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The gyrokinetic formalism for linear electromagnetic waves of arbitrary
frequency in general magnetic field configurations is extended to include
full relativistic effects. The derivation employs the small adiabaticity
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1. INTRODUCTION

Hot electrons in the Elmo Bumpy Torus (Uckan et al., 1983) and
Symmetric Tandem Mirror (Quon et al., 1982) experiments are already in the
relativistic regime, and relativistic effects might also be significant in
the recent idea proposed by Rosenbluth et al. (1983) to enhance tokamak
stability with highly energetic particles. However, most theoretical
studies of these devices have used a nonrelativistic treatment. Only quite
recently, Berk et al. (1983) have considered a relativistic fluid model for
the Elmo Bumpy Torus. Also, Ohsawa, Dawson, and Van Dam_(1983) have used
the relativistic gyrokinetic equation presented in this paper in the
low-frequency 1limit to interpret the stability results observed in a

particle simulation of the Elmo Bumpy Torus plasma.

This paper describes the fully relativistic generalization of the
linear gyrokinetic formalism, which was recently extended to arbitrary
frequencies (Chen and Tsai, 1983a and 1983b, hereafter referred to as Papers
I and II). The same systematic approach as in Papers I and II will be
employed here, namely, transforming to the guiding-center phase space’ and
then averaging over the gyrophase angle, while expanding in the small
adiabaticity parameter A = p/LO << 1. Here p is the Larmor radius and LO is
the scale length of the equilibriuﬁ\plasma and magnetic field. The present
work differs from Papers I and II by beginning from the relativistic Vlasov
equation and by adopting the Lorentz gauge instead of the Coulomb gauge. A
complete collisionless relativistic gyrokinetic equétion for linear

electromagnetic wave dynamics in general plasma equilibria is thereby

obtained.
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In Section 2, the derivation of the theoretical formulation 1is
explained. In Section 3, the WKB eikonal ansatz is imposed, which greatly
simplifies the equation, and then the general wave equations are presented.

Section 4 contains a concluding discussion.
2. THEORETICAL ANALYSIS

The course of formulation and derivation given here will closely follow

that of Paper II. We define the guiding-center phase space (§, U). which is

related to the particle phase space (§, u) via the following transformation:

L
1l

x+uxeg/e, , (1)

U= (g, uy, ) , | (2)

where yu = u%/ZB, € = c(u2+c2)1/2 + q@O/mO = czy + q@O/mO; the relativistic

velocities are u = vy and U= vV; m, is the rest mass; Q = qB/moc s

ey = B/B, o is the gyrophase angle, and
v = (14u2/e2)1/2 o (1-y2/c2)-1/2 - iz (e=q2p/mg) , o (3)
c
u% = -2Bu + (e—q@o/mo)z/c2 - 2 s (4)
u; = u (e; cosa + e sino) , (5)

with e;, ey, and ey being the local orthogonal unit vectors. Also, ¢y and B
are the equilibrium electrostatic potential and magnetic field,

respectively.
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The unperturbed Vlasov propagator in (§, E) particle phase space is
Ly = v 3/t + usv, + (ux@) Vot (q/mO)YEO°.V.u ’ (6)
and in (X, U) guiding-center phase space is

L, = vy 3/3t + uye Vg + u+(dp+2p,) = 9 3/%

g
+ (a/mg)YEqg+[(u,/B)(8/8u) + (e /u)(8/30)] + Yvg+Yx » (7
where
2B, = 2Vx(e) /DTy » (8)
L u u

_rw I d I d

25, = = [§ %B + 5 Taeyoul] i [(Tee2) * o3 +u—% YeenlerepD] 55
(9

_ -1 . |
Vo= Yyt 97 Ixeg ¥y ‘ (10)
Ty = uy'l /3 + (u,/B) 3/dn + (gy/u;) 3/da , (11)
Eo = ~¥x%> Yy = u'¢ys ¥ = cBoey/Bs g4 = 7g; Sina + gy cosa.

7
Assuming the following ordering,

|pyXFg|/1Fg| ~ |vg/vel ~ 0(A),

we can solve for the equilibrium distribution function,’Fg, up to first

order in A = p/L0 << 1, where the subscript g denotes functions of the
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guiding-center variables (§, U). We have (Rutherford and Frieman, 1968;

Taylor and Hastie, 1968)

where

Fg0;= Fgo(ﬁ, u, X) 3 (14)

Fél = (§/B)(3Fgo/3u) > (15)
B2 = {upeup + 7 Aot/ [uy(eyeTeeyrup)-ulV vy /2] 1, (16)
4p = 43 T YR » (17)
'and
ug =gy x [/, an B+ ud eyeve,l/a . " (18)

Here, F 1 1s the o-dependent part of F for the purpose of the .present

g

work, it is sufficient to know FgO and Fél'

gls

The  perturbed distribution function, GFg, obeys the linearized

relativistic Vlasov equation
LgSFg = =(a/mg)[8gy Ty + (825%e)/ M) Tx]Fy » (19)

where



fa_ = YSE

2 +u x 8B, /c . (20)

g

Adopting ¢¢ and JA as field variables such  that 6B = yxxéé and

SE = —(YX6®+86é/cat) and letting

8F, = 8F, + 8G, _ (21)
with
5 wSAy 5 SA xey
6F, =L [so, - - -t B . T F 22
ag mg [ Qg de + (Y6® c )g B o cf YX] gd > (22)

e

we find that Eq. (19) becomes, after some algebra,

Ly8G, = -R, = —(q/mo)(Rl+R2+R3+R4{ , (23)
where

Ry = [(384,/9)8/3e = (VySipxey/2)+Yg]Fyg » , (24)

Sy = Y88, - usSA/c , (25)

R2 = (aFgo/Baﬁ)(Y B/Bt + u" g"'yx)awg ) | (26)

]

Ry = [~v(Ty®) *Txd8,-1805u Ty lnB+(a/moe*) Eg *use,
+2(80,8) ((3/8e+v8/BAu)+Y88,(uye+up) «Vx

—Yu"‘yX6©g§ 8/36]3F80/38u+6¢g(u"g"+gD)-YXBFgO/as, (27)
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Ry = {-[ugCaeTagy) - S5+ 0Ayg (- Tye ) u+[uy 84y 5 (g 1nB)
~(a/mo) YEq  8Ayg [+(VyB) « [V (e 845)-(u+T,) 64, ]
~0uy (B84 ) 3/Bou-uy 84 g(ayeytup)
~upu+(Vy 84, )B0/Bou}(eB) 1 8F 4/ 0u
~(¥/e)(384/3t)  T(ROF o/ Baw)
wy = up + (af/2epeT, x gy
and

(a)& = da/da .

We adopt the following formal ordering for the perturbed quantities:-

YI3/3t] ~upley gl ~ uplgpxUxl ~ 11 ~ 0(1) «

Correspondingly, LgGGg then becomes

0(1) 0(1) 0(1) 0(2)
Lg8Gy = {¥3/3t +uye Ty = 28/8a + u-Qp; + Apy)
o(x)

+ v(a/my)Eq+[(u;/B)(8/31) + (e /uy)(3/3a)]

o)

2
+Yyg + Vg + 0(A%) }é6,

where we have indicated the formal ordering above each term.

decomposing the perturbed quantities in the gyrophase angle 0, €.g.,

[+ ]

8G, = 2 <6Gg>£ exp(-ifa) ,

2:—(:0

where

(28)

(29)

(30)

(31)

Fourier

(32)
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2w v .
<8G>, = (1/2m) fo do 8Gy(X, 1, €, a) exp(ifa) ,

and assuming an exp(-iwt) time dependence, we can express Eq. (23) for all 2

as
} LgdGy>y = <Ly>y <86y = ~<R.>, (33)
where

Lp>p = (ay ey + up) Ty - i(w - 20+ fw) (34)
and

0y = <wrTpadg = uyler(epTeen) = gyt (Tpxe))/2]- (35)

t

Thus, w, corresponds to the gyrophase-averaged correction to the cyclotron

frequency. Furthermore, in Eq. (33), we have ignored both O(Xz) terms in Lg

as well as the cyclotron-harmonic coupling by the same arguments as stated

in Paper II. Letting

<8Gz>y = =(a/m)<8vg> o (8Fy/Bu) + <SH>g , (36)

we can manipulate Eq. (33) into

<Lg>p<8Hy>y = =(a/m) (<S> + <S> 84.0) » (37)

where



]

<817y = -1[wdFy/3e + 2@ BF,/Bou + 1Ty Foge(e)/DxTy] <S>y , (38)
<S>p = {uydey Ty Shg>y = upey-Yx<S¥p>g — up Fy<Siy>y

—(Y<gl 6®g>z + <g-6§g/c>£ ue - u"<38A"g/c>2]°yX n B

Ty B« [Tglgessgle) = (ueTxby/e) = 1igss ]y

= uy<QueTyx g)84p/c> ~ <8Ay (u-Tp)eyu/e>y

+ (q/mo)(§0~<36@g>z/cz - YEO"<GAﬁg>2/c) + izwa<6wg>z

+ 0[<(B88,) (>4 (3/3€ + Y3/Baw)

~<(Buysayg/e) >y (3/B3W] } (9F,0/B0w) -39

and 62,0 is the Kromecker delta. 1In deriving Eqs. (37) to (39), we have
noted that only the & = 0 component of <32>2 is importaﬁt; that is, for
% # 0, |<82>2l/]<81>2| ~ 0(X), and we have kept only the leading-order

terms. Note also that the last two terms in <SZ>£ vanish for £ = 0.

Equations (21), (32), (36), and (37) then determine the perturbed .

distribution function GFg and, hence, 6F. Knowing 8F, we can calculate the
—
linear density and current perturbations, which, when coupled with Maxwell’s

equations, provide a complete description of the linear wave dynamics.

3. RESULTS WITH THE EIKONAL ANSATZ

Since in many practical applications one is interested in the regime

where the perpendicular wave length is much shorter than LO, let us consider



-10-

the results obtained by adopting the following WKB description for

perturbed quantities:

- X — ' X
§F(x,u) = SF(x,u) exp(i f lgl-d§l] = 8F(X,0) exp(i f K +dX | - ie(gl)) s

where e(gl) = 51°BXSH/Q s lleO|>>1’ and where SF as well as gl_contain slow

spatial variations in X |+ Meanwhile, we also have

X
., ~Ll
xdFy(3,0) = SFy(X0) exp(i [Tk -axy) ,

and, hence,

§F, = OF exp[-i6(k )] .
Equation (37) thgn reduces to

Lg>p<8Hy>y = (8" g"-yx—in)<éﬁé>2 = i(g/mO>Pz(Fg0)<S$g>2 ,
where

Qq = Yw = k)*up - 26(Q =~ wy) ,

Py(Fgo) = [wd/3e + 20 3/Bou + (ky x e/ x]Fy0
<89y = Tg(2)[(v-200/kFc?) 68 ~ u 6K /c

(40)

(41)

(42)

(43)

(44)

(45)

(46)

the
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Jy is the Bessel function, z = |k, u,/Q|, Jg = dJg(z)/dz, and <§é>£ is of
higher order and ignorable here. Furthermore, the Lorentz gauge, yX~6é+

%-€%6¢=0 is adopted here. From Eq. (43), <Sﬁé>z may be obtained by

integrating along the magnetic field line and will be formally written as

<BHp>y = 1(a/mg)Pg(Fu)<Lg> i< 80> (47)

The perturbed distribution function in (g,y) phase space, 6F, is then

given by

§F = 9[63 -2 + (y63 - u"sA")i 29r, + § <86.>, exp[i6(k,) - ita] , (48)
my € c ’Bon- 0 g g4 ~1 ' ?

and
<86>g = =(a/mp)<8Y,> o (9Fy/BAN) + <SHy>g o (49)

Here, in Eq. (48), we have neglected the (Sé X EH/CQ)'EkFO term [c.f.
Eq. (22)] which can be shown to be generally of higher order. With &F given

by Eq. (48), the corresponding Maxwell’s equations can then be expressed as

2 oF u,8A, OF
2 _ Wiher _ 2 YBdude yqr = °°0 = I 0
(k% - =)68 = 8n°] q [ T=E22 (160 - (v —) 33,

o2 3 luyl ‘mg

+ Y <86 >,T,(2)} , (50)
% 2ol A } A
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2 2 u, A, OF
=~ _ 8 Bdud — _ %%y o
(k2 - S)6E = = T a [ =S [ (vee - —) =
c ¢ eyl Trmg H
+ % <8Gy>, Jo(2)] - (5D
and
(x2- ‘*’2)5§ L Jq fBdude Yy <se>, i(a) (52)
B2 B S S e g7 4 Y2
c j Il £
where
2] -G gk (53)

j is the species index, and a sum over iu“ is understood in the velocity
integration. Equations (47) and (49)~(52) thus provide a complete
description of the linear wave properties within the framework of the
eikoﬂal ansatz. There are new channels for wave-particle resonances due to
the velocity-dependent coefficient, vy, in <fé>£ in addition to those

mentioned in Papers I and II.

We can also evaluate the <Sﬁé>£ for both trapped and untrapped
particles in axisymmetric tokamaks with long parallel wave-~lengths
[k"/ki < 0(A)] and the ballooning-mode representation (Connor, Hastie and
Taylor, 1980; Frieman et al., 1980; Pegoraro and Schep, 1981). Results
similar to those presented in Section 4 of Paper II are then obtained,
except with the following essential modifications: (i) change all g's into

u’s, e.g. vy >uy, vy *uj, and yp > up; and (ii) redefine
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(1P = ib an(IB/ 1u; 1) (Yumt0HLu Kk | vup) (54)
<895y = [(v-200/k3c?) 88 - uy 8K /c]Ty(2" )0, T3 (2" ) 6By /k c , (55)
<Shg>e = (v-20/k3c?3(27) 88-u 37 (2") 8By /k | , | (5‘6)
<EY>gp = Iy(z") luy 1B /e (57)

4, Conclusion and Discussion

We have generalized the systematic gyrokinetic formalism developed in
Papers I and II to include full relativistic effects. The theory is wvalid
for arbitrary frequencies and magnetic field configurations. Both the
plasma and magnetic field inhomogeneities and finite Larmor radii effects
are retained. The equation is greatly simplified when the WKB eikonal
ansatz is imposed. The perturbed distributions for the circulating, as well
as trapped, particles in the axisymmetric tokamaks are obtained with the
ballooning mode representation. In addition to the proper gyrokinetic
equation now being expressed in terms of the momentum R = mgu instead of the
velocity v, the other necessary changes in the formalism were also generated
by wusing the relativistic Vlasov equation and the Lorentz gauge. This new
relativistic gyrokinetic equation has already found application in the
theoretical interpretation of stability results observed in a recent
relativistic electromagnetic particle simulation of the Elmo Bumpy Torus

(Ohsawa et al., 1983).
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During the final writing of this paper, it brought to our attention

that recently Dr. Littlejohn (1983) has also worked on the relativistic
gyrokinetic equation. However, he 1is only interested in low-frequency
perturbations, using Hamiltonian formalism and imposing the WKB eikonal

ansatz from the beginning.
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