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An investigation of the kinematics of a plasma stream rotating in the pulsar magnetosphere is
presented. On the basis of an exact set of equations describing the behavior of the plasma stream,
the increment of the instability is obtained, and the possible relevance of this approach for the
understanding of the pulsar rotation energy pumping mechanism is discussii5cAmerican
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I. INTRODUCTION The essence of this “standard model” is that the pulsar
magnetosphere is permeated with a multicomponent plasma.
One of the important stages in the development of pulsart is generally assumed that the energy contents of the three
radiation theory was the discovery that the rotation energynajor components are of the same ordei v, = Ny
could transform into energy in the electrostatic field; this=n,y,. Theoretical estimates for the density and the energy
possibility stimulated the modeling of pulsar magnetospheresf the primary component are,~ (101'—10'3) cm™3 (also
(see Refs. 1 and)2In a typical model, the electrostatic field called the Goldreich-Julian concentrationand 1y,
Eo, generated over the pulsar surface, has a finite projectios 10°—10'. The origin of the pulsar radiation is supposed to
along the dipole magnetic field,. The resulting electric be in the magnetosphere, and hence the energy contained in
force, eE, exceeds the gravitational force near the neutrorthe e'e” plasma must be enough to account for the observ-
star surface, and ends up uprooting charged particles fromble radiation.
the surface layer. These particles are accelerated in the elec- In these pulsar models, the measure of the region over
tric field and radiatey photons because of the curvature ra-which the electric field is nonzero is of great significance.
diation in the dipolar field. For photon energies greater tharThe distance between the star surface and the region where it
twice the electron rest maske,=2mc?), the electron- is screened out is called the vacuum gap, and may be esti-
positron pair production{y+By—e*+e +4') in the ambi- mated to bg10°-10% cm for E,~ 10’ G (see, for example,
ence of the magnetic field becomes possible. The particleRef. 9. Unfortunately the particle energy inventory accumu-
so produced, repeat the cycle; they are accelerated, gener&ated within the gap is not sufficient to explain the observed
ing vy radiation which creates more electron-positron pairsvisible radiation. Several mechanisms have been invoked to
This cascading leads to the build-up of a large flux of reladincrease the gap size. The intermediate formation of positro-
tivistic e'e” pairs; the process continues till the pair plasmanium (electron-positron bound staterhich would hold back
screens the electric field, as shown in Refs. 3 and 4. the decay and lead to an increase in the gap was proposed in
The €', e population in the pulsar atmosphere may beRef. 10. According to Ref. 11, the pulsar magnetic field lines,
conveniently divided into three principal componerfid:the  supposedly curved towards rotation, must be screwed even
basic plasma mag8ulk) with concentratiom, and a Lor- ~ more; the twisted magnetic field lines will be rectified, and as
entz factoryy, (2) a tail with concentratiom; and Lorentz ~ a result will enlarge the gap. A different mode, the pair for-
factor v, and(3) the remnant of the primary electron or ion mation front mechanism was introduced instead of the gap.
beam(most likely electrons Note that cascading due to pair Taking the heating of the stellar surface and the electron
production is possible only in a highly relativistic scenario, thermoemission into account leads to nonstationarity, and ex-
because for nonrelativistic or even mildly relativistic veloci- plains nonstationary behavior of pulsdsee Ref. 12
ties, the pair annihilation dominates pair productieae, for In a series of papers, Muslimov and Tsigan have at-
example, Refs. 5 and 6The reader is referred to Refs. 7 and tempted to solve the gap problem via the general relativity
8 for a guide to processes that define and control the behavoute. Realizing that in the vicinity of the rotating neutron
ior of radiation in the pulsar magnetosphere. star, the space time is slightly curved, they worked out the
creation of the electric field in Kerr metrisee Ref. 18 As
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It seems that some additional source of energy or somaected with the pulsar magnetosphere can be done in the
new mechanism will be necessary to surmount the problerfollowing way:
arising out of the “insufficiency” of the energy content in the , .
vacuum gap. For instance, it seems perfectly plausible and t=t, ¢=¢,
possible that one could draw upon the pulsar rotation energ
to augment the energy content of the magnetospr&dc
plasma; the rotation energy, for example, could be trans- ds’=-(1-Q2?)dt’>-dr?, (2
formed into energy associated with oscillations in &#ie”
plasma far from the pulsar surface. In this region the comWhere() is angular velocity of rotation.
plicating effects of unremovable gravitatighaving to use Note that the lapse functiom=\1-0?r* (c=1) not only
the Kerr metric, for examp)ejvi” not exist. This paper isan connects the proper time of ZAMOs with the universal time
attempt to formulate and investigate the problem associated™=adt, but also gives a gravitational potential:
with the parametric pumping of plasma oscillations in the

r=r’, z=0, (1)

bhen the interval in the corotating frame will have the form

pulsar magnetosphere taking into consideration the compli- ¢g=- E (3)
cated nature of the multicomponent electron-positron sub- a
strate. The equation of motion of the particle in the ZAMOs

Let us review a standard system to examine the plausirame is expressed as
bility of the proposed mechanism. For the Crab Nebula, the
nebula radiation can be surely sustained by the rotational dp _ e
energy of the pulsar PSR 0531 located in the vicinity of the  dr lCh m(E +[vB]), )
nebular center. The power of the nebula radiation exceeds the o1/ _
pulsar radiation power by two orders of magnitufieis ~ Wherey=(1-V*)™*is the Lorentz factor an¥ =dr/dr is
~2x 1038 erg/S_ The on|y source Capab]e of providing such the velocity of the particle determined in the so-called 1+1
a prodigious power is the slowdown of the pulsar rotation:formalism, ando—p/m is the dimensionless momentum.
W=1Q0, wherel is pulsar's moment of inertia with mass of As is shown in Ref. 14 the transition from the particle
order(1.5-2.5Mo (Ms is solar mass O and € are star’s equation of motion to the Euler equation for fluid dynamics

angular velocity and angular acceleration, respectively Thii%:1 the 1+1 formalism may be easily fuifilled if one changes
power is equal to % 10°8 erg_/s. The.rotatior] energy loss /dr in Eq. (4) by 1/(adt)+(VV). The resulting equation

i i describing the stream motiofmeglecting the stream pres-
rate is described by the ratd//W=20/Q=2P/P, where sure takes the following form:

P=27/Q is the neutron star’s rotation period, aRdand P

are measurable parameters for pulsars. The fafiB for 1o +(VV)p=- 72‘ + E(E +[VB)), (5)

different pulsars ranges from 1@ s?! (PSR 0531 to adt a m

1018571 (PSR 1952+29 Thus, for ordinary plasma oscilla- . . )

tions to be pumped by the pulsar rotation, their growth rat whereV andp are now hydrodynamic velocity and momen
pump y P ' g e'tum, respectively. In order to rewrite this equation in the

must not excee®/ P, the measurable rate of rotation energy jherial frame, let us note that the ZAMOs momentum coin-

loss. ) o ) cides with the momentum in the inertial frame. In fact, from
A hydrodynamic approximation will be used to study the 4, definitionsp=yV, y=ay', andV'=dr /dr (prime refers

problem of rotation induced wave generation in plasmas. Fog, qyantities in the inertial frameone can easily find that
relatlye _S|mpI|C|ty one will assume that tfé_e plasma has p=p’. In the inertial frame, Eq(5) converts to(omitting
two distinct energy ranges: the lower rar(géll highly rela- primes for all quantities

tivistic) with ny and y,, and the beam with, and y,. These

flows propagate along the rotating monopolelike magnetic  dp; e )
field lines. ~ FWiVIp=-yaVa+ (E+[vB), i=bep,
(6)
Il. THE MAIN CONSIDERATION whereb, e, and p denote the beam, electron, and positron

components, respectively. In E@), the forceF=-yaV « is
It is supposed that for distances less than the radius ahe analog of the centrifugal force.

curvature of the field line, the magnetic field is monopolelike  Adding the continuity and the Poisson equations,

(in this approximation the magnetic field lines may be sup-

posed to be rectilinear The problem of the motion of

charged particles in the pulsar magnetosphere can be consid-

ered in the local inertial frame of the observers, who measure

the physical quantities in their immediate vicinity. They are  yg = Ame(ng =Ny +1p), (8)

called the zero angular momentum observ&Z&AMOs).

Naturally, the proper time of the observer riding the particlecompletes the dynamical system.

is different from the proper time of ZAMOs. As we are interested in the evolution of fluctuations, one
Transformation from the inertial frame to the frame con-can look for solutions of Eq€6)—(8) in the framework of a

% £V () =0, )
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perturbation theory—an expansion in which terms such as % o 1o

EY/mny (the small parameter in the approximation of weak .~ + div(neVy) + div(nyvp) =0, (15
turbulence for the plasmare small:

1

E=E°+El+ .-, (9a) ther%vmozvé—vé and it has been assumed thgtvp=vp,
andng=n.,.
B=B°+Bl+ --- (9b) We seek here a solution in which the density perturba-

tions have no spatial dependence so that the last terms of
Egs. (14) and (15) are identically zero. Let us choosﬁ,r

— 0 1
Pi=pi *pit -, (90 (nowi=pl,b) to have the form
whereE?, B, andp? are the leading terms, arif, B, and . v sysin 0t
p! constitute the perturbations. In the zeroth approximation N = Ni&™™"0 : (16)

(taking into consideration the fact that the ejected particles Then, if the rest of the perturbed quantities are allowed

not only move along the radius, but also corotate with they,, spatial dependencp(r;t)=pX(k;t)eX", one obtains
pulsar magnetosphere because of ftezen-in condition, ¢, Egs.(14) and (15)
Eo+[voBo]=0), Eq. (6) will be reduced to the fornisee, for
example, Refs. 15 and 16 3 N
) , ) ikpt = - Y0 T iR 17
dr__av {1—9%2—2(%) } (10) A
ae  1-0%? dt) |’

where 1y, is the initial Lorentz factor and R
where we have neglected the tefm V)p, (taking this term  =(v,./Q)sinQt, and the relationv=p/ v3; (pélzpé—p;)
into account is a separate problem, and is not examineghat is satisfied foflt~Q/w<1 has been used.
within the framework of this papErAS is shown in Ref. 17, Let us now go back to Eqils) and write them sepa-

Eq. (10) allows an exact solution for particular initial condi- rately for the two components—the plasma and the beam:
tions, r(tg=0)=0, V(t5=0)=Vj:

=~ opt e
_ VoSnQ[) (12 TRV P =R+ CEY (188

0= dna)’

where Sn and dn are Jacobian elliptical functions, the sine 1

and the modulus, respectively, aﬁdzl—vg. Ppi + (v°| V)plI = |:1I + ngl_ (18b)
Using the following properties of the mentioned Jaco- a P P ®m

bian elliptical functions Six|0)=sin(x) and drix|0)=1 (see Repeating the procedure applied to EGs) and taking

Ref. 17, one may easily reduce E(L1) for the ultrarelativ-  gq5 (12) and (17) into consideration, one can find that the

istic regime(Vo— 1) relevant to this paper: beam and the plasma components evolve as

r(t)= % sinQt. (12) #N, . en
o=

ekRokE, , 19
G MYpo ' (199

With this known asymptotic solution, the first-order
Equation(6) reads

#N en, .
P, 1_r1, 8 _2p_I =- ZilgﬁelkRp'kEl- (19b)
E + (Vi Vv )pl = Fi + EE s (133) ot mypo
. o1 Combining Egs(19a9 and(19b) eliminates the electric field
Fi=0%rolp;, (130 to yield
0_y\/ 0.3 2
vy = Vo cos(t, (130 azl\;b _ n%ygg KRR ? I\ig,. 20
where, in addition to Eq(12), we have used the Lorentz- B 2N Yoo o
factor expansion in the small parametes/p’ y Equation (20) is a rather complicated nonautonomous
~ \/1+p?2[1+p?pi1/(1+pi02)]_ equation in time. To solve it, one can take its Fourier time

In a similar fashion, the linearized Equati6f) becomes transform(restoring the speed of lighalong with that of the
Poisson Equatiori8) [cf. Appendixes A and B, Eq4A2)
and (B2)] with the electric field eliminated to arrive at the
coupled system

M oL 10
Y +div(n;v;) + div(niv;) =0. (14)

The electron-positron continuity equations may be com- 10,3
bined to ob_tain the evolution equation for the effective 42N, (w) = b—oyog—'E (w+50)@Ny(w+sQ), (21)
charge density, =ng—ny;: 2500 s
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2 2
Yopl Yopl s

where a=kc/ 2055, and wy=\87nje?/m. Naturally one
can see the appearance of convolution sums on the right-
hand sides of both the equations.

SubstitutingN, from Eq.(21) into Eq.(22), one can find
that

(w— (s— |)Q>2

w? wp
(wz - ;g) NpI(Q) = _3bE J(@(@ w—S()

op Yoo sl
X Np|[a) -(s=-1Q], (23)
——

Phys. Plasmas 12, 062901 (2005)
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FIG. 1. Graph of InS(R/R)]. Set of parameters is the followingy,

where wb:\r87-rnge2/m. One could try to find the nature of =10"cm, y5,=~10, you=~10,2~190 Hz,r =10 cm.

the time evolution from Eq(23), but it seems to be a little
better to go back tmy, given bpr,:nrlj,e'kRm. Carrying out
the algebra given in Appendix [Eq. (C2)], one may derive

+0oo

lll. ESTIMATES

The instability turns out to be rather strong. For typical

_ B pulsar parameterghat of the Crab Nebu)any,~10" cm 3,
Noi = ;E_x Js(b)ng(w —s2), (24) Yoo =10, yop=~10, Q=190 Hz, considering the longitudi-

naLwaves, one can plot the graph of the growth rétes

whereb=kc/{). Substituting Eq(24) into Eq. (23), one fi- =vy3M/2, see Eqgs(27)) as a function of the radial distance

nally obtains the rather complicated dispersion: (normalized by the light cylinder radius, thus the radius,
) where the rotation velocity equals to the speed of )ighor

2 Wy _ simplicity let us examine longitudinal waves in a coupling
(w 78)% Js(b)ng(w =) point. In this case all three modes of a cold plagma, and

2 (i 10)2 Alfvén modesg are indistinguishable, then one can estimate
W w+(+m - . !
= bEJI(a)Jj+|+m(a)Jm(b)(—> the wave number according to the following approximate

-3
Yob jim

XNg(w+jQ). (25

w-1Q

3/2

formulake= wp/ vop (see Ref. 18 Using mentioned pulsar
parameters, from Eq27g the growth rate is estimated. In
Fig. 1 one may see thatis sensitive to the radial distance, in

To extract some sense out of the above result, one calfe range 0.75R/Ry =<1 it increases from~10"*s™ to
explore the dispersion relation near the resonant conditiorr; 107" S (HereRyy, is the light cylinder radius It is clear
w?=~ w3/ 3, Near the resonance, the basic contribution tothat & becomes unreasonably large ®fR.,=0.85, which

the sum=Jy(b)n,(w—sQ) comes fromo=~s)Q2. Similarly ~ means that the linear assumption will be grossly violated

the right-hand side of Eq25) is reduced to a single term 0ng before these distances are reached. The instability will
corresponding taw = —j,Q), w=~1,Q andm=my=—j,=l,=5,.  Nave a linear growth over certain distances and then nonlin-
ear saturation will set in after which other nonlinear mecha-

nisms may take place in the energy pumping phenomenon. In
estimating the growth, one has invokegl o= N, Yo, and

Rewriting  o?-wj/ 5y as yAlyy; (where A=w

~ wyl ¥aw), then, reduces Eq25) to the simple cubic equa-
tion

used the fact that the density goesrasny(r/R)® (wherer

2
[N
A3~ P72 (g), 26
2YenYom %@ (20

~10° cm is a radius of the neutron stavecause the mag-
netic filed is monopolelike.

where so=[wy/Qy57]. In addition to the real root, the dis- V. CONCLUSIONS

persion relation of Eq(26) allows the complex conjugate
pair

2

The purpose of this paper was to explore the possibility
of pumping the rotational energy of the pulsar into the
1 i\g plasma. Considering a highly idealized system, the linear
Aj,=--M= 7M, (279 instability caused by rotation in a two component relativistic
plasma embedded in a uniform magnetic field was examined.
By using the hydrodynamic equations of motion, the conti-

Wiy 5 s nuity and the Poisson equation, it has been shown that the
M= —p—3 9@ | (27b) : .
2YenYor So plasma waves can grow on the rotation energy with rather

high growth rates. In fact the perturbation growth rate for

with comparable real and imaginary parts. The root with thedistancesR/R;,=0.85 is quite high in comparison with the

positive imaginary part implies the instability that we were supposed instability rates we were seeking. If this mecha-
seeking. nism is, indeed, operational, then the only consistent scenario
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is that the linear stage with this growth rate is very short, and kc

nonlinearities are turned in soon enough to considerably re- 2= 272—9 (ALf)
duce the growth. Thus the need for a nonlinear theory is Op

immediately and strongly indicated. Sooner or later we We have considered the approximate expres¥igre 1
should consider this particular nonlinear effect, which will —(1/2y3), and the following observable facf,> yopi. As
comprise one more step closer to the real scenario. There apgie can see, the speed of light has been restored again.

two other shortcomings of this efforta) the straight mag- By using the following identity:
netic field lines have been examined, whereas real profiles vix sinQt sisot
are curved, andb) only electrostatic waves have been con- € = 2 Js(x) e, (Alg)

sidered. The preliminary results, however, unambiguously s

show that the energy content of the magnetospheric plasmghe may easily transforre«(Rs-Ro) into its Fourier mode,
can grow at the expense of the stellar rotational energy.

. o O L
f dt éwtz Js(a)elsﬂt_z f do'e i@ th(w/)
ACKNOWLEDGMENTS s o

The study of S.M.M. was supported by the U.S. Depart- =->1(a) f f dt do’ (0')2N,(o’)gt@rs?-e)
ment of Energy under Contract No. DE-FG03-96ER-54366. s P
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APPENDIX A: DERIVATION OF EQ. (21) s

- _ 2
R = 27T§ Jo(@)(w+30)°Ny(w+sQ). (Alh)
N (t) :fdw/e—iw’th(w/), (Ala) _ Co_mbining Eqs.(Alb)_ ar_ld (Alh) and taking into con-
sideration Eq(20), one will finally obtain
where n%y2
©*Np(@) =~ (0 +50)2Jy@)Ny (0 +50).  (A2)
f=Db,pl, 2n5Y0p s
then
ot P o't
Jdte"” Efdw'e " Ne(w') APPENDIX B: DERIVATION OF EQ. (22)
. . One can easily transform Ed8) into the following
:ffdt do'€“ (- iw')% Ni(w') form:
o KE; = 4me[Ny(t)e ¥Fo + Ny (t) e *Ro]. (Bla)
:—ffdt do’ € @) (") ?N(w") ) .
Taking Eq.(19b) into account, one can have
=— 2’7TJ do’(0')?8(w - o' )Ni(»') = - 270’Ni(w), (?2':;32'(0 - 87Te3rgl[Np|(t) + Nb(t)eik(Rpl_Rb)]_ (B1b)
Yopl

(Alb) For Fourier expansion of the left-hand side of Eglb)
where the following representation of the delta function hagne can analogously go to E(ALb) and write it down as
been examined:

fdt e"“}’t% f dw’e‘iw’tNm((u’) =- 217(1)2Np|((1)) (Blo)

1 )
o(x) = o f dk &<, (Alc)
ar
while, for the second term in a bracket, one finds
Also if
Roi = Ry = [(Vopi = Vop)/Q]sin Ot > J(a) f f dt de’ @520 )N, (0')
S
=~ E(i - ! )sith
Q\ 293, 2)/5'3| =-2m>, J(a) f do'Ny(w") 8w —sO) — ')
S
c .
RPN R (Ald) = - 27’ Ja)Ny(w - S). (B1d)
S
then . . .
Combining Egs.(B1c) and (B1d) we will obtain Eq.
e_ik(Rpl_Rb) ~ eia sin Qt, (Ale) (22)
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2 2
(wz - %&')Nmm) =<2 J@Nfw-s0),  (B2a > 3(A) f f dt do’ €™ n(0)
Yopl Yopl s s
where =-2m> J(Ay) f do'ni(w") 8w+ —w')
0
o= Sigﬁl (B2) =- 273 3.Agnio - s0). (Cle

Hence we will have

Ni(w) = 2 I(A)Nf (0 - SQ). (C2)
APPENDIX C: DERIVATION OF EQ. (24) S

From Eq.(16) we have A. Deutsh, Ann. Astrophys18, 1 (1955.

) 2p. Goldreich and W. H. Julian, Astrophys. 157, 869 (1969.
Ni(t) = nf(t)e*Rr. (Cla °p. Sturrok, Astrophys. J164, 529 (1971).
“E. Tademaru, Astrophys. 183 625 (1973.
Taking into consideration EqA1g) and a conditiony, °P. A. M. Dirac, Proc. Cambridge Philos. So6, 361 (1930.
>1. one finds °D. A. Kompaneec, Pisma v Ad, 304 (1978.
’ A. Kazbegi, G. Machabeli, and G. Melikidze, Mon. Not. R. Astron. Soc.
253 377(199).
Ni(t) = 2 JS(Af)eiS(nn%(t), (Clb 8G. Machabeli and V. V. Usov, Sov. Astron. Les, 238(1979.
s M. A. Ruderman and P. G. Sutherland, Astrophys196, 51 (1975.
0y, V. Usov and A. Shabad, Astrophys. Space Ski7, 309 (1985.
3. Arons and E. T. Sharleman, Astrophys.231, 854 (1979.
where 12p. Kazbegi, G. Machabeli, G. Melikidze, and C. Shukre, Astron. Astro-
phys. 309, 515 (1998.
ke 1A, G. Muslimov and A. 1. Tsygan, Mon. Not. R. Astron. So255, 61
Ay=—, (Clo (1992.
Q 0. V. Chedia, T. A. Kahniashvili, G. Z. Machabeli, and I. S. Nanobashvili,
Astrophys. Space Sci23957 (1996.
15G. Z. Machabeli and A. D. Rogava, Phys. Rev.58, 98 (1994).

ke 18F, M. Rieger and K. Mannheim, Astron. Astrophy353 473 (2000.
Ap| =5 . (Cld) Handbook of Mathematical Functionlatl. Bur. Stand. Appl. Math. Ser.
ZQng No. 55, edited by M. Abramowitz and I. A. Stegui.S. GPO, Washing-
. . . . ton, D.C., 1965
. Fourier anal_y5|5 of the right-hand side of the EG1b) 18G. Z. Machabeli, S. V. Vladimirov, and D. B. Melrose, Phys. Rev5&
gives the following: 4552(1999.

Downloaded 10 Oct 2006 to 128.83.179.119. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



