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Abstract

The electromagnetic properties of two-dimensional metallic nanostructures
in the optical frequency range are studied. One example of such a structure
is a periodic array of thin metallic strip pairs. The magnetic response of
these structures is studied, as is the closely related emergence of the negative
index of refraction propagation bands. The presence of such bands is found

to critically depend on the proximity of electric and magnetic dipole
resonances. It is demonstrated that the frequencies of those resonances are
strongly dependent on the ratio of the structure thickness and the plasmonic
skin depth. Electromagnetic structures that are much thicker than the
plasmonic skin depth are shown to exhibit standard broad antenna
resonances at the wavelength roughly twice the strip length. As the
structures are scaled down to resonate in the visible/mid-infrared,
electrostatic resonances determine the electromagnetic properties of such

materials.
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(Some figures in this article are in colour only in the electronic version)

1. Introduction and motivation

Meta-materials is a general term referring to man-made
composites which have the desirable properties unavailable
in the naturally occurring materials. Extending the range of
materials’ electromagnetic properties is currently the main
driving force behind the development of meta-materials.
For example, it has recently been demonstrated that meta-
materials containing split ring resonators can have a negative
magnetic permeability u© < 0 in the microwave [1] and
even terahertz [2] frequency ranges.  When additional
elements, such as continuous conducting wires [3], are
introduced into an elementary cell of a meta-material, both
the dielectric permittivity and magnetic permeability can be
made negative [4]. Such negative index materials (NIMs)
with ¢ < 0 and p < 0O are particularly promising because of
the possibility of making a ‘perfect’ lens with sub-wavelength
spatial resolution [5]. NIMs can be very useful for many other
microwave and optical applications [6—10] as well.
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Developing NIMs for optical frequencies, however, has
proven to be challenging. Although there are naturally
occurring materials (metals, polaritonic materials such as SiC,
ZnSe, MnO in mid-infrared) with a negative €, using the
scaled-down version of the original split-ring resonator is more
challenging due to fabricationissues. Forexample, the original
double split ring concept [1] was replaced by the simplified
single split ring resonator (SRR) [11] to demonstrate magnetic
response in the infrared part of the spectrum. Even further
simplifications of the unit cell may be necessary to develop
magnetic response at near-infrared/visible frequencies. As the
resonant structures are simplified, there is less opportunity for
increasing their capacitance and inductance by making their
aspect ratios (e.g., ratio of the SRR’s radius and gap size) high.
Hence, increasing the ratio of the resonant wavelength A to
the cell periodicity L becomes more difficult. It is the high
A/ L ratio that distinguishes a true meta-material from its more
common cousin, the photonic crystal [13, 14].

Another limitation of the split-ring resonator was recently
recognized: because it does not have an inversion symmetry,
electromagnetic resonances cannot be classified as purely
electric dipole or magnetic dipole resonances. Consequently,
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both electric and magnetic responses are strongly excited
at the same frequency unless significant modifications of
the structure [12] are made. Therefore, it can be difficult
to experimentally distinguish between the two. This was
experimentally demonstrated at infrared frequencies [11]
by exciting the magnetic resonance of a split ring in the
illumination geometry that had the incident and induced
magnetic fields orthogonal to each other. This property of
non-centrosymmetric structures is known as bi-anisotropy.
Electromagnetic wave propagation in bi-anisotropic structures
is substantially different than that in NIMs [12]. On the other
hand, electromagnetic modes of centrosymmetric structures
can be classified according to their spatial symmetry as electric
dipolar, electric quadrupolar, magnetic dipolar, etc. Thus, one
can identify frequency ranges where the structure has either
electric or magnetic response.

Inorder torealize NIMs at high (optical) frequencies, there
is a need to consider electromagnetic materials with the unit
cell satisfying the following conditions:

(a) fabrication simplicity,

(b) inversion symmetry (to avoid bi-anisotropy),

(c) availability of both magnetic and electric resonances in
close frequency proximity of each other, and

(d) small elementary cell size compared to the wavelength.

We will consider the simplest metallic structures, metallic strip
pairs, and demonstrate using numerical simulations how the
negative index property emerges from electric and magnetic
resonances. We will show how sub-wavelength infrared
resonances of these structures naturally occur as the structures
become thinner. These resonances are electrostatic in nature,
and their resonant frequency is determined by the shape of the
structure and the frequency-dependent dielectric permittivity
of the metal. The transition from geometric resonances
(dependent on both the shape and the size of the structure) to
plasmonic (electrostatic) resonances (shape-dependent, size-
independent) occurs when the smallest dimension of the
structure becomes smaller than the skin depth.

2. Negative index meta-materials based on perfectly
conducting strip pairs

The concept of a resonance is fundamental to understanding
and designing meta-materials. This is especially true when
very exotic electromagnetic properties of a meta-material
are desired, such as, for example, a negative magnetic
permeability. For example, the approximate formula for
the magnetic permeability of a meta-material consisting of
SRRs [1] reads

Fuw?
Pett =1 — —

- 2 .~
w* — wy + il

M

where F is the fractional area of a unit cell occupied by the
SRR, wy is the magnetic resonance frequency, and I' is the
resistive loss coefficient. The filling factor F is typically kept
small to avoid strong interaction between adjacent unit cells.
Therefore, pei(w) < 0 only for ws in the close vicinity of the
magnetic resonance frequency wy. A similar expression [15]

Figure 1. Two horizontally spaced layers of vertically stacked pairs
of metallic strips. The layers are infinitely extended in the
y-direction with periodicity L. The separation between strips is D,
and the height and width of each strip is H and W, respectively.

exists for a periodic meta-material consisting of wire elements
into which cuts are periodically introduced:

0 —
fefle_ﬁ7 2
w* — o + 1wl

where @), is the characteristic ‘plasma’ frequency and wg is
the cut-wire resonance frequency. Except for a very specific
and often practically challenging case of uninterrupted wires
(wg = 0), negative .5 exists in the immediate proximity of
the electric resonance at @ = wg. Thus it can be argued that
developing a NIM may require finding a resonant structure that
has adjacent electric and magnetic resonances.

Luckily, the simplest structure exhibiting nearby
resonances consists of two thin metallic strips placed next
to each other. Two horizontally spaced layers of such
metallic strips (vertically stacked on top of each other) is
shown in figure 1. For computational simplicity and to
facilitate qualitative understanding, the strips are assumed to be
infinitely extended in the z-direction. All calculations below
assume that the fields are not varying in the z-direction as well.
A P-polarized electromagnetic wave with nonvanishing E,,
E,, and H; field components incident on the layer can excite
both electric and magnetic resonances. Because no resonances
are expected to be excited by the S-polarized electromagnetic
wave, our calculations are restricted to P-polarization.

Magnetic resonance is excited because the magnetic field
H, of the incident wave is normal to the plane of the strip
pair. The double-strip structure has centre of inversion
symmetry. This symmetry ensures that the structure is not
bi-anisotropic: electric and magnetic resonances occur at
different frequencies. The magnetic resonance can thus only
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be excited by the magnetic field perpendicular to x—y plane. It
cannot be excited by the electric field alone (with magnetic
field in the x—y plane) as is the case with bi-anisotropic
structures [16, 17]. In any case, the assumption of field
invariance along the z-direction precludes us from modelling
such a case.

To determine and characterize possible resonances of
a perfectly conducting metallic strip pair (MSP), we have
numerically calculated the transmission coefficient 7' (w) of
a P-polarized electromagnetic wave normally incident on a
single layer of vertically stacked MSPs as a function of the
incident wave frequency w. MSP layer geometry is defined by
the following parameters: H/L, = 0.64, W = D = H/8.
Here L defines the spatial scale, and L, is the periodicity
in the y-direction. The simulation was done using the
commercial finite elements code FEMLAB [18] that solves
a two-dimensional fixed frequency Helmholtz equation for the
magnetic field H,:

2 o’
~V’H, = < H,, (3)
C

where the following boundary conditions are satisfied:

(a) 9,H, = 0 at the metal surface (here 9, is the normal
derivative),

(b) 0.H, +iwH;/c = 2iwHj at x = —Lg, and

(¢c) 0.H, —iwH,/c =0atx = Lg.

Here 0, is the normal derivative at the metal surface, Hy is
the amplitude of the electromagnetic wave incident on the
structure from the left, and x = 4Ly are the computational
domain boundaries. Boundary condition (c) corresponds to the
source-free radiative boundary condition. Boundary condition
(b) corresponds to the radiative boundary condition with an
external source. For all simulations w < 2mc/L, making
the single-layer structure a sub-wavelength diffraction grating.
The computational domain was chosen large enough so that the
evanescent diffractive orders are negligibly small: Ly = 5L.

The assumption that a MSP is a perfect conductor is
accurate only when the strip thickness W is much larger than
the skin depth of the incident light. For most metals this
translates into W > 20 nm for infrared frequencies. Most
recently reported experimental results (see, for example, [11])
on detecting magnetic response in the infrared do indeed fall
under the ‘perfect conductor’ category. The plot of T (w)
shown in figure 2 (top) exhibits two pronounced transmission
dips. The first dip at wL/c = w(E')L/c ~ 2.7 is very broad
and relatively shallow. Plotting the field structure (electric and
magnetic fields) at that frequency reveals its electric dipole
nature: the bottom (top) caps of both metallic strips are
positively (negatively) charged. The magnetic field between
the strips is essentially zero because the electric current in both
strips flows in the same direction.

The high-frequency dipatwL /¢ ~ 4.61s narrow and deep:
transmission reduces to numerically undetectable level. Note
that this dip occurs when H/A ~ 0.44 (where A = 27c/w is
the light wavelength), corresponding to the well-known half-
wavelength antenna resonance. The structure of the fields is,
however, much more complicated at that frequency than at
the wg) frequency. To understand the structure of the fields
better, a leaky mode analysis (LMA) was developed. LMA

S124

.5 0.8 1
17
R
£
2]
g
g osr / ]
Electric resonance E1
0.4 1

Electric resonance E2
Magnetic:resonance M2

0.2

YiL

XL

Figure 2. Top: transmission coefficient through a single (in the
x-direction) layer of perfectly conducting metallic strip pairs
(MSPs) shown in figure 1. MSP parameters: L, = L, H/L = 0.64,
W = D = H/8. The two transmission dips correspond to the

excitation of a broad electric dipole resonance E1 (at wg 'L Jc =~ 2.7)
and closely spaced electric and magnetic dipole resonances E2 and

M2 (at w(EZV)ML/c ~ 4.6). Bottom: electric field (arrows) and
magnetic field isocontours corresponding to w{’.

enables us to extract resonances of the structure by assuming
that the electromagnetic field concentrated in the vicinity of the
structure is weakly coupled to the outgoing radiative mode.
By imposing the source-free radiative boundary conditions
at x = +Lg (where Lg > L), the complex frequencies
® = o, — iw; of the leaky modes can be extracted. Radiative
losses are characterized by w; while the real mode frequency
is wy.

2.1. Magnetic and electric resonances of metallic strips:
leaky mode analysis

The natural frequencies of the leaky modes of a single layer
of MSPs are found by solving equation (3) as an eigenvalue
equation for a complex frequency @ = w; — iwj, subject to
the source-free radiative boundary conditions. Only weakly
leaking modes with w; < w, were studied. Specifically, the
following boundary conditions have been imposed: 9, H, +
ioH,;/c = 0 at x = —Lg and 0, H, — iw;H;/c = 0 at

x = Lp. Because the boundary conditions are dependent
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Figure 3. Leaky mode profiles corresponding to the magnetic
dipole resonance at a)ﬁ)L/c = 4.68 — 0.43i (top) and

a)g)L /¢ = 4.73 — 0.49i (bottom). The MSP geometry is the same
as in figure 2. The electric field strength and direction are shown by
proportionate arrows. Isocontours and colouring correspond to the
magnetic field.

on the frequency of the leaky mode we are seeking by solving
the eigenvalue equation (3) for w, we have used an iterative
procedure. First, a trial wr(l) is chosen and the complex
eigenvalue o' is obtained. Then the real part of w(! is chosen
asw®, and the process is repeated until convergence is reached
after N iterations: Re(@™) = o). The iterative sequence
typically converged after fewer than ten iterations.

The numerically computed eigenfrequencies are wfvzl)L /c
= 4.68 — 043i and wPL/c = 473 — 0.49i. Their
identification as magnetic and electric dipole resonances,
respectively, is done by inspecting electric and magnetic field
profiles of the respective eigenmodes shown in figure 3. The
field structure of the electric dipole resonance in the bottom
figure 3 is the same as in figure 2 (bottom), and is identified
as the electric dipole resonance. The field distribution
corresponding to w = wﬁ) shown in the top figure 3 is
qualitatively different. Inspection of the charge distribution
on the metal surface indicates that the electric dipole moment
of the MSP is equal to zero. That is because the charge
distribution possesses an inversion symmetry. However, the
quadrupole electric moment and the magnetic dipole moment

dielectric

Figure 4. Two horizontal layers of vertically stacked pairs of
metallic strips embedded in a dielectric with €¢; = 4. Layers are
infinitely extended in the y-direction with periodicity L,. Geometric
parameters: L, = 0.64L, L, = 0.8L, H/L = 0.64,
W=D=H/8.

vacuum Y vacuum

X

are not vanishing. The latter is finite because the currents
are flowing in the opposite direction in the two MSP-forming
strips. The nonvanishing of the magnetic moment can also be
seen in figure 3 (top) by inspecting a strong enhancement of
the magnetic field in the region between the metallic strips.

Two important lessons can be learned from this single-
layer LMA. First, it confirms that the electric and magnetic
resonances occur at different frequencies due to the inversion
symmetry of the MSP. Second, this example illustrates that,
while the frequencies of the two resonances are not identical,
they do occur in a relatively close proximity of each other.
Therefore, one can expect that there is a finite frequency
interval where both €. < 0 and per < O for a (multilayer)
structure infinitely extended in both the x- and y-directions.
An important downside of the MSP-based design of a NIM is
that the resulting meta-material is not strongly sub-wavelength:
L/x ~ 0.75 at the magnetic resonance. That is due to
the extreme simplicity of the MSP structure: none of the
capacitance-increasing techniques used in the design of an
SRR [1] have been employed here. On the other hand,
the simplicity of the MSP structure makes it attractive for
deployment as a building block of a visible/near-IR NIM. The
structure can be made sub-wavelength due to the emergence
of the plasmonic resonances as the strip width W becomes
smaller. This approach to miniaturization of the unit cell to
the sub-X level is described in section 3.1.

2.2. Negative index material based on embedded metallic
Strip pairs

A sub-wavelength negative index meta-material can be
designed by embedding metallic strip pairs in a high-¢
dielectric and taking advantage of the proximity of the
electric and magnetic resonances demonstrated in section 2.1.
Specifically, we model a NIM consisting of periodically
repeated MSPs, with horizontal and vertical periods L, =
0.64L and L, = 0.8L. A sketch is given in figure 4. Here
L is a geometric scale of the meta-material in terms of which
its parameters (periodicity, the shape of its constituent MSP)
are expressed. MSPs are assumed to be embedded in a high
dielectric permittivity material with g = 4. Embedding MSPs
in a dielectric serves two goals: (i) lowering the resonant
frequency by approximately /€4, and (ii) defining a sharp
clearly defined interface between the vacuum and the NIM. The
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effective impedance Z.g(w) and refractive index neg(w) can
be extracted from the reflection and transmission coefficients
r(w) and t (w) through a slab of thus constructed meta-material
with thickness A [19, 20]:

Zar(@) = & |2 == 4
eff (@) = e 4)

@) = InY (w) )
et = on e
where
X = cos(negwA /c) = (1 — r? +12)/(21), (6)
Y =enof/e = X 4 /X2 — 1. (7)

The signs in expressions (4) and (7) are chosen such that the
conditions Re(Zeg) > 0 and Im(negr) > O are satisfied [20].

The transmission/reflection coefficients 7 (w) and r (w) are
complex numbers containing both the phase and amplitude
information (unlike the transmission amplitude T = |¢]?
plotted in figure 2 (top) for a single layer of MSPs in vacuum).
We have used the standard approach developed earlier [19, 20]
for extracting an unambiguous refractive index by varying the
slab thickness. In our case, varying A = NL is equivalent
to varying the number of elementary unit layers N. This
number is varied from Npin = 1 t0 Npax > Nmin With unit
increment, so that the phase ¢y of the complex exponent in
equation (7) for N layers does not change by more than & when
one switches from N layers to N + 1. In photonic crystals,
this assumption always holds, because the x-component of
the Bloch wavenumber kgjocn, = negr@/c cannot exceed /L,
in magnitude, so that |kpenLy| < 7, and thus the phase
¢n = kploech NL, + ¥y cannot change by more than 7. This
property of periodic structures allows one to eliminate phase
jumps greater than 7w and to draw a smooth, nearly linear
curve ¢y versus N. This curve is used to extract ¥y. After
subtraction of ¢, = 2w [Y¥y/(27)] from ¢y (brackets denote
rounding to nearest integer) each point of the curve ¢y — ¢,
represents the actual value of ne (N) NwL, /¢, where ne is the
effective refraction index of the structure with N layers. If all
nesr (N) are approximately the same, the meta-material behaves
as a homogeneous effective medium. This assumption has
been tested and found to be satisfied for all structures described
here.

The effective dielectric permittivity and magnetic
permeability are related to Zeg and negr as €efr = Negr/ Zesr
and fleff = NefrZerr. Numerically extracted €qr and piegr are
plotted in figure 5. Reflection and transmission coefficients
were obtained for an electromagnetic wave incident along the
x-direction on a meta-material slab. Therefore, the extracted
€fr is the £, component of the effective dielectric permeability
tensor €. Because the structure is clearly anisotropic (the x-
and y-directions are not equivalent), only wave propagation in
the x-direction is considered. The negative index is exhibited
only along that direction.

From figure 5 (top) it follows that the extracted values
of €er and pefr Of such a meta-material are both negative
in the vicinity of @ = 2¢/L. Therefore, this meta-
material is expected to support electromagnetic waves with
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Figure 5. Top: extracted dielectric permittivity € and magnetic
permeability p g for a NIM consisting of a square lattice of metallic
strip pairs (MSPs) embedded in a €4 = 4 dielectric. Bottom: band
diagran_r} w versus k exhibiting a negative index band. The wave

vector k = ke, is directed along x-direction. MSP geometric
parameters: L, = 0.64L, L, =0.8L, H/L = 0.64,
W=D=H/8.

a negative refractive index. To demonstrate the presence
of a negative index band, the band structure of the meta-
material was calculated by imposing phase-shifted periodic
boundary conditions [21] at the left and right cell boundaries:
H.(x = 0,y) = exp(ikLy)H.(x = Ly,y) and 0, H,(x =
0,y) = exp(ikL,)d,H,(x = L,,y). The wavenumber k
satisfies the 0 < k < 7/L, condition. Solving equation (3)
as an eigenvalue equation for w yields the dispersion curve
versus k plotted in figure 5 (bottom). The second propagation
band indeed has a negative refractive index because its group
velocity opposes its phase velocity: dw/dk < 0.

One drawback of the present NIM design is that the unit
cell of this meta-material is only marginally sub-wavelength:
L,/A = 0.2. Even this modest miniaturization of a unit
cell is accomplished by embedding the MSPs in a high-¢
material. While such materials can be found in the near- and
mid-infrared (for example, e€5; = 12), they are less common
in the visible. The solutions of equation (3), with perfectly
conducting boundary conditions at the metal surface, are
scalable, i.e. determined by a single dimensionless parameter
wL/c for a given geometry of the MSP layer. Therefore,
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making a strongly sub-wavelength MSP-based NIM in the
optical range is as hard (or harder, given the absence of suitable
high-€ dielectrics) as in the microwave range. A different
approach must be used. One such approach described below
is to take advantage of the plasmonic resonances of an MSP.

3. Plasmonic resonances of ultrathin pairs of
metallic strips

The concept of using electrostatic resonances for inducing
optical magnetism was recently [21-23] introduced by us. In
those papers electrostatic resonances of periodic plasmonic
nanostructures have been employed to induce magnetic
properties due to the close proximity of adjacent nanowires.
Higher multipole electrostatic resonances were shown [23]
to hybridize in such a way as to induce magnetic moments
in individual nanowires. Strong electrostatic resonances of
regularly shaped nanoparticles (including nanospheres and
nanowires) occur for —2 < eg < —1, where €, (w) = g (w) +
iej(w) is the frequency-dependent dielectric permeability of
the metal from which the MSP is made.

The drawback of such designs [21, 22] is that if metal is
used in such a meta-material, negative index is found only for
the frequencies at which resistive damping is high: if =2 <
er < —1, then ¢ is comparable to eg . Qualitatively, this occurs
because of interband transitions in metals. Moving away
from interband transitions (and corresponding high losses)
requires reducing the frequency w and, therefore, increasing
the absolute value of eg (w). Making the structures resonate
at the frequency w such that eg(w) < —1 requires moving
from simple shapes (cylinder, sphere, etc) to more complicated
geometric shapes characterized by extreme aspect ratio values.
For example, it is known [24] that gold nanoshells with a
dielectric core/metall shell structure resonate at a much lower
frequency than pure gold nanoparticles if the thickness of
the gold shell is much smaller than the core radius. As
demonstrated below, the MSPs shown in figure 1 exhibit
electrostatic resonances for eg < —1if H > W, D.

The fundamental wave equation that must be solved for
the magnetic field H. is

> 1- ?
-V |\ -VH, | =—FH, ()
€ c

where €(x,y,w) is a frequency and position-dependent
function: € = ¢€,(w) inside the metallic strips and € = 1
outside the strips. Here €, (w) is the material-dependent
dielectric permittivity. For most metals €, = 1—a)§/w(w+if‘)
is a good approximation obtained on the basis of the Drude
model. Below we use material constants typical for many
metals (but specific to Au): ¢/w, = 23 nm and I'/w, =
3 x 1073, Equation (8) replaces (3) which assumed that a
metal is a perfect conductor. Both equations give the same
result if the skin depth /g ~ c¢/w, is much smaller than the
metal thickness W.

We refer to metallic structures with characteristic
thickness W < c¢/w, as plasmonic. An array of plasmonic
MSPs presents a very different medium to an incident
electromagnetic wave than an array of perfectly conducting
MSPs described in section 2. Because of the dependence of

L=125nm L=175nm L=250nm

Transmission

Magnetic
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0.2f f N
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Figure 6. Frequency dependence of the transmission coefficient
through a single layer of plasmonic MSPs spaced in vacuum by
L, = 0.8L. Geometric parameters of the MSP: H/L = 0.64,
W = D = H/8. Solid line: L = 250 nm, dashed line:

L = 175 nm, dot—dashed line: L = 125 nm.

em on the frequency, these structures are no longer scalable,
unlike the perfectly conducting MSPs. For example, if the
transmission coefficient 7y = T (wp) through the layer of
MSPs is observed for a characteristic structure size L, then
one cannot expect that 7(Swy) = Ty for a scaled-down
structure with a characteristic size L = Lg/S. Scalability
of perfectly conducting MSPs presents a serious disadvantage
for making a sub-wavelength NIM: no matter how small the
unit cell is, NIM behaviour is observed at a proportionally
short wavelength. The question posed by us here is: does the
lack of scaling for realistic (plasmonic) MSPs at the optical
frequencies enable a sub-wavelength NIM, or does it make the
structures disproportionately large? Below we demonstrate
that the lack of simple scaling enables sub-wavelength meta-
materials. However, the same MSP-based design that reveals
negative index behaviour when the unit cell is large (and the
wavelength long) may not reveal such behaviour for scaled-
down unit cells.

To investigate the lack of scalability in plasmonic
structures we simulated transmission through a single layer
of MSPs spaced in vacuum by L, = 0.8L. For three
different structures with L = 250, 175, and 125 nm the
transmission coefficient is plotted in figure 6 as a function of the
dimensionless parameter wL /c. The same perfectly matched
boundary conditions at x = =+Lp and periodic boundary
conditions at y = %L, /2 were applied as in the simulations
described in section 2. The difference is that equation (8)
is solved instead of equation (3) and that a finite-permittivity
material with €, (w) is assumed inside the MSPs instead of
a perfect conductor. For this simulation we have neglected
the very small damping constant ' < . Two important
differences between the perfectly conducting and plasmonic
case are apparent when comparing any one of the three curves
in figure 6 to figure 2 (top). First, the transmission dips
(magnetic dipole resonances) in the plasmonic case are much
sharper. We have verified that the dips indeed correspond
to the excitation of magnetic resonances by inspecting the
magnetic field distribution. Indeed, the magnetic field is
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strongly concentrated inside the MSP, as shown in figure 3
(top). Second, the normalized frequencies corresponding to
the magnetic resonance are smaller in the plasmonic case:
wl(vzl)L/c ~ 1.05 for the L = 125 nm plasmonic case versus
wl(vzl)L /c = 4.7 for the perfectly conducting case. Because
resistive damping is neglected in our plasmonic simulations,
the sharpness of the resonance is indeed related to the lower
normalized frequency: optically small objects with L < A
experience low radiative damping.

Comparison between the three curves in figure 6 also
shows that thinner structures are more sub-wavelength. This
proves that the plasmonic structures are not scalable. In fact,
reducing the scale size of the structure by a factor 2 (from L =
250 to 125 nm) reduces the normalized resonance frequency
w](\,Z,)L /c by an almost equal factor. This implies that as the
structures become very small, the resonant wavelength reaches
a certain saturation value. Miniaturizing the structures further
makes them progressively more sub-wavelength. Therefore,
the non-scalability of the magnetic resonances of plasmonic
MSPs is advantageous for designing sub-wavelength meta-
materials.

It is instructive to note that the widths of the MSPs in
the three cases shown in figure 6 are, in descending order,
W = 20, 15, 10 nm. Therefore, all three MSPs are thinner
than the skin depth /, ~ ¢/w, = 23 nm. It is in this regime
of ultrathin metallic structures that the electrostatic effects are
expected to become prominent. To demonstrate that plasmonic
effects indeed become dominant for the three structure sizes
considered here, it is instructive to calculate the real values of
€m (w1(v21)) at the magnetic resonance frequencies. Those are:
€n = —31 for L = 250 nm, €,, = —27 for L = 175 nm, and
e€m = —25for L = 125 nm. Evidently, as the structures shrink,
the €, reaches some fixed value. This effect is consistent with
the observation that shrinking the structure size does not affect
the resonant frequency. Below, the magnetic resonance in sub-
wavelength MSPs is shown to be electrostatic in origin.

3.1. Electrostatic nature of plasmonic resonances

In the limit of wL/c < 1 the right-hand side of equation (8)
representing the retardation effects can be neglected, yielding
V - (¢"'VH,) = 0. This equation is equivalent [22, 23] to
assuming that the electric field is purely electrostatic: E =
Egs, VX Egs = 0,0r Egs = —V®, where ® is the electrostatic
potential. The Poisson equation in the medium satisfied by ®
is

V. (e%op) -0, ©)
where, as in equation (8), € = €(x, y, w) is a function of
space. Equation (9) can be solved as a generalized eigenvalue
equation (GEE) for the frequencies of electrostatic resonances
wi. This is equivalent to solving a GEE for ¢ = € (w;)
because the frequency only enters equation (9) through the
dielectric permittivity. Using the fact thate(x, y) is apiecewise
continuous function that assumes only two values, equation (9)
can be recast [25, 26] as

V- [p0ve] = svie, (10)
where ¢; are the potential functions corresponding to
electrostatic resonances, and s; = 1/(1 — ) is a generalized
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Figure 7. Top: magnetic resonance at €; = —22.75, bottom:
electric resonance at €; = —9.9. Contours: lines of equal potential
®;. Resonances are computed for a periodic meta-material with
L,=064L,L,=08L, H/L =0.64, W=D = H/S.

eigenvalue. For a lossless plasmonic material the expression
for s; is particularly simple: s; = w? /a)g. Thus, small values
of s; correspond to low frequencies and large negative values
of the corresponding €, (w;).

Bearing in mind that we are interested in describing the y-
polarized wave propagation in a periodic structure, ®;(y =
+£L,/2) = 0 and ®ij(x = —L,/2) = Oi(x = L,/2)
boundary conditions [23] were used. The finite elements
code FEMLAB [18] was used to solve equation (10). The
resonances thus obtained can be classified according to the
symmetry of the potential function ® with respect to symmetry
group transformations of the unit cell. For example, the electric
quadrupole resonance shown in figure 7 (top) corresponding
to s; = 0.042 (or €; = egq = —22.75) is even with respect
to spatial inversion and odd with respect to mirror reflections
in the y—z and x—z planes. The electric dipole resonance
shown in figure 7 (bottom) has an odd inversion symmetry,
and odd (even) mirror symmetry with respect to reflection
in x—z (y—z) planes. This resonance occurs at s, = 0.09
(or ¢ = egp = —9.9). As was earlier demonstrated [22],
resonances with such spatial symmetry contribute to the quasi-
static dielectric permittivity &,,. Electric dipole resonant
frequency wgp corresponds to divergent (or very large, in the
case of finite resistive losses) dielectric permittivity. This is
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easy to see by inspecting the potential distribution in figure 7
(bottom). The potential difference between y = +L,/2
and y = —L,/2 planes is equal to zero. However, the
electric field flux through those planes (which is proportional
to the electric charge) is finite. Therefore, the capacitance of
such a capacitor and, correspondingly, the effective dielectric
permittivity, are infinite. The electric quadrupole resonance at
the lower frequency wgq does not contribute to the dielectric
permittivity. But, as shown below, when small but finite
retardation effects are retained, this resonance acquires a
magnetic dipole component.

These simulation results highlight yet another important
property of plasmonic strip pairs: electrostatic resonances
occur at the frequencies corresponding to a large negative
value of €,. This is an important distinction from the
electrostatic resonances at €, ~ —1 of regularly shaped
(circular [22] or triangular [21]) plasmonic structures studied
by us earlier: large values of |e,,| occur at lower frequencies
where absorption due to interband transitions is small.

An important finding of the electrostatic analysis is
that electric and magnetic dipole resonances occur at rather
different wavelengths. This is in sharp contrast to the case of
perfectly conducting MSPs, where the two resonances are at
very close frequencies. The assumption of perfect conductivity
is valid only for the structures that are much thicker than the
skindepth: W >> Ay. Using the above example of an ultrathin
structure and the tabulated values of €, for gold, it is found
that the electric quadrupole (and the magnetic dipole related to
it) resonance occurs at A = 770 nm, while the electric dipole
resonance is at A = 590 nm. This large difference results in the
disappearance of the negative index band in the miniaturized
MSP-based structure. Thus, even though an MSP-based meta-
material with a large unit cell can exhibit a NIM band as
shown in figure 5 (bottom), a scaled-down structure does not
necessarily support such a band.

3.2. Magnetic moment at the electric quadrupole resonance

It is rather remarkable that the frequency wgq of the electric
quadrupole resonance calculated by simulating our system in
the electrostatic approximation corresponds to €, = —22.75.
As was shown in section 3.1, the magnetic resonance moves
frome, = —31for L = 250nmtoe, = —27for L = 175nm,
and to €, = —25 for L = 125 nm as the MSPs are getting
progressively smaller. These values are remarkably close
to em(wgq) at the electric quadrupole resonance frequency,
suggesting that there is a natural connection between the two.
Below we demonstrate that, indeed, the electric quadrupole
acquires a finite magnetic moment when the retardation effect
(finite value of wL/c) is accounted for. A somewhat related
effect was described for a U-shaped nano-antenna using a
different approach [27].

We start by separating the total magnetic and electric
fields into H, = Hg + H; and E = Egs + S, where
IZ"ES =ice 1V x I:Iqs/w and S = ice” 'V x 1:11 /. Physically,
this separation means that the electric field is divided into
electrostatic (EEs = —VdD) and solenoidal (V S = 0) parts.
The magnetic field is split up into quasi-static (Hys satisfying
V. (E’I§Hqs) = 0) and electromagnetic (H;) parts. The
quasi-static magnetic field is small, of order wL /c, compared

with the electrostatic electric field: |Hgs| ~ (wL/c)| E gs|. The
electromagnetic component H; satisfies, to order w?L? / c?, the
following equation:

- 1- ?
V . EVH] == C—qus.

Therefore, H| is even smaller that Hys: |H;| ~ w2L2/02|HqS|.
Therefore, H, is neglected in what follows. The magnetic field
FIqS = ezH can be calculated from V x Hqs = —iweEES/C.
The peak amplitude of the magnetlc field | Hys | can be evaluated

(1D

by noting that, from V x Egs = 0, the vertical component of
the electrostatic field E, inside the metal strips is related to the
peak horizontal electric field E at the caps of the strips through
|Ey| = |E.|D/H. Therefore, [Hys| ~ (wWD/cH)|en||Ex|.
Thus, |Hys| < |E,| because W < H, D <« H, and, by
assumption, wH /c < 1.

The effective magnetic permeability of a meta-material
differs from unity due to induced magnetic moments. The
electric current pattern through the MSPs at the quadrupole
resonance is clearly such that the currents flow in opposite
directions through the adjacent strips. It would be a mistake,
however, to assume that the entire current contributes to the
generation of the magnetic moment. In determining the
contribution of the induced electric current in the MSP to
the magnetic moment, it is essential to keep in mind that the
current pattern contains both the magnetic dipole and electric
quadrupole [28]. The quadrupole part originates from the
electrostatic field and does not contribute to the magnetic
moment. The magnetic dipole portion of the current originates
from the solenoidal component of the electric field S that can
be calculated [23] from Hy:

> (u N
x§=i— qs 2 (]2)
C

and V S =0. The magnitude of S inside the strips is estimated
as |S| (wW /c)|Hysl, where | Hy| is the peak value of H,
bgtween the strips. The magnetic moment density is given by

= (1/2c){r x JS) where Js = —iw(en— l)S represents the
solen01dal component of the electric field and the (- - -) stands
for averaging over the unit cell. For the MSP itis estimated that
|M| ~ plém — 1|(w2WD/02)|HqS| where p =2WH/(L,Ly)
is the fractional area of the unit cell occupied by the MSPs. This
qualitative estimate highlights the fact that magnetic properties
of plasmonic nanostructures are indeed proportional to the
retardation effects and, therefore, scale as the square of the
frequency.

4. Conclusions

The electromagnetic properties of two-dimensional meta-
materials consisting of an array of metallic strips pairs
(MSPs) are investigated using electromagnetic simulations.
Simulated transmission through a single layer of MSPs show
that electromagnetic resonances corresponding to electric and
magnetic dipole resonances can be excited. Large MSPs such
that the strip thickness significantly exceeds the skin depth
can be modelled as perfect conductors. Perfectly conducting
MSPs are shown to possess electric and magnetic dipole
resonances which are very close in frequency. This property
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of MSPs is used to demonstrate a sub-wavelength negative
index meta-material based on MSPs. These resonances are
related to the well-known antenna resonances occurring at the
wavelength approximately equal to twice the strip height H.
A new approach to making a strongly sub-wavelength MSP-
based meta-material is demonstrated. This approach involves
reducing the size of the unit cell to the point at which plasmonic
(electrostatic) resonances of MSPs become dominant. Two
types of electrostatic resonance, dipole and quadrupole, are
investigated. The quadrupole resonance is shown to contribute
to the magnetic moment of the meta-material and, therefore,
to result in the optical magnetism.
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