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An efficient method is described for deriving the drift-kinetic equation. A maximal ordering is
invoked: the ordering parameter e<<1 is formally taken to be proportional to m/e, subject to the
proviso that the parallel electric field E|~ €. Electric drifts can be of the order of particle thermal
velocities. The drift-kinetic equation is derived up to second order in €, and is in a form such that
the phase-space volume following the particle phase-space trajectories is preserved. The mean
density, mean velocity, momentum flow tensor, and the presure tensor are evaluated in terms of the

electromagnetic fields and the velocity moments of the drift-kinetic distribution function G. The
moments of the drift-kinetic equation reproduce the corresponding moments of the Vlasov equation
up to order €. A consistent set of fluid-kinetic equations is formulated, with the fluid-like
perpendicular motion described by the perpendicular component of the momentum equation. The
drift-kinetic equation describes the parallel motion, and the solution G is required to evaluate the
velocity moments necessary to close the set of equations. © 2005 American Institute of Physics.

[DOLI: 10.1063/1.2116867]

I. INTRODUCTION

A plasma is an ionized gas of charge particles. Neverthe-
less, the motion of plasmas across the magnetic field is fluid-
like in character, and the low-frequency behavior of magne-
tized plasmas is often described by fluid equations in which
the plasma state is characterized by a small number of mac-
roscopic variables: mean density, mean velocity, parallel
pressure, and perpendicular pressure. These fluid equations
are the low-order velocity moments of the particle kinetic
equation,l_3 supplemented by a closure ansatz to express the
higher-order velocity moments of the particle distribution
function in terms of low-order moments. For collisionless
magnetized plasmas, however, motion along the magnetic-
field line is not fluid-like, and it is arguable whether a satis-
factory scheme can be devised to close the parallel dynami-
cal equations.

In place of a closure ansatz, an alternative tactic is to
solve the drift-kinetic equation (or the gyrokinetic equation)
to obtain the gyrophase-averaged distribution function.
Thereafter, two procedures are possible: (1) the particle dis-
tribution function is used to evaluate directly the plasma
charge and current densities (eliminating the need for fluid
equations), and the electromagnetic fields are time advanced
using Maxwell’s equations; (2) a set of fluid-kinetic equa-
tions is derived to determine the plasma behavior (with the
fluid-like motion perpendicular to the magnetic field de-
scribed by the perpendicular component of the plasma mo-
mentum equation), and the distribution function is used to
evaluate the velocity moments necessary to close the set of
equations.

The principal challenge in formulating a consistent set of
low-frequency fluid-kinetic equations is the derivation of the
drift-kinetic equation with sufficient accuracy, particularly
when it is necessary to include second-order Larmor radius
corrections. Formulations of the gyrokinetic equations,
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which include finite-Larmor-radius effects of arbitrary mag-
nitude, rely on the representation of the perturbed electro-
magnetic fields in an eikonal form and are restricted to small
amplitude fluctuations.*™® Formulations of second-order ef-
fects in differential form are more difficult to derive due to
the algebraic complexities involved in carrying out the re-
quired analysis. Existing formulations typically reduce the
degree of algebraic complexity by imposing additional re-
strictions (electrostatic perturbations, low plasma beta)’ or
by invoking subsidiary orderings.8

In this paper, we discuss a novel and efficient method of
deriving the nonlinear electromagnetic drift-kinetic equation
from the collisionless Vlasov equation, up to second order in
the Larmor radius. The analysis is carried out after trans-
forming the velocity variable to the velocity relative to the
perpendicular electric drift velocity, and electric drifts can be
of the order of thermal velocities. A maximal ordering is
invoked in which the term proportional to the cyclotron fre-
quency {=eB/mc is of order 1/ € while all other terms are of
order unity. Thus the formal ordering parameter is effectively
m/e, with the proviso that E,~ €, where E; is the parallel
electric-field component.

In Sec. II, we describe the analysis of the zeroth-order,
first-order, and second-order equations, and we derive the
drift-kinetic equations up to second order in €. The phase-
space coordinates of the drift-kinetic distribution function,

denoted by G(UH, W,F, 1), are taken to be the magnitude v of
the parallel velocity component, the magnetic moment w
:mvi/ 2B, and the position vector r. These coordinates are
not canonical variables. Nevertheless, the drift-kinetic equa-
tion which determines G is derived in a form in which the
phase-space volume is manifestly preserved following the
particle phase-space trajectories. This form of the drift-
kinetic equation is particularly desirable if it is to be used to
simulate the long-time behavior of magnetized plasmas.

In Sec. III, we use the Larmor series expansion of the
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Vlasov distribution function F to write the mean density, the
mean velocity, the momentum flow tensor, and the pressure
tensor in terms of velocity moments of the drift-kinetic dis-

tribution function G

In Sec. IV, we evaluate the velocity moments of the
drift-kinetic equation. We derive the continuity equation, the
parallel momentum equation, and the time evolution equa-
tions for the parallel and perpendicular pressure. We verify
that the continuity equation and the parallel momentum
equation are equivalent to the corresponding moment equa-
tions of the Vlasov equation, expressed as a Larmor series in
€.

In Sec. V, we discuss the formulation of a consistent set
of fluid-kinetic equations, with the fluid-like perpendicular
plasma motion described by the perpendicular component of
the plasma momentum equation. The parallel motion is de-

scribed by the drift-kinetic equation, and the solution G is
required to evaluate the velocity moments necessary to close
the set of equations.

In Sec. VI, we derive the energy conservation equation,
and in Sec. VI, we present a summary and discussion of our
results.

Il. DRIFT-KINETIC ORDERING AND ANALYSIS

The time evolution of the particle distribution function
F(r",v",1) is determined by the collisionless Vlasov equa-
tion

IF IF e (
E

0, (1)

—tv- o+ —

v'XB) JF
ot or m

c v

where r* is the position vector, v° the particle velocity vector,
E(r*,1) the electric field, and B(r",) the magnetic field.
We find it convenient to transform to new coordinate

variables r and v, defined by the transformation equations:
r':r’ U.=U+UE, (2)

where v is the electric drift velocity
c

Let F(r,v,t)=F(r",v°,t) be the distribution function
written in terms of r, v, and ¢, and let the magnetic-field
magnitude be denoted by B=|B|, the unit magnetic-field vec-
tor by b=B/B, and the cyclotron frequency by Q)=eB/mec.
Then Eq. (1) can be expressed as follows:

Q OF 4
—vXb-—+LF=0, (4)
€ v

where the operator £ acting on F(r,v,?) is defined by

. JF IF a
F=Z f(w+vy) VF+ . [E(b-E)b—ﬂ
ot Jv m ot
-(v+vg) - VUE:|. (5)

We introduced a smallness parameter e<<1 which is used to
order the relative magnitude of terms. We are interested in
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low-frequency and long-wavelength plasma phenomena in
which the characteristic frequency w is less than the cyclo-
tron frequency ()| and the characteristic wavelength \ is
longer than the Larmor radius r,~[v/€|, that is, |w/Q|
~ri/\~ €. Note that E-b is considered to be of order €. In
this limit, Eq. (4) is reducible to the drift-kinetic equation by
an appropriate averaging over the fast Larmor gyration of
charged particle motion about the magnetic field.

In the standard method for averaging Eq. (4) over the
particle Larmor gyration,9 the velocity vector v is resolved
into parallel (vyb) and perpendicular (v ) components:

v, =bX((wXb)=v-b-vb,

UHEU'b,

and the perpendicular velocity vector is expressed as follows,
in order to exhibit explicitly the dependence of v, on the
Larmor phase angle ©:

v, =—v,sin@e+v, cosOc”, (6)

where b(r,1),e(r,t),e"(r,1)=b X e are local unit orthogonal
vectors and v, is the magnitude of the vector v | .

In a transformation of velocity variables, from v to v,
v, and ®, we have

b X J J
v- —=-—.
dv J0

Let the distribution function F be expressed in the form
of the following power series expansion in the smallness
parameter €:

F=Fy+€eF |+ E€F,+ €F+ . (7)

Substituting this series expansion for F in Eq. (4) and
equating terms of the same order in €, we obtain to lowest
order in €,

JIF
Quxb-—2=0. (8)
Ju

Thus F, must be independent of the Larmor phase angle.
We consider F|, to be a function of the position vector r, the
parallel velocity component vy, the magnetic moment vari-
able u=muv | -v /2B, and the time variable #:

Fozﬁo(r,l)u,ﬂ,[). (9)

We will use the overline F,=F,(r,v,u,) to imply Lar-
mor phase averaging as well as Larmor phase independence,

and the tilde F,,:fn(r,v“,u,@,t) to imply dependence on
the Larmor phase angle. Let Fn=17"n+fn, n=0,1,2,..., be

separated into phase-independent and phase-dependent
terms. Then equating terms of order €', n=0,1,2,..., we
have
OF,.1 A= =
Quxb - — + L(F,+F,)=0, (10)
Jdv
where F, 0=0.

Note that we can express EAF,I in the form of a periodic
function of @. It is now a straightforward exercise to carry
out the Larmor phase average and Larmor phase integration
of these equations order by order.
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This method is, however, algebraically tedious to ex-
ecute beyond first order in €. The number of terms increases
rapidly at higher orders in e. Furthermore, the individual
terms involve the arbitrary unit vectors e and e”, and there
remains the additional task of collecting appropriate terms so
that the final expressions involve only the unit magnetic vec-
tor b.

We will adopt an alternative method of analyzing these
equations. We will not carry out an explicit transformation of
the velocity vector v to new variables v, v, and ©. Instead,
we find it convenient to introduce the Cartesian tensors
(x,-,vi,ui,uj,bi,in,Ei,Bi) to denote the set of vectors
(r,v,v,,bXv,b,vg,E,B), respectively, with the integer
subscript i=1,2,3. Thus {v,,v,,vs} are the Cartesian com-
ponents of the vector v, etc. The perpendicular velocity ten-
sors u; and u; are defined by

wi=vily, U = €uby (11)
where [;; is the perpendicular projection tensor,
ljj=6,;-bbj, (12)

and &;; is the Kronecker delta. The invariant third-rank tensor
€ 1s used to express vector products. Summation over re-
peated indices is implied.

It is useful to list a number of identities, involving /;; and
€;jk» which will be used throughout our analysis:

L=l Ilyp=Iy, 6,l;=2, (13)

€ijk€pak = OipOig = OigOjps  €ijkbj€pgrbg = Liplir = Lirlip
(14)

€jibilpg = €pjibjliq + €jpbjliy- (15)

The parallel velocity is vy=bv|+byv,+b3v3=Db;v; and
the magnetic moment is w=1;; mvv;/2B. Any dependence
on the Larmor phase angle is expressed through a depen-
dence on the perpendicular velocity tensors #; and uf It is
then appropriate to consider I::n to be a function of
i, Uy, M, U, u;-k, and ¢. However, it is sufficient to take F,,
=l7,,(x,-,vu,,u,v,<,t) to be a function of x;, v, u, v;, and 1,
where the dependence on v; accounts for the additional de-
pendence on the Larmor phase angle through u; and uf

The operator L acting on an arbitrary function
G(r; vy, p,v;,1) is given by

. DG dG [e Duyg; g

£g= _+ui_+ _biEi_bi Li —biuj_El

Dt ox; m Jx;

Db; ab,-) G DB dB

tu——Huu— | — = | g+ pu—

“pr T xS av, T M oe T M oy,

( Dbl Din) ( abl 0UE[>
+ mu; U”_+ +mu,-uj UH_+_

190G (e Dvg  dvg\d'G

X__+(_b]E]bl—_El—M]_El -, (16)

where the operator D/Dt is defined by
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D |J d'
D1 = Py + (vaj+ UEj) (ij (17)
and J'/dt is the time derivative holding x;, vy, u, and v;
constant, d'/dx; is the space coordinate derivative holding
vy, M, v;, and ¢ constant, and J'/dv; is the velocity deriva-
tive holding x;, v, u, and ¢ constant.

We will write our equations in vector and tensor nota-
tions interchangeably throughout our subsequent analysis,
and for convenience we will hereafter delete the superscripts
on the differential operators.

We anticipate that, in the ordered set of equations given

by Eq. (10), the evaluation of ﬁFn will produce terms which
are polynomials in the perpendicular velocity vectors u; and
u;k The analysis of these ordered equations will then involve
the average and integration over the Larmor phase angle of
these velocity polynomials.

To facilitate our analysis, we note the following identi-
ties involving first-rank tensors u; and u;

J * J
v-bX —u.=—u. v-bX—u.=u.. (18)

Jv J 7’ Jv J J

Occasionally, —d/d® will be used as a convenient short-
hand notation for the operator v X b-d/dv, and —[ 9 40 will
be used to denote the inverse of the operator v X b-d/ dv, that
is, integration over the Larmor phase angle. Thus, we have

0 c) )
fd@uj=uj, fd@uj:—uj.

We note also that the second-rank tensor uu; can be
separated into Larmor phase-independent and Larmor phase-

dependent expressions as follows:

2
vl 1 v %
u,-ujz 711‘]‘4' E(MLMJ—MZM) (19)
Let us define the second-rank perpendicular velocity ten-
sors u;; and u; as follows:

Wps Ui = U+ U U (20)

u; iUj

jEMiM'—M

Then, we have

w;=—"2u, (21)

1% ad .
v-bX&v 7 ij v-bXavuij—Zuij,
and the integration over the Larmor phase angle of u;; and u;

are given by

© L1 © 1.

J do u;= Euij, f do u;=— Euij. (22)
Note that u;; and uf] are equal to sums of terms proportional
to either cos 20 or sin 20.

Additional identities for evaluating the Larmor phase av-
erage and Larmor phase integration of third-rank and fourth-
rank perpendicular velocity tensors are discussed in Appen-
dix A.

Let us now discuss the analysis of Eq. (10), order by
order.
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A. Zeroth-order equation

The lowest-order equation is

OF, -
vab-a—l+£F0:O. (23)
U

Substituting Eq. (19) for uu;,
defines the operator L, to express LF, o as the following poly-
nomial in u; and u;k:

we use Eq. (16), which

2F0 = ﬁ(o)fo + I/lkal((])io + (uluk - M;M;)a};)io (24)

The Larmor phase-independent operator DO s defined
by

9F,

HOF,= 20 1o oo Fo 0o

~09Fo
X ox; ' av d
Il M

dFy . dF,
oy g0,
ot 9z,

(25)

where the phase-space functions X;O), Vl(lo), and ;zf"), are
given by

X[(O) = vai + UEis (26)
. oB Duyg;
Vl(lo) = EbiEi - Ebi_ - iﬂ7 (27)
(9.xl' Dt
DB ab; v
,U.(O) = - E -+ Blij<v|_ + ﬁ)
,LL
——~bE(b-V Xb), (28)

and the five-dimensional phase-space variable z, and phase-
space function ZE}O), with v=1,2,3,4,5, are defined by

=Xy 4=V, 5= M, (29)

7(0 (0 7(0 A0
Z0-x0, Z0- 0,

We use Greek subscripts to imply integer values ranging
from 1 to 5 and Roman subscripts to imply integer values
ranging from 1 to 3.

2§ = . (30)

The velocity XEO) is the vector sum of parallel motion
along the magnetic-field line and electric drift across the field

line. The parallel acceleration Vﬁo) is due to the parallel elec-
tric field, the “mirroring” force, and the parallel component
of the inertial force arising from the electric drift. The time
derivative of the magnetic moment 4?) is typically small and
is zero in the limit of b;E;=0 or b-V Xb=0 (zero parallel
current).

The operators d(l) and d(l) with d(1 —d( i Symmetric in
an interchange of the subscrlpt indices, are defined by
&’FO 1>&F0+,&:(1)&F0_A(1)6F0, (31)

‘igl)ﬁo = lli i
c?x, (9 || (9/1/ (?ZV
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~m9Fo _

IFy m 9Fo
llij &U” ij 0,LL

(270 32
e (32)

where the phase-space functions Vﬁl , ~(1 V\(ul,) and ,um
given by

_ Dbl (9U
Hil) =—_p—=, (33)
Dt ﬂx,»
1 0B Db, Duvyg;
~(1) ) i Ei
h=_ — +m|v— + =E ], 34
Hs B[Maxi m(” Dt Dt )] (34)
- db; b,
Vil = ( +—1), (35)
4\dx;  Ix
db; b; Jvg;, Jug;
= m [v”< + _L) + ﬂ_,_ﬂt], (36)
/ 4B ax;  Ix; ax;  dx;
and A(l and Afl ,» are defined by
AV=s; AL=VP, AY=aY, (37)
Afi=0 AB=TL A )

Equating the Larmor phase average of Eq. (23) to zero,
we obtain the lowest-order drift-kinetic equation:

dF, .. 0F,
770 +Z(0)_O

-0, 39
ot Yodz (39)

4

where ZE}O) is the “guiding-center” phase-space velocity. The
phase-space coordinates x;, v, and w are not exact guiding-
center coordinates. Nevertheless, it will be convenient to re-
fer to Xl(."), Vﬁ"), and ,U,E”) as the nth-order guiding-center ve-
locity, parallel acceleration, and time derivative of the
magnetic moment.

Integrating Eq. (23) over the Larmor phase angle, we
obtain the first-order Larmor phase-dependent distribution

function F, oscillatory in the Larmor phase angle due to the

finite Larmor radius gyrations of the particles about the mag-
netic field:

~ uikA _ uf s - &F
Fy=-—dVFy- ~LdVFy=7"—2, 40
1 0 0 201 0 v (?ZV ( )
where ZS}I) is defined by
5(1 “Z 1 “Z“l 1
Z) =- 5/\2,1— ?Al(cl,)v' (41)
Note that the operators {[ZcAlfl)cAlfjl)} can be expressed as
follows:
£=DO +udM + u d) + (ib-Eb-—Din—w%)i
=iy m JoJT Dt J axl (90,‘
. oz g
=DV - Quxb. - ——
Jv Jz,
e Duvg; o"vE,) a
+|—b.Eb;,— —u; , 42
(m’jl Dt T ox; ) ov; “2)
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(43)

Note also that (d/ &xi)BXI(.O) =B(dv g,/ dx;)+vg(dB/ dx;),

—UE,(z?B/ax ) —Bl,/(dvg;/ dx;), and therefore
14 l 1%
——B+——BZ"=0.
B ot Boz,

Thus Eq. (39) can also be written in Liouville form:

14 1
E&—BFO + Eﬁ—BZ(O)FO = (44)
Ty

The element of volume in phase space is
&rd®v =27 dx, dx, dx; B dv, du.,

and the zeroth-order drift-kinetic equation conserves not only
the total number of particles but also the phase-space volume
element.

B. First-order equation

The first-order equation is

OFy o - ~
vab.3—2+L(F1+F1)=o, (45)
U
where
07 oZ) oF,
»CF[ =D Qv X b .
dv Jdz,

Substituting Eq. (40) for F,, we have

LF ==L dl)F + kld(l) )
! (Q T
In Appendix B, we evaluated terms of the form

—E(M;:/Q)Xk( RAPY S t) and_—E(M;I/ZQ)XkZ(.Xj,U”,,(L,t). Sub-
stituting  x; d(l)FO A(l)(ﬂFO/&z,,) in Eq. (B3) and yy

dfj)FO A<1) (&Folﬁz ) in Eq. (B8), we obtain [Eq. (C1) of
Appendix C] the followmg polynomial in the perpendicular
velocity tensors u; and u;

b

LF,=DVFy+udPFo+uyd; Fy+u, kdm—%ﬁd(”F
+uyd" —-‘l‘f—b’ﬂd (), — Uk Vd\F,, (46)
40 40

where u;; is a third-rank perpendicular velocity tensor equal
to a sum of terms proportional to either sin 3® or cos 30,
and u;j, is a fourth-rank perpendicular velocity tensor equal
to a sum of terms proportional to either sin 40 or cos 40.
The operators DV, 35.2), and cAlsz) are defined in Appendix
C by Egs. (C2), (C3), and (C4), respectively.
The first-order drift-kinetic operator D is

Phys. Plasmas 12, 112305 (2005)

DUOE = L d(l)F [k kl d(l)
0Tt 20°*
14 ,LLB
=AW e b,dVF,
B&zg mQ oSk
1924’8
5 Bz Q Az]a tpkb I/ldkl FO
14 dF,
=——Br'’H —2, (47)
B oz, "z,
where the phase-space function T , is given by
2
) (1 M+ WB® )
FO’,V QAqo' (/pkb A Q Az/o’ p ]ZAkZV
(48)

Note that F(l . () is antlsymmetrlc in an interchange
of indices, and that (91 9z4,) (1 0z )BF ) ,=0. We can therefore

express DIVF, as follows:

A(1>— l 1 (9 (1)
DWFy= ——BF,——BT')
Bz, °Boz, ”
1 = IF,
= ——B7WFy=70—"
Bz, 9z,

X(l)’?FO W)‘WO o

, 49
(9x, ﬁvH (7/.L ( )

where ZE}I), which represents the first-order correction to the
guiding-center motion, is given by

oy 14
Z2V=——prilh, (50)

The first-order guiding-center velocity XEU, parallel ac-

celeration Vﬁ , and time derivative of the magnetic moment

i) are given by

sn_ L 0 pB

A1) _ (1)
Xi'=7 = Bz, mQ .0€apilp
B
=vpi+ (b V X b, (51)

. . 149 uB?
1) _ (1
Vﬁ _Zé(t) Aqtr qpkb Hk

B 975 mS)
1 d 2u’B? 1 ~1
+— BaZO— Q A(rsa rpkbplsl IIk}
= UDi Hl (b V X b)b V(l)
_ I‘LBGkQZbE( ‘/( ) IU“BEkgzbg
m{) ax, la 4mQ

db; db dv v

X( Kkb[+_l+ k)(_E]_'__ElZ)’ (52)
dxi dx; )\ dx, ox;
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19 uB?

B 75 m&)

1 9 2uB

+5 Bz, mQ Arw €rpibpl llukl
g

((9 Up + + 1) (9le +vDiﬁB>
=- KU ——,
H\ "o, P Gy, T B ax;

=70 =

(1) ~(1)
—A q,0 L][?kbpMk

(53)

where v, is the drift velocity equal to the vector sum of the
magnetic-field gradient drift and the inertial drifts:

B

_ ~(1)
Upi=— """+ mQ €ipglpity
. b JB Db Dvu
__E‘I_E = “Zq  ZTEq 4
mQ [’u (v" Dt Dt )} (54)

Similar expressions for the first-order phase-space “ve-

locity” Z(l) have also been derived by Hazeltine and
Hinton,' and the above expressions reduce to those derived
by Sivukhin'! in the limit where the electric drift velocity vg
is first order (rather than zero order) in e.

Averaging Eq. (45) over the Larmor phase angle, we
obtain the first-order drift-kinetic equation:

14 1 )=
__BF1+__B(Z F1+Z Fo)
B ot Baoz,
0d — IF .y OF
=—F+729—4+7z0—=0. (55)
Jt az, aJz,

Integrating Eq. (45) over the Larmor phase angle, we
obtain the second-order phase-dependent distribution func-
tion (see Appendix A):

* >:<

- - (9F1 u, , . _
Fo=z0 Tt Yaen - M dog
2 Yo , 0 (U 20
ik b GF, ~ K0 SiraPrlir 5 F,
3077 20 307 40
l]kl —
o0 4 Fo. (56)

An alternative expression for F , is obtained by evaluat-
ing ZiE:ﬁZE}l)(&FO/&ZV) as follows:

ne OFy s~y ~n A 07" 9 \oF
LF1=—0£Z(VU+Z(VI)<D(°)— e 2|20
a9z, Jv dz,/ 9dz,
,CZ(I 1)<D (9F0> _ lﬂﬂv
192,, 9z, 207,07z,

J ~1= — =
X b GVZ - ZIED)

Substituting this expression for LF ; in Eq. (45) and integrat-
ing over the Larmor phase angle, we obtain the following
alternative equivalent expression for Fy:
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~  ~dF, OF, [Pd® .-, =
F=Z0— 4 —Of —(LZV - LZV)
dz, dz,
. o IF, d®_,, 1 &FFy )
+(D(0)_0)f S, 220 (FnZn
z, Q 2(7ZU(91,,
1) F(1
ZWZy, (57)

In Appendix C we verify that Egs. (56) and (57) are
identical.

C. Second-order equation

The second-order equation is
OFy A - =
vab-a—3+£(F2+F2)=0. (58)
v

We will not require an explicit solution for F 5. We will

evaluate only the Larmor phase average of ﬁ(ﬁ2+ﬁz) and
thereby derive the second-order drift-kinetic equation.

Substituting Eq. (56) for F,, we have

— dO® o~ o A
LF,= §£F2=D“)F1+D(2)FO, (59)

where the second-order drift-kinetic operator D@ is defined
by [compare with Eq. (47)]

DYF, = c d@)F c iy <2>F0

19 uB?
Bé’z,,mﬂ

1 0 2u’B® 1) o
+B(920 QAij,Ueipkbp d Fy. (60)

A(la qpkb d(z

Note that the Larmor phase average of terms involving
k and u; ju are equal to zero (see Appendix B).

We can express DOF, o in terms of the functions A(l) nd
A(ri ,» by substituting for d(Z)FO and d,(d)F 0> given by Eqs (C3)
and (C4), respectively. However, this is more readily

achieved by evaluating £F, using Eq. (57) for Fy:
(2)— 6’F0 § J d@ AZ(I) Z(l))

{r2lfag e

_ ZnZn

%9 ( 13<0>‘7_R>) 1_&F, —2-pOzHZM),
07y 9z, 2 92,92,
(61)
where ZETI)Z(U is given by
Z(I)Z(l) QZ ,kA(l)A(l) 292(11k1_/z+1i11./‘k
- Iz]Ikl)Aa)a-A/(c})V' (62)
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112305-7 Nonlinear finite-Larmor-radius drift-kinetic equation

In Appendix E we evaluate the Larmor phase averages in
Egq. (61), and we obtain D®F,, in the following form:

1132”2“ aFy 1.9

DWFy=-D"— ——BZ%F,
Bdz, 2 dz, Bz,
1) =
D(O)liBZ(—Z 5F0 Z(Z)O-'_F0 (63)
Bdz, 2 dz, ' 9z,

where Z.sz), which represents the second-order corrections to
the guiding-center motion, is given by

702 19 o

s 64
Bo"z,, il (64)

and the phase-space function function FETZ)V is a sum of two
terms:

T0, =00, +Y,,. (65)

with A, , and Y, ,, given by Egs. (E8) and (E4), respec-
tively, having the following properties:

Jd d Jd d
——BA,,=0, ——BY, (66)
02507, 02,07,

The second-order guiding-center velocity XZQ), parallel

acceleration Vﬁ ), and time derivative of the magnetic mo-

ment 2'? are given by

. . 19

XP=7?=——B(A,+Y,), (67)
Bazg B B

V== LB, 4 Y. (68)
Baz{r y y

2) _ Z'(2) _ li A Y 6
— L5 = B( 0',5+ 0’,5)' ( 9)

Bz,

Substituting A;{ll) =4, and A,({},)FO in Egs. (E8) and (E4),
we obtain

~(0)3(0 - (0 .
_BZORO  uB it
o 2 9z, 2mQ* 7oz,

Q(eqzb D(O ])* A(l qtibt)’

(70)

db, v
== (2 ps tr rs) 2 (lz)r< vT o+ _E)
2m Q Ay dx,  0x,

, B (1)( g ﬂ‘i”z)
PE om0 ip(?xme m{) dx,

Expressions for A, 4, Y, 4 and A, 5,Y, 5 can similarly be

obtained by substituting A, 1) Vﬁ,i, ,((})4 Vl(llld), and A(l)

=[ ~(1) A,((})S ,[Z,((}), respectlvely, in Egs. (E8) and (E4).

The second-order corrections are separable into two
parts, determined by the functions A, , and Y, ,. The func-
tion A, ,, involving the zeroth-order drift-kinetic operator
15(0), describes the finite-Larmor-radius modifications of the

zeroth-order guiding-center phase-space trajectory and the

Phys. Plasmas 12, 112305 (2005)

coupling of the zeroth-order trajectory with the first-order
Larmor phase-dependent oscillations, while the function Y, ,
describes modifications which do not involve the operator
DO

Explicit expressions for XEZ), Vl(lz), and @ can readily be
obtained by substituting Eqs. (E8) and (E4) for A, , and
Y, ,, respectively. We will not, however, attempt to discuss
second-order effects in general. Second-order effects are for-
mally small, of order €, and there are many terms to be
considered. It is therefore appropriate to postpone a more
detailed analysis of second-order effects to those special cir-
cumstances where second-order effects become significant
and the relevant second-order terms can be identified. Such
circumstances can arise, for example, due to subsidiary or-
derings which render lower-order effects small, or due to
plasma “singularities” which result in the presence of struc-
tures with relatively large spatial gradients.

In the limit of low-frequency perturbations with long
parallel wavelengths, but short perpendicular wavelengths,
finite-Larmor-radius modifications of the zeroth-order phase-
space trajectories can become significant. Assuming negli-
gible second-order compressional effects, we ignore the con-
tributions of Y, ,, and we retain in A, , only those terms

which involve the perpendicular spatial derivative of YEO),
Vﬁo), and ). We may then approximate I‘fz as follows:

) 70
@ _ ...__MB ) 9Z, 92y
T =A,,+ ( oA = LA

q q
o (71)

and the second-order phase-space velocity {Xﬁz),Vﬁ”,,a@)}
can be approximated by

Lo, » uB* X 1 9, puB* ox
B dx, pq2m02 ax, B&x qumQ2 ax,

x@ =

0)
19 wB V" 14

; M32 aﬂ(o)
B vy '“2mO* ox,

T Bau 2mQ? ax,

s

(72)

w1 a  uB? gV
‘/(2):__1 —_H+"', 73
! B dx, P4 m Q0?2 ax, (73)

2 5,400
(2)_li MB~ o

B x, P42 m0>? x,

3 (74)
Equations (72)—(74) describe the finite-Larmor-radius
modifications of the zeroth-order phase-space trajectories,
and it is these modifications that are typically included in the
gyrokinetic equations.
Finally, averaging Eq. (58) over the Larmor phase angle,
and introducing a modified Larmor phase averaged distribu-

tion function Fj, where F, is related to F} by

F2=F£+AFO, (75)
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112305-8 H. Vernon Wong
- 10 ZVZVoF,
AFy= ——B=2 - —2, (76)
B iz, 2 Jdz,

we obtain the following second-order drift-kinetic equation
for F:
149

——BF,+
Baot

1 0 = = o=
E;B(Z(VO)FQ +ZVF, + ZPFy)
14
OFy . 0Fy . OF, .. dF
_%2 0 ndh e o (g
ot a9z, dz, Jdz,
Note that the phase-space variables {x;,v;, u} are not ex-
act guiding-center variables, and the second-order correction
AF, is a consequence of this fact.

In summary, let G denote the Larmor phase averaged
distribution function defined by

6=F0+€F1+€2F2—52AF0+"'. (78)

The Vlasov distribution function F, up to second order in
the Larmor radius, is given by

F=G+ €G, + €G, + €AG, (79)
where
5 4 s, YA >‘96
G=-|—=d,'G+ d G Z — 80
- Bipa tsie) 2% 50

~ ; * ;'k'k A Ekqup =
G, =— d(2>G+ d(Z)G J d(l)_ (1)
: (Q TN

(1 G
307 20 1
Ui A(I)Ilrekqup ~ya L ik AaNG (81)
30" 40 7 160 Y

and the second-order Larmor phase-independent correction
AG is given by

_ 19 7ZD7ZVsG
AG=—-——B"—F+—. (82)
B dz, 2 dz,

The equation which determines G, up to second order in
€, is expressed compactly as follows:

1o - 19 .- oG .G
——BG+—-—BZ,G=—+Z,— =0, (83)
B ot Bdz, o Yoz,
with
=794 ezV 4 2794 - (84)

Note that 51 and 52 satisfy the following equations,
analogous to Egs. (23) and (45):

J ~ "o AT
QW Xb —G=LG-LG, (85)
Jv
Jd ~ Nm A~
Qva.a_G2:£Gl_£Gl' (86)
v
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lll. MEAN PERPENDICULAR VELOCITY AND
PRESSURE TENSOR

The particle density A(r,f) and mean particle velocity
Vi(r,t), in terms of the particle distribution function
F(r,v,t), are given by

N=fd3v F(r,v,t)=N+62fd30 AG, (87)

N )V,(r,t) = J d*v F(r,v,t)(v; + vg;)
=N(‘/Hbi+ UEi+ fUi) + 62
X f d3U(U||bi + UEi)AC_;, (88)

where we substituted Eq. (79) for F, and N, V,, U; are defined
in terms of moments of G(vy, u,r,t) by

-[ava (89)
N‘/” = f dSU GUH, (90)

NU,-=fd3v u{G+ €Gy+ -+ )= UV + U +

C2))

Let P;;(r,t) denote the momentum flow tensor, given in
terms of moments of the particle distribution function
F(r,v,t) by

Pii=m j d*v F(u; + V) +vg). (92)

Substituting Eq. (79) for F, we express P;; as follows:

Pij=mfd3v F(vi+vg)(v;+vg)

=mN(V;+vg)(V; +vg) + Py,

where V; denotes the vector sum of the parallel velocity com-
ponent Vb; and the first-order perpendicular velocity U,,

Vi= ‘/Hbi+ GUi, (93)

and P;; is the pressure tensor, expressed as a power series in
€ by

= p(0) (1) (), ...
P;=P; +eP; + ezPl-j 4+ e (94)
with
PY'=P I;+Pbb;, (95)
Pfjl) =m f d30<u 5l)||b +u; (sU“b + )Gl’ (96)
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112305-9 Nonlinear finite-Larmor-radius drift-kinetic equation

Pl(jz) =m f d3v(u,-5vbj + Llj(s)‘UHbi + ﬂl)éz - mNU,U]
2 .
f d3U AG[/.LBI + m(va + vEl)(UHb + UE])]

(97)

v =v - V. (98)

The perpendicular and parallel pressures P, and P, are
defined by

P, = f d*v G uB, P, f d*v G m(dv))>. (99)

1) 2)
U eels

Substituting the Larmor phase-dependent distribution

A. Mean perpendicular velocity: U;=

functions G, and G, given by Egs. (80) and (81) we obtain
the mean perpendicular velocities U ) and U

_ €:b Ay —
NUW = f v Glu,:—'lu f PPouBd"G

ybiN( 1 aPY  Dgb; Dy
- Sud ( + v 200 20 (100)
Q \mN dx; Dt Dt
- b -
NUY = J P Gy uy= ! f v uBd?G, (101)
m{) J
where the operator D,/Dt is defined by
Dyb; J J
= | — 4 (Viby+vg)— |b 102
Di [at (Vib, UEl)axl i (102)

The velocity integral [d*v ,LLBC?;Z)G in Eq. (101) can be
expressed in terms of moments of 51 by substituting Eq.

(C3) for d(2 G. However, an identical expression for U(2 i
more convemently obtained by making use of Eq. (86):

Phys. Plasmas 12, 112305 (2005)

v ézv Xb- iu-* = f d3v£/361
v ' Q

NP
Q [ar) CPUT T )Y 10

v g,
+ka)vj+fd3vG <ﬁ+u,ﬁ—EL)]
-xr

NUP =

—

€; b 1 9
= —L’[——Pj,? NU(” + —NU(”(Vku

d
+ UEk) +NU](<1);(‘/”bj+ UEj):|'
k

B. First-order pressure tensor: P,

Substituting for Gl, we obtain the first-order pressure
tensor PED:

PEJI)— zjkadUGI"‘k&)"'_Jdle”

=I:<j,kpﬁllc)+1jj,klp(il)<l’ (103)
L[ 3 SDE
Py = 5 d’vévuBd,’G, (104)
(1) _L 3. 2p25(0) A
WME500 dop B dy'G, (105)

where the projection tensors /;;

*
Lij = Tubj+ Iybys - Ly = iy g€4piby;

ik 1ij, k, and IJ w are defined by

Ar1y — J _
f d* dv\uBd'G = (P - P u Db D, HPubi - (Vbl+vEl>+P|.bz—(ka+ka)+(_-2'<k>J LoubdnG
Xk

+ijJd30(5U)3é,

PoulB2Y) G—— V(‘;’_bIC_,_ﬁ_b/)_i__aUEk_,__&UE’
! 0').X[ é’xk

2m ox;  Ixy

(106)
bibjlij,k=0’ 51]Iz]k
. 1
Liju= E(I i.a1€apkbp + Lij kg€qpilp):
(107)
bibjlij.klz 0, 511111 k=
and the velocity integrals are given by
(108)

1(db, db,
+——+— dPouBdv,G.
4 z?x, é’xk

Identical expressions for Il kPHk and I i ,dP N kl are obtained by making use of Eq. (85) and proceeding as described below

for the second-order pressure tensor.

C. Second-order pressure tensor: P,

Substituting for G,, we express the first term in Eq. (97) for the second-order pressure tensor as follows:
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112305-10  H. Vernon Wong

fd v(u Bojb + w0+~ >02_1 PR+ P

(109)
where
QPP = f v dv,uBd?'G, (110)
1 Apy —
QP(ﬁl:% PoulBdYG. (111)

The  velocity integrals  [d*vdy, ,uBcAl,(f)é and
JdPv ,LLZBZEI,(;)@ can be written in terms of moments of C~;1 by
substituting Eq. (C3) for cAl]({z)G and Eq. (C4) for 3;3)6 How-
ever, identical expressions are more conveniently obtained

by making use of Eq. (86). We note that

Phys. Plasmas 12, 112305 (2005)

v X b . —<5v|b,-u- + 5U||bjui + _1)
v J 4

= <5vb,uj + 5vajui + %) R

P and I ,dP(zkl as follows:

and we can therefore express I, kP i,

J ob Jv
QPR =m fd3v5vlvk£G1—{5kr + 5kr|: xl(VIbI+UEZ):| + 51r(V| : aEk>}€rququ

DV, Dgv aVv, A
+ (m—o Iy mbs—0 Es _ eE|>NU§Cl) + (—” b,— £
Dt Dt 1%

X1

= L[ d ob, b ~
X f dPPop’Bd.) G+ 5<&— - K,)m f v Guydv, + (5“19, O+ B k) J v Gu,(dv))?
X

and

A~ 0
4QP(f,)d=mfd3v Uy U,L’G1=EPSC})+

Xq

mdeU 61(”kKl+”lKk)(5UH)2-

We display on the right-hand side of Egs. (114) and (115)
only those terms which are nonzero when multiplied by Il.*j’k
and I;kl, respectively.

Note that

~ b
fd3v Guy(--)= ik tfd3v,uB( )d G,
m{)

~ I
f d* Gy, (-++) = 52 f dPPoB(---)dy)G,
m*Q
where the bracket (--+) encloses terms independent of the
Larmor phase angle.
The second-order pressure tensor is therefore given in

terms of moments of G by

J
—(Vib, +vg,) Py} +
xr

I'fkplli)zlumfdva‘mvkccl, (112)
I;kj.klp(fl)d I: K0y d*v v, v,LG,. 113)
Evaluating the velocity integrals, we obtain
X] X]
o _uéz
)Pk ~ s Iklpq qu (I + Ly + 1 P
114
(7.xl X, ( )

d €,.0 ATy =
T(Ikrlls"'lksllr)ﬁfd3UMZBzdgl)G+(5ks51r+ S1sOkr)

Db, D Vs db,  dug,
(Vn ° — )mNU(rl)+P(rl <V —
Dt Dt 4\ ox ax

19 .~
+——m | d’v Gl(brukl + bku1r+ bluk,) 5UH
2 dx,

(115)

PP =1 PR + 1, Py — mNUU, + f d*v AG[uBI;

+m(vib;+vg) (b +vg)]. (116)

IV. MOMENT EQUATIONS

The description of plasma behavior in terms of the par-
ticle distribution function emphasizes the particle character-
istics of plasmas. Many plasma phenomena, however, can
usefully be described macroscopically in terms of the conti-
nuity and momentum equation for each particle species.

In this section, we describe the low-order moments of
the drift-kinetic equation, and we verify that they are equiva-
lent to the corresponding moments of the Vlasov equation
when expressed as a Larmor series expansion in €.
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112305-11 Nonlinear finite-Larmor-radius drift-kinetic equation

The continuity equation, obtained from the zeroth mo-
ment of the Vlasov equation [Eq. (4)], is

d
—+ —MNV,= — + —N(Vb; + vy + UV + EU?)
Jt  Ix;

Xi i
J 3 ~ 9 3., vOA
+€— | dvAG+éE— | dvXVAG
ot (9)61-

+0(€)=0, (117)
where we substituted Eq. (79) for F to obtain a Larmor series
expansion in e.

The momentum equation, obtained from the velocity
moment of Eq. (4), is

1% 1%
—m./\/v,»+ _Pij_ eN(b . E)hi— QmNEiijjbkz 0.
(118)

Substituting Eq. (79) for F, we obtain the parallel com-
ponent of the momentum equation,

J J

9%;
J Dyvg; Dyb;
+bi—P,-j—eNE”+b,-mN - emNU[_
JUE; aU;
ox; 0x;

J J

J _ _
+ ez[bia f dv(vyb; + v)AG - eE, J d*v AG]

+0(€)=0. (119)

From the vector product of b and Eq. (118), we obtain
the following expression for the mean perpendicular velocity
U

€; b
U.= kY1

= 120
= NG (120)

J J
(m—./\/vi + _Pk]> .

This equation expresses the mean perpendicular velocity U;
in terms of the inertial drifts and the gradient of the pressure
tensor, and when iterated, produces a Larmor series represen-
tation of Ui=U51>+eU§2)+- -+, equivalent to Eq. (91).

Let us now consider the moments of the drift-kinetic
equation, Eq. (83).

A. Continuity equation
Integrating Eq. (83) over velocity space, we obtain
J J J — . .
—N+—N(Vjb;+vp) + e f v GXY + ex?) =0,
ot (?xi C?.Xi
(121)

where the mean first-order guiding-center velocity is

Phys. Plasmas 12, 112305 (2005)

_. €i,q0 Dgyv Dy, P, B
f d3v GXgl) — M(mNM + NVHLQ L
mi) Dt Dt B dx

P,
+ P, +—=(b -V Xb)b;
”Kq> mQ( bi

Jd E'l‘b
=Ny + —-LZlp, (122)
and sz) is given by Eq. (67).
Equation (121) is equivalent to Eq. (117). To verify this
equivalence, we evaluate the velocity integral [d*v DG us-

ing the two expressions for the operator DW given by Egs.
(47) and (49). Equating the two results [see also Eq. (122)]:

iNU(1)=ifd3v GX{".

123
(9)(:1' ! 5)6,» ( )

Similarly, for the operator D® given by Egs. (60) and
(63), we have

J J _. J . _
_NUEZ) - f d3v GX[(Z) R f d3v XfO)AG
i <9x,» 0-'xl'

ox;
J _
-— f &v AG.
ot

Substituting for (&/&x,»)NUf.l) and ((?/&x,-)NUEZ) in Eq.
(117), we obtain Eq. (121).

(124)

B. Parallel momentum equation

Multiplying Eq. (83) by muv,, and integrating over veloc-
ity space, we obtain

d d
(?_tmNVH + a_[mNVH(VHbi +vg;) + Pjb;] — eNb,E;
Xi

P, 0B Dyvg;
B Dt

(9)(,-

J - . .
+e—m f PoGo (X" + ex?)

&Xl'

—em f PoG(VV + evi?) =0, (125)
where Xl(.]), X§2), Vﬁl), and Vl(lz) are given by Egs. (51), (67),
(52), and (68).

Equation (125) is equivalent to Eq. (119). To verify this
equivalence, we evaluate the velocity integral [d°v v,DVG

using the two expressions for the operator pW given by Eqgs.
(47) and (49). Equating the two results:

J Dob; v J
—NV,Ut - (L - bl—El)NUl(-” +b—P\)
Ix; Dt ax ax; Y

i i

J 1) = ) =
=a—fd3v v|X,(-l)G—Jd3v Vﬁl)G.
Xi

Similarly, for the operator D@ given by Egs. (60) and
(63), we have
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112305-12  H. Vernon Wong

J Dob; v b; 9
—NVU? - (L - b,—El)NU,@) +——p
Xi Dt

l
ox; m ox;

d a _
+b;——NUM U =- — f d*v v, AG

P _ _
_p f o AG + ZE, f o AG
Jt m

J ) = -
+— f v v XPG - f & VPG.
o"xl-

Substituting for (8/ax)NV,U\" and (3/dx)NV,U"” in
Eq. (119), we obtain Eq. (125).

C. Perpendicular component of the plasma
momentum equation

The perpendicular component of the plasma momentum
equation is obtained by summing Eq. (118) over particle spe-
cies.

Note that

B
E eN(b . E)bl + E E_Nfiijjbk
c

1
=p(b-E)b;+ ;fijk(JjBk - pvg;By)

1% 1%
=——1II, - ——¢€,EB, 126
Ixy, K dqre gr IRTITK (126)
where I1;; is the electromagnetic stress tensor,
1 (BB E-E
Hy="—\—F—0u—BBi+—du—EE;|. (127)
4\ 2 2

Thus, the perpendicular component of Eq. (118),
summed over particle species, can be expressed as follows:

J J
IIJ{E mN|:—(ij+ V]) + (ka+ Vk)_(vE]+ VJ):|
ot o'?xk

1% 1 9
+ a_.x'k(E ij+ H]k) + 4__€jlkElBk}

e ot

Jd
+€1; 2 {Em f d*v(vib; +vE)AG - m(Vib;

+0g) J d*v :/5<°>AG]=0. (128)

D. Parallel and perpendicular pressure
equations

The equation for the parallel pressure P, up to second
order in €, is

Phys. Plasmas 12, 112305 (2005)

aP, 9 PV )4 2P (b av, )
— — 4+ Ue) + — DK
ot (?)Ci I\Vibi + VE; I Loy VEiK;

1

oB ) = d 3. A 3
+2b—— | dv Gudvy+ ——mb; | d’v G(év))
Ix; Ix;
v, S :
+ 62m&—” f d*v G v (X! + ex?)
Xi

J — . .
+em— f v G(80)* (X" + ex?)

Xi

- em f v Govy(V{V + V) = 0. (129)
The equation for the perpendicular pressure P, up to
second order in €, is
(?PL &UE,- (?bl

1%
—+—P (Vibj+vg)+ P | — +V— +vgk;
ot (9-xi J_( 1¥i Ez) J.( Jx II(9 Ei z)

i i

J 3.~ J 3. v, (v
+B—b; | d’v Guév +eB— | d’v Gu(X;
ﬂxi (7)(,-

+eX”) - eB f o GV + e®) = 0. (130)

The moment equations involve higher-order moments of
G, and these equations are not closed. The usual procedure is
to invoke a closure scheme which relates the higher-order
moments to the lower-order moments. However, it is not
obvious that a satisfactory closure scheme can be achieved to
account for the parallel plasma dynamics along the magnetic
field.

An alternative strategy is to solve the drift-kinetic equa-
tion and to use the solution for the distribution function G to
evaluate the velocity moments required to obtain a close set
of equations.

V. FIELD EQUATIONS

The plasma charge density p and current density J are
given by

P=E€J<d3UF=ENe+ezzefd3vAé+...7

(131)
Ji=2 efd3v F(Ui+UEi)=2 eN(V”bi+in+ EU,’)

+Eefd30 AG(ob;+vg) + -+ (132)
where the summation is over the particle species of the
plasma.

The electromagnetic fields E and B, expressed in terms
of the electrostatic scalar potential ¢ and the magnetic po-
tential A, are given by:

10A

E=-Vé- o

B=VXA. (133)
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112305-13  Nonlinear finite-Larmor-radius drift-kinetic equation

The electromagnetic fields are determined by Maxwell’s
equations:

) 10
V-E=-V°¢p-—-V -A=4mp, (134)
cot
4 10E
VXB=-V-VA+V(V-A)=—J+——. (135)
c c dt

It is often convenient to use the low-order moment equa-
tions to relate the charge density and current density to the
electromagnetic fields and to other plasma macroscopic vari-
ables: plasma pressure and higher-order velocity moments of

G. Alternative forms of the field equations can then be de-
rived by combining these macroscopic equations with Max-
well’s equations.

In particular, from the perpendicular component of Eq.
(135), we have

1

dqr oE
BX(VXB)=—BXJ+-B X —. (136)
c c Jt

Using Eq. (118) to express B X J in terms of vg;, V;, and P;;,
we obtain from Eq. (136) the perpendicular component of
the plasma momentum equation [Eq. (128)], an equation
which provides an adequate description of fluid-like perpen-
dicular motion across the magnetic field.

The electric drift velocity vg; is a sum of two terms:

Vg = V¢i+ V&', (137)
€nb; 0
e (138)
B é’xk
€ib; 0A;
= 139
& B ot ( )

where the first term, denoted by Vgis is due to the gradient of
the electrostatic potential, and the second term, denoted by
Vg, 18 due to the perpendicular component of the inductive
electric field.

The inductive component of the electric drift Vy; is, in
fact, an alternative field variable which can be used to re-
place the time-dependent perpendicular vector potential. The
time variation of the magnetic field B is then determined by

%B SV X (Vi X B) =V (E,+b - V)b (140)

Equation (128) can therefore be used to time advance the
perturbed magnetic fields. Note that, although Egs. (128) and
(135) are equivalent, it is necessary to evaluate U; with an
accuracy one order higher in the case of Eq. (135) than in the
case of Eq. (128) in order to achieve the same accuracy in €.

Note also that Eq. (128) reduces to the low-frequency
magnetohydrodynamic fluid equations for perpendicular
plasma dynamics when it is supplemented by an equation of
state for the plasma pressure.

Additional fluid-kinetic equations for determining the
electrostatic potential ¢ and the parallel component of the
vector potential A are obtained by combining the continuity
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equation with Poisson’s equation, Eq. (134), and the parallel
momentum equation with the parallel component of Eq.
(135).12

Thus, a consistent set of fluid-kinetic equations can be
formulated, with the perpendicular plasma motion described
by the perpendicular component of the plasma momentum
equation. Parallel motion along the magnetic field is not
fluid-like. The parallel plasma dynamics is described by the

drift-kinetic equation, and the solution G is required to de-
termine the velocity moments necessary to close the set of
equations.

Finally, we note that the electromagnetic fields are in-
variant to transformations to new electromagnetic potentials
¢’ and A’ of the form

24

1
o =pr -
c

, A'=A-Vy,
o X

(141)
where y is an arbitrary scalar gauge function.

Our drift-kinetic equation, given by Eq. (83), involves
only the electric and magnetic fields (E and B), and is there-
fore gauge invariant. This freedom to choose the gauge func-
tion y can be exploited to simplify the set of fluid-kinetic
equations for time advancing the perturbed electromagnetic
potentials. We will explore this topic in a later publication.

VIi. ENERGY CONSERVATION

In this section, we determine the equation for energy
conservation by evaluating the work done by the electric
field.

Let the angular bracket {(--*)y= [d®r [ d®v(- - -) denote in-
tegration over the total phase-space volume.

To lowest order in €, we use Eq. (23) to express the work
done by the perpendicular electric field E | as follows:

Y e(FIE, -v)=2, <f19<v Xb- i>ﬂ(vi+UEi)2>»
dv/ 2

(142)
=2 <%(U"+ in)2ﬁF0>’ (143)
:g <%(U" * UE")ZFO> -2 e(FoE)), (144)

where we assume the electromagnetic fields to be vanish-
ingly small at the boundaries of configuration space.

Note that we ordered the parallel component of the elec-
tric field E,~ €| E || to be of order € compared to the perpen-
dicular component. Thus, to zero order in €, the work done
by the electric field E is

2 e<f1El . U> +2 €<F()EHUH> = % 2 <|:/.LB + %(Uﬁ

+U12:—~l-):|ﬁo>,

and the equation for energy conservation is

(145)
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E'+B}) 4
d’r E+B) o f d’rw,=0, (146)
at 8 &t
where the plasma energy density W), is
m _
Wp=2fd3v MB+E(vﬁ+v§,.) F. (147)

From Egs. (23) and (45), we obtain up to first order in €

E €<(ﬁ1 + EﬁZ)EL : U>+E e((Fo+ EFI)EHUH>
=%2 <|:,LLB+ %(U2+Uéi):|(io+ GFI)

+ emvE,»u,-f1>, (148)

and the equation for energy conservation is given by Eq.
(146) with plasma energy density W,,

WI,:E J d3u{[MB+ g(v2+v%i)](130+ eF))

+ aninuiFl} .

From Egs. (23), (45), and (58), we obtain up to second
order in €

> e((F, + €Fy+ €F,)E | - v)+ e((Fy + €F,

+ EF)E))

o5

+ emvE,-u,-(ﬁl + eﬁ2)>,

,uB+ 5 (v] +vfﬂ)](150+ €F, + €F,)

and the equation for energy conservation is given by Eq.
(146) with plasma energy density W,,

W, = > J d%{ [,uB + g(vﬁ + v%i)](ﬁo +€F | + €F,)
+ eminui(fl + Gﬁz)}

1
= E {PL + E(mNVﬁ + P+ vaéi) + fml\]UEi(Ul('1>

+eU§2))} +e22Jd3v Aé[l/«3+%(vﬁ+”?ﬂ)]‘

(149)

Vil. SUMMARY

A new and efficient method is described for deriving the
drift-kinetic equation by averaging the Vlasov kinetic equa-
tion over the Larmor phase angle. The analysis is carried out
after first transforming the velocity variable to the velocity
relative to the perpendicular electric drift velocity. Electric
drifts can be of the order of particle thermal velocities. A
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maximal ordering is invoked, and all terms proportional to
m/e are taken to be of order e<<1, subject to the proviso that
E,~ €. The drift-kinetic equation is derived up to second or-
der in €.

The phase-space variables of the drift-kinetic distribu-

tion function (_}(v”, M,x;,1) are the parallel speed vy, the mag-
netic moment u, and the position coordinate x;. These are
noncanonical variables. Nevertheless, the drift-kinetic equa-
tion is derived in Liouville form, and approximations to the
particle trajectory can be made while preserving the Liou-
ville structure.

The Vlasov distribution function F' is given in terms of

G as a Larmor series expansion up to second order in €, and
the mean perpendicular velocity, momentum flow tensor,
pressure tensor are expressed in terms of the velocity mo-

ments of G. The results are identical to that obtained by
iterating the moments of the Vlasov equation to derive a
Larmor series expansion for the mean perpendicular velocity
and the “off-diagonal” components of the pressure tensor.
Perpendicular plasma dynamics is adequately described
by the perpendicular component of the plasma momentum
equation. The low-order moments of the drift-kinetic equa-
tion relate the plasma density and parallel component of the
mean plasma velocity to the mean perpendicular velocity, the
plasma pressure, and higher-order velocity moments of the
particle distribution as well as the electromagnetic fields. Al-
ternative forms of the field equations for advancing the per-
turbed electromagnetic fields are obtained by combining
Maxwell’s equations with low-order moment equations.
However, parallel motion along the magnetic field is not
fluid-like, and solutions of the drift-kinetic equation are re-
quired to describe accurately the parallel plasma dynamics

and to determine the higher-order velocity moments of G
which are present in the low-order moment equations.

These fluid-kinetic equations provide a basis for the de-
velopment of hybrid numerical codes which can be used to
simulate low-frequency electromagnetic perturbations of
magnetized plasmas.

In a recent derivation of the drift-kinetic equation by
Simakov and Catto,8 a less than maximal ordering is in-
voked. Instead, the time variation is ordered to be on the
diamagnetic drift time scale 9/t~ €2Q) and electric drift ve-
locities are ordered to be e compared to thermal velocities. In
addition, the gyrophase-averaged distribution function is
taken to be isotropic in velocity space in leading order. All
these restrictions are removed in the derivation discussed in
this paper.

In an alternative analysis of the Vlasov equation dis-
cussed by Ramos,’ a set of finite-Larmor-radius moment
equations has been derived for collisionless magnetized plas-
mas. It is based on perturbative but otherwise general solu-
tions for the second- and third-rank fluid moments (the stress
and stress flux tensors), and closure is achieved by specify-
ing closure conditions on the fourth-rank moment.

Fluid equations are attractive in that they describe the
time evolution of a finite number of macroscopic plasma
variables. However, the uncertainties involved in specifying
the closure conditions are a major defect.
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Kinetic equations are solved by numerically integrating
the particle phase-space trajectories. An accurate determina-
tion of the particle distribution function requires the integra-
tion of a very large number of particles. Thus, a satisfactory
description of plasma behavior using fluid-kinetic equations
is limited by the total number of particles which can be ac-
commodated in numerical simulations.
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APPENDIX A: THIRD-RANK AND FOURTH-RANK
VELOCITY TENSORS

In this appendix, we discuss the Larmor phase average
and Larmor phase integration of third-rank and fourth-rank
tensors formed by the tensor product of the perpendicular
velocity vectors u,-,u;k=6,-,kb,uk.

Note that v Xb-3d/dv— -3/ 0O, and that

14 *
—fd@u,:u[,
Jv

v><b~—u:»k=u,<, (A1)

vXb-—u=—u, —fd@u,:—u,», (A2)
v

where —[d® denotes the inverse of the operator v
Xb-dldv.

1. Third-rank velocity tensor: u;uj= u(u;u,— uju,)
The third-rank velocity tensor u;uj can be rewritten as
follows:
2 * ok
2u,-ujk = Ul(ujlik + ukll] - u,I]k) + {Miujk —u; M]k} (A3)
Let u;; and u;k denote the symmetric perpendicular ve-
locity tensors:

qjk>
(A4)

EE kS * 3k b
ul'jk— uiujk—uiujk, Ml-jk—l/liujk+uiujk— Eipq pu

where u;; and ”Z’k remain unchanged under all permutations
of its indices, a property that can be verified by expanding to
obtain a sum of cubic polynomials.

Using Eqgs. (A1) and (A2), we establish the identities

Jd ”Z‘k

vXb- %uijk = 314,']'](, - J d® Ujji = 3 ’ (AS)
d ¥ * Uijk

vXb- %uijk=_3uijk’ - de uijk=_ 3 . (A6)

The third-rank tensors, u;; and u;k, consist of a sum of
terms proportional to either cos 30 or sin 30.
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2. Fourth-rank velocity tensor: uju,=(uu;— uju) (U,
+Uu,u)

The fourth-rank velocity tensor u; juzl can be rewritten as
follows:

* 4 * *
2u,-jukl = UL(ekqupquljl + elqupqulik) + (u,-jukl + uijukl) .
(A7)

Let w3y and u;}kl denote the symmetric perpendicular
velocity tensors:

Wjjk = Wjjllgy + Uil Uypg = Uil — Uiy = fiqup”qjklv
(AB)
where u;;, and u:;-k, remain unchanged under all permutations
of its indices, a property that can be verified by expanding to
obtain a sum of quartic polynomials.
Using Egs. (A1) and (A2), we establish the identities

J “f‘kz
UXb‘%”iij‘L”ijkl’ - | d® Uijkr = 4 (A9)

vXb- %”ijkl =—A4uy, - f do Ujjry =~ 2 (A10)

1
The fourth-rank tensors, u;;, and u:}kl, consist of a sum
of terms proportional to either cos 4® or sin 40.

APPENDIX B: EVALUATION OF é(u;/n)xk(x,-, Vis 14, )
AND L (Ul 22) xui(Xj, Vi 2, D)

In this appendix, we evaluate ﬁ(uZ/Q)Xk(xj,v”,,u,t) and
ﬁ(uZ,/ 2Q) xu(x;,v), 1), where the phase-space functions x;
and yy; are functions of the variables x;, v, u, and ¢. There
is no loss of generality in assuming that y;, remains un-
changed under permutations of its indices.

The operator £ is defined by Eq. (42):

E = DA(O) + uicAll(-]) + u,ja,(})

Dug; 30&‘)(9_'

e
+| —=bE; b; - -u ,
(m TN De Y oxg ) aw,

(B1)

with d\"'=A{")(d/z,) and d}'= A} (91 dz,).

ij,v

1. = LU Q) XX} Vi 11, D

Let (u,/Q)x, be expressed as follows:

* £
ﬂX _ SpgbpUg Xk UgXy
ot Q Q’
where we find it convenient to introduce the phase-space
function y, defined by

X: = 6qpkprk' (B2)

The functions y; and X: can be used interchangeably, but it
will sometimes be more convenient to use one or the other.
Substituting Eq. (B1) for £, we have
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%

A uk
- ﬁﬁXk(xj’Uu,M)

ka . &ﬁvk+ (vak+uk)EA%

Ry
_ Xk(D '
T ao\De T gx

Db
+u; d 1))__|:— (U_k +
Dt Dt

>(ka + U”bk) + Mk(D(O) + u; d(l)

Dka) uB (1) XZ
— |+, d,
Y la

Ok /_Xk (1)Xk> (1)XZ
+u +D D
<wB Po+Pig Q)

*

kd (B3)

ij ZQ
where we used the identitities

2
2ugu,=v L, +ug,,

u*ux)zviu (0.1, + 6,1

2u (urus - jstqr jrigs —

jq rs) + uqrs ’
and the operators D 1) and D(l) are defined by

1 9 KB
rs, V&Z mQ

(?UE_V)X_;
20°

BOX_ (26,1, -

1)\
le lk rs)

( b,
X U +
ox,

XZ + ((sislkr - (sirlks)

14

(B4)

sy Xe _ (Budi+ 8,80 (1) 9 Xe
r,VaZVQ *

ko T 4
The Larmor phase average of —ﬁ(uZ/ O)xi is
SE d@L‘,uka ( Db, , Dog )ﬁ
“"pir T i )@

w9 BAYLx,

mdz,

_LopB
B iz, mQ "¢

where

J
ekqupr Avilig
14

= ekqup< —Bl,, + ZB‘”"? + @B ”(”>
=0, (BS)

9

Db, DvE,> (B6)

+
Dt Dt

2, _é(u;(IIZQ)XkI(Xp v, i, 1)

Let (uZ,/ 20) x; be expressed as follows:

Phys. Plasmas 12, 112305 (2005)

N
Up

l)
ZQXkl 2 r(Ekquler"' ekprbpllq)Xkl —-U vaqr’

where we find it convenient to introduce the phase-space
function x,, defined by

*

1
Xgr = E(Eqﬂkbplrl + €pbpl 1) X B7)

The functions y;;=x; and X:F qu are symmetric, with qu
=0.

Substituting Eq. (42) for £, and using the identities
given by (A3) and (A7), we proceed as above and we have

*

.U
ﬁz_ngz( Sopp) = Lt

UkUz * Xkl
Q )
ab, auEX> uB .

=— (I}, 0, + 1},6, —+ —
( krls Ir ks)<v|| Jx Ix mQXkl

r

"Xr
M v+ v, L5
Wi+ UL

sz
D(l)
m>Q

Xt Uil g Q

{(—& D posd ;o 2]

MB 40 Xkt ij,le

20 X _z&da)

+ U d; o>
ik 40T 40

(B8)

where the operators Dl lk)l and D(l .k Are defined by

ﬁ(l)@ _ (IO +

Si) J u’B* .
ikl oy = AL
Q ,uB

B
sv(g 2 QXkI’ ( 9)

A XZZ
Dl(jl)klﬁ == [(Iirqu + Ijrliq)llseqpkbp - (Iilqu

dby  dvgg | xu
+ [jlliq)lkreqpsbp]<vla_xr + a_xr — . (B 10)

4Q
Note that b,)(j;r=bq)(:,=0 and 9, ,X;=0, and therefore

MBI, )5_61_'““55_61_0
<m+ Q 20

The Larmor phase average of —ﬁ(uzl/ 2Q0) xu is

”ulekl 4uB*e b 1,
fﬁd@)ﬁ 20 ;g) J,U«EJI)XH

2/1,23261- kb I[‘ ﬁ
s 2

m=() Yoz,
1 9 2u’B®
= Bor. mQ Agj,)veipkbpljl)(kl'

‘v

(BI11)

Proceeding as above, it can readily be established that
the Larmor phase averages of L (i, /3€2) xjum(x

- j,Uu,,U«,t)
and ‘C(uZlmn/4Q)Xklmn(xj’U\\wu“’t) are equal to zero:

3€ doe E%Xklm 0,
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% 4o AcuklmnXk[ =0.
40 mn

APPENDIX C: EVALUATION OF LF,

In this appendix, we express LF 1 as a polynomial in the
perpendicular velocity vectors.

Substituting Eq. (40) for F,, we have
£F = £| a0V Fy+ G0 F )

: (Q L)

In Appendix B, we evaluated terms of the form
—E(uZ/Q))(k( UH u,t) and —ﬁ(u_Zul/Q)Xkl(xj,vH,M,t). Sub-
stituting  x;= A(I)(&/&ZV)FO in Eq. (B3) and xy

d;{;)FO A(1 (ﬂ/ﬂz,,)FO in Eq. (B8), we obtain
b

EFI F0+I/ld2)F0+u d(z)F0+M kd(l)_zﬂqﬁﬁd(l

~ b I —

+u d(l)_P_‘]_Ld U _’.&d(l)d F , Cl1

Uik 40 qr 40 0 (C1)
where the operator DW is defined by

— 19 uB’ dF,
D(I)F A(l b A(l)_
B 9z, mQ) 0.7aPk7p Aoz,

1 9 2u’B
SEZ AW

+3 Bz Q ij,T zpk (Cz)

aF,
Ilekl V(?Z ’

14

and the operators afz) and cAlf.jz), with ;lsz):flﬁ.iz), are defined by

AOF, = i o B\ =9F ) 0 9F0
i \”,LLB Q kv (9ZV v &ZV
& F,
+AG, (C3)
02502,
dOF, _ i+ 8yBi) o) 4B A(l)*‘?Fo A0 %o
ij /-LB 40 kl,v Z, ij, V&ZV
(2 ﬂ (C4)
lj,m/&z(ro—,zv’
with phase-space functions Alz) AI(Z;V, Asz ,» and Afj )m/ given
by
. A(l)* AD*
2 1 1) D,
AE,V)=Dl(,k) Q kal QV’ (CS)
A2, = ™ Q(2 L= Biuli) €gpsby (A AL + AD ALY,
(Co)
AL AL
2 1 1) M
A= B i M )
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@ _ Grdig* 889 (1) y (A0
Aij,zrv SQ (Ar, q.v Ar qu 0_) (C8)
The functions A" V " and A( , are related to A(l) and A(1

by

(N* — (1)

AqV = qpkprq -
I |

AE]ll),V = E(qukbplrl + Erpkbplql)Az},)V‘

APPENDIX D: EQUIVALENCE OF TWO ALTERNATIVE
EXPRESSIONS FOR F,

In this appendix, we verify the equivalence of two alter-

native expressions for F,, given by Egs. (56) and (57).
Let us evaluate the Larmor phase integrals in Eq. (57).
Using the results of Appendix B to evaluate LA',Z(VI), where
2 =~(up 1 QA - (/DA

phase integral of (EZE}1 —DZ<V])) (see also Appendix A):

(0]
| Sz -z

we obtain the Larmor

w5 VuB
=——<—LD°> A A<2>)

Q \r’MB Q
_ i | (Gubu+ G » o>“BA<1>* AQ
20 uB vy

(1) )
_u ( M 9 Aky (UﬁA_.L)
30\ Y70z, ZQ ko oz, 40

,zszn g

160 oy klv* (Dl)

The Larmor phase integral of ZE/I) is

do - u;
GO0y _ M) M (1)
W e
= &Ai,v 802(1 lI +I )qukb Ale
M;-k (1* (1)*
=T 2thiv 802( il + Ll ) Ay, (D2)

and the product Z(I)Z(Vl) is

S(1)5 ““k u; Zz
27D = “AUAL+ S ADAL, + AAD)

QZ

+ 492A erklv
T2, i, - g
+ADAL) + ;{%AW wh (D3)

where
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(1) _ (1)
Z(a' ZV Qz zkA 292(211k
Ikz)A(l) i (D4)
Substituting Eq. (D1) for f®(d®/Q)(ﬁZ§”-ﬁZ§”), Eq.

(D2) for [®(d®/Q)Z", and Eq. (D3) for (ZVZ\"-ZVZ),
we verify that Eq. (57) for F, is identical to Eq. (56).

APPENDIX E: LARMOR PHASE AVERAGE.
$(d®/2m) LF,

In this appendix, we evaluate $(d®/ 2mLF » where F 5 is
given by Eq. (57), and the operator £, given by Eq. (42), is

. azy 9
L= -Qu Xb-
&v 0Z4
e Duyg; g\ o

Averaging over the Larmor phase angle, we obtain

°E o .~ N N2 &
£F2= 2_£F2=D F1+D Fo,
a

where 25(2), the second-order drift-kinetic operator, is given
by

con=  OFy [dO ., (dO .- ==
R e

o)y ge

Z(I)Z(l)i(ﬁ(o)&_ﬂ’) L PR 50
T 9z, 9z, 20z,92,
X(Z(1)~(l)) (E2)

and Z(])Z( is given by Eq. (D4).

Substituting Eq. (D1) for fo(d®/Q)(EZ(1) LZ(D) and
Eq. (D2) for [©(d®/ Q)Zfr), we evaluate the Larmor phase
averages in Eq. (E2) (see Appendix B):

§£ f 49 170770,

2 [h
__ liﬂAm*(;@(a ALV A(z)

B (920. ml) \J'MB QO 4
19 2M2B%A(.!)* (O + 5{/{5,'1)25(0)M_BA(1)*
Bz?za m*Q e uB 40 kv
(2
+ AU V} ,

(1) (1
Z070)

e oz
Bz,

We can therefore express Eq. (E2) for D@ as follows:

Phys. Plasmas 12, 112305 (2005)

f [ h i
HOF —_ L9 BVBB \ (1)eno) VBB \ 1)+IF0
" Bz, mQ Q ooz,
10 2,uB )
= B on wiy Mo B+ 8348)
0'
OB y (9o
40 "oz,
dFy1 4
+ ———BY,,, (E3)
dz, B dz,, ’
where the phase-space function Y, , is given by
KB 1y o) 2M°B7 @
Y(r,vz - EAE,(I)' Af,v) m2Q AEJ)O'AU)V
Substituting Eq. (C5) for A(z) and Eq. (C7) for Aff)v
KB\ y ) 9 BB )
Yo’,v == ]ik,rs( mQA( ) A(rs)r(gzerA/(m)f
a 1
A (1)* A(l)*)
2 amq Mrein z,mQ
213
b (1)*i1,k WB )
ZBmQ i,0 0"Z1- ik,rs mQ k.7 trrs,v
,LLB ( abv &UE§> (1 1)*
+1. _— + A A
lrlkszmﬂz U . 0—,xr (
2p2
(1)* 5 (1)* ﬂ b aUE
= Ao Ay )+ Ilslkilrjmzﬂz(v &xi + &x,s
1) Al 1) Al
X (AL = AjlLAL, (E4)
Iik,r.v = Iirlkx + Iislkr - Iiklrm (ES)
and we note that
T BY,,-0 (E6)
aZO—aZV oy Y
We can also express Eq. (E2) for D as follows:
()5(1) =
soF ok 0 pZe 2y 0y 9F) 0.
D'YF, D o
B dz, 2 dz, dz,Bdz,
Fy1 @
+——— , E7
aZ,, B 0120- o,V ( )

where the phase-space function A, ,=-A, ;, antisymmetric
in an interchange of indices, is given by

VR 077
T 9z, 2 dz, 2
(1)* (0) (1)* (D*75(0) A (D*
2 Qz(A Aj,g —AMD Aj’,,)
+ (‘Szk5l+ 5,1(511 K, VD(O)AE]U:
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D*A 1)*
- A DOAL) (E8)
and
&
——BA, ,=0. (E9)
02502, ’

In deriving Eq. (E7), we recall that DOF,=[d/or
+Z(TO)(<9/ 0z2,)1Fy=0,(/ ot)B+(d/ azT)BZ(TO)=O, and we rewrite
the following terms involving the zeroth-order drift-kinetic

operator D in the form

771 o1 Z(1)Z(1) o
10 pr0Ze 2 0Fy 10 Z07) 50
B oz, 2 9z,

Bz, 2 dz,

sl 0 ZVZVaF, 19 ZVZ) a7 oF,
=pO——p=r v =0, —pZey =7 =0
Boz, 2

Bz, 2 dz, 9z, 07,

Vo TR ik

9z, 9z,

In summary, the second-order drift-kinetic operator D@
is given by

Phys. Plasmas 12, 112305 (2005)

7 Z(1) o7 o
1.0 207 0F, 0Fyl 0 o

HOF = DO .
B iz, 2 4§z, dz,Badz, 77

1o 2970 oF,

-——DO-—p
Bz, 2 dz,
19 -124
——BF,——BI'? | (E10)
Bdz, °'Bédz,
where
T2 =20, +Y,,. (E11)
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