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Electrostatic drift wave linear stability analysis is carried out for the Helimak configuration and
compared against experimental data. Density fluctuation and cross-spectrum measurements show
evidence of a coherent mode propagating perpendicular to the magnetic field which becomes
unstable at k��s�0.15. By comparing the experimental results with the wave characteristic of linear
two-fluid theory, this mode is identified as an unstable resistive drift wave driven by the density
gradient and magnetic grad-B/curvature present in an otherwise magnetohydrodynamic stable
steady-state equilibrium. © 2006 American Institute of Physics. �DOI: 10.1063/1.2168401�
I. INTRODUCTION

Drift waves were originally discovered by D’Angelo and
Motley �see Ref. 1� and Chen �see Refs. 2–5�; their proper-
ties were documented in detail by Hendel et al. in Q-machine
plasmas, as given in Ref. 6. The first detailed explanation of
the nonlinear oscillations measured by Hendel experiments is
given by Hinton and Horton in Ref. 7. In that reference, the
square of the density gradient drives the growth rate through
the electron resistivity and parallel thermal diffusivity in a
hot ion plasma �Ti�Te� where ion collisional viscosity gov-
erns the damping. From these drift wave experiments it be-
came clear that the Bohm diffusion �see Ref. 8� was pro-
duced by the large E�B convection in the drift waves
driven by the plasma density gradients.

The drift wave instability plays a key role in the turbu-
lent transport of magnetized fusion plasmas, which makes
the literature on this subject very extensive. For a review see,
for instance, Ref. 9 and references there in. This instability,
sometimes called universal instability, is present in most fu-
sion plasmas due to the necessary presence of density and
temperature gradients in confined plasmas. However, the ex-
perimental study of drift wave instabilities and the associated
turbulence and turbulent transport are not simple problems.
This difficulty comes from the fact that in order to obtain
good plasma confinement a complex toroidal magnetic ge-
ometry is necessary. In addition, a complete experimental
description of the fluctuations is not always possible either
because of the very high temperatures of fusion-grade plas-
mas or access limitations due to configurational constraints
in the confinement devices.

The Helimak is one of a class of basic plasma experi-
ments which manifests selected characteristics of a fusion
plasma in a simpler geometry and with better diagnostics
than are possible in major confinement devices. The Helimak
is a finite realization of the one-dimensional, cylindrical,
sheared slab often used in theoretical calculations of plasma

turbulence. This correspondence makes possible the com-
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parison of well-understood theoretical and numerical models
with experimental data. The additions of magnetic curvature
and shear are the minimal additions to the ideal slab model
required to introduce the effects of a confinement geometry.
The field curvature generates a charge-dependent drift of the
guiding centers which separates electrons from ions. This
charge separation is also mathematically equivalent to the
one that occurs from the gravitational field on the surface of
the sun. Thus, the experiment can simulate the Rayleigh-
Taylor instability in certain regimes. The Helimak is a toroi-
dal device with a cross section shown in Fig. 1. The domi-
nant toroidal field �B�� is of order 0.1 T with a weaker
vertical field �Bz� which may be varied up to 10% of the
toroidal field. The field lines are thus helices as shown spi-
raling from bottom to top. The field line length may be var-
ied from less than 20 m to more than 1 km. The height of the
vacuum vessel is Lz=2H=2 m, the inner radius is 0.6 m, and
the outer radius 1.6 m. For most conditions, all the field lines
terminate at both ends on sets of plates as shown. There are
two sets top and bottom, 180° apart. �For the steepest
pitches, some field lines terminate on the vessel.� Although
each plate is electrically isolated, all are connected to the
vacuum vessel in these experiments. The field lines impinge
nearly normal to the plates, which are dotted with more than
700 surface-mounted Langmuir probes. The inset illustrates
one probe tip with its ceramic insulator protruding through
the plate into the plasma. The plasma is formed and heated
by up to 6 kW of microwave power at the electron cyclotron
frequency. The power is admitted through an open wave-
guide on the high field side. Since the single-pass absorption
is small in this experiment, the vacuum chamber forms a
highly overmoded, low-Q cavity—a microwave oven. In ar-
gon at a neutral density of 4�1011 cm−3, typical plasma pa-
rameters are ne=1011 cm−3, Te=10 eV, and Ti�0.1 eV. The
full set of parameters is listed in Table I. This configuration
has a simple stable magnetohydrodynamic �MHD� equilib-
rium �see Refs. 10–12� in which the charge separation from

vertical drifts is largely neutralized by a return j� and the

© 2006 American Institute of Physics1-1

AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp

http://dx.doi.org/10.1063/1.2168401
http://dx.doi.org/10.1063/1.2168401


032101-2 Perez et al. Phys. Plasmas 13, 032101 �2006�

D

small j� required for force balance flows to the end plates
and returns through the conducting vessel. The configuration
has been used in other experiments like in Ref. 13 and 14.
The latter experiment also uses microwave power for plasma
production and reports plasmas with similar equilibrium pa-
rameters. This experiment differs from those principally in
size, having dimensions large compared with all scale
lengths, including those for density and temperature gradi-
ents. This experiment operates in a steady state with station-
ary conditions for tens of seconds, giving excellent statistics
for turbulence. It is a full realization of the cylindrical
sheared slab.

The heated plasma flows along the field lines, establish-
ing a pressure profile with B ·�pe=0 on the time scale H /cs

forming nested cylindrical surfaces of constant pressure.
In the viscous-resistive MHD description of the system,

the diamagnetic drift frequency �*�kzvde is taken as negli-
gible compared with the larger of the MHD frequency �MHD

FIG. 1. Helimak cross section showing the magnetic field lines and probe
geometry. Four sets of four conducting plates contain over 700 Langmuir
probes as shown. Plates are isolated from each other and can be indepen-
dently biased; however, in this experiment all of them are connected to the
vessel.

TABLE I. Helimak important typical plasma parameters.

Electron gyrofrequency fce=2.80�109 Hz

Ion gyrofrequency fci=3.80�104 Hz

Electron plasma frequency fpe=2.84�109 Hz

Ion plasma frequency fpi=1.05�107 Hz

Electron collision rate 
e=1.31�105 s−1

Ion collision rate 
i=2.08�106 s−1

Debye length �D=7.43�10−3 cm

Electron gyroradius �e=7.53�10−3 cm

Ion gyroradius �i=1.12�10−1 cm

Ion-acoustic gyroradius �s=2.05 cm

Electron thermal velocity vTe=1.32�108 cm/s

Ion thermal velocity vTi=2.68�104 cm/s

Ion sound velocity cs=4.9�105 cm/s

Alfvén velocity vA=1.09�108 cm/s

Electric drift velocity vE=1.50�106 cm/s
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given by k�vA and the plasma Rayleigh-Taylor growth rate
�MHD. In the MHD regime, one can show that the Ohm’s law
is

E� +
��pe

en
� E� = �j� . �1�

The resistive MHD modes are analyzed in detail in Dahlburg
et al.15 For the weaker drift wave instabilities the situation is
reversed in Eq. �1�, with

E� � −
�pe

ene
� −

Te

ene
��ne �2�

being the balance in the Ohm’s law. One can see that for the
lower frequencies of drift waves 	ne /ne�e	� /Te, whereas
for a MHD instability driven by the sheared mass flows �
�	dvz /dr	��*e the density fluctuations are small with
e	
 /Te�	ne /ne. Here, we derive the electric field from the
electric potential 
 with

E� = − ��
 . �3�

The regime of Eq. �2� is called the adiabatic regime,
since

	ne = nee
e	
/Te � ne
1 +

e	


Te
� �4�

along the magnetic field line. In the following we describe
strongly driven flow drift wave linear instabilities derived
from a two-fluid approach, using Fourier decomposition of
the fluctuating quantities along the � and z coordinates with
wave numbers k�= l /r �l=0,1 , . . . � and kz=m� /Lz �m
=0,1 , . . . �, where Lz=2H is the height of the Helimak cham-
ber. The fluctuating density and electrostatic potential thus
vary as the real parts of �	n�r� ,	
�r��exp�−i�t− il�+ ikzz�.

This paper is organized as follows. Section II is devoted
to the description of the Helimak equilibrium with measure-
ments of radial equilibrium profiles shown. In Sec. III we
perform the linear stability analysis of the Helimak plasma
within the framework of two-fluid theory. In Sec. IV we
present recent experimental data which shows measurements
and characterization of the density fluctuations. In Sec. V we
conclude.

II. HELIMAK EQUILIBRIUM

For the Helimak configuration described in the previous
section, a MHD stable equilibrium exists as extensively de-
scribed in Ref. 12. We will present the most important results
of this reference regarding the MHD equilibria on which we
operate in the reported experiment.

It is generally well known that in a purely toroidal mag-
netic field no MHD equilibria exists. The charge-dependent
magnetic curvature drift and gradient drift give rise to a
charge separation that can quickly establish large vertical
electric field producing radial E�B plasma flows toward the
wall. However, in the Helimak there is a small but finite
vertical magnetic field component that allows for a vertical
current shorting out the polarization fields due to the gradient

B drift. This vertical current finds its closed path on the inner
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and outer conducting walls of the vacuum chamber. There is
a small vertical current that makes possible the Helimak
MHD equilibria.

As a first approximation we model the Helimak to be
uniform along the vertical direction with standing mode
boundary conditions at the top and bottom plates. Then, we
assume the equilibrium has � /��=� /�z=0 and the equilib-
rium fields are

p = p�r� , �5�

� = ��r� , �6�

v = v��r�e� + vz�r�ez, �7�

B = B��r�e� + Bz�r�ez. �8�

The force balance equation takes the form

d

dr

p +

Bz
2

2�0
� +

�0Iz

4�2r2

dIz

dr
−

�v�
2

r
= 0, �9�

where �0Iz�r�=2�rB�.
The linear ideal MHD stability of this equilibrium, given

by Luckhardt,12 leads to the local Suydam criterion with the
magnetic shear k� =kz�r−rs� /Ls,

2�0p��r�
Bz

2�r�
+ � r

4

q��r�

q�r� �2�
r=rs

� 0 �10�

near the resonant surface r=rs, defined as the surfaces for
which the helical mode �l ,m� follows the pitch of the mag-
netic field. Here, q is equivalent to the tokamak safety factor
q�r�=HB� /�rBz. The shear length Ls defined through the
local k� is 1 /Ls=2Bz /rB�, while the connection length is
given by Lc=2HB /Bz.

The current Iz= Iz
ext+�Ip in Ampère’s law 2�rB�

=�0Iz�r� is composed of the external current provided by the
poloidal coils Iz

ext and the induced plasma current �Ip. The
current �Ip�100 A can be neglected when compared to the
external one of Iz�10 kA. Thus, in the rest of the paper we
use the vacuum magnetic field as the dominant field in the
Helimak, so that the MHD stability criterion becomes �p

=2�0�p� /Bz
2�Lp /r0�0.1, where Lp=−�dp /dr� / p is the

pressure gradient scale length and r0�1 m is the radius at
which the pressure profile peaks.

The pressure profile is given by the measured electron
densities from swept probe I-V characteristics from a radial
probe array of 80 probes. The electron temperature is fairly
uniform throughout the plasma due to the fast electron ther-
mal conductivity. Typical radial equilibrium density, electron
temperature, and floating potential profiles at the position z
=−74 cm from the midplane are shown in Fig. 2. Measured
profiles at the top and bottom ends of the machine, z=
+74 cm and z=−74 cm, respectively, are the same within
less than 5%, indicating uniformity of the equilibrium prop-

erties on both sides of the z=0 cm midplane.
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III. DRIFT WAVE INSTABILITY

We present the linear analysis of low-frequency electron
drift waves from the Braginskii16 two-fluid description that
considers separate dynamics for each plasma species,

msns
d

dt
vs = − �ps + esns�E + vs � B� + Rs, s = �e,i�,

�11�

where Rs is the friction force between species, assumed to be
parallel to the magnetic field

Re = mene
e�vi� − ve��b̂ with b̂ �
B

B
, �12�

Ri = − Re, �13�

where 
e is the electron-ion collision rate. The perpendicular
dynamics can be obtained by crossing �11� with the magnetic
field

vs� =
E � B

B2 +
b̂

�s
� 
 �ps

msns
+ 
 �

�t
+ vs · ��vs�

= vE + vds +
b̂

�s
� 
 �

�t
+ vs · ��vs, �14�

with vE=E�B /B2, vds= b̂��ps /esBns, and �s�esB /ms be-
ing the E�B drift, the diamagnetic drift, and the gyrofre-
quency of species s, respectively. Expression �14� contains
the drifts associated with each plasma species s= i ,e. In the
drift ordering, the small parameter �=�s /L� is used as an
expansion parameter, in which �s=cs /�i is the ion-acoustic
scale length and cs the ion sound speed. It is also further

FIG. 2. The Helimak operates in a steady state with a duration of 30 s.
Radial equilibrium density, electron temperature, and floating potential pro-
files are shown. All profiles are measured as a function of radius by Lang-
muir probes spanning the vessel. Also shown is a radial profile of the density
fluctuation level, 	n /n, measured by probes collecting ion saturation current.
Distance is measured from the central vertical axis of the torus.
assumed that
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vE

cs
�

vd

cs
�

1

�i

�

�t
� � . �15�

Hence, the perpendicular drift-ordered flow velocity is

vs� = vE + vds + O��2� . �16�

As is well known, the first drift does not lead to a perpen-
dicular current in the plasma as long as quasineutrality can
be maintained. The second drift is due to the existence of the
equilibrium pressure gradient. This drift, being in opposite
directions for ion and electrons, gives rise to a diamagnetic
current that provides the equilibrium force balance �p= j
�B.

By recursively solving Eq. �14�, we obtain the polariza-
tion drift

vps =
ms

esB
b̂ � 
 �

�t
+ vE · ���vE + vds� , �17�

which is second order in �. Diamagnetic cancellation17 is
included in the last equation after taking the E�B flow as
the only advecting flow. Due to the large mass ratio, the
polarization drift is dominated by ions so that we can neglect
the inertia term in the electron drifts; consequently, we have
that vpe�0.

Although the polarization drift is second order in �, it is
important to retain it because its contribution to charge con-
servation determines the evolution of the electrostatic poten-
tial and helps maintain quasineutrality. Hence, for cold ions
the polarization current is given by

jp =
eni

�i
b̂ �

d

dt
vE =

eni

�i

d

dt

E�

B
� = −

mini

B2

d

dt
� 
�x,t�

�18�

for electrostatic fluctuations.
Another contribution to the perpendicular current comes

from the electron diamagnetic drift,

jd = − nevde =
b̂ � �pe

B
. �19�

Up to now we have used the perpendicular part of the elec-
tron and ion fluid dynamics to obtain the relevant drifts for
the Helimak typical operating conditions.

The parallel dynamics for the electrons gives the consti-
tutive relation for isothermal electrons,

E� +
��pe

ene
= �j� Þ − ��
 +

Te��ne

ene
= �j� , �20�

which couples the electrostatic potential and the density
through the parallel current j�. In the next section we will
obtain the dynamic equations for 
 and ne=ni=n from
quasineutrality and particle conservation.

A. Quasineutrality

In the preceding section, we obtained the total current in

the drift ordering
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j = jp + jd + j�b̂ �21�

made of fluid drifts across the magnetic field and a parallel
current arising from the free-electron streaming along the
ambient magnetic field. For a quasineutral state, charge con-
servation gives the potential evolution equation

� · j = � · jp + � · jd + ��j� = 0. �22�

The contribution to the continuity equation from each current
is given by

� · jp = − �� · 
min

B2

d

dt
��
� , �23�

� · jd = − 2jd · � ln B . �24�

Quasineutrality then gives

−
min

B2

d

dt
��

2 
 − 2jd · � ln B + ��j� = 0 �25�

from Eqs. �22�–�24�, where we reduce the term �� · jp with
�� ln 
= ik�
��� ln n.

The evolution of the number density ne=ni=n is given
by the continuity equation

�n

�t
+ vE · �n + n�� · vE + � · �nvde� + ���nve�� = 0. �26�

The equivalent analysis for the tokamak geometry is more
complicated due to the internal plasma current and the peri-
odic variation of the magnetic curvature as shown in Ref. 18.

Notice that in Eq. �26� we are ignoring plasma sources
and sinks which are present in the Helimak. This effect can
be modeled by including the two new terms=C−�n2 on the
right-hand side of the continuity equation. Here, C=the ion-
ization rate and �n2 is the recombination rate at 10 eV. How-
ever, for the frequencies of interest in this work, this loss rate
given by alpha is a small shift of the growth rates downward
�by 2�n� from their �=0 values.

The compression of the E�B flow, due to magnetic
curvature, is

� · vE = − 2vE · � ln B , �27�

so that the evolution for the density is determined by the
equation

�n

�t
+ vE · �n − 2n�vE + vde� · � ln B + ���nve�� = 0. �28�

Equations �25� and �28� constitute the full nonlinear model
we use to describe fluctuations of 
 ,n in this work. As can
be seen, this model reduces to the Hasegawa-Wakatani19

model in the absence of magnetic gradient and curvature.

B. Linear analysis and parallel Ohm’s law

Now, we turn to the determination of the parallel current
in terms of the fields 
 ,n from the parallel dynamics for
electrons and ions. The parallel current in the plasma is given
by j� =en�vi� −ve��, where ve� and vi� can be obtained from the
parallel momentum equation for each species in the direction

parallel to the magnetic field.
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For electrons, neglecting the mass in the momentum bal-
ance equation �11�, we get

− en��
 + Te��n = men
e�vi� − ve�� , �29�

while for ions

mi
d

dt
vi� = eE� . �30�

Consider an equilibrium state 
0�r�, n0�r�, ve�
�0�, vi�

�0� such
that

��
0 = 0; ��n0 = 0; ve�
�0� = 0; vi�

�0� = 0, �31�

with the magnetic field of the form given by �8� and make
small perturbations around this equilibrium,


�r,�,z,t� = 
0�r� + 	
�r,�,z,t� , �32�

n�r,�,z,t� = n0�r� + 	n�r,�,z,t� , �33�

ve��r,�,z,t� = 	ve��r,�,z,t� , �34�

vi��r,�,z,t� = 	vi��r,�,z,t� . �35�

Equation �29� then becomes

en0��	
 − Te��	n =
me
e

e
j� , �36�

where

�� = b̂ · �; b̂ �
B

B
. �37�

The fluctuation fields 	f are taken to be of the form
	f�r ,� ,z , t�=	f�r�e−i�t−il�+ikzz+c.c. The derivative of the
fluctuations along the unperturbed equilibrium magnetic field
is

b · � � �� � ik� = i
 kzBz

B
−

lB�

rB
� . �38�

It is useful to define a perpendicular wave vector k� which is
perpendicular to both B and êr. This leads to

�� � êr
d

dr
+ ik� = êr

d

dr
− i
 lBz

rB
+

kzB�

B
�n , �39�

where n=b� êr. Notice that for low magnetic field pitches
or axisymmetric modes, the perpendicular wave vector is
k��kz, rather than ky as is usually the case in toroidal mag-
netic confinement geometries.

With these definitions we have that, when acting on fluc-
tuating quantities,

� = êr
d

dr
+ ik� + ik� , �40�

so that Eq. �36� becomes

j�

n0e
= ik�D�
	n

n0
−

e	


Te
� , �41�

with D� �Te /me
e. In the absence of electron collisions, this

equation becomes the Boltzmann’s relation for adiabatic
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electrons. Another equation relating the fluctuating fields 	n,
	
, and 	ve� is obtained by linearizing the continuity equa-
tion �28�,

− i�	n + vE
�0� · ��	n + 	vE · ��n0 − 2n0�	vE

+ 	vde� · � ln B + ik�n0	ve�
= 0, �42�

with

vE
�0� =

b̂ � �
0

B
, 	vE =

b̂ � �	


B
,

	vde = −
Teb̂ � �	n

eBn0
. �43�

Collecting the results for the terms in Eq. �42�,

vE
�0� · ��	n = ivE

�0� · k�	n , �44�

	vE · ��n0 = −
ik�

B

dn0

dr
	
 , �45�

	vE · � ln B =
ik�

RcB
	
 , �46�

	vde · � ln B = −
ik�Te

eBRc

	n

n0
. �47�

In Eqs. �46� and �47�, Rc=−B / �dB /dr�=r is the local radius
of curvature of the magnetic field line and r is the radius
measured from the central vertical axis of the Helimak. The
linear electron continuity equation �42� gives the relation

	n

n0
=

1

�̃

��* − �D�

e	


Te
+ �D

	n

n0
+ k�	vi� − k�

j�

n0e
� . �48�

We use the Doppler-shifted frequency in the plasma frame

�̃ = � − k� · vE
�0�, �49�

where � is the frequency in the laboratory frame of refer-
ence. When the plasma has an Er�0, the vE=Er /B� is op-
posite to the electron diamagnetic drift on the low field side
of the density maximum and parallel to the diamagnetic drift
on the high field side.

In Eq. �48� we define the diamagnetic drift frequency �*

and the grad-B/curvature drift frequency �D as

�* = k�vd = − k�

Te

eB

1

n0

dn0

dr
=

k�Te

eBLn
, �50�

�D = − k�

2Te

eB2

dB

dr
= k�

2Te

eBRc
. �51�

Interchange unstable �stable� regions have �*�D�0
��*�D�0�, corresponding to Ln�0 on the low field side
�Ln�0 on the high field side�.

From the ion parallel momentum equation we have

− i�̃mi	vi� = eE� Þ vi� =
k�e	


mi�̃
, �52�
so that Eq. �48� becomes
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	n

n0
=

1

�̃


�* − �D +

cs
2k�

2

�̃
� e	


Te
+ �D

	n

n0
− k�

j�

n0e
� . �53�

Now, we use Eq. �41� to eliminate the parallel current j� from
Eq. �53� to obtain

	n

n0
=

�* − �D + k�
2cs

2/�̃ + i
�

�̃ − �D + i
�

e	


Te
, �54�

with 
� �k�
2D�. For the Helimak experiments reported in this

work the dominant mode frequency is about 1.2 kHz or
��7.5�103 rad/s, and the typical parallel wave vector
k� �10−3 cm−1, so that the condition ��
� holds and we can
approximate

	n

n0
= 
1 − i

�* − �̃ + k�
2cs

2/�̃

k�
2D�

� e	


Te
� �1 − i	��,k��

e	


Te
,

�55�

in which

	��,k� =
�* − �̃ + k�

2cs
2/�̃

k�
2D�

. �56�

In the collisionless regime 	=0, so we recover the Boltz-
mann relation for adiabatic electrons. Taking kinetic effects
into account will lead to a nonvanishing collisionless 	 due
to wave particle interaction, giving 	n /n0��1+ i�� /2�1/2��
−�*� / 	k�	vTe�e
 /Te, and the continuous transition in

e / 	k�	vTe requires 
� =k�

2vTe
2 / �
e+ �2/��1/2	k�	vTe�.

In a similar fashion, we can obtain an expression for the
divergence of the parallel current

��j� = ik�j� = ien
�* − �̃ + k�

2cs
2/�̃

1 − i��̃ − �D�/
�

e	
̃

Te
, �57�

which for �̃−�D�
� becomes

��j� = ik�j� = ien��* − �̃ + k�
2cs

2/�̃

+ i��̃ − �D�	��,k��
e	
̃

Te
. �58�

In the next section we will derive the radial eigenmode equa-
tion that determines the radial eigenmodes.

C. Eigenmode equation and dispersion relation

We can now eliminate 	n /n and j� from Eq. �25� to
obtain the linear eigenvalue problem


�s
2

r

d

dr

r

d

dr
� + � +

cs
2

�̃2k�
2 + i	��,k�� e	


Te
= 0, �59�

where

�s =
cs

�
i, �60�

Te
cs =�
mi

, �61�
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� = − 1 − k�
2 �s

2 +
�* − �D

�̃
+

k��s
2

�̃B
��

2 
0��r� . �62�

In the absence of parallel dissipation �	=0� and equilibrium
E�B sheared flows �
0=0�, this equation leads to the local
dispersion relation

�1 + k�
2 �s

2��̃2 − ��* − �D��̃ − k�
2cs

2 = 0, �63�

which can be identified as the usual dispersion relation for
drift waves coupled to ion-acoustic modes, modified by the
presence of magnetic curvature. These modes can be driven
unstable by the parallel dissipation provided through 	�� ,k�.
In this case the dispersion relation is

�1 + k�
2 �s

2��̃2 − ��* − �D��̃ − k�
2cs

2 − i
�̃2��* − �̃�


�

= 0,

�64�

where we neglect contributions from the ion-acoustic mode
assuming k�cs��̃�
�. The dispersion relation reduces to

�1 + k�
2 �s

2��̃ = �* − �D + i
�̃��* − �̃�


�

. �65�

For large enough 
� the growth rate is given approximately
by the formula

�k �
�*��*k�

2 �s
2 + �D�


��1 + k�
2 �s

2�3 , �66�

which has two regimes: For the low k��s values on the low
field side �where the parallel diamagnetic and guiding center
�B drifts give �*�D�0�, the growth rate varies as �k

���*�D /
��. At high k��s and/or in the high field side
�where �*�D�0�, the growth rate increases strongly with
the mode number �k��*

2�k��s�2 /
� until the ion viscosity
damping k�

2 �=0.3
ik�
2 �i

2 brings the growth rate back to
zero. The importance of the ion viscous damping is clearly
shown in the Hinton and Horton7 analysis of the Hendel
et al. experiments.6 For the cylindrical experiments there is
no resistive curvature gradient driven drift wave since
�D=0.

The general shape of the wave dispersion and growth
rate is a strong function of the parallel wave number through

� =k�

2D� and 	k�	vTe with a complicated transition. We intro-
duce the ratio of linear wave time scales at the short wave-
lengths kz�s=1 defined by

�̂ �
	�*	

�

=
vd�s

D�

 B

Bz
�2

,

�67�

� �� 2

�

	k�	vTe


e
=� 2

�

Bz

B

vTe


e�s
.

Estimates of k� together with measurements of vd and kz and
other plasma parameters give �̂=1.5–4.5 and �=0.24–0.5.
Figure 3 shows how the growth rate depends on the vertical
mode number m for a fixed density gradient Ln and radius of
curvature �n=2Ln /Rc in the case �̂=4.5 and �=0.25. The
maximum growth rate �maxLn /cs=0.31 in Fig. 3 occurs for

k��s�0.18, which corresponds to m=5. Figure 3�a� shows
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the frequency spectrum in the plasma frame in which the
bottom branch corresponds to the unstable growth rates
shown in Fig. 3�b�. The dimensionless frequency of the most
unstable mode corresponds to the physical frequency
�̃=632 rad/s.

IV. FLUCTUATION MEASUREMENTS

Original experimental studies of drift waves in nonfu-
sion plasmas are found in Refs. 1–5, although the Helimak
experiment is unique in that it possesses both toroidal curva-
ture and magnetic shear. The characteristics of the density
fluctuations are investigated as a function of the connection
length along the magnetic field lines. An argon discharge is
run for a duration of 30 s for each shot, during which both
the vertical and toroidal fields as well as the input power
from the electron cyclotron resonance heating �ECRH� are
kept constant. Between subsequent shots the ratio of the ver-
tical to toroidal field is adjusted so that we are able to scan
through the entire range of pitches, corresponding to connec-
tion lengths along the field lines from bottom to top end
plates between �10 m and 1 km. A typical probe signal
from the low field side �LFS� of the density maximum is
shown in Fig. 4. Measured densities from probe I-V charac-
teristics range up to n�1011 cm−3 with Ln=−n / �dndr�
�0.1 m, while the electron temperature is broad and peaks
at Te�10 eV.

Both ion saturation and floating potential fluctuation data
are collected by a 16-channel, 14 bit digitizer operated at a
sampling rate of 112.5 kSamples/s per channel, providing a
Nyquist frequency of 56.25 kHz. The statistics are based on
a total number of 1.125�106 points culled from 10 s during
a stationary period in a 30 s shot. In calculating the spectra

FIG. 3. �a� Frequency spectrum from the quadratic linear dispersion rela-
tion. �b� Unstable growth rates as function of k��s. The higher frequency
root in the left panel is heavily damped and not shown. Each diamond
corresponds to integer mode numbers kz=m� /2H.

FIG. 4. �a� Sample of time series lasting 5 ms from a probe collecting ion
saturation current during a discharge. �b� Measured density fluctuation level
amplitude normalized by the mean as a function of the connection length

along helical field lines for both the LFS and the HFS.
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we use 4096 points per autopower spectrum and 2048 points
per cross spectrum, giving 275 and 550 realizations, respec-
tively.

Figure 4�b� shows the measurement of the normalized
fluctuation amplitude, 	n /n, as a function of the connection
length along the field lines. On the LFS we observe that for
short connection lengths 	n /n is �40%, but this quantity
increases to well over 50% as the connection length in-
creases, suggesting that overall turbulence levels increase.
On the high field side �HFS� the fluctuation amplitude re-
mains around 20% for all values of connection length. Look-
ing at the relative amplitude of the density fluctuations 	n /n
to the potential fluctuations, e	� /Te, we find that the fluc-
tuation levels are of the same magnitude to within a factor of
2 as expected for drift waves for all connection lengths in the
range 20 m�Lc�50 m with no apparent increasing or de-
creasing trend.

Frequency spectra for different probe collecting ion satu-
ration data are shown in Fig. 5�a�. The two signals from
probes located on the LFS of the density peak display a
well-defined peak at � /2��1.2 kHz. The third trace, from a
probe on the HFS, does not display this frequency peak. This
is consistent with the idea that the favorable magnetic curva-
ture on the HFS stabilizes the fluctuations to long wave-
lengths. Over the connection lengths represented, 20 m
�Lc�50 m, the location of the peak in the power spectrum
tends to increase in frequency with an average value of
f =1.3±0.3 kHz. To obtain wave-number and phase velocity
information, we employ cross-spectral analysis techniques
described in Ref. 20.

A typical cross spectrum for the range of connection
lengths examined here is shown in Fig. 5�b�. Taking the cross
spectrum of two vertically separated probes on the LFS with
�z=0.1 m, we determine that in this range of connection
lengths the LFS fluctuations possess associated wave num-
bers kz=�nn��f� /�z=7.5±2.9 m−1, where �nn��f� is the cross
phase between the two spatially separated probes collecting
ion saturation currents. The corresponding poloidal wave-
lengths are �z=1.0±0.4 m. Because the cross phase is di-
rectly related to the wave number, it is equivalent to the
experimental determination of the dispersion relation, kz���,

FIG. 5. �a� Frequency spectrum of three probes collecting ion saturation
data. The density maximum is located at r=114 cm from the vertical axis.
The two LFS probes are at r=122 cm �solid black� and r=130 cm �solid
red�. The HFS probe is located at r=101 cm �dotted blue�. �b� Coherency,
�nn, and cross phase, �nn, between two probes separated by a vertical dis-
tance of 10 cm, located on the LFS. The slope of �nn gives a phase velocity
of 1000 m/s, and its positive sign indicates propagation in the +z direction.
which, as seen in Fig. 5�b�, has linear structure, �=vkz, in
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accord with drift waves. The cross phase is shifted to in-
creasing positive values for increasing frequencies, indicat-
ing that the fluctuation is propagating in the positive poloidal
direction. The phase velocity is obtained by calculating the
slope, s, of a linear fit to the data points. For the phase
velocity we obtain v=� /kz=2�f�z /�nn�=2��z /s
=1.2±0.2 km/s. The cross coherency provides a frequency-
resolved measure of the correlation between the two probe
signals while ignoring their phase information. We note here
that these signals are partially coherent, possessing a high
level of cross coherency at lower frequencies, �nn��75%.
The wave frequency, �=2��1.3 kHz�8�103 s−1, corre-
sponds to an axial mode number of m=2Hkz /�=2�H /vd�
�5. Thus, we observe a partially coherent mode we expect
to be unstable with kz�s=0.15±0.06. Further evidence is pro-
vided by looking at poloidal cross-correlation functions for
similar sets of probes. These are shown in Fig. 6, displaying
oscillations at a dominant frequency of f =1.2±0.3 kHz and
a peak correlation value of at least 50%. The quick decay of
the oscillation, on the order of 1 ms, indicates that the cor-
responding frequency peak has a width of �200–300 Hz,
which is characteristic of turbulent broadening of the fluc-
tuations. The cross-correlation function is more reliable in
determining the direction of propagation than the cross-phase
analysis. In this case the cross correlation is computed be-
tween a pair of poloidally separated probes, in which the
upper probe is used as a reference signal. The negative time
shift of the �=0 axis indicates that the bottom probe sees the
signal before the top probe, demonstrating that the fluctua-
tion is experimentally measured in the lab frame to be propa-
gating in the upward, or +z, direction. The measured phase
velocity is v=�z /��0=1.0±0.2 km/s, consistent with the
results from the cross-spectral analysis. Other modes with
both higher and lower frequencies and different characteris-
tics become apparent at longer connection lengths; however,
these results are currently beyond the scope of this study.

Over the values of pitch considered with connection
lengths between 20 m�Lc�50 m, the vertical wave number
has a range kz�7.5±2.9 m−1. Estimating the range of paral-
lel wave numbers, we obtain k� =kzBz /B�5.8�10−3±1.2
�10−3 m−1 for values of 0.0006�Bz /B�0.001. This leads
to a parallel wavelength on the order of �� �1 km, which is
much larger than the connection lengths considered in these
experiments. Thus, the relevant parallel length scale in this

FIG. 6. Poloidal cross-correlation functions between two sets of probes,
�z=9 cm, located at radial positions on the LFS r=122 cm �dashed red� and
r=130 cm �solid black�.
operating regime is the connection length; using the electron
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thermal velocity vTe�1.3�106 m/s, we then estimate the
electron transit time along the field lines Lc /vTe�2
�10−5 s. Note that the electron mean-free path is �en

�300 m for argon neutrals and �ei�10 m for argon ions, so
that electron-ion collisions dominate and the mean-free path
is on the same order as the connection length in this operat-
ing regime for the device.

Because the time scale given by the electron transit time
along the field lines is more than an order of magnitude
faster than the wave frequency or k�vTe��, it is a good
approximation to assume that the electrons maintain a local
Maxwell-Boltzmann distribution. Thus, it would be expected
that the resistivity creates a phase difference between the
density and potential fluctuations which then produces a net
radial particle transport �see Ref. 21�. The measured cross
phase between density and floating potential probes, �n�, is
shown in Fig. 7. The cross-spectral analysis is performed
between neighboring ion saturation and floating potential
probes. The probe pair near the density peak �upper plot� is
on the steep part of the LFS density gradient, whereas the
probe pair on the outward edge of the plasma �lower plot� is
located in a relatively flat region of the gradient. In this case
the pair position relative to the density peak is adjusted by
changing the toroidal magnetic field and moving the reso-
nance either closer to or further away from the probes. The
distance between the two pairs is �r=18 cm. For both cases
the cross-coherency peaks with values of �n��0.75, indicat-
ing that the density and potential are highly correlated at the
observed dominant fluctuation spectrum frequencies. In the
case of the plasma edge, however, the coherency spectrum
remains fairly high, �n��0.5, and broad, signifying that the
density and floating potential fluctuations remain partially
coherent for a greater range of frequencies on the LFS tail of
the gradient. Near the peak the density and potential appear
to be in phase as seen in the upper portion of Fig. 7. On the
edge they are � /2 out of phase, indicating that either dissi-
pation is playing a part or that another mechanism not inves-
tigated here becomes important in this region of the gradient.
A more detailed analysis of the radial particle transport prop-
erties associated with these fluctuations and their phase dif-
ference must be undertaken.

FIG. 7. Cross coherency, �n� �solid red�, and cross phase,�n� �dotted black�,
between adjacent probes measuring ion saturation and floating potential,
respectively. The upper plot corresponds to a probe pair 8 cm radially out-
ward from the density peak on the LFS. The lower plot corresponds to a
probe pair 26 cm radially outward from the density peak on the LFS.
By looking at the radial cross-correlation function, Fig.
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8, we can determine the radial length scale of the turbulence.
Here, we have taken a set of radially spaced probe pairs
ranging from �r=0 cm to �r=12 cm and plotted the maxi-
mum value of correlation function versus radial separation.
The points were then fitted to the function e−�r/�, where
�=8.67 cm decay length of the radial correlation. Note that
this scale length is consistent with the density gradient scale
length of Ln�10 cm. Thus, we do not expect fluctuation
measurements made at a radial separation of greater than
�10 cm to have a high degree of correlation, and the radial
extent of the fluctuations observed is bounded by this dis-
tance. It is also important to note that the turbulence length
scale is an order of magnitude smaller than the radius of the
machine, �r=1 m.

V. CONCLUSIONS

We have shown for the Helimak that the density gradient
driven resistive drift wave turbulence dominates the growth
rate at short wavelengths, and a resistive drift wave version
of the Rayleigh-Taylor interchange instability dominates the
spectrum at long wavelengths. A linear dispersion relation
has been derived for the Helimak which is consistent with
the experimental measurements of density and floating po-
tential fluctuations.

The magnetic curvature radius Rc of the field lines is
equal to the radius r of the local position from the symmetry
axis in the system. Due to the negligible plasma beta, the
gradient-B drift contribution equals that of the curvature drift
for the hot electron component, and these combine to give
the charge separating drift frequency �D=2kzTe /eBR.

In Sec. III C we have shown that the growth rate at short
wavelengths is proportional to the square of the density gra-
dient, and that at long wavelengths it is proportional to the
product of the density gradient and magnetic field line cur-
vature. The transition occurs at roughly kz�s= �2Ln /Rc�1/2 to
the Rayleigh-Taylor growth rate �MHD= �2Te /miLnRc�1/2 in
the unfavorable curvature side by the adiabatic electron
shielding. Note that the growth rate is proportional to the
resistivity in the drift wave regime.

Thus, we expect and see in the experiment that there are
large-amplitude drift wave fluctuations on the low field side
of the density profile where the fictitious gravity due to the
magnetic curvature is pointing down the density gradient. On
the high field side of the maximum of the density profile the

FIG. 8. Radial cross-correlation function between sets of probes with �z
=0 cm and �r=0,4 ,8 ,12 cm.
curvature is pointing up the density gradient so the long
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wavelengths are stable. Only the shortest wavelength part of
the spectrum can be unstable on the inside of the maximum
of the density gradient profile.

The drift wave modes adjust themselves to have the
longest parallel wavelength possible within the geometry.
For low helical pitch the parallel wavelength can reach the
limiting value of k� =� /ve, where the thermal electrons reso-
nate with the waves. This is the region of maximum growth
rate for the drift waves. As the helical pitch becomes stronger
the parallel wavelength becomes shorter and the growth rate
decreases. This trend is seen in the experiment as shown in
Fig. 4�b�

In Fig. 5�a� we show the power spectrum of the density
fluctuation on the outside of the density profile in the region
where the density gradient is near its maximum value. Here,
the dominant mode is at fmax=1.2 kHz, which corresponds to
a vertical mode number of m=5 and the associated wave
number kz=7.5m−1. The diamagnetic drift velocity is vde

=Te /eBLn=1 km/s and the fractional shift of the frequency
down from �*e=kzvde due to �De is given by 2Lne /Rc=0.2.

While the shortest wavelengths have a growth rate pro-
portional to the square of the density gradient, the saturation
level of these waves is low. The dominant part of the fluc-
tuation spectrum is from the density gradient times the effec-
tive gravity from magnetic curvature pointing down the den-
sity gradient. The instability here may also be described as
arising from the effective buoyancy of expanding density
blobs in the fictitious gravity created by the curvature and
gradient-B drifts of the electrons. The ions play almost no
role except in neutralizing the waves in the electron fluid due
to their heavy mass and cold temperature. Thus, the labora-
tory with the curved magnetic fields provides a method of
directly simulating the role of gravity driven plasma modes
on the surface of the sun and other stars.

Other modes that can be excited and will be studied in
future experiments are the Kelvin Helmholtz modes and the
fast MHD interchange modes.
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