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Analysis of multifrequency interferometry in a cylindrical plasma
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A microwave interferometer operating simultaneously at 70, 90, and 110 GHz is used to measure
line integrated electron density in a plasma column in the VX-20 experiment. Interferometer beam
sizes are a significant part of the plasma radius at some locations. We model the wave propagation
through the plasma using a scalar wave approximation with assumptions of a Gaussian beam profile
and plasma spatial profile. The phase shifts obtained from this model are compared with standard
thin beam calculations and experimental data. © 2006 American Institute of Physics.
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I. INTRODUCTION
2 2 x2 + z2
Obtaining electron density profiles from microwave in-
terferometry on cylindrical plasmas has been established be-
fore for beam sizes small compared to the plasma size not
taking refraction into account.1 Analyzing interferometry
data taken simultaneously at 70, 90, and 110 GHz for beam
sizes that are a significant part of the plasma radius by using
a thin beam assumption without accounting for refraction has
led to different electron density estimates for the three fre-
quencies and has motivated this work.

A new approach to model the beam propagation through
a cylindrical plasma for beam sizes on the order of the
plasma size is presented and compared to experimental re-
sults. Both refraction and the finite beam size are accounted
for.

II. EXPERIMENTAL SETUP

The microwave interferometer uses a scene beam with a
Gaussian transverse profile consisting of three discrete fre-
quencies at 70, 90, and 110 GHz. The full width at half
maximum of the beam waist is about 1.8, 1.4, and 1.2 cm at
70, 90, and 110 GHz, respectively. A quadrature configura-
tion provides a means to discriminate between amplitude and
phase modulation in the plasma signals.

This interferometer has been used to measure the elec-
tron density in the VASIMR VX-20 device.2,3 The VX-20
experiment employs a helicon discharge in helium which
produces a flowing plasma with a high degree of ionization.
We discuss measurements at a location where the plasma
diameter of �3 cm is comparable to the beam size.

III. MODELING OF THE WAVE PROPAGATION

We consider a linearly polarized transverse electromag-
netic wave traveling perpendicular to the axis of the plasma
column as shown in Fig. 1. The plasma frequency is assumed

to have a Gaussian profile,
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�p = �p0 exp�−
2�2 � , �1�

where �p0�	4�n0e2 /me, n0 is the electron density on the
axis of the column, and � is the plasma radius. We introduce
an incident beam at z=−z0 and model the detection of the
signal at an observation surface S behind the plasma at z
=z0 �Fig. 1�.

By combining Maxwell’s curl equations, we obtain the
wave equation for the electric field E:

�2E =
4�

c2

�j

�t
+

1

c2

�2E

�t2 , �2�

where c is the speed of light, and j is the induced electron
current. The electric field and the electron current can be
represented by

E = Re
A�x,y,z�exp�− i�0�t − z/c��� , �3�

j = Re
J�x,y,z�exp�− i�0�t − z/c��� , �4�

where we assume the plasma frequency �p to be small com-
pared to the frequency of the microwave beam, �0. E and j
are related by the equation of motion for the electrons,

�j

�t
=

�p
2

4�
E . �5�

Using all of the above in Eq. �2� and assuming furthermore
that the second derivative of A with respect to z is negligible
leads to a differential equation in A,

�2A

�x2 +
�2A

�y2 + 2i
�0

c

�A

�z
=

�p
2

c2 A . �6�

To solve this equation we use an ansatz of the form

A�x,y,z� = R�x,y,z�exp�i��x,y,z�� , �7�

where the amplitude R�x ,y ,z� and the phase ��x ,y ,z� are

taken to be real quantities. We then obtain two coupled dif-
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ferential equations for R�x ,y ,z� and ��x ,y ,z�, one from each
of the real and imaginary parts of Eq. �6�:

�Rxx + Ryy

R
− ��x

2 + �y
2�� − 2

�0

c
�z =

�p
2

c2 , �8�

�2�Rx�x + Ry�y� + R��xx + �yy�� + 2
�0

c
Rz = 0, �9�

where the subscripts x, y, and z in Eqs. �8� and �9� denote
spatial derivatives.

The vacuum solution for this set of equations, which
represents an incoming Gaussian beam with amplitude R0

and phase �0, is given by

A0�x,y,z� =
1

2��a2 + icz/�0�
exp�−

�x − ��2 + y2

2�a2 + icz/�0��
� R0�x,y,z�exp�i�0�x,y,z�� , �10�

where a is the beam waist at z=0 and � is the beam offset in
x from the axis of the plasma column �Fig. 1�.

To solve Eq. �8� in the presence of a plasma, we treat the
quantities in square brackets in Eqs. �8� and �9� perturba-
tively, which requires a4� �cz0 /�0�2. Equation �8� is then
solved by

��x,y,z� = �1�x,y,z� + ���x,y,z� , �11�

where ����1 and �1 satisfies the following first order dif-
ferential equation:

− 2
�0

c
�1z =

�p
2

c2 . �12�

We take the boundary condition �1�x ,y ,−z0�=�0�x ,y ,−z0�
into account to obtain

�1�x,y,z� = �0�x,y,− z0� −
1

2�0c
�

−z0

z

�p
2dz�. �13�

To solve Eq. �8� iteratively for ��, we use the vacuum am-
plitude R0 instead of R and disregard the x and y derivatives
of the perturbation �� and the vacuum phase �0. With Eq.
�1� this gives a correction ���x ,y ,z� �Fig. 2� that represents

FIG. 1. Schematic representation of a section through the plasma column.
We take the beam to be incident on the plasma column at −z0 and to be
detected at surface S at z0. The beam can be offset from the plasma axis by
a distance �.
the refraction of the beam due to the density gradient:
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We can safely neglect the second term in Eq. �14�, because it
enters both the phases of the scene and the reference beam
and therefore does not contribute to a phase difference be-
tween the two beams.

We chose the location of the detector to be z0=2� in
order to pick up �95.5% of the integral over �p

2. This choice
of z0 also fulfills the condition a4� �cz /�0�2 for all values of
z between −z0 and z0.

Using the phase �Eq. �11�� and the vacuum amplitude
R0�x ,y ,−z0� at z=−z0 as the lowest order solution, we find
R�x ,y ,z�=R0�x ,y ,−z0�+�R�x ,y ,z�,

R�x,y,z� = R0�x,y,− z0� −
c

�0
�R0x�x,y,− z0��

−z0

z

�xdz�

+
1

2
R0�x,y,− z0��

−z0

z

�xxdz�� . �15�

With Eqs. �11� and �15� the resulting electric field of the
scene beam at any position z in the plasma is

FIG. 3. Absolute difference between the interference phase shifts for our
model and those for the standard thin beam model �no refraction� for 70, 90,
and 110 GHz at a scan offset �=1.0 cm ��=1.5 cm�. Even without the
refraction term �Eq. �11�� the phase shift for the finite beam size model is

FIG. 2. Phase shift distribution ��=�0−� behind the plasma �z=z0� plot-
ted as a function of x position �70 GHz, n0=1.42	1013 cm−3, �=1.5 cm�,
both with and without taking refraction by the density gradient into account
�Eq. �11��.
larger than for a thin beam assumption.
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Escene = Re
R�x,y,z�exp�i� − i�0�t − z/c��� . �16�

To model the detection we superpose Escene with the electric
field of a reference beam, Eref=Re�R0 exp�i�0− i�0t
+ i�0z /c��. The beams in vacuum are chosen to be in phase
at the detection plane S. We account for the quadrature con-
figuration by adding a phase shift �Q=� /2 to the scene
beam. Since the detector is sensitive to the intensity I, we
square the resulting electric field Etotal and integrate over the
x-y plane S to obtain the detected signal V,

V � �
S

IdS � �
S

Etotal
2 dS = �

S

�Escenee
i�Q + Eref�2dS . �17�

Because the detector cannot respond to high frequencies,
only the slowly varying parts are of interest and we therefore
neglect the high frequency components of the signal V,

V � �
S
�1

2
�R2 + R0�− z0�2� + RR0�− z0�

	cos�� + �Q − �0��dS . �18�

From Eq. �18� we can define an interference phase shift 
,

cos 
 =

�
S

RR0�− z0�cos�� + �Q − �0�dS

�
S

RR0�− z0�dS

, �19�

which for a thin beam is given by cos 
tb=cos���� ,0 ,z0�
+�Q−�0�. If furthermore refraction is neglected, Eq. �19�
defines the interference phase shift 
s

=−�1/2�0c��−z0

z0 �p
2dz� for the standard thin beam model in

case of densities small compared to the cutoff density �Eq.
�11� of Ref. 1, p. 71�.

IV. COMPARISON WITH A STANDARD THIN BEAM
MODEL AND EXPERIMENTAL DATA

The first term in Eq. �11� represents the phase shift for
small densities in the thin beam limit without accounting for
refraction. It increases proportionally to the maximum elec-
tron density n0. However, further away from the plasma cen-
ter the phase contribution from this first term is smaller due
to a shorter path length and a smaller electron density. Inte-

FIG. 4. Comparison of calculated values with experimental data for the
profile of the interference phase shift 
 ��=1.5 cm, n0=1.42	1013 cm−3�.
grating over the detection area S averages over the different
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contributions in phase � and amplitude R of each part of the
beam and the signals V of the two models differ therefore
due to the finite beam size �Fig. 3�.

For higher densities the second term in Eq. �11� becomes
important because it is proportional to the square of the den-
sity gradient. This term accounts for beam refraction. Refrac-
tion due to the gradient term always leads to an increase in
the interference phase shift as shown in Figs. 2 and 3.

Reducing experimental data using a standard thin beam
model does not account for polychromatic differences from
the gradient term. Calculations showed that the different
beam sizes have relatively small influence on polychromatic
differences.

In Fig. 4 we show a comparison of experimentally mea-
sured phase shifts for three frequencies �70, 90, and
110 GHz� as a function of offset � along with model results
for a Gaussian density profile with peak density of 1.42
	1013 cm−3 and radius �=1.50 cm. We chose these param-
eters for the model because of visual fit to the data. There
may be other profiles that fit the data better. Note that phase
shift measurements cannot be easily reduced to profile infor-
mation because density gradients are a function of both den-
sity profile and peak density �Fig. 5�.

V. SUMMARY

We have gone beyond the standard interferometry analy-
sis in studying the case where the beam waist is an appre-
ciable fraction of the cylindrical plasma size and beam re-
fraction by density gradients plays an important role. Our
model explains the experimentally observed polychromatic
differences in the signals.
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