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It is shown that in the framework of the weak turbulence theory, the autocorrelation and cascade
time scales are always of the same order of magnitude. This means that, contrary to the general
belief, any model of turbulence that implies a large number of collisions among wave packets for
an efficient energy cascade �such as the Iroshnikov–Kraichnan model� is not compatible with the
weak turbulence theory. © 2009 American Institute of Physics. �DOI: 10.1063/1.3177455�

I. INTRODUCTION

Magnetohydrodynamic �MHD� turbulence is present in a
wide variety of astrophysical systems such as the solar wind,
the interstellar medium, accretion disks, and so on. Incom-
pressible MHD is the standard model for the study of astro-
physical MHD turbulence. Although incompressible MHD
turbulence has been intensively studied for the past several
decades,1–18 many physical aspects of the problem still re-
main unclear. The first model of incompressible MHD turbu-
lence was proposed by Iroshnikov1 and Kraichnan.2 The
Iroshnikov–Kraichnan �IK� model of MHD turbulence is
based on the fact that nonlinear interaction is possible only
among Alfvén waves propagating in opposite directions
along the mean magnetic field. Therefore, an energy cascade
occurs as a result of collisions between oppositely propagat-
ing Alfvén waves. Consider the isotropic excitation of Alfvén
waves on some outer scale l0 with a characteristic velocity
v0�VA, where VA denotes the Alfvén velocity. The IK model
assumes that the energy transfer is local and isotropic in the
wave number space. The characteristic time scale of the
Alfvén wave collision is �ac

IK��kVA�−1, where k is the wave
number. Using the governing equations of incompressible
MHD, it can be shown that during one collision the distor-
tion of each wave packet �vl is of the order �vl /vl�vl /VA

�1. Because these perturbations are summed with random
phases N��vl /�vl�2��VA /vl�2, collisions are necessary to
achieve the distortion of order unity. Therefore, for the en-
ergy cascade time �cas

IK , we have

�cas
IK �

1

kvl

VA

vl
. �1�

Taking into account the relations ��vl
2 /�cas and vl

2�kEk,
where � is the energy cascade rate and Ek is the one dimen-
sional energy spectrum, we obtain

Ek
IK � ��VA�1/2k−3/2, �2�

which represents the IK spectrum of incompressible MHD
turbulence. Due to the condition v0�VA, the IK model is
usually deemed as the model of weak MHD turbulence �i.e.,
the model for which perturbation theory called weak turbu-
lence theory �WTT�19,20 is applicable�.

The IK model for MHD turbulence is isotropic. How-
ever, the presence of a mean magnetic field has a strong
effect on the turbulence properties, in contrast to a mean flow
in hydrodynamic turbulence, which can be eliminated by the
corresponding Galilean transformation. The anisotropy of
MHD turbulence had been seen in various numerical
simulations.3,8,10,12 Different theoretical models of weak5,7,9

as well as strong4,6,17,18 anisotropic MHD turbulence have
been developed to the date. In Ref. 3 it was shown that the
lowest order three wave interactions among Alfvén waves
are possible only if the parallel �with respect to the constant
magnetic field� wave number of one mode is 0. This implies
that in the framework of WTT there is no parallel cascade of
energy. Consequently, the turbulence is anisotropic and the
energy is cascaded to larger values of the perpendicular wave
number.

Comprehensive study of the MHD turbulence in the
framework of the WTT has been performed in Ref. 9, where
the full coupled equation for shear and pseudo-Alfvén waves
has been derived and analyzed. Stationary solutions of the
WTT equations has been found and was shown that for bal-
anced turbulence the three dimensional energy spectrum is
E�k� ,k����1/2k�

−3. The validity criterion of the WTT for an-
isotropic MHD turbulence is6

k�vl

k�VA
� 1. �3�

The usual interpretation of this condition implies that the
nonlinear strain time should be less then the wave period.

In the present paper we study incompressible MHD tur-
bulence in the framework of the weak coupling approxima-
tion �WCA�,19 which represents one of the equivalent formu-
lations of the direct interaction approximation �DIA�.22 The
WCA allows us to study both weak and strong limits of
MHD turbulence in the framework of a unified formalism. In
the case of zero residual energy, we rederived the WTT equa-
tions from the WCA equations of incompressible MHD tur-
bulence derived earlier in Ref. 9. We show that in the frame-
work of the WTT the autocorrelation and cascade �evolution�
time scales are always of the same order of magnitude. This
means that, contrary to the general belief, in the WTT N
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�1 and, consequently, any model for MHD turbulence that
implies N�1 �such as the IK model� is incompatible with
the WTT.

This paper is organized as follows. The WCA formalism
for incompressible MHD turbulence is described in Sec. II.
The WTT equations are derived and analyzed in Sec. III. The
conclusions are given in Sec. IV.

II. THE WCA EQUATIONS FOR INCOMPRESSIBLE
MHD TURBULENCE

Consider incompressible MHD turbulence in the pres-
ence of a constant magnetic field B0 directed along the z
axis. The equations of ideal MHD, governing the evolution
of fluctuations of the Elsasser variables, are

�tU1 − VA�zU1 = − �W1 · ��U1 − �p , �4�

�tW1 + VA�zW1 = − �U1 · ��W1 − �p , �5�

where VA�B0 /�4�� is the Alfvén velocity, W1=v1+b1 and
U1=v1−b1 are fluctuations of the Elsasser variables, v1 is the
turbulent velocity field, b1�B1 /�4�� denotes the magnetic
field of the fluctuations in velocity units, p is the pressure
normalized by the density, and �t�� /�t.

Performing a Fourier transform, neglecting pseudo-
Alfvén waves which are known to play only a passive role
for strongly anisotropic MHD turbulence,6 defining the unit

polarization vector of the shear Alfvén waves as êk= k̂�z,
and introducing the amplitudes of the shear Alfvén waves as

wk = i	kêk, uk = i
kêk, �6�

Eqs. �4� and �5� are reduced to the following set of equa-
tions:

�� − �k�	k = 	
−�

�

T1,2	1
2dF1,2
k , �7�

�� + �k�
k = 	
−�

�

T1,2
1	2dF1,2
k , �8�

where T1,2� i�êk · êk1
��k · êk2

� is the matrix element of inter-
action.

Applying the standard technique of WCA, one can then
obtain the following set of equations:17

k
+ = 	

−�

�


T1,2
2�1
+I2

−dF1,2
k , �9�

− i�� − �k�Ik
+ = �k

+�	
−�

�


T1,2
2I1
+I2

−dF1,2
k

− Ik
+	

−�

�


T1,2
2�1
+I2

−dF1,2
k , �10�

and similar equations for k
− and Ik

−. Here k��k ,��, the caret
denotes the unit vector, u1 denotes uk1

, �k=kzVA is the fre-
quency of the Alfvén wave, dF1,2

k �d4k1d4k2�k−k1−k2
, and

�k−k1−k2
���k−k1−k2� is the Dirac delta function,

�	k	k�
� � = Ik

+�k−k�, �
k
k�
� � = Ik

−�k−k�, �11�

and

�k
� =

i

� � �k + ik
� . �12�

Equations �9� and �10� are useless unless some assumptions
are made about the frequency dependence of �k

� and Ik
�.

Equivalently, in the framework of the DIA, one should make
some assumptions about the time dependence of G��k ,��
and Q��k ,��,21 which are the corresponding inverse Fourier
transforms of �k

� /2� and Ik
� with respect to � �i.e., �	k�t

+��	k�
� �t��=Q+�k ,���k−k��. One of the simplest and fre-

quently used assumptions implies that21,22

G��k,�� = exp�− 
�k
�
� � i�k��H��� , �13�

Q��k,�� = exp�− 
�k
�
� � i�k��Ek, �14�

where H�t� is the Heaviside �step� function and Ek is the
energy spectrum.

Similar to Eqs. �13� and �14�, in the case under consid-
eration, we assume that

k
� = �k

�, �15�

Ik
� =

Ek
�

�

�k
�

�� � �k�2 + ��k
��2 . �16�

Here, for simplicity, we consider the symmetric cases �k
�

=�k and Ek
�=Ek, which physically correspond to a turbu-

lence with zero cross helicity. Although we consider the sym-
metric case, in the further analysis we will keep the � signs
for the energy spectra in order to underline the fact that non-
linear interactions are possible only between counterpropa-
gating modes.

�ac�1 /�k is the autocorrelation time. As it was men-
tioned in Refs. 2 and 19, the random Galilean invariance
requires that, before applying the WCA �DIA� closure
scheme to Eqs. �7� and �8�, one should remove the influence
of the velocity field of low frequency modes �for a more
detailed analysis see Ref. 17�. If this is done, and the corre-
sponding contributions are removed from Eqs. �9� and �10�,
then �ac represents the Lagrangian autocorrelation time scale,
which is called “the duration of unit act of interaction” in
heuristic models of the turbulence.

III. DERIVATION AND ANALYSIS OF THE WTT
EQUATIONS

Substituting Eqs. �15� and �16� into Eq. �9� and perform-
ing an integration with respect to the frequencies, we get

− i�� − �k�Ik
+ = �k

+�	
−�

�


T1,2
2RaE1
+E2

−dK1,2
k

− Ik
+	

−�

�


T1,2
2RbE2
−dK1,2

k , �17�
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�k = 	
−�

�


T1,2
2RbE2
−dK1,2

k , �18�

where

Ra =
1

�

�1 + �2

��1 + �2�2 + �� − �k + ��k12�2 , �19�

Rb =
1

��1 + �2� − i�� − �k + ��k12�
, �20�

dK1,2
k �d3k1d3k2�k−k1−k2

, and ��k12=�k−�k1
+�k2

.
According to Eq. �16�, Ik

� significantly differs from zero
when ��−�k���k. First of all, consider the real part of the
right hand side of Eq. �17�, which describes the nonlinear
decay of the fluctuations �whereas the real part describes the
frequency shift caused by nonlinear interactions�. Consider
the limit �k→0. In this case, the width of the wave packets
tends to zero and Eq. �16� yields Ik

�=Ek
�����k

. In the con-
sidered limit the integrals on the right hand side of Eq. �17�
are dominated by the contribution of the small vicinity of the
so-called resonant curve �defined by the condition ��k12=0�,
where the condition

��k12 � �k �21�

is fulfilled. The solution of the resonant condition ��k12=0
is kz2=0. Consequently, three wave resonant interactions
must include the zero frequency mode.3,7,9 The volume of the
wave number space occupied by the resonant area where
condition �21� is fulfilled is ��k / ���k /�kz��k�

2 . Taking also
into account that a typical value of Ra and R�Rb� /� in the
resonant area is 1 /�k, noting that T1,2�k�, and assuming
that the nonlinear energy transfer in the k� plane is domi-
nated by triad interactions with k��k�1,2, then the contribu-
tion of the resonant area in �say� the first integral of Eq. �17�
can be estimated as k�

4 E+�kz ,k��E−�0,k�� / ���k /�kz�. Simi-
larly, the contribution of the rest part of the k space is
�kkzk�

4 E+�kz ,k��E−�kz ,k�� /�k
2. Consequently, the domina-

tion of the resonant contribution implies that

�k

�k

E−�kz,k��
E−�0,k��

� 1. �22�

If this condition is fulfilled, one can replace Ra and R�Rb� /�
by ���k−�k1

+�k2
�����k12

. Then, the real part of Eq. �17�
reduces to

− �kEk
+ = �	

−�

�


T1,2
2E2
−�E1

+ − Ek
+����k12

dK1,2
k , �23�

where �k is the total decrement caused by the nonlinear in-
teractions.

In contrast to the DIA which operates with a two point
two time correlation functions and/or their Fourier trans-
forms �Q��k ,�� and Ik

��, the WTT implies Markovian clo-
sure and, consequently, operates with the Fourier transform
of a two point one time correlation function nk

��t� defined as
�	k�t�	k�

� �t��=nk
��t��k−k�. As is known, the nonlinear decre-

ment of a one time correlation function for a zero time sepa-
ration is twice larger than the nonlinear decrement of a two

point correlation function since all temporal derivatives in
the dynamic equations now act on both the time variables.21

Consequently, according to Eq. �23� the dynamic equation
for nk

+�t� is

�nk
+

�t
= 2�	

−�

�


T1,2
2n2
−�n1

+ − nk
+����k12

dK1,2
k . �24�

Similar manipulations lead to the following equation for
nk

−�t�:

�nk
−

�t
= 2�	

−�

�


T1,2
2n2
+�n1

− − nk
−����k12

dK1,2
k . �25�

These equations represent the WTT equations for weak
MHD turbulence �with zero residual energy�, which was first
derived in Ref. 9 using the standard WTT technique.

Let us now turn back to the imaginary part of Eq. �17�.
For validity of the WTT, it is necessary that the frequency
shift caused by nonlinear interactions is smaller than �k.
Taking into account that, according to Eq. �18�, �k
�k�

4 E−�0,k�� /��k /�kz, an analysis similar to the one per-
formed above shows that, in addition to Eq. �22�, the follow-
ing condition should be satisfied:

�k

�k
� 1. �26�

The validity conditions of the WTT in a form similar to Eqs.
�22� and �26� were first derived in Ref. 19. In general case,
the validity criterion of the WTT was found to be identical to
Eq. �26�. The appearance of the additional condition �22� for
the validity of the kinetic equation �24� is related to the de-
generate character of the solution of the resonant condition
�k=�k1

−�k2
, which implies that k2z=0 and, therefore, re-

quires the participation in nonlinear interactions of modes
with very low frequencies �in the context of the performed
analysis it is clear that E−�0,k�� in Eq. �22� should be un-
derstood as the average energy density of the modes with
kz��k / ���k /�kz��. If Eq. �26� holds but the intensity of the
low frequency modes is very low, such that left hand side of
Eq. �22� is much greater then unity, then the kinetic equation
�24� is not valid. However, it can be shown that the WTT is
still valid then and the nonlinear interactions are dominated
by four wave interactions. The corresponding kinetic equa-
tion was derived in Ref. 5. Introducing the characteristic ve-
locity of the perturbations with a characteristic parallel
length scale lz�1 /kz and perpendicular length scale l�

�1 /k�, respectively, as vl
2�kzk�

2 E�kz ,k��, conditions �22�
and �26� are reduced to the following ones k�vl /kzVA�1 and
�k�vlE�0,k��� / �kzVAE�kz ,k����1. Note that the first condi-
tion coincides with Eq. �3�.

Another important temporal characteristic of the turbu-
lence �together with �ac� is the energy cascade time scale �cas

which represents the time scale of the energy cascade de-
scribed by Eq. �24�. A simple way of determining �cas is as
follows �a mathematically more sound derivation can be
found in Ref. 20�: in the case of stationary turbulence, the
left hand side of Eq. �24� is zero. However, the characteristic
time scale of the energy cascade can be determined if we
retain only the modes with 
k1�
� 
k�
 on the right hand side
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of Eq. �24�. The equation then obtained describes the energy
transfer from the mode with a wave number k� to the modes
with higher perpendicular wave numbers. The right hand
side can be estimated as n+ /�cas. The analysis of the left hand
side terms similar to the one performed for the estimation of
�k yields

�cas � �ac �27�

and, consequently, the WTT always suggests that N
���cas /�ac�2�1. These arguments show that the IK model,
which implies that �ac��kVA�−1, �cas�VA / �kvl

2� and, conse-
quently, N��VA /vl�2�1, are incompatible with the WTT.
Note that in the considered isotropic case, Eq. �3� leads to the
�incorrect� conclusion that the turbulence is weak. On the
other hand, because �ackVA�1, Eq. �26� yields that the IK
model does not correspond to the weak turbulence limit.

As was shown above, the width of the resonant are is
�kz���k /�k�kz. Taking into account Eq. �26�, this implies
that physically nonlinear interactions in the framework of the
WTT can be interpreted as resonant interactions among spa-
tially very large wave packets �with characteristic size �l
���k /�k� /kz�. Although the nonlinear interactions are weak,
the interacting wave packets are very large such that an origi-
nal wave packet decays before interacting wave packets pass
through each other. Because the introduction of the Dirac
delta function in Eq. �24� requires the limit �k /�k→0, it is
sometimes stated that in the framework of the WTT the units
of the nonlinear interactions are not wave packets of a finite
spatial extent but spatially infinite Fourier harmonics.19

IV. CONCLUSIONS

Both strong and weak turbulence regimes of incompress-
ible MHD turbulence were considered in the framework of
the WCA. We showed that in the framework of the WTT the
autocorrelation and cascade time scales are always of the
same order of magnitude and, consequently, the WTT always
suggests that N�1. Physically, this is caused by the fact that
the framework of the WTT can be interpreted as the resonant
interaction among spatially very large wave packets �with
characteristic size �l���k /�k� /kz�. Although the nonlinear
interactions are weak, the interacting wave packets are very

large such that an original wave packet decays before inter-
acting wave packets pass through each other.
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