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A thermodynamicmodel of a plasmaboundary layer, characterizedby enhancedtemperature
contrastsandÒmaximumentropyproduction,Óis proposed.Thesystemshowsbifurcationif theheat
ßuxenteringthroughtheinnerboundaryexceedsacritical value.Thestatewith a largertemperature
contrast!largerentropyproduction" sustainsa self-organizedßow. An inversecascadeof energy is
proposedasthe underlyingphysicalmechanismfor the realizationof sucha heatengine.
© 2008 American Institute of Physics. #DOI: 10.1063/1.2890189$

I. INTRODUCTION

Two seeminglyoppositeÒprinciplesÓhavebeenformu-
latedto accordÒentropyÓa controlling role evenin the non-
equilibrium thermodynamicsof macroscopicsystems.The
Þrst, the principle of minimum entropy production, has
provento be a highly successfulansatz,powerful enoughto
predict a variety of self-organizedstructuresin nonlinear
systems.1 Thesecond,theprincipleof maximum entropy pro-
duction, Þrst proposedby Paltridge,2 also seemsto work
rather well for someßuid systemsthat may maximize the
entropyproductionby simultaneouslyenhancingtemperature
inhomogeneity. Paltridge and co-workers3Ð5 invoked this
conceptto explain the heattransportbetweenwarm tropics
andcool high latitudesof theEarth;otherplanetsalsoappear
to prefermaximizingthe entropyproduction.6 Ozawaet al.7

pointedout that the maximumentropyproductionmay be a
generalconsequenceof ßuid-mechanicalinstabilities !such
asBŽnardconvectionor KelvinÐHelmholtzinstabilities" that
can work as a heatengine.Dewar8 developeda statistical-
mechanicalmodel of nonequilibrium ßux-driven systems,
where the maximum entropy production is related to the
mostprobableÒpathsÓof transitions.

It is quite obviousthat somethingso counterintuitiveas
the principle of maximumentropyproduction,must be an-
choredin processesthat mustnecessarilylead to quasiequi-
librium stateswhich maximallydepartfrom thermalequilib-
rium. Statesthatmaximizetemperaturegradientsseemtailor
madefor suchprocesses.Sincethestandardßuid mechanical
instabilitiesseemto be able to createsuchstates,onewon-
ders if there is a greater generality to the phenomenon:
Would, for example,ßuidlike instabilitiesin electromagnetic
systemsalso conspireto createstateswith sharpgradients?
And if yes, will it be reasonableto try to understandsuch
statesasmaximizingentropy-production?

In this paperwe attemptto bring into this generalfold
oneof the mostspectacularexpressionsof self-organization
manifestedin the high-conÞnement,high pressuregradient
tokamakdischarges,the H-mode,or dischargeswith an in-
ternaltransportbarrier!ITB".9 It is temptingto enquireif the
gross featuresof phenomenaof this genrecould be Òpre-
dictedÓandexplainedby the principle of maximum entropy

production. We carry out such an enquiry by studying the
thermodynamicsof a simplegenericmodelof a ßuid bound-
ary layer !region with large gradients" in which a speciÞed
heatßux entersform theleft while theright boundaryis kept
at a Þxedtemperatureby a heatbath.We will showthat the
systemexhibitsbifurcation;two distinctstablestatesof tem-
peraturedistribution are possible.The total heatßux is the
controllingparameter;whenit is greaterthana critical value,
thesystemfavorsthestatewith a largertemperaturecontrast.
We will alsoproffer a setof feasibility arguments;in particu-
lar, we will discusshow suchpurely thermodynamicconsid-
erations!devoid of electromagnetism" could be relevantto
H-modesandITBs formedin tokamakplasmas.

II. THERMODYNAMIC RELATIONS

We startwith the Þrst law of thermodynamics

dU = ! Q ! ! W, !1"

relating the changein internalenergy dU with ! Q, the heat
absorbedand ! W, the work done by the system.We will
distinguishbetweenthe changesin statevariablesandother
general variables; the former !latter" will be denotedby
dX !! Y". In this notation, the second law is written as
! Q=T!dS ! ! Si" with T and S as temperatureand entropy,
respectively. The quantity ! Si!" 0" denotesinternal entropy
production.Introducinga positiveconstantTref measuringa
referencetemperature,we may rewrite Eq. !1" as

! W = ! Q ! TrefdS ! !dU ! TrefdS"

=%1 !
Tref

T
&! Q ! Tref! Si ! !dU ! TrefdS". !2"

The Þrst term on the right-handside of Eq. !2" gives the
maximumwork achievablein a reversibleprocess!CarnotÕs
theorem". Thesecondterm!! Tref! Si# 0", proportionalto the
internalentropyproduction,diminishes! W in anirreversible
process.The third term !dU ! TrefdS", consisting of exact
forms, doesnot contributeto the integral over any closed
Òcycle.Ó

For an openßuid !plasma" system,onecould deÞnethe
thermodynamicvariables!! W, ! Q, U, S, etc." for eachmass
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element;thesewill be calledÒspeciÞcenergy,ÓÒspeciÞcen-
tropy,Óandso on. Their variations!dX or ! Y" arecalculated
alongthe streamline.Writing the time derivativeof an exact
!nonexact" variableas dX /dt !Ẏ", the rate of work done is
found from Eq. !2",

Ẇ =%1 !
Tref

T
&Q̇ ! TrefṠi !

d

dt
!U ! TrefS". !3"

IntegratingEq. !3" overa domain$ !Þxed", we obtaina
macroscopicenergy balancerelation. Denoting by dM the
masselement,the total amount of some state variable X
!evaluatedfor a unit mass" is given by X̄=' XdM. Note that
this representationusesthe Lagrangianframe !dM moves
with the ßuid". To evaluatethe time derivative of X̄, it is
convenientto usetheEulerianframe.With deÞningthemass
density%, we maywrite dM =%d3x, whered3x is thevolume
element!Lebesguemeasure" of the laboratoryframe.We ob-
serve, using the massconservationlaw #%/#t+$ á!v%"=0
!v is the ßow velocity",

d

dt
X̄ =(

$

#
#t

!X%"d3x

=(
$
)#

#t
!X%" + $ á!vX%"*d3x ! (

$
$ á!vX%"d3x

=(
$
%#

#t
X + v á$X&%d3x ! (

#$
!n áv"%Xd2x

=(
$
%d

dt
X&dM ! (

#$
!n áv"%Xd2x, !4"

wheren is the unit normal vector, directedoutward,on the
boundary#$ , and dX /dt=#X /#t+vá$X is the convective
!Lagrangian" derivative.If we assumethat the massßow is
conÞnedin the domain,!náv"%X mustvanishon the bound-
ary. In what follows, we omit the massßow through the
boundary.

In a ÒquasistationarystateÓ!could be far from thermal
equilibrium", a sufÞcientlylong-termaverageof a statevari-
ablemustbe constant.Hence,we may assumethat the vol-
ume integral of the statevariables!U and S" are constant.
IntegratingEq. !3" over all ßuid elements,then,yields

(ẆdM =(%1 !
Tref

T
&Q̇dM ! Tref( ṠidM . !5"

Generally, the variationsof nonexactvariablesmay take
Þnitevaluesevenin a quasistationarystate.Indeed,Eq. !5"
givesthe estimateof the long-termaveragework !power" of
a quasistationarythermodynamicengine.

III. QUASISTATIC LAYER SYSTEM

We will now study the thermodynamicsof an idealized
plasmaÒlayerÓboundedfrom the insideby an internalcore
plasma,and from the outsideby a cold heatbath.We will
specify the total heatßux F1 enteringthe layer throughthe
innerboundary&1 in contactwith thecoreplasma.The tem-
peratureof theouterboundary&0 is Þxedby thetemperature

T0 of the heat bath. The inner-boundary temperatureT1
!whose value measuresthe layer temperaturegradients",
however, is the essentialparameterthat needsto be deter-
mined.Theouter-boundaryheatßux F0 mustbalanceF1 in a
quasisteadystate!then,we write F1=F0=F".

We neglectthe massßow acrossboth boundaries.Con-
sequentlythe boundarytermsin Eq. !4" go to zero.We as-
sumethat Ẇ works only internally to drive a ßow in $ !the
energy transformationbetweenthe thermal energy and the
mechanicalenergy of collectivemotion may be represented
by Ẇ or its dual Q̇=Ẇ". The entropy production Ṡi is,
by deÞnition, internal in the domain. However, the layer
may exchangethe heatQ̇ with the exterior. In termsof the
heat ßow vector f !Q̇%=! $ áf", 1/Tref times the Þrst term
on the right-hand side of Eq. !5" may be manipulatedas
!dM =%d3x",

(
$
%1

Tref
!

1

T
&Q̇%d3x = ! (

#$
%1

Tref
!

1

T
&n áfd2x

! (
$

f á$%1

T
&d3x

=)%1

Tref
!

1

T1
&F1 ! %1

Tref
!

1

T0
&F0*

! (
$

ṠDdM , !6"

wherewe havedenoted#f á$ !1/T"$= ṠD%!T andnáf areas-
sumedto be constanton both boundaries". The Þrst term of
Eq. !6" representsthe ÒentropyemissionrateÓthrough the
boundaries.The secondterm in Eq. !6" is the Òentropypro-
ductionrateÓdueto the !irreversible" energy ßow f.

Hereafter, we set the referencetemperatureTref=T0 !the
heatbathtemperature". Using Eq. !6" transformsEq. !5" to

(ẆdM =%1 !
T0

T1
&F1 ! T0(!ṠD + Ṡi"dM . !7"

If the heatwere to transportonly by diffusion in a sta-
tionary medium !viz., Ẇ=0", the entropy production!and,
thus,theentropyemission" is minimized10 for theÒharmonic
heatßowÓ!$ áf =0", i.e., Eq. !7" holdswith Ẇ=0 and Ṡi=0.

In a generalquasisteadystate, the mechanicalenergy
!plasmaßow energy; in the restof thepaper, thework done,
and the excitation-dissipationof the ßow will be usedex-
changeably" mustsaturate,and thus, ' ẆdM =0 !by the Þrst
law of thermodynamics,' ẆdM =F1! F0, and, in a quasi-
steadystate,F1=F0=F". However, local Ẇ mayremainnon-
zero.Excitation!Ẇ ' 0" anddissipation!Ẇ ( 0" of ßow may
occurat differentspace-timelocations,andthey might have
different scalesassociatedwith them; the scaleseparation
betweenexcitation and dissipation processeswill be dis-
cussedin Sec.VI. In the macroscopicenergy balanceequa-
tion !7", the inßuenceof the ßow on heattransportmay be
accountedby the entropyproductionterm ' !ṠD+ Ṡi"dM. We
notethat,in aninitial transientphase,F0 maybesmallerthan
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F1 and there is power availableto generateßows !' ẆdM
=F1! F0". Then,entropyproductionwill increaseto balance
the Òheat-enginedriveÓasa quasisteadystateis approached.

If onewere to invoke the ansatzof Òmaximumentropy
productionÓthe internal entropy productionterm must ac-
quire the largest accessiblevalue. Although in a transient
phase,the entropyproductionrate !energy dissipationrate"
mayassumeanyarbitraryvalue,in a quasistationarystate,it
is boundby thetotal entropyemission#thatis proportionalto
the Þrst term on the right-handside of Eq. !7"$; the factor
!1! T0/T1" insuresthat theentropyemissionincreasesasthe
differencebetweenT1 and T0 increases.Maximum entropy
production is, therefore, fundamentally tied to maximum
temperatureinhomogeneity. At the same time, the factor
!1! T0/T1" scalesthemaximumwork thatcanbedoneby the
heatengine.Sincework doneis synonymouswith changesin
the ßow energy, and the maximumentropyproductionand
the maximum work done are controlled by the sametem-
peraturedifferencefactor, it follows that entropyproduction
will be maximized,if in the layer, a large temperatureinho-
mogeneity is excited/maintained/accompaniedby large
plasmaßows.Sucha quasistate,if foundto bestable,will be
surelyfar from thermalequilibrium,andwill needto besus-
tainedby an externalinput, for example,the heatßux enter-
ing the layer from the coreplasma.

IV. MODEL OF HEAT TRANSPORT

In order to maximize temperatureinhomogeneity, the
systemmust involve a mechanismthat can Þght and over-
comeprocesseslike heatdiffusion that tendto minimize the
temperatureinhomogeneity!diminishingtheentropyproduc-
tion". To work out somedetailsof sucha generalÒmecha-
nism,Óit is helpful to dwell on an exampledrawn from the
tokamakH-modeexperimentswhereit is foundthatthetran-
sition to a high gradientstateis alwaysaccompaniedwith the
generationof a strongshearedßow. We understandthat this
qualitative thermodynamicmodel cannot even pretend to
capturethe complicatedphysicsof the H-mode transition,
but we believe that this transition doessharesomeof the
deÞningcharacteristicsof the model layer problemthat we
are investigating.Consequently, this mode of enquiry may
shedsomeconceptuallight on this very importantphenom-
enon.

Let us imaginea scenarioin which somegenericflow
!collective motion of particles" acts to sustainthe tempera-
ture inhomogeneity!bringing about an excessof entropy
production". If the ßow can enhancethe temperaturecon-
trasts,the powerẆ availablefor driving the ßow increases;
this positivefeedbackcan,then,becomethecauseof a trans-
port barrier.

For a transparentformulationof the problem,let us in-
voke a simpletransportmodelin which the temperaturedif-
ferencebetweenthe inner and the outer boundaryis con-
trolled by a ßow dependentheatdiffusivity !andtheentering
heatßux F" via

T1!P" ! T0 = ) !P"F, !8"

where P is the power to drive the ßow !to be determined
later as a function of F", T1!P" is the inner boundarytem-
peraturethat is a functionof P !and,thus,of F", and) !P" is
the impedance!inversediffusivity". Although we havehigh-
lightedtheP dependenceof ) , it couldbea functionof other
systemparameters.

Determinationof the function ) !P" will require rather
involved analysisandcomputationalstudies.But that is not
theaim of this effort. Instead,we proceedby constructingan
explicitly solvablebut reasonablemodel to extractthe nec-
essaryconditionson ) !P" thatmight producea newstateÑa
ßow-dominatedtransportbarrier, for example.For this pur-
pose,we assumea simpleparameterizationof ) !P",

) !P" = ) 0 + ) 1!P" = ) 0 + aP, !9"

wherea is a constant.We shall seebelow that a positive a
!increasingthe effective inverse diffusivity, and thus, de-
creasingthe prevailingdiffusivity" canbe the harbingerof a
phasetransition.

The baselineimpedance) 0=) !0" characterizesthe am-
bient statein the absenceof ßows.Naturally this coefÞcient
variesfrom systemto systemandis, in general,complicated
and often unknown.The ÒdiffusionÓin a tokamak,for ex-
ample,is known to be anomalous!driven by ambientturbu-
lent ßuctuations" yielding muchhigherheat-transferratesas
comparedto the purely collisional transportrates.Whenwe
apply this model to tokamaks,the turbulent diffusive heat
transportwill deÞnethe referenceor the Ògroundstate.ÓTo
developthemain featuresof our model,however, we do not
needto know muchabout) 0; it is fully equivalentto speci-
fying the referenceinner boundarytemperature

TD + T1!0" = T0 + ) 0F, !10"

attainedby the ßowlessambientstate.We assumethat the
inter-relationshipsare deÞnedby FickÕs law, F=D* T / * x,
where* x is the layer thicknessandD !=* x / ) 0" is the heat
diffusioncoefÞcient!assuminga slabgeometryandconstant
D, theheatßux of thediffusionis f =! D$ T thatis a constant
vector". The entropy productionassociatedwith this diffu-
sion processis ' ṠDdM =!T 0

! 1! T D
! 1"F.

All we areinterestedin, from now on, is to demonstrate
that additionalprocesses,like self-generatedßows!possibly
throughan instability" allow us to reachsolutionsfor which
T1!P"" TD ' T0. Using Eqs.!8"Ð!10", we eliminate) 0 to ar-
rive at

T1!P" = TD + aPF. !11"

The model!8" and!9" canbe representedby an equiva-
lent circuit shownin Fig. 1, whereTD may be consideredas
an intermediatetemperature!voltage" betweentwo different
impedances,) 0 and) 1!P". However, we arenot considering
separateÒregionsÓin the layer for both impedances.

The next step is to estimate the power P available
to generatethe ßow. We must subtractthe power wasted
through the ubiquitous entropy production in a diffusive
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process, T0#T 0
! 1! T D

! 1$F, from the maximum power
Pmax=#1! T0/T1!P"$F available in an ideal Carnot process
!6",

P = Pmax! T0%1

T0
!

1

TD
&F = T0%1

TD
!

1

T1!P"
&F. !12"

However, not all of this P can appearas the ßow energy
becauseof inherent damping mechanisms!additional en-
tropy production". ThecoefÞcienta multiplying P in Eq. !9"
canbeviewedassomesortof anefÞciencyfactor, andscales
the overall inßuenceof the ßow on the thermaltransport.

Equations!11" and !12" are simultaneousin T1 and P,
we can solve them for either. We Þrst solve for T1 deter-
minedby

T1 = TD + aF2%T0

TD
!

T0

T1
&, !13"

or equivalently,

* T* =
aF2T0* T*

!TD + * T* "TD
+ g!* T* ", !14"

where * T* + T1! TD measuresthe temperature increase
!causedby theßows" at theinnerboundaryfrom its diffusive
referencevalue.Therearetwo solutionsof Eq. !13":

T1 =,TD,

aF2T0/TD.
!15"

The Þrst is simply the referencediffusive one and occurs
when P=0.

It is the secondsolution,capableof supportinga higher
temperaturecontrast!T1' TD" as shown below, that is the
primaryobjectof our search;it is accompaniedby, in fact, is
drivenby a ÞniteP, andits very deÞnitionT1' TD turnsout
to be exactly the ÒbifurcationÓcondition.The graphicalso-
lution of Eq. !14" for * T* , shownin Fig. 2, illustrateshow
the secondsolutioncanemerge in * T* ' 0. Whenthe graph
of y=g!* T* " goes over that of y=* T* near the origin
* T* =0, they will intersectat somepoint in * T* ' 0, yield-
ing a solutionof Eq. !14". This conditionreadsas

g!!0" =
aF2T0

TD
2 ' 1, !16"

wherethe ! denotesdifferentiationwith respectto * T* . Re-
memberingthat TD=T0+) 0F containsF, the condition !16"
translatesas!for a ' 0"

F ' Fmin +
T0

-T0a ! ) 0

. !17"

For positive heat ßow into the layer from the inner
boundary!F ' 0", the thresholdcondition!17" is meaningful
only if the edgetemperatureT0 is sufÞcientlyhigh so that

T0 '
) 0

2

a
!18"

is satisÞed.It is interestingthat in this model, a very cold
outer edge could prevent the transition even for arbitrary
amountsof heatßux input into the layer.

Notice that the existenceor the essentialnatureof the
bifurcation of solutions does not dependon the detailed
shapeof thefunction) !P", as longas) !!P" ' 0. For an) !P"
more general than Eq. !9", the bifurcation condition !16"
becomes

g!!0" =
) !!0"F2T0

!T0 + ) 0F"2 =
) !!0"F2T0

TD
2 ' 1, !19"

andtheminimumheatßux andtheminimumtemperatureare
given by replacinga by ) !!0" in Eqs.!17" and!18", respec-
tively.

V. STABILITY OF THE BIFURCATED STATE

The stability of eachequilibrium point is determinedby
evaluatingthe responseof T1 to a perturbation! T. We can
imaginethe following chainof events:

T1 TD T0

W diffusion

flow

Z

! T*

F

. .
QÕ

FIG. 1. Equivalent diagram of a heat engine in a boundary layer. If
* T* ' 0, theheatenginecanwork to drive ßow !P is thepowerdriving the

ßow; Q̇! is thedissipatedpower;in steadystate,P=Q̇!". Theßow produces
an additionalÒnonlinearimpedanceÓZ=) 1!P" that sustainsthe temperature
contrast* T* yielding a free energy to drive the ßow itself.

!T*

F=1

F=10

5 10

5

10

y

FIG. 2. Bifurcation of solutions#intersectionsof the graphsy=g!* T* " and
y=* T*$. If g!!0" ' 1, we have the second branch of solutions with
* T* ' 0. In this graph,parametersareT0=1, a=2, ) 0=1, and F=1, 10.
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! T → ! P = F
T0

T1
2! T

→ ! ) = aF
T0

T1
2! T

→ ! T1 = aF2T0

T1
2! T + +! T.

If + ' 1 !+ ( 1", the equilibrium temperatureT1 is unstable
!stable", becausethe perturbationis ampliÞed!diminished".
If this cycle of processestakesa periodof time , , the evo-
lution of the perturbationmay be written as! T!t"=e- t! T!0"
with - =!log +"/ , .

Let us Þrst examinethe stability of the trivial stateT1
=TD=T0+) 0F. Below the bifurcation point, i.e., aF2T0/TD

2

# 1 #seeEq. !16"$,

+ + aF2T0

T1
2 #

TD
2

T1
2 = 1

!equality holds at the bifurcation point", the trivial stateis
stable.For ßuxesabovethe bifurcation threshold,however,
the trivial statebecomesunstable.On the other hand, the
high T1!' TD" state !T1=aF2T0/TD", if it exists, is always
stable,becausewe have

+ + aF2T0

T1
2 =

TD

T1
( 1.

VI. MULTISCALE FLOW-TURBULENCE
SYSTEM

The working of the modelÒheatengineÓwe constructed
to sharpentemperaturegradientsin a plasmalayer, depends
on theconcurrentexpressionof two contradictoryprocesses:
theprocessesthatcreatedisorder!maximumentropyproduc-
tion" and processesthat createorder !generationof ßows".
The sharpertemperaturegradientsresult becausethe coher-
ent ßow suppressesthe ambientturbulence-causeddiffusive
heat transport,which, in the languageusedin this paperis
equivalentto an increasedimpedance#) !P" ' ) 0$.

One is, of course,more familiar with the ÒprincipleÓof
Òminimumentropy productionÓwidely applied to explain
self-organizationof Òorderedstructures;Óthe ßow being the
orderedstructure.In this narrative,large entropyproduction
is believedto destroycoherentstructuresand the systemis
pushedtowarda disorderedstate.

Oneis forcedto ask,then:What is it that we havedone
differently?What is the essentialingredientthat enablesthe
simultaneousenhancementof entropy production,and the
channelingof energy into orderedmotion !ßow"?

Going back to the essentialsof the model,we note that
the only possiblenew elementthat could impart this non-
standardbehaviorto the engineis our choice of the inner
boundarycondition;insteadof specifyingthetemperatureT1
at the innerboundary, we havechosento specifytheamount
of heatßux F enteringthe layer. In fact it is F thatbringsin
the energy that would be eventuallychanneledinto an or-

deredßow; unlessF is largeenough!larger thana threshold
value", the enginedoesnot work, i.e., the high temperature-
contraststateis not accessible.

Since the high temperature-contraststate is the Þnal
product of the heat engine, the factor measuring the
temperature-contrast,!1! T0/T1" scalesthe strengthof the
two seeminglycontradictoryconstituentprocesses:the Car-
not efÞciencyfor generatingmechanicalenergy !ßow", and
the entropy production !emission". Such a state of affairs
couldpertainif, for instance,thedissipationmechanismsthat
createthe total entropy!including theÒdampingÓof theßow
Q̇! =P" wereindependentof themechanismsthatconvertthe
ÒfreeenergyÓinto an orderedßow.

The two opposingmechanismscould, indeed,act inde-
pendentlyandsimultaneouslyif the ÒdomainsÓof their efÞ-
cient operationwerenonoverlapping.We proposethat a re-
courseto scale-separationdoespreciselywhat is needed:!1"
the total entropyproductionis dominatedby smallscaleper-
turbationswith a large dampingrate !. L! 2; L: eddy size"
keepingtheeddyamplitudes!sacriÞcefor thedissipation" to
be very small. !2" The ßow, being a coherentmacroscopic
structure,is createdin the large scale,perhaps,from an in-
stability driven by the entering heat ßux F; its creation/
characteristicsarenot affectedby the shortscaledissipation
responsiblefor entropyproduction.

Thus the existenceof a scale-hierarchyallows the sys-
tem to transition to a state that can maintain order while
maximizingdisorder. This transitionis anexpressionof self-
organizationof theÒheatengine;Ótheself-organization,most
likely, takingplacethroughtheso-calledÒdual-cascadeÓpro-
cessinvestigatedin two-dimensional!2D" turbulence.Using
this approach,Hasegawaand Wakatani11 predicted self-
organizationof ÒzonalßowsÓin electrostaticturbulenceof
plasmas.

The canonicalexampleof two-dimensionalturbulence,
however, is provided by the 2D NavierÐStokessystem12

wherethe dual cascadeis facilitatedby the existenceof two
different ideal constantsof motion, the energy, and the en-
strophy. When ßuctuationsare excited!by an instability" at
an intermediaterangeof wavenumbers,the energy and the
enstrophymove in oppositedirectionsin the wavenumber:
the energy transfers,through the inversecascaderoute, to-
wardlargerscales!getsordered", while theenstrophygoesto
the small-scaledissipationrange !gets disordered". At the
large-scale,a ßow self-organizes,and the stretchingeffect
suppressesturbulenttransport.It shouldbe notedthat these
processeshavebeenshownto functiononly in a 2D ßuid; in
threedimensions!3D" the vortex-tubestretchingeffect vio-
latesthe ideal conservationof the enstrophy. A 3D tokamak
plasma,however, hasanadvantageoverthe3D neutralßuid;
the strongaxial magneticÞeld impartsan effective 2D be-
havior to the conÞnedplasmaso that simpler 2D ßuid like
considerationscouldberelevantto H-modelayersandITBs.

In the standardapproachfor exploring the large-scale
structureof the ßow, one setsup a variationalprinciple; a
constrainedminimizationof enstrophywhile keepingtheen-
ergy constant!as well as the total angularmomentum".11,12

Theminimumenstrophyprinciples,naturally, impliesÒmini-
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mum entropyproductionÓbecausethe dissipationis propor-
tional to the enstrophy.

In our model, however, the conventional variational
principle is essentiallystood on its head;the relevantnew
principle will constitutea dual13 or an antithesesof the old
one;onemustmaximizetheenergy for somereferencevalue
of the enstrophy. As mentionedabove,the boundarycondi-
tion, specifyingtheheatßux, is thekey to our departurefrom
the standardpictureand,hence,the causefor the new varia-
tional principle. In an opensystemwherethe enteringheat
ßux F is given, the entropyproductionrate is bounded,

(!ṠD + Ṡi"dM =%1

T0
!

1

T1
&F =

F2) !P"

T0#T0 + F) !P"$
(

F

T0
.

Hence,the enstrophy!dissipation" is bounded,supplyingus
a constraintwhile we maximize the energy. Under the as-
sumptionthat ) !!P" ' 0, maximizationof P !energy" raises
the entropyproductionto its maximum.

The maximumentropyproductionyields a mostÒdisor-
deredÓstatein the small-scale,while an orderedßow with
the maximumenergy appearsin the large-scaleof the hier-
archy.

Thus the working of this somewhatpeculiar Òheaten-
gineÓdescribedin this papercanbe understoodin the back-
drop of processesandideasthat havebeeninvokedto study
a varietyof self-organizingsystems.Specialanddistinguish-
ing featureof this systemis that whenthe enteringheatßux
F exceedsa well-deÞnedthreshold,a transition to a stable
state with enhancedtemperaturegradientsoccurs. Simple
thermodynamicscancapturetheessentialqualitativefeatures
of the transitionaswell asof the new state.
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