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Abstract

New global MHD eigenmode solutions arising in gaps in the low frequency Alfvén–acoustic continuum below the geodesic acoustic mode
(GAM) frequency have been found numerically and have been used to explain relatively low frequency experimental signals seen in NSTX and
JET tokamaks. These global eigenmodes, referred to here as Beta-induced Alfvén–Acoustic Eigenmodes (BAAE), exist in the low magnetic safety
factor region near the extrema of the Alfvén–acoustic continuum. In accordance to the linear dispersion relations, the frequency of these modes
shifts as the safety factor, q, decreases. We show that BAAEs can be responsible for observations in JET plasmas at relatively low beta < 2%
as well as in NSTX plasmas at relatively high-beta > 20%. In contrast to the mostly electrostatic character of GAMs the new global modes also
contain an electromagnetic (magnetic field line bending) component due to the Alfvén coupling, leading to wave phase velocities along the field
line that are large compared to the sonic speed. Qualitative agreement between theoretical predictions and observations are found.
© 2007 Elsevier B.V. All rights reserved.
1. Introduction

An area where up to now there has been sporadic investi-
gation [1–6] but where pertinent wave particle interactions in
burning plasma regimes need to be investigated, is the theoreti-
cal and experimental study of the linear interaction of between
shear Alfvén and acoustic waves, two of the fundamental exci-
tations of plasma in MHD theory in toroidal geometry. The in-
teraction is mediated by finite pressure, plasma compressibility
and the geodesic curvature. As a result of such interaction addi-
tional gaps in the coupled Alfvén–acoustic continuum emerge
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[6,7] and here we present an analytic model for the structure of
these gaps. In addition their Alfvén–acoustic continuum has ex-
trema with respect to the radial position, which arise in the gaps
or in the low shear regions. We find with the use of the NOVA
code [8] that global modes may occur adjacent to these extrema
points, but were not reported before.

We call these new global modes associated with Alfvén–
acoustic continuum gaps as the Beta-induced Alfvén–Acoustic
Eigenmodes (BAAE) and we find that they can appear in both
relatively low and relatively high-beta plasmas. We will present
data of hitherto unexplained oscillations in JET (relatively low
beta) and NSTX (relatively high-beta) in order to test how well
MHD theory might explain these observations. Numerical sim-
ulations indicate that there are qualitative tendencies of the data
to follow MHD theory, but our study also indicates there is a
need of a comprehensive kinetic theory to be developed to ac-
curately explain the data. Present kinetic theories seem to be
insufficiently complete for this problem as we discuss in the
summary section.
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Numerical calculations for monotonic safety factor, q-, pro-
file and observations on JET show that the BAAE modes evolve
from zero frequency, when q0 or qmin cross rational values, and
is bounded by a certain maximum value, which is determined
by the frequency of the Alfvén–acoustic gap. By understand-
ing the range of BAAE frequency excitation and observing or
exciting these frequencies in experiments it seems potentially
possible to extend the use of MHD to determine q0 or qmin.
Such observations could be a very important diagnostic tool for
ITER and other burning plasma experiments. These observa-
tions would also help to infer the central plasma beta and the
ion and electron temperatures.

In JET observations near the lowest possible frequency of
the mode, the wave properties are quite similar to that of a
shear Alfvén wave which is characterized by a magnetic field
line bending perturbation, but with a dispersion that is modi-
fied from the conventional shear Alfvén wave dispersion. We
have found qualitative agreement between theoretical predic-
tions and observations, but there is a disparity that remains to
be resolved in the quantitative matching of the predicted fre-
quency with experimental observations.

In NSTX with the plasma beta around 20%, the BAAE
modes are found numerically using the ideal MHD NOVA code.
They are located within the Alfvén–acoustic continuum gaps
and these BAAEs match hitherto unexplained oscillations in
NSTX. They are localized near the region of low shear in plas-
mas with a reversed shear profile. In this case the frequency
is about half the TAE frequency and is close to the geodesic
acoustic mode (GAM) frequency. In NSTX, there is typically a
strong drive from beam ions and it appears that the BAAEs con-
tribute to a rather strong fast ion radial redistribution and loss.
The frequency of the BAAE modes is in good agreement with
that measurements when corrected for the Doppler shift due to
the rotation.

The Letter is organized as follows. In Section 2 we derive
expression for the Alfvén–acoustic continuum, its extremum
points and the frequency gap. We apply our theory to JET and
NSTX plasmas in Sections 3 and 4, respectively, where NOVA
simulation results are also presented. A summary and a discus-
sion of the relation of our work to previous publications are
given in Section 5.

2. Low frequency Alfvén–acoustic continuum

We start from the ideal MHD equations for the contin-
uum, which incorporates both the shear Alfvén and the acoustic
branches (neglecting drift effects) [8,9]
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where ψ is the poloidal magnetic flux, p and ρ are the plasma
equilibrium pressure and density, γ is the specific heat ra-
tio, ξs ≡ �ξ · [B × ∇ψ]/|∇ψ |2, �ξ is the plasma displacement,
ks ≡ 2k · [B ×∇ψ]/|∇ψ |2 and k and B are vectors of the mag-
netic curvature and field. The baseline physics of the Alfvén–
acoustic mode coupling and the formation of the continuum
and global modes in toroidal geometry can be understood in
the limit of a low beta, high aspect ratio plasma. Making use
of this tokamak ordering we find that the expression for the
geodesic curvature is ks = 2ε sin θ/q , where ε = r/R � 1 and
we neglected corrections of order O(ε2) and higher. This is
justified for the low mode frequency, such that Ω2 = O(1),
where we defined Ω2 ≡ (ωR0/vA)2/δ and δ ≡ γβ/2 = O(ε2).
Thus, keeping only leading order terms we reduce the system
of Eqs. (1) to (for details see Ref. [10])

(2)Ω2y + δ−1∂2‖y + 2 sin θz = 0,

(3)Ω2z + ∂2‖z + 2Ω2 sin θy = 0,

where y ≡ ξsε/q , z ≡ ∇ · �ξ , ∂‖ ≡ R0d/dl and l is the distance
along the field line. For sufficiently small values of ε and β ,
numerical solutions of Eqs. (1)–(3) are found to be almost iden-
tical to numerical solutions of the NOVA code [8], which solves
Eqs. (1). For this section, we can then consider Eqs. (1) and (2),
(3) to be interchangeable.

Eq. (2) is essentially the shear Alfvén wave equation if z

term is neglected. Eq. (3) for z alone, would be the conventional
sound equation. The two equations couple due to the finite com-
pressibility of the plasma in toroidal geometry to give the form
shown in Eqs. (2), (3). The coupling of each branch with the
dominant poloidal mode number m, is via the m ± 1 sideband
harmonics of the other branch. To treat the side band harmonics
we employ the following form for the perturbed quantities
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where ζ is the ignorable toroidal angle along the torus, the di-
rection of symmetry.

By substituting Eq. (4) into Eqs. (2), (3) to eliminate zj±1 in
terms of yj and yj±2 we find a three term recursion relation
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One can readily justify that for j = 0 we can ignore the side
band terms in the limit δ � 1. Then the coefficient of y0 must
vanish and we obtain the following dispersion relation (similar
to Ref. [6])
(
Ω2 − k2

0/δ
)(

Ω2 − k2+1

)(
Ω2 − k2−1

)
(5)= Ω2(2Ω2 − k2+1 − k2−1

)
.

The left-hand side set to zero, represents oscillations in an in-
finite medium, the two acoustic modes Ω2 = k2±1 and the shear
Alfvén wave Ω2 = k2

0/δ, in the absence of toroidal effects and
this is valid for k2

0/δ � 1. However the character of the solu-
tions drastically changes for k2

0/δ � 1.
Then as |k±1| � |k0| in the vicinity of q = m/n we can ap-

proximate k2 = (j/q + k0)
2 	 j2/q2 + 2k0j/q . Note, that in
j
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the high-m, n limit the radial dependence can be kept in the k0
term only and q = qr = m/n can be fixed at the rational surface
value, that is k2

j 	 j2/q2
r + 2k0j/qr . With the coupling effect

from the geodesic curvature, we find in the limit k2
0/δ � 1 two

low frequency roots. One is

(6)Ω2 = 1/q2

(comparable in frequency to the two acoustic side band frequen-
cies), while the second solution takes the form of a modified
shear Alfvén wave

(7)Ω2 = k2
0/δ

(
1 + 2q2).

This dispersion also follows from the kinetic theory developed
in Ref. [11]. As k2

0/δ gets larger the modified Alfvén wave fre-
quency, Eq. (7), approaches the frequency of the first solution,
Eq. (6), but do not cross. The first solution’s frequency, Eq. (6),
increases slowly, while the character of the Alfvénic branch so-
lution, Eq. (7), changes dramatically and begins to decrease. As
one increases k2

0/δ further, so that it becomes larger than unity,
the larger of the two roots approaches the acoustic side band
solution

(8)Ω2 = k2±1,

taken with plus sign (assuming k0 � √
δ or minus sign if

−k0 � √
δ) while the smaller of the two solutions (i.e. the

modified Alfvén wave, Eq. (7) approaches the other acoustic
sideband, Eq. (8), with minus sign (or plus sign if −k0 � √

δ).
The third root of the dispersion relation given by Eq. (5) in
the limit k2

0/δ � 1 is found to be the geodesic acoustic mode
(GAM) with a frequency which is larger than the other two
modes, i.e. Ω2 = 2(1+1/2q2) [12–14]. As k2

0/δ increases, this
mode changes character and becomes the usual shear Alfvén
wave Ω2 = k2

0/δ when k2
0/δ � 1. The same branch was found

in Refs. [3] and [2], but was called BAE branch.
As we indicated, when k2

0/δ ∼ 1/q2 Alfvén and acoustic
branches approach each other, but their corresponding roots
do not cross. Instead, they form a gap (in frequency) structure
that needs to be resolved. Now, we can rewrite Eq. (5) in the
following form 4k4

0/δq2
r − A2k2

0/δ + Ω2(A − 2)A = 0, where
A = Ω2 − q−2

r . We can solve this equation for k2
0(Ω2) depen-

dence:
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r

]
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This dispersion contains the branches discussed above. We can
make use of the properties of Eq. (9) to find the expression for
the continuum frequency gap at which ∂k2

0/∂Ω2 → ∞, that is
where k2

0 has double root. It is easy to see that one of such cases
is when A = 0, which is found to be a root that corresponds to
the upper boundary of the gap, Ω = Ω+, where

(10)Ω2+ = 1/q2
r .

To find the lower boundary of the gap we consider Eq. (9) to-
gether with the double root condition, and find that a cubic
equation for A needs to be satisfied: A3 − 16δ(A + q−2
r )(A −

2)/q2
r = 0 or

(11)Â3 − (Â + b)(Â − d) = 0,

where Â = q2
r A/16δ, b = 1/16δ, and d = 2q2

r /16δ. An ex-
act solution of Eq. (11) can be obtained in general form, but
it can be accurately approximated assuming 2q2

r > 1. We find
then Â = C1/3 − d/3C1/3, where C = d

√
4d + 27b2/6

√
3 −

bd/2 > 0, and the lower boundary gap frequency is expressed
by
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.

This can be further reduced in the limit of δ � 1 to

(13)Ω2− = Ω2+
[
1 − (

32q2δ
)1/3]

.

However, this last form is accurate only for very low plasma
beta, δ < 0.2%.

Now we compare different continuum solutions obtained
here from Eqs. (2), (3), with NOVA solutions obtained from
Eqs. (1) for a specific case based on the JET plasma discussed
later. In our numerical work the adiabaticity index is taken as
γ = 11/8, which corresponds to equal ion and electron tem-
peratures Te = Ti in q � 1 limit [15]. For now we take cir-
cular magnetic surfaces with the following plasma parameters:
the major radius R0 = 2.90 m, the minor radius a = 0.0945 m
taken ten times smaller then actual JET plasma radius, plasma
beta profile βpl = βpl0[1 − (r/a)5]2 (such a beta profile is flat
until near the edge and is used in numerical NOVA analyses,
but is prescribed exactly flat when we evaluate theoretical equa-
tions), βpl0 = 0.29%, which corresponds to δ = 2×10−3, safety
factor profile is taken in the form described in Ref. [9] with a
central value q0 = 0.99, edge value q1 = 4, q ′ = dq/dΨ equal
0 and 15 at the center and at the edge respectively (it is ap-
proximated near the axis as q 	 0.99 + 1.38(r/a)4.5), where
r/a ≡ √

Ψ and Ψ is the normalized poloidal flux. The NOVA
code numerical solution of Eq. (1) is shown in Fig. 1 to be re-
markably close to the analytical solution given by Eq. (9). It is
notable that the simplified solutions, Eqs. (7) and (8), are quite
close to the numerical solution in the discussed limits k2/δ � 1
(near r/a = 0.33) and k2/δ > 1 (at r/a > 0.5).

3. Simulations and observations of BAAEs in low beta JET
plasma

It follows from Fig. 1 that the continuum extrema (and po-
tentially global modes) are formed near the magnetic axis,
where shear is low, and near gap location, r/a = 0.45. We
solve ideal MHD equations numerically using NOVA code [8]
in JET plasma equilibrium with the parameters given above but
with the realistic plasma beta profile βpl = βpl0[1 − (r/a)2]2%,
βpl0 = 1%, central electron density and temperature, ne0 =
1.3 × 1013 cm−3 and Te0 = 6 keV, respectively, plasma minor
radius a = 0.95 m, and last closed magnetic surface elliptic-
ity 1.7 and triangularity 0.23, which together with the q-profile
were reconstructed by EFIT code. We fit plasma beta to the
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Fig. 1. Comparisons of different approximations for the frequencies of
Alfvén–acoustic continuum versus r/a for δ = 2 × 10−3 shown as red dashed
curve (NOVA)—the numerical solution of Eq. (1), and black dot-dashed
curve—analytical dispersion, Eq. (9). Shown also are “uncoupled” Alfvénic
branch, solid curves A0, corresponding to Eq. (7), sideband (j = ±1, curves
a±1) and dominant (j = 0, curve a0) acoustic branches, corresponding to
Eq. (8). Frequencies are normalized to Ω2+ given by Eq. (10). (For interpre-
tation of the references to colour in this figure legend, the reader is referred to
the web version of this Letter.)

Fig. 2. Alfvén–acoustic continuum (see (a)) is shown as red dashed curves for a
JET plasma and n = 4, q0 = 0.99. The radial extent of two global BAAEs and
their frequencies are shown as solid lines near the extremum points. The radial
mode structure of BAAEs located in the gap is shown in (b) as the structure of
poloidal harmonics of the normal component of the plasma displacement vector
(multiplied by minor radius) in arbitrary units. (c) shows the radial structure of
a core localized BAAE. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this Letter.)

product of measured electron temperature and density profiles
and assumed that Ti = Te , since no measurements of Ti were
available at the time of observations. These plasma parameters
correspond to the initial (ICRH ramping) phase of JET dis-
charge #62484, in which ∼ 2 MW of ICRH power was applied.

In Fig. 2 we show results of NOVA simulations for n = 4 and
a particular plasma equilibrium with q0 = 0.99, for which we
have found two global BAAEs numerically. One mode is local-
ized inside the Alfvén–acoustic gap (Fig. 2(b)), just below the
upper boundary of the continuum gap. The second mode is core
localized. Its frequency is found just above the modified Alfvén
continuum extremum. In this regard core localized BAAE is
similar to the up-chirping RSAE [16]. As q0 decreases in time
due to plasma current diffusion, Alfvén–acoustic continuum
evolves and so do the frequencies of BAAEs as demonstrated
in Fig. 3(a). It is important to note that our theory and numer-
ical simulations predict that core localized BAAE frequency is
bounded at high end of its frequency variation by the lower
gap frequency, Ω−, and starts from almost zero value within
ideal MHD model. Numerically modes are not found near the
lower extremum point inside the gap. This effect may be simi-
lar to the TAE frequency downshift due to the pressure gradient
(eventually merging into the continuum near the gap at suffi-
ciently strong ∇p) [10,17]. Modes are robustly computed for
both flat and slightly reversed q profiles. Reducing plasma den-
sity or plasma pressure gradients to zero does not seem to have
an effect on BAAE existence or eigenfrequency value. BAAEs
normal component of the plasma displacement consist mostly
of one poloidal harmonic as can be seen from Fig. 2. However,
as expected from our theory, the m ± 1 sidebands of the ∇ · �ξ
perturbation component are also present. It is surprising that
the mode width is narrower for the core localized mode, even
though the low shear region in the center is wider. It appears
that the mode formation mechanisms seem to be different for
core-localized (c) and for off-axis (b) modes in Fig. 2.

The measured spectrum of the observed low frequency
Mirnov signal in JET discharge #62484 is shown in Fig. 3(b).
It contains traces of magnetic signal of several toroidal mode
numbers (denoted) from t 	 6.5 s to t 	 7.1 s, whose evolu-
tion is qualitatively similar to the one obtained in simulations.
At this point simple qualitative analysis is sufficient to predict
one value of q0. By comparing Figs. 3(a) and 3(b) we conclude
that q0 = 1 at about t = 6.5 s, which is consistent with the EFIT
equilibrium reconstruction within 3–5% error bars, and the fact
that shortly after t = 7 s sawteeth-like events were observed
on soft X-ray and ECE (electron cyclotron emission) measure-
ments of electron temperature. We note another interesting and
unexplained observation, that only even mode numbers were
observed n = −2,2,4,6, though there are weak n = 3 traces in
the spectrum.

The toroidal rotation was measured only later in the dis-
charge, but has to be included for the quantitative analysis.
It can be evaluated by comparing frequencies of modes with
different n numbers, such as n = −2 and 2 instabilities at
t = 6.6 s, i.e. when they have equal frequencies in the lab frame.
Assuming that both modes have the same radial location, one
can infer the rotation frequency frot 	 2 kHz. The same value
of frot follows from the comparison of n = −2,2 and 4 mode
frequencies at t = 7.1 s, when they can be interpreted as gap
modes (pointed by arrows in Fig. 3(b) at t = 7.1 s).

However, NOVA simulations predict higher BAAE frequen-
cies. With the assumptions used, γ = 11/8 (which follows from
Te = Ti [15]) and βpl0 = 1% the normalization frequency in
Fig. 3(a) corresponds to 51.4 kHz evaluated at qr = 1. Hence,
n = 4 core localized mode at highest frequency, i.e. q0 = 0.96
(see Fig. 3(a)), has f 	 40 kHz, which is about three times
higher than measured value, fn=4 = 22 − 4frot = 14 kHz. This
discrepancy requires further experimental and theoretical stud-
ies. One potential way to help to resolve it, is the following.
First we note that with the used normalization Fig. 3(a) (as well
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Fig. 3. Several BAAE eigenfrequencies as functions of central safety factor (see (a)). Shown in (a) are core localized mode frequencies for n = 1 (solid curve), n = 2
(dashed curve), and n = 4 (dot-dashed curve) and gap mode frequency for n = 4 (dotted curve). Frequencies in (a) are normalized to Ω+ . (b) represents the Mirnov
signal frequency spectrum during the start of the discharge #62484. Different colors represent different toroidal mode numbers according to the color chart on the
right. Black dashed lines are tangential to the signal initial evolution at t = 6.6 s. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this Letter.)
as Fig. 2(a)) is not sensitive to the value of γ and plasma beta,
which enters through the expression for Ω+. From our theoret-
ical findings it follows that Ω+ is lower when electron pressure
is larger than the ion pressure. Hence, we should use γ = 1 and
only electron beta for plasma equilibrium, βpl0 = βe0 = 0.5%.
This assumption seems to be consistent with the experimen-
tal conditions of strong H-minority heating and low plasma
density, which means that ICRH power is primarily dumped
into the electrons. In this case, we find that Ω+ corresponds
to f = 31 kHz, which means that at highest frequency n = 4
BAAE has 24.8 kHz. This is 1.77 times larger than the mea-
sured value fn=4 = 14 kHz.

Another effect, which may further reduce the predicted fre-
quency is the reversed safety factor profile, in which case the
mode is shifted off-axis, where local plasma pressure can be
lower. Since the BAAE frequency depends on the local pressure
Ω ∼ √

p(r), we expect the frequency to be lower for off-axis
BAE localization (i.e. reversed shear). Even though such a fre-
quency downshift is obtained numerically (if correct this result
may be useful for tuning up a q-profile reconstruction), the ex-
perimental data does not seem to agree with such an assumption
as there are observations that the sawtooth inversion radius is
close to the plasma center soon after t = 7.1 s which then sug-
gests that the q-profile is monotonic.

One plausible reason behind the frequency mismatch is the
model for γ , which so far was not properly tested in experi-
ments. It seems possible that a more accurate kinetic treatment
is needed. One kinetic effect arising from the ion drift fre-
quency turns out to be negligible. For example for n = 4 we
find that the drift frequency calculated with the pressure gra-
dient is ω∗pi/ω+ = 1.7 × 10−2. Hence, instabilities studied in
Refs. [3,11] can not explain the JET observations discussed in
this Letter. Finally, energetic particles, which seem to be ex-
citing the BAAE instabilities may cause the shift between the
computed and measured mode frequencies [18].
We also note that in the simulations there appears to be a
crossing point, where core localized and gap mode frequen-
cies approach each other, such as at n = 4 at q0 	 0.96. After
this point core localized BAAE disappear due to the interac-
tion with the continuum. Due to the interaction of these two
solutions and their different radial localizations, a finite gap
in the mode frequencies is expected, which is similar to the
TAE/RSAE crossover gaps [19]. This gap in our simulations
turns out to be small < 1% Ω+, whereas, according to our in-
terpretation, the gap seen in the JET experiments (Fig. 3(b)) is
of the order of 10% of the frequency (n = 4 mode at t = 7.1 s).
This may be due to a potentially stronger coupling of the two
eigenmodes if kinetic effects are included.

4. Simulations and observations of BAAEs in high-beta
NSTX plasma

Our theory predicts that at high plasma beta Alfvén and
acoustic modes will be strongly coupled as δ is no longer small.
Thus, it is important to investigate predictions of the model
and possibly compare with measurements in high-β plasmas,
which are typical for spherical tokamaks (ST), such as NSTX.
In addition, the safety factor profile measurements with Motion
Stark Effect (MSE) diagnostic in NSTX make such study very
important for the quantitative validation of the theoretical pre-
dictions. We choose NSTX shot #115731, in which previously
unexplained MHD activity was observed [20]. The characteris-
tic frequency of such activity is approximately half of the TAE
frequency and BAAEs are candidates for the interpretation of
these observations.

We take the following plasma parameters R0 = 0.806 m,
a = 0.62 m, βpl0 = 0.31, safety factor measured by MSE and
shown in Fig. 4(c) has reversed shear region within r/a 	 0.5,
q1 	 11, q0 	 2.1, qmin = 1.3, and the same γ = 1.375 as
in previous case, which is consistent with the TRANSP mod-
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eling, i.e. Ti 	 Te. The full MHD continuum spectrum of
Eq. (1) is shown in Fig. 4(a) with the radial extent of two
found global BAAEs and their frequencies. Frequencies are
normalized to Ω+, which corresponds to 52 kHz. The first ra-
dial mode (Fig. 4(b)) has frequency 35 kHz. Again the global
BAAE modes are located just above the continuum extremum
point in the region of low shear near qmin surface. In this case
due to global mode structure of low-n modes (see Figs. 4(b)
and 4(c)) and generally strong toroidicity induced coupling of
poloidal harmonics in STs, gap BAAE eigenfrequencies are less
sensitive to the qmin evolution and are determined by gap enve-
lope extremum rather than by local continuum extremum.

The spectrum of the MHD activity in the NSTX discharge of
interest is shown in Fig. 5(a). We plotted the theoretical predic-
tions for the BAAE gap in that figure as a shadowed region. It

Fig. 4. The same as in Fig. 2(a)–(c), but shown over the whole minor radius
and over a wider frequency range, so that both TAE and BAAE gaps are seen
as marked. In addition, shown in (c) is the safety factor profile q(r), which is
measured by the MSE diagnostic and is reversed at r/a < 0.6.
evolves due to the plasma pressure build up in time and due
to the plasma spinning up in toroidal direction as the beam
ion component increases. Distinct magnetic activity at around
f = 100 kHz with a toroidal mode number n = 2 is seen during
the entire discharge. It seems to lie above the approximate TAE
frequency curve, but, in fact, such instabilities can be identi-
fied as TAE because the TAE gap is wide in NSTX [21]. As the
plasma density and pressure increase, the instability frequency
moves from TAE frequency range down into the BAAE gap.
This is very similar to earlier observations of what was reported
as BAEs (beta-induced Alfvén eigenmodes) [22,23], when in-
creasing fast ion and plasma beta resulted in a mode frequency
downshift from the TAE frequency into the BAAE frequency
range. The same qualitative behavior of instability transition
from TAE to a lower frequency was found in kinetic theory
[24], but was called there a resonant TAE (rTAE). Note, that
the drive of BAAEs in NSTX is expected to be strong due to
the beam ion beta being comparable to the thermal ion beta,
conditions typical for the NSTX plasma. Fig. 4(a) indicates that
the BAAE gap is so wide that during a BAAE burst the mode
can stay within the gap even when there is a large frequency
variation.

The neutron signal drops at almost each of the BAAE bursts
by as much as 8%. In NSTX conditions with large beam ion
orbits, this implies that there are strong redistribution and losses
of beam ions. The strongest drops in neutron flux coincide with
simultaneous bursts of n = 1 and n = 2 BAAEs, such as at t =
0.24 s and t = 0.255 s (see Fig. 5(a)). Earlier beam ion losses
in NSTX [25] were reported as due to EPMs, which are excited
in the same frequency range as BAAEs.

The parameters of the plasma analyzed above correspond
to t = 0.262 s, when the n = 2 magnetic signal activity was
measured (pink signal traces as marked). This mode chirps in
Fig. 5. Magnetic signal spectrum measured at the edge of the plasma in NSTX (see (a)). Shown in (a) are theoretical predictions for the Alfvén–acoustic continuum
gap (shaded area between Ω− and Ω+) and TAE frequency (separate solid curve corresponding to simple expression ωTAE = vA/qR0) for n = 2 with the Doppler
shift from the plasma rotation contribution included. Red circle point is NOVA predictions for the BAAE frequency. Shown in (b), (c) are the perturbed magnetic
field, δB , polarization measured at the edge of the plasma (see (b)) and predicted by NOVA at the peak of the mode amplitude (see (c)), with regard to the equilibrium
field, B0. δB curve traces the tip of its unity vector positioned at the origin of the graphs. (d) shows how NOVA predictions (blue dashed curve) for BAAE radial
structure of the radial plasma displacement compares with the reflectometer measurements available at three radial points (marked with red dots). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this Letter.)
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frequency on a short time scale, typically for a few millisec-
onds. At the start of the chirp the frequency of the chirping sig-
nal in the lab frame is flab = 103 kHz and, if corrected for the
measured strong toroidal rotation, frot = 30 kHz (measured by
impurities toroidal rotation), gives f 	 flab − n × 30 = 43 kHz
in the plasma frame. We identify this part of the frequency spec-
trum (as well as n = 1 similar activity shown as black chirping
signals) as instability of the BAAE mode because of the follow-
ing experimental indications. First of all, its frequency within
the experimental uncertainties is sufficiently close to the fre-
quency obtained in the simulations. NOVA simulated frequency
is shown in Fig. 5(a) as a red circle point, which corresponds to
Fig. 5(b) BAAE solution. TAEs were found numerically within
TAE gap (see Fig. 4(a)) with the frequency in this case at about
90 kHz in the plasma frame, which means that TAEs can be
excluded as candidates in the interpretation of this activity at
t = 0.262 s, but could be responsible for n = 2 oscillations at
higher frequency, seen at flab = 130 kHz.

We simulate BAAE polarization with NOVA (Fig. 5(b)) and
compare it with measurements (Fig. 5(c)). The polarization is
measured only at the edge, whereas NOVA can reliably (within
MHD model) predict its polarization only in the eigenmode lo-
calization region as the propagation of the mode through the
continuum to the edge is not treated self-consistently within
the MHD theory. One can see that both numerics and measure-
ments show similar perturbed magnetic field polarizations with
regard to the equilibrium magnetic field. In particular, both have
strong parallel perturbed field components. However since beta
is large in NSTX similar parallel field component of the per-
turbed field can be expected for Alfvén eigenmodes.

Finally, reflectometer diagnostic provides three radial points
of plasma displacement filtered for the one frequency chirp.
They can be fitted to the radial displacement structure as show
in Fig. 5(d). The radial displacement corresponds to the first ra-
dial mode shown in Fig. 4(b).

5. Summary and discussion

In this Letter we have developed a theoretical description of
the ideal MHD Alfvén–acoustic continuum gap in the limit of
low beta and high aspect ratio plasma. Numerically we have
found new global eigenmodes, called here BAAEs, near the
extrema points of the continuum in both low and high-beta
plasmas. We also presented experimental observations, which
support qualitatively and in some cases quantitatively our the-
oretical predictions. Notably, ideal MHD simulated BAAE fre-
quency evolution qualitatively agrees with JET observations in
a low beta plasma, whereas it is quantitatively higher by a fac-
tor of 1.77 at the highest frequency predicted for these modes.
This is the lowest value ideal MHD can provide by keeping
only thermal electron (neglecting bulk ion) pressure. The value
of γ as well as kinetic effects such as due to thermal ion FLR
and non-perturbative interaction with energetic particles may
be responsible for the mismatch in computed and measured
mode frequencies [18]. Another potential way to reconcile sim-
ulations and observation in JET is to assume that q0 = 1.5, in
which case BAAEs with only even toroidal mode numbers can
exist and the highest eigenmode frequency will be at 1.5 time
lower in simulations. This would bring the NOVA predictions
for the BAAE frequency to the value within the experimental
uncertainty of 10%. Empirically q0 seems to be close to unity
and measurements of q-profile are required in order to resolve
this issue.

In NSTX we found that in the flattop of the discharge the
plasma pressure measurement gives several indications that the
low frequency oscillations can be identified as BAAE modes.
Frequency, mode structure and the polarization data agree with
the theoretical predictions within the numerical uncertainty.
However, BAAE frequency does not agree with the measure-
ments at the beginning of the discharge as the observed fre-
quency seems to be inside the TAE gap, which is approxi-
mately two times the frequency of the BAAE gap in NSTX.
This is consistent with the resonant TAE excitation theory in
which TAE mode down-shifts and transforms into a BAAE
frequency range due to strong drive from fast ions [18,24]. A
strong drive is required in NSTX where electron and ion tem-
peratures are similar so that strong ion Landau damping is ex-
pected.

However, the problem of BAAE stability is beyond the scope
of this Letter. At this stage the question arises on how eigen-
modes can exist since the coupling to acoustic branch can re-
sult in strong ion Landau damping as the phase velocity of
the acoustic branch can be close to the bulk ion thermal ve-
locity. On the other hand even modified Alfvén component of
the BAAE, which is clearly electromagnetic, and has phase
velocity on the order of Alfvén velocity, can efficiently inter-
act with thermal ions if bulk ion temperature is sufficiently
close to the electron temperature. The interaction is due to
the poloidal modulation of ion drift velocity resulting in the
following transit resonance ω − (k‖ ± 1/qR)v‖ = 0, which
means that since k‖ � 1/qR for modified Alfvén wave, thermal
ions with v‖ = vAk‖qR = vT ik‖qR/

√
βi can efficiently inter-

act with electromagnetic BAAE component. Arguably high ion
Landau damping (thus requiring a large drive for instability)
means that BAAEs may require non-perturbative studies, such
as proposed in Refs. [18,24]. We will address kinetic aspects of
BAAE excitation in future publications.

As we mentioned, Alfvén–acoustic continuum was stud-
ied in previous publications with the expressions for GAM
(or BAE) branches obtained in [2,3,12–14]. Kinetic theory of
Ref. [3] does not seem to include acoustic sideband harmonic
coupling, so that BAAE gap frequencies were not reported.
Expression for the Alfvén–acoustic continuum at the rational
surface was found in Ref. [6], whereas numerically BAAE gap
structure is shown in Ref. [7]. Global modes corresponding
to GAM frequency and called BAE were found in Refs. [23]
and [7]. It is clear that the antenna version of the code of
Ref. [7] picked up the global mode, which had a strong in-
teraction with the continuum and the eigenfrequency, which is
close to the GAM (BAE). More localized global BAAEs with
the frequencies below the GAM frequency were not seen in the
plasma response. BAAE gap frequency ratio to GAM frequency
is 1/

√
2(q2 + 1), but both scale the same way with regard to the

plasma parameters. However, the frequency evolution of BAAE



N.N. Gorelenkov et al. / Physics Letters A 370 (2007) 70–77 77
(especially the one at the low shear or core region) is notably
different from that expected for the GAM (BAE) frequency. Fi-
nally, the GAM (BAE) frequency is substantially higher than
the BAAE frequency obtained in our work.

Our BAAE based interpretation of JET and NSTX obser-
vations is apparently different from the interpretation of low
frequency activity in DIII-D [22], which are based on BAE sim-
ulations described in Ref. [23]. In that reference BAEs, which
matched the measured frequencies, were obtained numerically
by explicitly neglecting the acoustic wave coupling. This pro-
cedure did not provide any reasonable and physical mode struc-
tures in the NOVA simulations of both JET and NSTX plasmas
considered due to the strong interaction with the continuum.

The use of BAAE measurements, as we have shown in the
example of a JET plasma simulations, can potentially extend
the MHD spectroscopy to determine q0. Such observations
could be a very important diagnostic tool for ITER and other
burning plasma experiments. These observations would also
help to infer the central plasma beta and the ion and electron
temperatures by reconciling the measurements and the theory.
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