
Zonal flow generation by internal gravity waves in

the atmosphere

W. Horton,1,2 T. D. Kaladze,3 J. W. Van Dam,1 and T. W. Garner2

Received 29 November 2007; revised 19 March 2008; accepted 30 April 2008; published 22 August 2008.

[1] A novel mechanism for the generation of low-frequency large-scale zonal flows by
higher-frequency, small-scale, finite-amplitude internal gravity (IG) waves is analyzed
in the atmosphere from the troposphere to the ionosphere E layer. The nonlinear
generation mechanism is based on the parametric excitation of convective cells by finite-
amplitude IG waves. A set of coupled equations describing the nonlinear interaction of
IG waves and zonal flows is derived. The generation of zonal flows is due to the Reynolds
stress and mean stratification forces produced by finite-amplitude IG waves. The onset
mechanism for the instability is governed by a generalized Lighthill instability criterion.
Explicit expressions for the maximum growth rate as well as for the optimal spatial
dimensions of the zonal flows are derived. The growth rates of zonal flow instabilities and
the conditions for driving them are determined. A comparison with existing results is
carried out. The present theory can be used for the interpretation of IG wave observations
in the Earth’s atmosphere and laboratory experiments. Some earthquake-related
phenomena are briefly discussed.
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1. Introduction

[2] It is widely thought that nonlinear energy transfers
from small- to large-scale length fluctuations (inverse cas-
cade) is an important mechanism for the spontaneous
generation of large, coherent structures both is atmospheres
and magnetized plasmas. In this work we present a detailed
calculation for the generation of sheared flows in the
atmosphere and lower ionosphere from the parametric decay
of finite amplitude internal gravity waves. The analysis
finds the conditions on the wave number vector and
amplitude for small-scale gravity waves to spontaneously
excite vertically sheared zonal flows.
[3] Both ground-based and satellite observations clearly

show that at different layers of the atmosphere, there exist
large-scale quasi-two-dimensional band-like flows with
nonuniform velocities along the meridians. Such flows
(winds) parallel or nearly parallel to the lines of latitude
are termed zonal (sheared) flows. Important examples
include the zonal flows in Jupiter and the stratospheric
polar jet in Antarctica. These zonal flows create transport
barriers that have a crucial influence on mixing and con-
finement. For example, strengthening of the Antarctic ice

polar jet in spring leads to dramatically enhanced seasonal
destruction of lower stratospheric ozone zonal flows.
[4] Zonal flows may give rise to long-lasting vortices

through secondary shear flow instabilities; for example, the
Jupiter red spot may have been formed this way. Recently, it
has been realized that zonal flows play a crucial role in the
regulation of the anomalous transport in a tokamak. For
these reasons, the problem of existence and stability of
large-scale structures, such as convective cells, zonal flows, and
jets, and their role on transport has been intensively investigated
both in laboratory plasmas [see, e.g., Hasegawa et al., 1979;
Terry, 2000; Diamond et al., 2005] and in geophysical fluid
dynamics [see, e.g., Busse, 1994; Rhines, 1994].
[5] The generation of zonal flows is still not fully

clarified. That zonal flows may be produced by a nonuni-
form heating of the atmospheric layers by solar radiation
has been well known [Gill, 1982]. Recently, however, there
have been active investigations of the generation and
evolution of large-scale structures on the basis of nonlinear
interactions propagating in nonuniform magnetoplasmas
waves with the inhomogeneous zonal wind (shear flow)
[see, e.g., Smolyakov et al., 2000; Manfredi et al., 2001;
Shukla and Stenflo, 2002; Kaladze et al., 2005]. It has been
found that drift waves strongly couple with zonal flows
whose dynamics is governed by the drift wave form of the
Reynolds stress tensor. The driven flow is nonlinearly
coupled with the Hasegawa-Mima equation in the drift
wave-zonal flow theory. The generation mechanism is based
on the parametric excitation of zonal flow due to the
Reynolds stresses produced by finite-amplitude drift waves.
Generally, zonal flows vary on slow timescales compared
with finite-frequency waves. In the absence of zonal flows
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the weak turbulence theory of the internal gravity waves has
been worked out in detail and shown to have an anisotropic
Kolomogorov-like spectra with indices of �3/2 to �2 by
Caillol and Zeitlin [2000]. The weak turbulence calculations
neglects the effects of vortex-wave interactions and the
suppression of the turbulence level by the zonal flows.
Thus, the actual wave number spectrum may be steeper
and consistent with the observations that show a �3 spectral
index for smaller-scale wavelengths. The study of the
evolution of the combined wave/vortex turbulence with
zonal flows remains an open problem.
[6] Similarly, the atmospheric medium builds up condi-

tions which are favorable to the formation of electromag-
netic nonlinear stationary solitary wave structures also
[Pokhotelov et al., 1996, 2001; Chmyrev et al., 1991;
Kaladze et al., 2003; Lawrence and Jarvis, 2003]. In reality,
several planetary atmospheres can support both propagating
waves and zonal flows, and they thus constitute dynamic
systems which exhibit complex nonlinear interactions. As
there is a well-known analogy between drift waves and
Rossby waves [see, e.g., Nezlin and Chernikov, 1995;
Horton and Ichikawa, 1996] the idea of generation of zonal
flows by tropospheric Rossby waves on the basis of kinetic
equation for wave packets was put forward by Smolyakov et
al. [2000]. Using the formulation of parametric instabilities
on the basis of three waves resonant nonlinear interaction,
the theory of zonal flows generation by monochromatic
Rossby waves was further developed by Shukla and Stenflo
[2003], Onishchenko et al. [2004], and Kaladze et al.
[2007a]. These works show that zonal flows in a nonuni-
form rotating neutral atmosphere can be excited by finite-
amplitude Rossby waves. The method is to calculate the
interaction of the pump wave (Rossby wave) with a sheared
flow and the two pump wave satellites. This approach is an
alternative to the weak-turbulence approach used by
Smolyakov et al. [2000]. The driving mechanism of this
instability is due to the Reynolds stresses which are inevita-
bly inherent for finite amplitude small-scale Rossby waves.
Owing to this essential nonlinear mechanism spectral energy
transfers from small-scale Rossby waves to large-scale
enhanced zonal flows (inverse cascade) in the Earth’s neutral
atmosphere including the lower ionosphere.
[7] Zonal flow generation has been considered within a

simple model of Rossby-wave turbulence, using the classi-
cal nonlinear two-dimensional Charney equation [Terry,
2000]. The necessary condition for zonal flow generation
is similar to the Lighthill criterion for modulation instability
in nonlinear optics [Lighthill, 1965], as shown here for
gravity waves.
[8] In the present paper we develop a modified parametric

excitation mechanism for the problem of zonal flow gener-
ation by the low-frequency branch of acoustic gravity waves
or internal gravity (IG) waves. In contrast to Rossby waves
IG waves are described by two potential fields (y, c), which
produces two driving stresses, the Reynolds stress and the
stratification stress. In addition, the zonal flow has only one
component of velocity along parallels which depends on the
vertical z-coordinate.
[9] The article is organized as follows: in section 2 the

spectral analysis of the problem is carried out and zonal
flow evolution equations in terms of velocity potential
function and density perturbations are derived considering

the three waves resonant parametric interaction between the
zonal flows, the primary (pump) IG modes generating the
flows, and the side-band amplitudes, which depend on both
the primary modes and zonal flows. Then, we calculate the
driving forces of zonal flows, which are the mean Reynolds
stress and the stratification force. Owing to the assumption
of a distinct timescale and space-scale separation between
the turbulent oscillations and the zonal flow, the zonal flow
dispersion equation is derived in section 3, which is a
biquadratic equation with respect to the zonal flow mode
frequency. Zonal flow instabilities with the corresponding
growth rates in different regimes are discussed in section 4.
Our discussion and conclusions are presented in section 5.

2. Zonal Flow Evolution Equations

[10] Low-frequency acoustic gravity waves or internal
gravity (IG) waves can be described by the following
system of equations [see, e.g., Stenflo, 1996]

@

@t
Dy� 1

4H2
y

� �
� Jðy;DyÞ ¼ @c

@x
;

@c
@t

� Jðy;cÞ ¼ �w2
g

@y
@x

;

8>><
>>: ð1Þ

where y(x, z) is the velocity stream function, c(x, z) is the
normalized density perturbation, g is the free fall accelera-
tion, H is the density scale height, and wg = (g/H)1/2 is the
Brunt-Väisälä or buoyancy frequency. The local Cartesian
coordinate system (x, y, z) is chosen with the east directed x
axis along parallels, the northward directed y axis along
meridians, and the z axis is directed vertically up. Thus the
velocity v = @zyx̂ � @xyẑ whose direction (Lie) derivative
v � r gives rise to the Jacobian in equation (1). The vorticity
gives rise to D = @2/@x2 + @2/@z2 the two-dimensional
Laplacian, and J(a, b) = (@a/@x)(@b/@z) � (@a/@z) (@b/@x)
is the Jacobian. It follows from the system (1) that small-
amplitude waves with frequency wk and wave vector k =
(kx, kz) satisfy the dispersion relation

w2
k ¼

k2xw
2
g

k2x þ k2z þ
1

4H2

: ð2Þ

[11] Equations (1) and (2) describe IG waves propagating
along the Earth’s parallels neglecting the Coriolis acceler-
ation from f = 2Wsinl where l is the latitude and W is the
angular rotation velocity of the planet. The neglect of f and
b = df/dy = 2W/Rpcosl in the internal wave dynamics is
valid for wk

2 � f 2 where f ffi 7 
 10�5 rad/s. The b effect
adds the vorticity term b@xy to equation (1) which is small
for (k2 + 1/4H2)wk > (kx/Rp)2Wcosl. The minimum IG
frequency min(wk/f ) = 2kxHwg/j f j ’ kxH(N/W) � 1.
[12] The nonlinear Jacobian terms in the system (1) allow

us to consider coupling between different modes. We
consider three-wave interaction, in which the coupling
between the pump IG and side-band modes generates
low-frequency large-scale modes, so called zonal flows.
Since the zonal flow varies on a much longer timescale than
the comparatively small-scale IG waves, one can use a
multiple scale expansion, assuming that there is a sufficient
spectral gap separating the large- and small-scale motions.
Following the standard procedure to describe the evolution
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of the coupled system (IG waves plus zonal flows), we split
the perturbations X = (y, c) in the system (1) into three
components [see, e.g., Onishchenko et al., 2004; Kaladze et
al., 2007a]:

X ¼ ~X þ X̂ þ �X ; ð3Þ

where

~X ¼ ~XþðkÞ expðik � r� iwktÞ
þ ~X�ðkÞ expð�ik � rþ iwktÞ ð4Þ

describes the spectrum of pump IG modes (~X�(k) = ~X*+ (k),
the sign * means the complex conjugative),

X̂ ¼ X̂þðkÞ expðikþ � r� iwþtÞ
þ X̂�ðkÞ expðik� � r� iw�tÞ þ c:c: ð5Þ

describes the spectrum of side-band modes, and

�X ¼ �X0 expð�iWt þ iqzzÞ þ c:c: ð6Þ

describes the large-scale zonal flow modes varying only
along vertical direction z. The sign c.c. stands for the
complex conjugate. The following energy and momentum
conservation conditions are fulfilled that w± = W ± wk and
k± = qzẑ ± k, and the pairs (wk, k) and (W, qzẑ) represent
the frequency and wave vector of the IG pump and zonal
flow modes, respectively. Considering the local approx-
imation the amplitude �X 0 of the zonal flow mode is
assumed to be constant.
[13] To obtain the relations between the spectral compo-

nents of pump IG modes, we substitute equation (4) into the
system (1) and follow the standard quasi-linear procedure.
We neglect the contribution of the small nonlinear terms for
the high-frequency relations, but for the low-frequency
zonal flow modes we will keep such nonlinear terms. Then,
we obtain for the IG pump modes

wkðk2 þ
1

4H2
Þ~yðkÞ ¼ kx~cðkÞ;

wk~cðkÞ ¼ w2
gkx

~yðkÞ;

8<
: ð7Þ

where k2 = kx
2 + kz

2. Solution of this homogeneous system
gives the dispersion relation in equation (2) for IG modes
and the eigenmodes (~y±, ~c±) = [1, ±wg(k

2+1/4H2)(1/2)]~y±.
[14] The contribution of small nonlinear terms is essential

in case of the low-frequency zonal flow modes. To obtain the
equations describing the turbulence and amplitude evolution
of the zonal flow modes, we substitute equations (3)–(6)
into the system of equations (1), we get

@

@t
D� 1

4H2

� �
ð~yþ ŷþ �yÞ

�Jð~yþ ŷþ �y;Dð~yþ ŷþ �yÞÞ ¼ @

@x
ð~cþ ĉÞ;

@

@t
ð~cþ ĉþ �cÞ

�Jð~yþ ŷþ �y; ~cþ ĉþ �cÞ ¼ �w2
g

@

@x
ð~yþ ŷÞ:

8>>>>>>>>><
>>>>>>>>>:

ð8Þ

Averaging over the fast small-scale fluctuations gives for
the zonal flow evolution the following system of equations

@

@t
D�y� 1

4H2
�y

� �
¼ < J ð~yþ ŷ;Dð~yþ ŷÞÞ >;

@

@t
�c ¼ < Jð~yþ ŷ; ~cþ ĉÞ >;

8>><
>>: ð9Þ

where the angular brackets denote the averaging over fast
oscillations.
[15] As to the turbulent part contributions, the nonlinear

terms are given only by the combinations ~y and ŷ with �y
and �c, i.e., from equation (8) we have

@

@t
D� 1

4H2

� �
ð~yþ ŷÞ � J ð~yþ ŷ;D�yÞ

�J ð�y;Dð~yþ ŷÞÞ ¼ @

@x
ð~cþ ĉÞ;

@

@t
ð~cþ ĉÞ � J ð~yþ ŷ; �cÞ

�J ð�y; ~cþ ĉÞ ¼ �w2
g

@

@x
ð~yþ ŷÞ:

8>>>>>>>>><
>>>>>>>>>:

ð10Þ

Owing to the structure (6) of zonal flow the system of
equations (9) may be reduced to the following one:

@

@t
D�y� 1

4H2
�y

� �
¼ @2

@z2
<

@~y
@x

@ŷ
@z

þ @ŷ
@x

@~y
@z

>;

@

@t
�c ¼ � @

@z
< ~y

@ĉ
@x

þ ŷ
@~c
@x

> :

8>><
>>: ð11Þ

Finally, from equation (11) we obtain the following
dynamic equations for zonal flow

�iW�y0 ¼ R?;
�iW�c0 ¼ Rk;

�
ð12Þ

where

R? ¼ q2z

q2z þ
1

4H2

<
@~y
@x

@ŷ
@z

þ @ŷ
@x

@~y
@z

>;

Rk ¼ �iqz < ~y
@ĉ
@x

þ ŷ
@~c
@x

> :

8>>><
>>>:

ð13Þ

The right-hand sides of equation (12) represent driving
forces of zonal flows, which are mean Reynolds stress (R?)
and mean stratification force (Rk), respectively. Both terms
are induced by the short-scale IG waves.
[16] Using the Fourier decompositions given by equations

(3)–(6), we have

R? ¼ q2z kx

q2z þ
1

4H2

½2kzð~y�ŷþ þ ~yþŷ�Þ

þqzð~y�ŷþ � ~yþŷ�Þ�;
Rk ¼ qzkxð~y�l̂þ � ~yþl̂�Þ;

8>>>><
>>>>:

ð14Þ

where

l̂ ¼ ĉ � kx
w2
g

wk

ŷ: ð15Þ
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In deriving equation (14) we used the expressions for ~c±

from the second equation of the system (7).
[17] In order to calculate the functions R? and Rk (see

equation (14)) the side-band amplitudes ĉ± and ŷ± should
be found. From the system of equations (10) we find

@

@t
D� 1

4H2

� �
ŷ� Jð~y;D�yÞ � Jð�y;D~yÞ ¼ @ĉ

@x
;

@ĉ
@t

� Jð~y; �cÞ � Jð�y; ~cÞ ¼ �w2
g

@v

@x
:

8>><
>>: ð16Þ

Let us find equations for ŷ± and ĉ± according to equations (5)
and (6). Then we get from equation (16)

@

@t
D� 1

4H2

� �
ŷ � @ĉ

@x
� Jð~y;D�y0Þ � Jð�y0;D~yÞ

¼ 0;
@ĉ
@t

þ w2
g

@ŷ
@x

� J ð~y; �c0Þ � Jð�y0; ~cÞ ¼ 0:

8>>>><
>>>>:

ð17Þ

From these equations we find corresponding amplitudes
satisfy the relations

iw k2 þ 1

4H2

� �
ŷ � ikxĉ  kxqzðk2 � q2z Þ~y�y0

¼ 0;

iwĉ � ikxw2
gŷ  qzkx~y �y0

kxw2
g

wk

� �c0

 !
¼ 0;

8>>>>><
>>>>>:

ð18Þ

where k±
2 = k2 + qz

2 ± 2kzqz, w± = W ± wk.
[18] The solution of equation (18) may be written as

ŷ ¼ i
kxqz

D
~y wðk2 � q2z Þ�y0 þ kx �y0

kxw2
g

wk

� �c0

 !" #
;

ĉ ¼ i
kxqz

D
~y kxw2

gðk2 � q2z Þ�y0

h

 w k2 þ 1

4H2

� �
�y0

kxw2
g

wk

� �c0

 !#
;

8>>>>>>>><
>>>>>>>>:

ð19Þ

where

D ¼ w2
ðk2 þ 1

4H2
Þ � k2xw

2
g: ð20Þ

Using expressions (19) for the auxiliary expression (15), we
obtain

l̂ ¼ � a

D
1�

�y0

�c0

wk

kx
k2 þ 1

4H2

� � �
1

4H2

W
wk

��

þ 2q2z
W
wk

þ 2kzqz  2kzqz
W
wk

 q2z

�
þ ðk2 � q2z Þ

W
wk

�
; ð21Þ

where

a ¼ ikxqzwk�c0
~y: ð22Þ

[19] Considering W/wk and qz/k to be small parameters
(meaning that the typical scales of the zonal flows are much
larger then the scales of the IG waves) we can write the
following ordering:

D ¼ Dð1Þ þ Dð2Þ  Dð3Þ þ Dð4Þ; ð23Þ

where

Dð1Þ ¼ 2qzkzw2
k þ 2Wwk k2 þ 1

4H2

� �
; ð24Þ

Dð2Þ ¼ W2 k2 þ 1

4H2

� �
þ q2zw

2
k þ 4qzWkzwk; ð25Þ

Dð3Þ ¼ 2qzkzW2 þ 2Wq2zwk; Dð4Þ ¼ q2zW
2: ð26Þ

[20] Similarly, expression for the value ĉ± in the system
(19) may be represented as

ĉ ¼ � a

D
1�

�y0

�c0

wk

kx
k2 þ 1

4H2

� � �
W
wk

k2 þ q2z
��

þ 1

4H2
 2kzqz

�
 2k2 þ 1

4H2

� �
þ 2kzqz

�
� k2 � q2z
� ��

: ð27Þ

[21] Now we begin the perturbative expansion of the
expression in equations (19)–(22) with respect to the small
parameters qz and W. Then the expression (27) may be
represented approximately as

ĉ � ĉð0Þ
 þ ĉð1Þ

 ; ð28Þ

where

ĉð0Þ
 ¼ � a

Dð1Þ k2 þ 1

4H2



�
�y0

�c 0

wk

kx
k2 þ 1

4H2

� �
2k2 þ 1

4H2

� ��
; ð29Þ

ĉð1Þ
 ¼ � a

Dð1Þ 1�
�y0

�c0

wk

kx
k2 þ 1

4H2

� � ��


 W
wk

k2 þ 1

4H2

� �
þ 2kzqz

 ��
� Dð2Þ

Dð1Þ ĉ
ð0Þ
 : ð30Þ

[22] Analogous perturbation we carry out for the
expression (21). We find

l̂
ð0Þ
 ¼ 0: ð31Þ

Thus

l̂ ’ l̂
ð1Þ
 þ l̂

ð2Þ
 ; ð32Þ

A08312 HORTON ET AL.: ZONAL FLOWS IN THE ATMOSPHERE

4 of 8

A08312



where

l̂
ð1Þ
 ¼ � a

Dð1Þ 1�
�y0

�c0

wk

kx
k2 þ 1

4H2

� � ��


 1

4H2

W
wk

þ 2kzqz

� �
þ k2

W
wk

�
; ð33Þ

l̂
ð2Þ
 ¼  aW

Dð1Þ2 1�
�y0

�c0

wk

kx
k2 þ 1

4H2

� � ��


 W2

4H2wk

k2 þ 1

4H2

� �
þ 4wkk

2
z q

2
z � 2k2kzqzW



� 2wkk
2q2z � q2z

wk

4H2
þ 2W

kzqz

4H2

�
þ Dð2Þ k

2

wk

�
: ð34Þ

3. Zonal Flow Dispersion Equation

[23] If we examine the contribution of l̂±
(1) to the second

expression of system (14) we become convinced that it
is zero. Thus in terms of l̂±

(2) in the expression Rk in
equation (14) reduces to

Rk ¼ qzkxð~y�l̂
ð2Þ
þ � ~yþl̂

ð2Þ
� Þ; ð35Þ

with l̂±
(2) of (34). This expression (35) for the stratification

stress can be represented in the following form:

Rk ¼ i
k2x q

2
zWwk

Dð1Þ2 Ikðf ck �c0 þ f
y
k
�y0Þ; ð36Þ

where

f
c
k ¼ k2 þ 1

4H2

� �
W2

wk

k2 þ 1

4H2

� �
þ 2kzqzW� wkq

2
z

 �
þ 4wkk

2
z q

2
z ; ð37Þ

f
y
k ¼ �wk

kx
k2 þ 1

4H2

� �
W2

4H2wk

k2 þ 1

4H2

� �
þ 4wkk

2
z q

2
z�



� 2k2kzqzW� 2wkk
2q2z � q2z

wk

4H2
þ 2

kzqzW
4H2

�
; ð38Þ

where Ik = 2~y+
~y� = 2j~y+j2.

[24] Using the expression for ŷ± from the system (19),
analogous calculations carried out for the value R? in the
system (14) give

R? ¼ 2i
k2x q

3
zW

Dð1Þ2 q2z þ
1

4H2

� � Ikðf c? �c0 þ f
y
?
�y0Þ; ð39Þ

where

f
c
? ¼ kx k2 þ 1

4H2

� �
kzW� qzwkð Þ þ 4k2z qzwk

 �
; ð40Þ

f
y
? ¼ wk qzwk 2k2 þ 1

4H2

� �
k2 þ 1

4H2
� 4k2z

� �

þ 2k2z k
2wkqz ��W k2 þ 1

4H2

� �
kz

4H2

�
: ð41Þ

Using equations (36)–(41) the main equations (12) may be
reduced to

�y0 ¼ I
y
?
�y0 þ I

c
?�c0;

�c0 ¼ I
y
k
�y0 þ I

c
k �c0;

(
ð42Þ

where

I
y
? ¼ �2

k2x q
3
z

Dð1Þ2 q2z þ
1

4H2

� � Ikf
y
? ;

I
c
? ¼ �2

k2x q
3
z

Dð1Þ2 q2z þ
1

4H2

� � Ikf
c
? ;

I
y
k ¼ � k2x q

2
zwk

Dð1Þ2 Ikf
y
k ; I

c
k ¼ � k2x q

2
zwk

Dð1Þ2 Ikf
c
k :

8>>>>>>>>>>><
>>>>>>>>>>>:

ð43Þ

[25] Further, we can represent expression (24) as

Dð1Þ ¼ 2wk k2 þ 1

4H2

� �
kzwkqz

k2 þ 1

4H2

þ W

0
B@

1
CA; ð44Þ

or

Dð1Þ ¼ 2wk k2 þ 1

4H2

� �
ðW� qzVgÞ; ð45Þ

where

Vg ¼
@wk

@kz
¼ � kzwk

k2 þ 1

4H2

ð46Þ

is the z-component of the IG waves group velocity. Thus for
the system (42), (43) we have

ðIy?; I
c
?; I

y
k ; I

c
k Þ ¼

ðay?; a
c
?; a

y
k ; a

c
k Þ

ðW� qzVgÞ2
: ð47Þ

[26] These formulas can be called the transport coeffi-
cients. The functions (a?

y , a?
c , ak

y, ak
c) mean

a
y
? ¼ � k2x q

3
z Ikf

y
?

2w2
k k2 þ 1

4H2

� �2

q2z þ
1

4H2

� � ; ð48Þ

a
c
? ¼ � k2x q

3
z Ikf

c
?

2w2
k k2 þ 1

4H2

� �2

q2z þ
1

4H2

� � ; ð49Þ
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a
y
k ¼ �

k2x q
2
z Ikf

y
k

4wk k2 þ 1

4H2

� �2
; ð50Þ

a
c
k ¼ �

k2x q
2
z Ikf

c
k

4wk k2 þ 1

4H2

� �2
: ð51Þ

From equation (42) we arrive at the following zonal flow
dispersion relation

1� ðIy? þ I
c
k Þ þ I

y
?I

c
k � I

y
k I

c
? ¼ 0: ð52Þ

Thus, in general, we deal with a biquadratic zonal flow
dispersion relation with respect to (W � qzVg), with Vg given
in equation (46).

4. Zonal Flow Instabilities: Generalized Lighthill
Criterion

[27] We analyze equation (52) in the case of monochro-
matic wave packet of the primary modes. As all values of
equation (52) are proportional to qz

2 � kz
2 all right-hand sides

of equation (52) are relevant only if the value (W � qzVg) is
also a small parameter. Then the functions f?

y, f?
c, f k

y
, f k

c

defined by equations (36)–(41) can be calculated for
W � qzVg. We find

f
y
? ¼ w2

kqz 2k2 þ 1

4H2

� �
k2x � 2k2z þ

1

4H2

� �
;

f
c
? ¼ �kxqzwk k2x � 2k2z þ

1

4H2

� �
;

f
y
k ¼ q2z

w2
k

kx
k2 þ 1

4H2

� �
2k2x þ

1

4H2
� k2z

4k2 þ 1

4H2

k2 þ 1

4H2

2
64

3
75;

f
c
k ¼ q2zwk 2k2z � k2x �

1

4H2

� �
:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð53Þ

Now we can find the necessary combinations occurring in
the dispersion equation (52), namely

I
y
? þ I

c
k ¼

a
y
? þ a

c
k

ðW� qzVgÞ2

¼ k2x q
4
z Ik

4 k2 þ 1

4H2

� �2
k2x � 2k2z þ

1

4H2

� �


 1�
2 2k2 þ 1

4H2

� �

q2z þ
1

4H2

2
664

3
775 1

ðW� qzVgÞ2
; ð54Þ

and the second term

I
y
?I

c
k � I

y
k I

c
? ¼ 0: ð55Þ

[28] Thus the dispersion equation (52) reduces to the form

ðW� qzVgÞ2 ¼ �G2; ð56Þ

where G2 means the squared zonal flow growth rate defined
by

G2 ¼ k2x q
4
z Ik

4

V 0
g

wk

1�
2 2k2 þ 1

4H2

� �

q2z þ
1

4H2

2
664

3
775 ð57Þ

where

V 0
g ¼

@Vg

@kz
¼ @2wk

@k2z
¼ wk

2k2z � k2x �
1

4H2

k2 þ 1

4H2

� �2
: ð58Þ

in equation (57). For the modulational instability G2 should
be positive, i.e.,

V 0
g

wk

1�
2 2k2 þ 1

4H2

� �

q2z þ
1

4H2

2
664

3
775 > 0: ð59Þ

We note that V0
g changes sign when kx = ±(2kz

2 � 1
4H2)

1/2.
This occurs on the IG waves caustics, where V0

g = 0.
[29] For the IG waves we may assume k2 � 1

4H2. As
for the term qz

2 � k2, we may consider two special cases:
(1) qz

2 � 1
H2 and (2) qz

2 � 1
H2.

[30] 1. In this case (qz
2H2 � 1) the necessary condition for

instability is

V 0
g

wk

< 0: ð60Þ

This condition is similar to the Lighthill criterion for
modulation instability in nonlinear optics [Lighthill, 1965].
Instability occurs when kx

2 > 2kz
2 and this condition thus

applies to IG pump waves with wave vectors in the cone

� kxffiffiffi
2

p < kz <
kxffiffiffi
2

p : ð61Þ

The maximum growth rate is attained at the axis of the cone
when kz = 0. In this case zonal flow growth rate is of the
order

G � qzkkx
IkjV 0

gj
wk

� �1=2

� kxqzI
1=2
k ffi jkxqz~yþj: ð62Þ

Expression (62) describes the initial (linear) stage of zonal
flow growth due to the parametric instability of small-scale
IG waves.
[31] 2. In this case (qz

2H2 � 1) the instability condition is
expressed by the same condition (60) and the zonal flow
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growth rate is decreasing qzH times in comparison with the
expression (62)

G � q2z kkxH
IkjV 0

gj
wk

� �1=2

� kxq
2
zHI

1=2
k : ð63Þ

[32] Both nonlinear growth rates (62) and (63) increase as
k. Physically, this instability is the manifestation of an
inverse cascade. This analysis shows that the spectral
energy of the small-scale IG waves turbulence is transferred
into the large scales of zonal flows, i.e., the IG wave energy
is converted into the energy of slow zonal motions. The
analysis does not show if the spectrum fills in with many
scales bridging the region between qz and kx, kz. Nonlinear
solutions to be presented in the future suggest that in most
cases the spectrum does fill in intermediate scales when the
small-scale intensity Ik is maintained.

5. Conclusion and Discussion

[33] In the present study we have investigated the non-
linear generation of low-frequency and large-scale zonal
flows driven by relatively small-scale internal gravity (IG)
waves in the Earth’s neutral atmosphere. The investigated
zonal flows propagate along the parallels and the
corresponding flow velocity depends only on the vertical
z-coordinate. The modified parametric approach [see, e.g.,
Kaladze et al., 2007b] is developed considering the mono-
chromatic primary modes. Accordingly, we study the inter-
action of a pump IG waves, two satellites of the pump
waves (side-band waves) and a sheared zonal flow. The
driving mechanism of this instability is due to the Reynolds
stress R? and mean stratification force Rk in the equation
governing the evolution of zonal flows.
[34] We have obtained zonal flow dispersion relation given

by equation (56). The appropriate instability condition is
found. According to our investigation (see equations (57),
(58)) the possibility of zonal flow generation by IG modes in
the upper atmosphere is rigidly connected with the sign of
@2w/@kz

2 for these modes (the dispersion of the group velocity
of the primary modes). Accordingly, a particular feature of
this instability is that it appears solely for IG waves that are
localized in a cone bounded by the caustics for which V0

g = 0.
This feature can lead to the formation of a so-called caustic
shadow in the spectrum of the IG waves.
[35] The most complete survey of observations of IG

waves in the troposphere are found in the book by Gossard
and Hooke [1975]. Investigated IG waves have the typical
period of oscillations t � 10 min (with the corresponding
frequency w � 10�2 s�1). Photometric and visual observa-
tions of noctilucent clouds in mesosphere regions (z � 80 to
85 km) disclose the presence of IG waves with a vertical
displacement amplitude z0 = 0.5 to 4 km, wavelengths l � 5
to 50 km, and phase velocities vp � 10 to 20 m/s.
[36] As is seen from our results the maximum growth

rate of the zonal flow generation is of the order of (see
equation (62))

G ’ qz

kx
w~yþ: ð64Þ

Here the stream function ~y+ of pump modes is normalized
by the value vpl. For the tropospheric IG modes we may
choose qz/kx � 10�1, w � 10�2 s�1 and ~y � 10�1. Then we
obtain the following numerical value for the zonal flow
growth rate G � 10�4 s�1. This estimate is consistent with
existing observations and our investigation provides the
essential nonlinear mechanism for the transfer of spectral
energy from small- scale IG waves to large-scale enhanced
zonal flows in the Earth’s neutral atmosphere.
[37] Rasmussen et al. [2006] illustrate the generation of

zonal flow in a simple fluid experiment performed in a
rotating container with a radially symmetric bottom topog-
raphy. It seems reasonable to simulate generation of zonal
flows to confirm the theory of IG waves excitation provided
in the present paper. An important new area of research both
experimentally and computationally would be to determine
how the turbulence may evolve beyond the parametric
instability given here for the decays of high k modes in to
zonal flows into a fully developed turbulence spectrum with
the Kolmogorov spectral index of the �3 as seen in the
atmosphere. Both laboratory experiments and computer
simulations may be required to shed light on the evolution
of the turbulence spectrum with vortices and zonal flows
both of which can modify the turbulent energy spectrum.
[38] Finally, we would like to discuss some applications

of IG waves to the earthquake forecast problem. Tectonic
processes occurring in the Earth’s crust generate Rayleigh
waves propagating over the Earth’s surface from the epi-
center at supersonic velocities (�3 km/s). Rayleigh waves
give rise to atmospheric-pressure disturbances by vertical
pulsed action on the air. Excited IG waves propagate
vertically almost without damping to a height of 100 km
(their amplitude increases exponentially as the height
increases) creating favorable conditions for nonlinear inter-
actions. Appearance of large-scale zonal flow fluctuations
may be taken as confirmation of this phenomenon. Zonal
flows themselves give rise to long-lasting vortices by shear
instability. The additional mixing of neutrals related to IG
vortices and the transport of atmospheric components in the
vertical direction, increases the neutral density in the atmo-
sphere at this height. The increase in the density of oxygen
atoms increases the efficiency of their recombination and,
consequently, increases the intensity of green (l = 557.7 nm)
night-sky radiation observed before strong earthquakes.
Hence, the increase of the green night-sky radiation can be
used as an immediate (24–48 h) sign of earthquakes.
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