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Feasibility of achieving gain in transition
to the ground state of C VI at 3.4 nm
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We present numerical studies of recombination gain in the transition to the ground state of H-like C (2→1
transition at �=3.4 nm). It is shown that high gain (up to about 180 cm−1) can be achieved using currently
available, relatively compact, laser technology. The model includes the ionization of the plasma by an ultrain-
tense, ultrashort laser pulse, followed by plasma expansion, cooling, and recombination. Transient population
inversion is generated during the recombination process. We investigate the behavior of the gain with respect
to different plasma parameters and pump pulse parameters and explain how the different properties of the
plasma and the pump pulse affect the gain. © 2007 Optical Society of America

OCIS codes: 020.2070, 140.3210, 140.7090, 140.7240, 260.3230, 350.5400.
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. INTRODUCTION
ince the concept was first introduced in the early
970s,1,2 the idea of recombination scheme x-ray lasers
as attractive due to its potential of achieving lasing at
ery short wavelengths with relatively moderate pump-
ng requirements. Particularly so when using a
ecombination-to-ground-state scheme in H-like ions, in
hich the lasing transition energy constitutes a large por-

ion �3/4� of the overall ionization energy. During the
990s a couple of experiments demonstrated gain,3,4

hich was then followed by demonstration of lasing
ction,5,6 in the 2→1 transition of Li III ions. Alongside
he experimental efforts, several theoretical studies were
onducted to identify the processes involved in gain cre-
tion and to characterize the initial conditions required to
chieve gain in a recombination scheme.7–10

Recently, we developed an elaborate numerical model
o characterize recombination gain in the 2→1 transition
f Li III at 13.5 nm.11,12 The model describes the effects of
ifferent experimental parameters on the gain. We were
ble to explain the gain observed in the above-mentioned
xperiments5,6 and showed that it is possible to achieve
igh gain in this transition, especially when mixing the
lasma with hydrogen.
Recombination gain relies on having fully stripped ions

n a relatively cold plasma. The ionization mechanism
hat is used to achieve this plasma is tunneling ionization
y ultrashort (with pulse duration of ��100 fs), ultrain-
ense (with intensity of approximately
017 to 1019 W/cm2, depending on the element used) laser
ulses. Due to the short pulse duration, minimal heating
s produced during ionization. However, when calculating
he average energy that is absorbed during the ionization
rocess, we find that the absorbed energy still corre-
ponds to an electron temperature that would not allow
or population inversion in the transition to ground state
o be generated during the recombination process. This is
n contrast to the above-mentioned experiments, which
0740-3224/07/040819-10/$15.00 © 2
emonstrated gain in the transition to the ground state of
i III. We have shown11 that taking into account the ac-

ual phase-space distribution function of the plasma, in-
luding effects from both the non-Maxwellian nature of
he distribution function and the spatial expansion and
ooling of the plasma after ionization, high gain is indeed
easible in the Li III 2→1 transition. In addition, we have
hown more recently12 that the gain can be enhanced and
ecome less stringently dependent on exactly matching
he required values of the experimental parameters, if hy-
rogen is mixed into the plasma.
As we mentioned above, the main advantage of using a

ecombination-to-ground-state scheme is the favorable
caling of the required pumping energy (in comparison to
ther schemes) when going to shorter wavelengths. A
ighly desirable wavelength range is the so-called “water
indow,” which is in the range between 2.3 and 4.4 nm,

or which absorption in water is very low. An x-ray laser
ith a wavelength in this range could be used for a mul-

itude of applications, e.g., high-resolution imaging of
wet” biological samples. For the 2→1 transition of H-like
ons, the first element that reaches this range is carbon (C
I), with the 2→1 transition wavelength at �=3.4 nm.
e present calculations for the recombination gain in this

ransition.
The basic scheme for recombination x-ray lasers is the

ame regardless of the ion used. A schematic setup is pre-
ented in Fig. 1. An ultrahigh power, ultrashort laser
ulse (the “pump” pulse) is focused by lens L1 into a high-
ensity gas (or low-ionized plasma—see below) and com-
letely strips the ions of their electrons through optical
eld ionization (OFI), to achieve a relatively cold, fully
tripped plasma.7 The pump may be preceded by a so-
alled “prepulse” to create an initial plasma (“preplasma”)
o provide better guiding for the propagation of the pump
ulse in the plasma. Since the pump pulse is very short,
inimal heating is induced in the plasma during ioniza-

ion, and rapid recombination and de-excitation processes
007 Optical Society of America
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ollow, governed by three-body recombination and
lectron-impact de-excitation (due to the high plasma
ensity). During the recombination process, given certain
nitial conditions (discussed below), transient population
nversion can be created.

The process of gain generation can be divided into three
tages: (a) ionization and heating, (b) expansion and cool-
ng, and (c) recombination and gain. We will repeat briefly
he principles of our model (described in detail in Refs. 11
nd 12) and discuss more deeply the adjustments and en-
ancements that were required in order to apply the
odel to the current, higher-Z ion.

. IONIZATION AND HEATING
onization is achieved by OFI using an intense laser
ulse. The ionization rate is calculated by the tunneling
ate of an electron under the influence of the laser electric
eld treated in a semiclassical approximation13,14

Wst =
�0

2

UZ

Uh

�2l + 1��l + �m��!

2�m���m��!�l − �m��!
�2e

n*�2n*
1

2�n*

UZ

Uh

� �2�UZ

Uh
�Eh,0

E �2n*−�m�−1

exp�−
2

3�UZ

Uh
�3/2Eh,0

E � ,

�1�

here here e is the natural exponent, n* is the effective
rincipal quantum number, given by n*=Z�UZ /Uh, �0 is
he atomic frequency unit of 4.1�1016 s−1, UZ and Uh are
he ionization potentials of the ion and of a hydrogen
tom, respectively, Eh,0 is the atomic field strength at the
rst Bohr radius of hydrogen �E =5.1�109 V/cm�, and

Fig. 1. Schematic setup for a recombination laser experiment.
h,0
is the laser electric field. This expression is valid when
UZ /Uh�3/2Eh,0 /E�1.

The classical motion of the ionized electrons in the la-
er field after ionization yields the so-called residual en-
rgy that is absorbed by the electrons during the ioniza-
ion process. This energy is due to the phase mismatch
etween the ionized electrons and the oscillating laser
lectric field.15 It is proportional to the quiver energy of
he electrons at the time of ionization, given by

Eq�t� =
e2E�t0�2

4me�
2 , �2�

here E�t0� is the laser electric field amplitude at the
ime of ionization and � is the laser angular frequency.
hough the residual energy is in fact much smaller than

he quiver energy, it could be high enough to prevent gain
reation if the plasma were Maxwellian. However, the ul-
rashort ionization process yields a plasma with a highly
on-Maxwellian distribution function as was shown
efore.11,12,16 We will not repeat the quantitative demon-
tration of the non-Maxwellian nature of the electron dis-
ribution function (EDF) of the OFI plasma, but qualita-
ively, one can understand the properties of the OFI EDF
y realizing that most of the electrons are ionized at the
eak of the oscillating electric field and continue to move
n phase with it. Therefore, the vast majority of the elec-
rons in the plasma absorb very little residual energy, and
nly a small fraction of the electrons are ionized off the
eak of the laser electric field and absorb high energy.
hese highly energetic electrons contribute much to the
verall electron average energy, but have a relatively low
robability of participating in collisional processes. This
ffect gives rise to enhanced three-body recombination
nd electron-impact de-excitation rates. In other words,
he non-Maxwellian nature of the distribution function
auses the “effective recombination temperature” of the
lasma to be much lower than the temperature of the cor-
esponding Maxwellian plasma, given by 2

3 of the average
nergy. The “effective recombination temperature” can be
efined by comparing the actual three-body recombina-
ion rate to the same rate in a Maxwellian plasma. This
efinition is not unique, since one has to decide which re-
ombination rate to compare. In any case, the effective re-
ombination temperature is always significantly lower for
n OFI plasma than for a Maxwellian plasma with the
ame average energy.

The ionization was simulated by the iPIC (ionization
article in cell) code, developed and described in Ref. 11
ith enhancements described in Ref. 12. The iPIC code is
1D electrostatic code that calculates the plasma in a

ross section of the propagation of the laser; i.e., the di-
ension of the calculation is the transverse dimension.
he code includes ionization as well as binary collisions,
nd typically runs in parallel on 10 dual CPU nodes on
he Princeton Plasma Physics Laboratory (PPPL) Scien-
ific Computing Cluster. The reasons that a 1D code has
o run in parallel are the severe restrictions on the time
tep (resolving the laser frequency), the cell size (high-
ensity low-temperature plasma), and the need for a
arge number of particles to maintain good statistics
hen using Monte Carlo methods for both ionization and
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inary collisions. All of the physics and the numerical
ethods described before were developed for H-like ions,

herefore the same tools that were initially developed for
he study of H-like Li III ions were available to study
-like C VI ions as well, with some necessary modifica-

ions as described below.
For a sufficiently high electron density �ne�5
1019 cm−3�, and a fixed electron temperature, gain is

igher for higher-Z ions, as discussed in Section 4. There-
ore, we can expect to get better results for C VI �Z=6�
han for Li III �Z=3�. However, the required intensity for
he ionization of C VI ions is almost 2 orders of magnitude
igher than the intensity required to ionize Li III ions,
nd with it, the average energy of the electrons. The ef-
ects of the residual energy on the recombination gain are
educed significantly when taking into account the non-
axwellian nature of the distribution function and by

dding hydrogen to the plasma as shown in Ref. 12. Add-
ng hydrogen supplies cold electrons to the plasma since
he hydrogen atoms are ionized by the front of the pump
ulse (or by the pre-pulse) and absorb very little residual
nergy. These electrons then participate in the recombi-
ation process and enhance the gain. In the C VI case,
owever, higher densities are required to achieve gain
about an order of magnitude higher than that required
or Li III, see Section 4), and collisions during the ioniza-
ion process become more significant since the collision
requency scales linearly with the density. Unlike the re-
idual heating, collisional heating affects the electrons
hat were ionized from carbon (C electrons) and the elec-
rons ionized from hydrogen (H electrons) in the same
ay. One way to counter this effect is to use a much

horter pulse as a pump. The overall collisional heating is
oughly proportional to the product 	col�, where 	col is an
verage collision frequency, and � is the pulse duration.
herefore, increasing the density (and with it the collision

requency) by a factor of 5–10 and reducing the pulse du-
ation by the same factor should have very little net effect
n the collisional heating. Ultrahigh intensity laser
ulses of the order of 10–20 fs are currently available at
niversity scale labs. With recent advances in the nonlin-
ar Raman backscattering amplification and compression
echnique,17,18 it is expected that a compact, ultrahigh
ower system that would deliver pulses with the required
ntensity and pulse duration, will be available in the near
uture. Using shorter pump pulses requires one to use a
lightly higher intensity, since the ionization has to be
ompleted in a shorter time, and full ionization is crucial
o achieve high gain. However, even with the higher in-
ensity, the shorter pulses still contain lower energy,
hich means that using shorter pulses would be more en-
rgy efficient. The energies and intensities required for
ifferent pumping pulse durations are detailed in Table 1.
The effects of higher density and higher intensity lead-

ng to higher residual energy described here are essen-
ially the same effects that were studied in the lower-Z
ase. The main difference is that the higher intensity not
nly increases the residual energy, but also introduces
ome of the effects that were not significant for lower-Z
ons. First, the electron quiver velocity under the influ-
nce of the laser is high enough that relativistic effects
rom the relativistic motion of the electrons oscillating in
he laser field are significant. The other effect, which
urned out to be more significant than the pure relativis-
ic effects, is the electric ponderomotive force, fp, given by

fp =
e2

4me�
2��E� �2, �3�

here E� is the laser electric field. The ponderomotive
orce, which is proportional to the pump laser intensity
nd inversely proportional to the pump beam diameter,
reates a large charge separation in the plasma, followed
y oscillations that cause additional heating. Therefore,
iming for small pump beam radii, which yielded the
ighest gain for the Li III case, is no longer the best strat-
gy. The effect of the ponderomotive force can be roughly
stimated by comparing it to the self-consistent electric
orce in the plasma fs (Ref. 11),

fs

fp
	 6

ñe

Ĩ
� r0

�
�2
ne

ne
, �4�

here fp is evaluated here by its maximum value assum-
ng a Gaussian beam profile with radius r0 
E

E0 exp�r /r0�2�, pump beam wavelength �, pump inten-
ity Ĩ (in units of 1017 W/cm2), and electron density ñe (in
nits of 1019 cm−3). The term 
ne /ne represents the den-
ity fluctuations that are induced by the ponderomotive
orce. Since these density fluctuations create in turn a
trong restoring self-consistent electric force, the maxi-
um fluctuations that can be induced by the ponderomo-

ive force must satisfy fs / fp�1. For the Li III case, with
=1, ñe=1, and a typical value for r0 /� of approximately 5
for a tightly focused beam), we see that the ponderomo-
ive force would induce density fluctuations of no more
han 1%, and would therefore be negligible. However,
eeping all other parameters the same and increasing Ĩ
y 2 orders of magnitude would allow for fluctuations of
early 100%, turning the influence of the ponderomotive
orce to one of the significant factors that limit the gain.
his effect is reduced somewhat by the higher electron
ensity that is required to achieve gain in C VI, but it re-
ains a significant effect.
Finally, the higher electron density causes the time at

hich gain is achieved and the gain duration to be much
horter than in the case of lower-Z elements, due to
igher collision frequency. Clearly this also means faster
axwellization, yet since the Maxwellization of the hot

Table 1. Pump Intensities Used for the Different
Pulse Durations and Corresponding Pulse

Energiesa

Pulse Duration

�=10 fs �=20 fs �=50 fs

Peak intensity
�W/cm2�

1019 8�1018 6.5�1018

Pulse energy (mJ)
for r0=10 �m

100 160 32

aThese are the minimum intensities required to achieve full ionization of carbon.
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lectrons is slower than that of the cold electrons, gain
ay still be generated before Maxwellization effects take

lace.
The iPIC code was modified to numerically integrate

he relativistic equation of motion and Lorentz force for a
article in three dimensions in velocity and one spatial di-
ension (where as before, the spatial dimension is

ligned along the polarization of the laser electric field).
he numerical scheme is based on the one presented in
ef. 19.

. EXPANSION AND COOLING
he expansion and cooling (along with Maxwellization)
rocess is simulated by numerically solving the Fokker–
lanck (FP) equation for the distribution function that is
alculated by the iPIC code. The code used is the same FP
olver we used before,11,12 which is an implementation of
he SPARK code,20 described in detail in Ref. 21. The code
olves the 1D FP equation in the diffusive approximation,
hich includes the collisional effects in the plasma.
One of the problems that arose when applying to C VI

ons the tools that were developed for the Li III ions was
he transition from the iPIC code to the FP solver. Due to
he ponderomotive force, space-charge separation is cre-
ted in the plasma by the laser, and space-charge oscilla-
ions follow. For higher plasma densities, these oscilla-
ions are damped out very quickly (in time scales shorter
han the pulse duration), but for lower plasma densities

ig. 2. (Color online) Snapshots of the distribution function after
unction (in arbitrary units) is presented as a function of radiu
pace-charge oscillation is seen going from parts (a) to (d). Th
1019 cm−3, respectively, pump laser wavelength of �=400 nm, b

ity of Ip=8�1018 W/cm2. The plasma cycle for the above param
iven every 3 fs starting from 30 fs, where 0 is defined at the pe
nd tightly focused beams, the oscillations continue for
onger times. Since the FP code solves the FP equation in
he diffusive approximation, it cannot handle such oscil-
ations. The solution was to insert into the FP solver a
lasma-frequency-averaged distribution function after
onization produced by the iPIC code. Figure 2 shows
napshots of the plasma after ionization. The oscillations
re seen clearly, and very different results would be ob-
ained, for example, if we inserted the distribution func-
ion from Fig. 2(c) or from Fig. 2(d) as an initial condition
or the FP solver code. Averaging over one plasma period
dded the excess space-charge oscillation energy to the
lasma and gave results that were independent of the ex-
ct moment after the ionization in which a snapshot of
he distribution function was taken. (See Fig. 3.) Since
he OFI EDF was generated by the iPIC code in planar
eometry, and since the charge separation and space-
harge oscillations may not have cylindrical symmetry
recall that the pump beam is linearly polarized), the
traightforward conversion between planar and cylindri-
al symmetries that was used before11,12 was no longer
ppropriate here, and the planar geometry option of the
P solver code was used.
Finally, we note that due to the higher density and the

hort time scales at which gain occurs (usually less than
ps after ionization), the expansion cooling plays a less

mportant role here since very little expansion can hap-
en in these time scales. (The main importance of solving
he FP equation is for calculating the Maxwellization pro-

tion at different times during one plasma cycle. The distribution
nits of the beam radius, r0) and energy (in electron volts). The
ulation was done for C and H densities nC=1019 cm−3, nH=5
iameter of d=10 �m, pulse duration of �=20 fs, and peak inten-
for fully ionized plasma) is Tp=2� /�p�10 fs. The snapshots are
he pulse.
ioniza
s (in u
e calc
eam d
eters (
ak of t
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ess, which has to be taken into account to get realistic
esults.) Therefore, in contrast to the Li III case, there is
o need for a tight focus of the pump pulse in order to
chieve gain (other than for achieving the required inten-
ity). This property of the gain may help in achieving
onger gain channels and reaching gain saturation.

. RECOMBINATION AND GAIN
he recombination process was simulated by solving the
ate equations governing the process, taking into account
ll the relevant atomic (ionic) processes that take place.
hese include three-body recombination, electron-impact

onization, electron-impact excitation and de-excitation,
adiative recombination, and radiative relaxation (spon-
aneous emission). The plasma was assumed to be opti-
ally thin and the calculation was for small-signal gain,
ence no photoexcitation processes were considered. The
ate equations are given by

dnk
Z+

dt
= ne 


m�k

mk

Z+ nm
Z+ − nenk

Z+ 

m�k


km
Z+ + 


m�k
Amk

Z+ nm
Z+

− nk
Z+ 


m�k
Akm

Z+ + 
k,1ne

m

Sm
�Z−1�+nm

�Z−1�+ − neSk
Z+nk

Z+

+ �k
Z+nen1

�Z+1�+ − 
k,1nenk
Z+


m
�m

�Z−1�+, �5�

here

• nk
Z+ is the number density of the kth principal quantum

evel of Z+ ions,
• 
km

Z+ is the collisional (de)excitation rate between prin-
ipal quantum levels k and m of the Z+ ions,

• Akm
Z+ is the Einstein A coefficient for spontaneous

mission during a k→m transition in a Z+ ion �k�m�,
• Sk

Z+ is the electron-impact ionization rate from the
th level of a Z+ ion,
• �k

Z+ is the overall recombination rate into the kth
evel of a Z+ ion, �k

Z+=�k,rad
Z+ +ne�k,3body

Z+ , where �k,rad is the
adiative recombination rate and �k,3body

Z+ is the three-body
ecombination rate.

The values of the above rates were obtained by inte-
rating the cross sections of the different interactions

ig. 3. (Color online) Distribution function and average energy
lectron distribution function (in arbitrary units) as a function o
olts). On the right: plots of the average energy of the electron ve
ig. 2 are plotted, along with the cycle-averaged average energy.
ver the actual non-Maxwellian, time-dependent,
lectron-distribution function that was obtained from the
PIC and FP codes. (See Ref. 12 for more details.) The
mall-signal gain coefficient was then calculated from

Gu→l = nu�ulF, �6�

here u and l are the upper and lower lasing levels, re-
pectively, F=1− �nlgu� / �nugl�, and

�ul =
�reflu�

��/�

gl

gu
L����, �7�

here L���� is a dimensionless line-shape function with
inewidth ��. The line shape and width were estimated
sing the Voigt profile of the line, combining the esti-
ated Doppler broadening for the cold ions. The ions
ere assumed to be fixed during the whole process, hence

he ions’ temperature was taken to be the initial plasma
emperature, i.e., Ti	1 eV. Although the actual tempera-
ure of the ions may rise during the ionization and recom-
ination process, it is not expected to have a large effect
n the gain due to the following: the main broadening
echanism for such high densities is Stark broadening,
oppler broadening scales like �Ti, and ion heating due

o inverse-brehmstrahlung absorption ion heating is not
xpected to be very high, since the laser is very short.
hereas collisions already play a secondary role in the

eating of the plasma, the electron-ion collision frequency
s much smaller than the electron–electron collision fre-
uency, since the electron cloud moves very rapidly
round the stationary ions, while the relative velocities
etween the electrons are small. The Stark broadening is
stimated for the Lyman-� line by the lesser of the widths
iven by the quasi-static linear Stark effect (Holtsmark
heory) and electron-impact broadening.22,23

To understand how the gain behaves for different ions,
e provide first both an analytical and numerical analy-

is of the rate equations (5) using temperature-dependent
ates.

We start by rewriting the rate equations (5) in a more
onvenient form. We look only at the first stage of recom-
ination, i.e., recombination into the H-like ion and ne-
lect the next stage of recombination into the He-like ion.
his, in general, reduces the gain since recombination

ed over one plasma cycle. On the left: the plasma-cycle-averaged
us (in units of beam radius, r0) and energy (in units of electron
dius. The average energies of the distribution functions given in
the simulation parameters are the same as those for Fig. 2
averag
f radi

rsus ra
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rom the ground state of the H-like ion into the He-like
on state will decrease the ground-state population and
ncrease the gain, but this is usually small in the time
cales of interest. Let n be a vector of the populations of
he different H-like ion levels:

n = �
n1

n2

]

nK

� , �8�

here K is the maximum principal quantum number
aken into account in the calculation determined by the
ensity.24 Let n0 be the population of the fully ionized
ons, and let ne be the electron density. The rate equations
5) can then be written as

dn

dt
= ne

2n0� − ne�diag�S + 
 · 1� + 
t� · n

+ �At − diag�A · 1�� · n � ne
2n0� + neâ · n + b̂ · n,

dn0

dt
=

dne

dt
= − ne

2n2� · 1 + neS · n, �9�

here � is the three-body recombination rate vector, with
k being the three-body recombination rate to level k [ra-
iative recombination was neglected here since �rad
�3body for the electron densities �ne�1018 cm−3� and

emperatures �Te�50 eV� considered here]; A is the Ein-
tein A coefficients matrix, where Akm is the spontaneous
mission rate between level k to level m �k�m�, and
km=0 for k�m; S is the impact ionization rate vector,
here Sk is the impact ionization rate from level k; 
 is

he impact (de)excitation rate matrix, where 
km is the
mpact (de)excitation rate from level k to level m; 1 is a
olumn vector of 1’s of length K, useful for writing alge-
raically the operation of summing up elements of a vec-
or, and the operator diag
x� creates a diagonal matrix
ith the elements of the vector x on its diagonal. The ma-

rices â and b̂ are defined by Eq. (9). We proceed by argu-
ng that in the time scales of interest (a few picoseconds
fter ionization), only a small fraction of ions recombine,
herefore

� 1

ne

dne

dt � = � 1

n0

dn0

dt � � 1, �10�

uch that to the zeroth order we can neglect the variation
n ne and n0. We can now rewrite Eq. (9) in the canonical
inear ODE form

dn

dt
� A · n + B, �11�

here A=ne0â+ b̂ and B=ne0
2 n0

0�. Simplifying further, we
ook at the two-level system, taking into account only the
round state and the first excited state of the H-like ion.
quation (11) becomes
�ṅ1

ṅ2
� = �− ne�
12 + S1� ne
21 + A21


12 − ne�
21 + S2� − A21
��n1

n2
�

+ ne
2n0��1

�2
� . �12�

ssuming that we are in a recombination-dominated re-
ime (low electron temperature), we can neglect all ion-
zation, and assume that 
12�
21. Matrix A can be re-
ritten in the following way:

A � ��− � 1

� − 1� , �13�

here �=ne
21+A21 and �=ne
12/ �ne
21+A21�. This sys-
em can be easily solved analytically. We interested in the
→1 gain coefficient, which is proportional to n2−4n1.
olving Eq. (12) and Eq. (13) gives

G 	 n2 − 4n1 =
5

�
��B1 − B2��e−���+1�t − 1� − �1 − ��

��exp�B1 + B2

1 + �
t� − 1� . �14�

or ��1, we get

G 	
5B2

�
�1 − e−�t� − �e�B1+B2�t − 1�. �15�

t is clear from analysis of Eq. (15) that G�0�=0 and G�t
��→−� (taking the limit to � is invalid under the as-

umptions of this derivation, however the meaning of this
s that, at most, there is a limited time for which G�0).
he time of maximum gain is found by solving dG /dt=0:

tmax =
1

B1 + B2 + �
ln

5B2

B1 + B2
. �16�

simple analytic form of the three-body recombination
ate is given by

�k =
Cgnn2

Z2T2 exp�Ryd
z2

n2T2�E1�Ryd Z2

n2T2 � , �17�

here E1�x�=�x
�e−t / tdt is the exponential integral function

efined for x�0. (This rate is obtained by first finding an
ffective three-body recombination “cross section” using
he detailed balance relation for the well-known Lotz im-
act ionization cross section25 and then integrating over a
axwellian distribution function, see, e.g., Ref. 16.) The
aximum gain is given by

Gmax � G�t = tmax� 	 1 + 5
�1 − �5��−�/�
+��� − �5��
/�
+��,

�18�

here ���2 / ��1+�2�	1 for all relevant values of Te and
(Te�50 eV, Z�10), and 
�B2/�=ne

2n0�2 / �ne
21+A21�.
21 is given by (Obtained similarly by from the detailed
alance relation applied to the impact-excitation cross
ection given in Ref. 26.)
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21 �
4.44 � 10−7

Ryd Z2�T

cm3

s
. �19�

valuating Eq. (17) for �2 gives

�2 	 8 � 10−45
1

Ryd Z2T2 exp�Ryd Z2

4T2 �E1�Ryd Z2

4T2 � cm6

s
,

�20�

nd the spontaneous emission coefficient is given by

A21 = 3.36 � 106 Ryd Z2. �21�

ombining Eqs. (19)–(21) gives the following expression
or 
:


 � 2
ñeñ

0

T3/2 exp�Ryd Z2

4T2 �E1�Ryd Z2

4T2 � , �22�

here ñe=ne�10−19 cm3 and ñ0=n0�10−19 cm3. Typical
alues for 
 are in the low-temperature limit �T	1 eV�,
he exponential terms in (22) are dominant, and typical
alues of delta are of order 10−2 to 10−3. The final result
or Gmax for �	1 and 
�1 is

Gmax 	 2.4
. �23�

Since the analytical analysis given above is not suffi-
ient to get a qualitative parameter range for which gain

s feasible, numerical integration of the rate equations (5) m
sing temperature-dependent rates is presented in Fig. 4.
ain (in cm−1) was calculated as a function of tempera-

ure and atomic number, Z, for four different densities of
ure elements.
Several trends can be identified by studying the fig-

res. First, as expected, gain is very high for very low
emperatures and drops substantially when the tempera-
ure is increased. For Te�10 eV, gain can be obtained
nly for high Z and very high density. Second, for a high
nough density, gain is higher for higher Z. This trend is
xplained by two properties of the system. First, there is a
actor of Z2 /T2 in Eq. (22), which allows for higher tem-
eratures to yield gain in higher Z. This factor, however,
s not affecting the gain strongly and the gain is still lim-
ted by an overall factor of T−3/2. The other reason gain is
igher for the higher-Z case is that since the density pa-
ameter in the simulations was the ion density, increasing

also increases the electron density by a factor of Z,
hich in turn increases the gain by a factor of Z2. More

nteresting, however, is that this behavior is only ob-
erved when the initial ion density is high enough. This is
ost likely due to the requirement that the recombina-

ion process and gain occur on a much shorter time scale
or higher-Z ions (the spontaneous emission coefficient
as a Z2 scaling as well), and the time scales of the re-
ombination process and the gain are determined mainly
y the density. Specifically for C VI, we see that a mini-

19
um density of 5�10 is required to achieve gain. How-
ig. 4. (Color online) Logarithmic contour plots of the maximum gain coefficient �cm−1� for the 2→1 transition calculated using
emperature-dependent rates. Gain is given as a function of temperature and atomic number, for four different ion densities (given in
nits of cm−3) (a) 5�1018, (b) 1�1019, (c) 5�1019, and (d) 1�1020.
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ver, once this density has been reached, gain is higher
or higher-Z ions, when the temperature is fixed.

. RESULTS
typical result from the numerical model described above

or the C VI case is presented in Fig. 5. This calculation
as performed for carbon density of nC=1019 cm−3, hydro-
en density of nH=1020 cm−3, pump beam diameter of d
10 �m, pump beam wavelength of �=400 nm, pump
ulse duration of �=20 fs, and peak intensity of Ip=8
1018 W/cm2. Figure 5(a) presents the OFI EDF, com-

ared with a Maxwellian EDF with the same average en-
rgy. It can be clearly seen that the OFI EDF extends to
igher energies, yet has more electrons in the lower en-
rgy range, which enhances the recombination process.
igure 5(b) shows the calculated time-dependent gain.
ime 0 is set when the peak of the ionizing beam reaches
he plasma. The maximum gain is about 160 cm−1. The
bove intensity, pulse duration, and pulse diameter at the
ocus would require a laser pulse with energy of about
50 mJ, which is available with current laser technology.
Figure 6 presents a compilation of the results obtained

sing the same parameters as for Fig. 5, but for several
ifferent pump beam diameters and hydrogen densities.
everal interesting trends can be identified in the figure.
irst we see that in general, contrary to the results for Li
II, the gain is smaller for tighter-focused pump beams.
his is explained by the fact that on the one hand, the
onderomotive force becomes the main hurdle for gain,
hereas the expansion cooling is not as important on the
ther hand. Next, we see that as the hydrogen density in-
reases, the gain increases substantially, whereas the
ain dependence upon the radius of the pump beam is
uite weak. The latter is due to the strong, self-consistent
lectric field in the plasma for very high electron density,
hich prevents substantial space-charge separation and
onderomotive force heating. This also contributes to the
igher gain, but the main contribution to the higher gain
omes from the enhanced three-body recombination rate
or higher electron density, as was discussed in the previ-
us sections.

Another interesting parameter that has considerable
nfluence on the gain in the high plasma density regime is

ig. 5. (Color online) Calculated results for carbon density of nC
=10 �m, wavelength of �=400 nm, pulse duration of �=20 fs,
FI-EDF and Maxwellian distribution function with the same a

ented in units of cm−1 versus time and space.
he pump laser pulse duration. Since the collision fre-
uency is so high for this density, the amount of colli-
ional heating is substantial, even for ultrashort pulses,
nd as mentioned above, collisional heating affects both

cm−3, hydrogen density of nH=1020 cm−3, pump beam diameter of
ak pump intensity of Ip=8�1018 W/cm2. (a) Comparison of the
energy. (b) Gain in CVI ions with hydrogen added. Gain is pre-

ig. 6. (Color online) Compilation of the maximum gain coeffi-
ient achieved in CVI for different hydrogen densities and pump
eam diameters. Both figures present the same data with differ-
nt 3D visualization methods. The gain was calculated for the
ame plasma and pump laser parameters as Fig. 5, but for dif-
erent hydrogen densities and pump beam diameters.
=1019

and pe
verage
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he H electrons and the C electrons. The variation of the
ain with different the pump laser pulse durations is
emonstrated in Fig. 7, which presents a compilation of
esults obtained for different pulse durations and differ-
nt diameters of the pump laser, while all other param-
ters are the same as in Fig. 5. It is apparent that maxi-
um gain is obtained for pulse duration ��20 fs, and this

ain is also less dependent on the beam diameter for this
ulse duration. The intensity used was different for each
ulse duration, in order to maintain full ionization. The
onderomotive force is generally higher for shorter pump
ulses, i.e., shorter pulses require higher intensity to
chieve full ionization. It seems that the maximum gain
hat appears for �=20 fs is a result of the two competing
rocesses: collisional heating, which is reduced when the
ulse duration is shorter, and the ponderomotive force,
hich is enhanced when shorter pulses are being used.
vidence for this is the variation of the maximum gain
ith the pump beam diameter for a fixed pulse duration

��Gmax/�t���. It can be seen that for shorter pump pulses
with higher peak intensity), the maximum gain varies

ig. 7. (Color online) Compilation of the maximum gain coeffi-
ient achieved in C VI for different and pump beam durations
nd diameters. Both figures present the same data with different
D visualization methods. All other parameters are the same as
n Fig. 5. The pump peak intensities were different for different
ulse durations to meet the requirement of full ionization. The
ntensities used are given in Table 1.
ubstantially with the pump beam diameter, and hardly
ny gain is predicted for very short, tightly focused,
ulses. Therefore, although it may perhaps be easier ex-
erimentally to achieve the desired intensity by tightly fo-
using the pump beam, it is not necessarily beneficial to
o so.

. SUMMARY
ecombination gain in the transition to the ground state
f hydrogenlike carbon, C VI (2→1 transition at �
3.4 nm) was studied. We have shown that high gain (up

o 180 cm−1) is feasible to achieve with currently available
niversity-size laser technology. We also analyzed the ef-
ects of different experimental parameters on the gain
nd pointed to the optimal parameters necessary for
aximum gain to be generated. We note that some of the

roperties of the C VI case may, in fact, make it easier to
chieve large recombination gain with this ion than with
i III. The calculated gain coefficient is much higher in

his case, and, perhaps more importantly, the severe con-
itions on the pump beam diameter that were shown to
imit the gain in the Li III case, do not apply here. Hence,
arger diameter lasers could be used that would make it
asier to propagate the pump beam for longer distances,
chieve gain saturation, and get higher output energy. Fi-
ally, we have presented a feasible approach, relying on

aser technologies that are currently available in
niversity-type laboratories, to achieve a water-window
able-top x-ray laser.
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