c) ~E/kT .
T—Zw = e 2log A L] -1 1+ﬁ e unit length.

This is only valid if the bracketed quantity: is léss than 1, since no pa.rtiéles are created.
If (AE) = kT.the ffac;cion can be quite large. The 1ogarithﬁﬁc term, which represents the
steady heating of very slow particles will be removed if the model included a steady electric
field or éigniﬁcan’c scattgring or if nonlinear acceleration processes are important; but it
appears that a large fraction of the particles on the resonant surface could be accelerated

(although only a small fraction of the total number of particles).
E. What is the effect of fluctuations in the magnetic field?

: Suppoée that the magnetic field is steady, but the field lines straggle slightly about the
magnetic surfaces, j11' a random ‘walk, ‘characte_rized by the mean square ‘angle of departure
from the magnetic éurface (66%), and a correlation len’gt‘h Ig. The diffusion coeflicient,
yielding the rate af; ‘Which particles-diffuse from the surface as the‘y‘ move along the ﬁeld -
linezi‘s‘_\the'n D= I (66%) and the mean square displacement after traveling a dist_ance Lis
(62%) = L,lpg (502). Wheﬁ bz = ér the width of fhe acceleration zoﬁe, 1/e of the particles, on
‘arvel.'age, will ha\}e left the resonant region; hence the distance travelled before acceleration
stops is | .
- ' (6r%)  (6r%)
g (667) D

L=

If the .acceleration stages are sepai‘ated by a distance Zo then the nufnbér' of pos'sible staées
of acceleration is N = L/ly and the maximum energy reached by a partlcle of initial energy
& Wlll be &= (14 S5)V& and the X-ray spectrum should fall off at energ1es greater than
this maxunum evalua,ted at T | '

The model that we started with had an azimuthally symmetric heating fegidn, hence, é,ll

electrons on the resonant surface are heated on each pass. If, however, we were to restrict






that heating zone to a small sector, then to be heated, electrons would need not only to
pass_by the heating zone, but to have been on a ﬁeld.line. whose winding number Wars‘ such -
that it returned in the‘pr'oper‘ sector. If, t‘or example, the azimuthal ﬁeld was produced by a
current flowing in a wire going down the center of the\cylinder, so that B ~ 1/r, then with
a constant axial field, the pitch of the field line would vary as 1/r? and only those electrons
on surfaces for which r? = C/2Nn with C =%§~RL would be heated on every transit, thus

at specific values of the frequency, where the resonant condition

_eB, 14 C?
w= mc r2L?

and the periodic condition are simultaneously satisfied, the hea.tmg rate Would be mamrmzed

If instead 7* =. ( ) C, then heatmg would occur on every Mth transit, and field hne
diffusion would be more effective in limiting the spectrum Observe, moreOver, that the
relation between the per1od1c1ty and the resonance cond1t1on depends on the field geometry,

and in itself may give 1nformat10n about field geometry
F. Thé signal

/ As wé have seen doubling the electron energy enharrces the ene_rgy radiated at 5kT by a factor
| of 24 /electron. If \'&e consider the thresholci.at 10keV the factor is increased to 1_48‘,':'é,lthou'gh
the total energy is redrrced by ﬂx.ttle_ same factor_, Whtle the signal being reduced by 1/ V2.
Of coursle, a Maxwellian impiies that the distributiorl relaxes, but since the mean free path is
very long, this retluires either along observation time or some anomalous relaxation process. .
In the absence of such the colhsmnless treatment may be a better representatmn v |

Indeed, in the simplest case, in Wthh E“ remains constant the perpendicular energy

+ _
Bl _,E* ( * En)

and the distribution function may be obtained by writing it as the original function,

becomes after’ N passes

Maxwellian—in our case—with the original variables given in terms of their modified values,

10






o

so that

' E ' d3v
- f(E,EL) dv=f|Ey, SR —
f (By, Ev) f ( I <1+S/E”)N) (i sim)

To evaluate the radiation pfoduced we must form f(€), i.e., integrate over the angles.

Normalizing all energies to T yields

(e i+ -/ a+57e"))
(1+S/ew)Y '

9 1 & exp
F(E)dE = 7—5/5}4 dio /_1 du d€

As we have observed, the £ dependence in the energy gain saturates at a minimum i_falue of -

(Aw) Iy ‘
(BB

v?

b= (o) =

po(v) =

(AABIT 3
vi E- &

We may then approximate the integral over u by steepest descents, noting that the term in

the exponent is a decreasihg function of 4 and that its second derivative is approximately 2.

- Thus we replace x by its minimum value, and write the integral as.

e
0

| o i\ w A\~
o f(S)d8—2ﬁd8\/§( > ‘e,Xp [—#3—5".(#3_{_5) .

pa+S

- The radiated power then b_ecdmes

d& - v g \/— ; Tt - hvo —’Ug !
— = n4An_gmcivy2 26» °(p3+5> Gl (#8+5> ’
where o : ‘ o

e —or ! ' 1+ Vl_ |
CG(a) = a2'/1 dz+/ze ,/l/zdylog (1——3:—\/—:—%)

= \/Tae™® [1 — ae® /oo e‘zd—x} .

o Z

For lafge &, G — (/7 /ae™* while for o small,

G — «/wa(l{- alnya):y=1.78.
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0

. . | .. N
Thus for large o, G = /27 F' and if the temperature ratiq is taken as (J-r—“jjs) ,

RoAdE/dt_, o 4T (R

dgjat oV T,

For hvo/kT = 5 and Ty/T = 2 this ratio is R = 170An/n the total power being

42 milliwatt/cm?.
The maximum energy is determined essentially by the bandwidth, for as the energy

increases, the gyrofrequency shifts by a factor

AQ _AE
Q" B

For TEXT with r = 3.810 cm, and with a correlation length of 1cm, a bandwidth of .002

permits an energy gain of l'keV, and yields = 0.4. With a gain factor of S = 0.16 a single-

pass doubles the energy, and for a multiple pass heating, the gain/ pas’s would need to be
significantly less than this. ‘_
For the model we have picked, with the azimuthal field provided by a c_ﬂrrenf I carried

along the axis by a wire, so that By = 21I/r, Bz = coﬁst. then‘the pitch of the field line is

df/dz = Bs/B, = 2I/B,r and if Lp is the axial distance between accelerating i’egibns, the .

rotational transform in going between these is
=2IL D / B 27'2.

- If the accelerating region is not symmetric in azimuth, but confined to a narrow sector,

. then the rotational trahsform must be 2n7 if a second acceleration is to occur. At a radius

r = re, 18 = 2ILp/27B,, §0 = 27 so that a particle passes through the next accelerator

having gone a -distance

drl ]2

d = L [
°. 'Df1+BzLD

| = [L% + (27r7‘0)2] .
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There are other resonant radii, rm,ﬁ = roy/m/n for which a particle will pass through the nth

accelerating sector after having made m revolutions about the axis, and travelling a distance

- dmr 1Y
dn,m. = TZLD [1 + BZLD ] .

It is however clear that if the pulse length is more than a few microseconds, most of the low

order resonant surfaces will be saturated—indeed if the pulse length is 100 microseconds the

particle can travel for 1000 m and with Lp = 5m, then all particles on rational surfaces with |

n < 10 will be accelerated to saturation, and only the frequency can discriminate between
- surfaces.
If the field lines cannot be traced, the modification to the overall speétrum is obtained by
multiplying the flux from the accelerated partides by the fraction accelerated. If acceleration
~occurs at 7 = ro and the total radius is R then this fraction becomes
2n%rg L, A8
f= 2 L7 5.
TR lo 27

where Af is the width of the heated sector. If R = 30 cm, ro = R/2, L, = 1001, }’L =.02cm,

and A9 = 0. 1(27r) then since the flux at & = 5 keV is 170 times background the signal should |

be ea,sﬂy recogmzed for higher energles

Thls is an indication of how accelerated electrons might be useyd for investigating 'm'agnetict

field structures. If the X-ray intensity is great enough it may be p0551ble to Vlsuahze the
magnetlc field lines directly, but if this is not pos&ble the effects of multiple transits through
the heating zone produce field geometry dependept modifications to the X-ray spectrum.
| To improve the analysis, we should consider those effects that m_ight'limjt' the energy
gain, the simplest of which is thé effect of iﬁterparticle collision's‘. '

Very roughly, collisions have thrée,rconsequences—they exchénge energy between parallel
and transverse motion, thus reducing the heating—they induce diffusion acroés' the field Hnes,
jﬁst_ as do magnetic ﬂué:tuations. Finally, if the magnetic_conﬁgufatidn is to be maintained,

and requires a plasma current as is the case in a tokamak, then a steady electric field is needed

13







and this can induce an_indepen'dent population of fast electrons—the runaway population—

which itself can be modified by the ECRH.

II1. Collisions -

We content ourselves here with the simplest linear treatment of collisions. In this approxi-
mation, the distribution function is written as f = fo+ f1 where fy is taken as Maxwellian,
hence is nb.t affected by collisions. The Fokker—P_lanck equation then becomes

af 1 0 8

with the drag and diffusion coefficients given by F,D = LF;, D;

2 v drlog A -
F¢ = —\/-—7?—.1/1,VG (;;) v v = W
.D, = _\/7?1/,2 2(1~YV)H - 4—2(1.—3vv)G -~

the sum being over the target species, to which the thermal speeds and reduced masses also
 refer. If the electron energy signiﬁcantly exceeds the ion thermal speed, the ion contributions

simplify to

4(7r) 1ogA L VTl
F = WV, since G — —'2—3:—3-
' 2mlogAl
D M 2 (1 )

We will be mostly interested in the scattering of energetic electrons, and if the electron
velocity is greater than about twice the ‘thermal speed, the electron coefﬁéients alsé simplify.
Sinée the ion coefficients are now independent of témp‘era,turé,'while the reduced masses are
m (the electron mass) in the ion terms and m /2 in the electrbﬁ terms, the two terms may

he combined, written in terms of the electron cbllision frequency

47re4 log A
m2uvy

14






and the electron thermal speed to which vs now refers: The Fokker—Planck equation becomes

) ) 3 3 1.3 4
Srugt s {(2) v ita-o -t () h-sa =0

We use this first to determine the relaxation rate—i.e., how rapidly the ratio u? = é’" /E
relaxes to its equilibrium value = 1/3.

Writing f = fou reduces the Fokker-Planck equation to

1[0 0 V.. 0 0 :
f [(8t+vuaz)ﬂ2—i—”—9(1— oiE-al: 22 <o

for
. . afo . . 6 2 A
D . a—v = —Ffo and 8_V 1+,
Moreover,
g0 , 1 2)
| .(1——vv) v éﬁ(l—3u)
hence | -

0 15 (NP,
gy (=) + - () (-97) =0
Hence the relaxation length becomes | ‘
A v\t < w\* 4 v 4 'v-‘;1
() e () ST )
# <vg) f. ve/ 15 v 15 \vy

where A is the mean free path.

For a density of 1 x 103 and a tempera,ture of 1 keV this becomes about 4000 meters,

: 1ough1y 670 transits of the TEXT tokamak and except for very large winding numbers is

unlmpomant Cross—ﬁeld diffusion is determined by the diffusion coefﬁc1ent

. , . o
" Dy=vr; - = \ (v—) for spatial diffusion
_ : 9

and this means that a minimum magnetié field fluictuation is needed in order to dominate the

loss of heated electrons. Comparing collisional diffusion with the field diffusioh in Sec. ILE

requires ' R

2,4
(86%) > l;L)\vz:‘f‘

15






Iv. Runaways

l"mally we turn to the effect of a D.C. electric field. For fast electrons, the motion is

determined by the electrlc acceleration and the drag, so that the equatmn of motion becomes

dy)| ng 8 e
() m=pE

. If we consider the case for which v; = 0 and | is large enough initially, we obtain

31)“ v3 e . dz I

which can be integrated to yield

: . .
lmv” eEz =K — —fzilog (C_m__l) ,

2 C Czi—1
where .
‘ leE)\_f )
» C kT ! (l: - ’Ug.

If on the other hand vJ_ is large init_ially the motion in v) is given by

v _eg

=) + v- Ul? T N3/2
(+ep)” ™

dt

which can be written as , |
, . 2
m% +W =C=C Z—é‘ |
The function ¢/ (14« )3/ has its maximum at a: =1/2 Where its value is 9/\/— =
: 0.385,‘ and if C exceeds this, then any electron will run away in the D.C. field. If C is less
than this there will be a minimum parallel velocity needed _fqr runaway, éiven for small C
by z = 1 / \/5 . | | |
Again the equation of motion may be integrated, although that operétioﬁ is\ a little
complex, with the -resulf ‘ |
' 1

imvﬁfeEz=I(-;F(m,C’),

16






where the energy loss F' is again logamthmlc for large values of its argument which is now

, (v + v”) /’Ug

In TEXT, however, the field amounts to only a few volts/ transit, and again, except for

very large winding numbers, the parallel energy gain is not important, 'althoughb the increase

_ in runaway population may be dramatic..

In TEXT with a density of 6 x 103, a ternperature of 0.92keV, and a current density of

400 amp/cm, the constant C' = .05, and an initial energy of 7kT is needed to yield runaways,

and the population is 3 x 10~2. However, if the electrons are locally heated by a factor of 2,

then there is a local increase in the runaway fraction to 4.8%, an increase of a factor of 10,

and this added population may be useful in studying internal turbulence.

This oversimpliﬁed'analysis suggests a number of important questions, among them:

.a)

What is the effective field correlation length for a given radlatlon pattern, and how

s thls altered by the presence of the plasma, and by uncontrolled variations in its ‘

prop ertles‘? ’

- What is the radlatlon pattern produced in an open resonator of a given type? Can

any such ‘structure s1gn1ﬁcantly increase the plasma heatmg, by enhancmg the field

strength while maintaining the correlatlon? This requires determmlng the details of

' the diffraction pattern, and in determining its sensitivity to the _effect of the plasma.

Ina glven radiation pattern which is 1ntended to heat the electrons 51gn1ﬁcantly, What

are the important nonhnear effects? Note that a plane wave is not an adequate model.

Is the enhanced bremsstrahlung the best diagnostic for the fast electrons?_ Can the

field lines be visualized in some way? If so, this would loe preferable to looklng at the

spectrum.

‘What effect do the irradiated electrons have on the magnetic structure they are sup- '

posed to investigate? It is conceivable that the local heating might alter tearing modes

17






in such a way that the hot electrons find themselves in a closed rational flux tube,
threading the heated region. In other plaées the field might be stochastic, but this

intrusive diagnostic would never know.

f) Can this method distinguish between the various kinds of disturbances that can produce
cross-field diffusion? Perhaps the electrons are going rapidly, and may not be much
influenced by electric fields, for example.i What scale can be determined: clearly the

minimum must exceed the gyroradius of the energetic electrons, but by how much?

g) Are there instabilities, and fluctuations, induced by the fast electron population it-
self, which might redistribute electron energy or induce cross-field transport that has

nothing to do with the unmodified plasma?

There are many other questions, incluvding such obvious ones as the actual motion of the
energetic electrons in a tokamak that need to be ‘answered,' but any diagnostic that provides

even a promise of getting at the internal field geometry,‘is worth a little effort!
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Appendix 1: T'he' Runawéy Problem

If v>2vand v =0, the equation of motion becomes

dy l
ydz Z=0

where y is the parallel velocity normalized to the thermal speed, y = v} /vy C is the normalized

'electnc field = %e,f;:\ and the displacement Z is normalized to the mean free path z= Z/x

1o
dv_
5metlog A’

A=

" Then
1 C’y —1 9 "m’U” 2tSE)\

1 .
— — fand —_— =i 1-
2y C’z K+ = log o 3_1 Cys T &T >

C

If v, = 0 we normalize to v,, z = v“/v_,_ and ) acquires a factor (v) /vg)’. The equation Qf

. motion becomes

dz z .
| ANt
which fna.y be integrated to |
A idr
_ CA+z2)*? -z
We need to show that for large argument the last term i is ridt greater than

log v”vi + constant log (:z: + 1 + w2)
Vg

=K ~J.

—:c +C’z;-l{ /

We handle the 1ntegral by substltutmg T = smh u, with u = log (:z: + \/1 —|- :cz)

; ' sinh®wcoshu -
J = C cosh®u —smhudu

1 C (cosh3 u — cosh u) |
CJ  Ccosh®u —sinhu
‘w1 f Ccoshu —sinhwu

C CJ Ccosh®u—sinhu

= Zl;,—log (z+ Vita?) —éjz-
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Now again change variable to Z = expu. Then

- 2y 30y
$(2+3)-4(z-9) 7
_/ C(Z*+1)—-(22-1)
S ez’ —z2(22-0)

/ C—-1w+C+1]dw
2 Clw+1) —ww-1)

‘.72.'=

Zdz

for w= 272
We can express J, in terms of the roots of the cubic

(w+1) —éw(w—l) ~0.

It is clear that for any value of C there is one negative real root r while for C' = C’b =2/ 33,
there is a real double root. For C < Co there are two positive real roots, while for C > Cp the
roots are complex vconjuga,tes Only in the last case is'the motion unbounded for a,rbitrery
1n1t1al condltlons in the other two cases, the initial value of w must exceed the larger of the

two posmve roots Then

o —l
_j2 - /(w-l—r —7"1)(’1.0—-’["2) '

.,(O—l) dw | (C+1 do
o'./W—nMwawf< I )(w—ﬂW—me—m

Now | '
1 _ - 1 [ 1 1 2w;(r1+rz)
_(w—l—r)(w——rl)(w—rz) (r+r)(r+r) | wt+r 2(w—r)(w—ry)
| _ragm ]
f(w>mxw4mﬁ'

Hence

w—{-r

\/(w—r1 ;rg +B/ w =) —-7"2)

J» = Alog

= Alog 'w+7' . + B 10g( ,_Tl)a
_ \/(w—rl)(w-frz) (7'2__7'1) w =T
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where

4 - “ﬂ;”K§f140«inxwLJL

: B 2€ —1 r1 4o
R ()

Note that as Ty — T,

1 w—"T1 !
log - = ’
rg—T1 ~W-—T v
while ' |
log — w4 __llog[ _(wtr)®
Jw-r)w-r) 2 "L+ -gu(w-1)

For large w

1 -<w—r1') 1
log - T

ri—r2 o \w—ry .
while - |
| (w_+ e [ o 4] 1
SR A Sl b

Thué for large w',

J_v)%log:(?; ’_1+'$2), +.0 <%). .

 as was required.
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~Appendix 2: Evaluation of G(a)

Since this is not standard, we give the details

G) = o v T - g L
- 2a/ dt et [2t\ﬁt2_f—‘10gt+\/\/p—;l]
= 242 [28# / d\/ﬁTle-a(t"’-%?—l—.J] .
- 2 e -]
L - e ()
| = —%’e‘atztlog :o+%/e'°‘t2 log (Z—E%) dt
[2a / » tdt 2;/37728_a]
7= 7 / o |
‘G‘  = '\/ﬁ- [l-—ae"’ /:o e‘”df] .
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