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Remarks on the discrete Alfvén wave spectrum induced by the Hall current
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It is shown that the discrete Alfvén wave induced by the Hall curif8nOhsaki and S. M. Mahajan,
Phys. Plasmad1, 898(2004)] is equivalent to the kinetic Alfvén wau&AW ). The KAW is, thus,
accessible in a fluid description. It is further shown that the dispersion relation for the Hall
magnetohydrodynamic waves can be reproduced from kinetic theory only if the ion temperature is
negligible compared with the electron temperature2@4 American Institute of Physics
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I. INTRODUCTION mation of the width of the eigenfunction. The dispersion re-
lation for the HMHD waves is derived from kinetic theory.

In Sec. IV, relation between HMHD and kinetic theory is
summarized.

In inhomogeneous magnetohydrodynangid$iD), non-
ideal effects may remove the singularity in the Alfvén con-
tinuous spectrurhby inducing higher order derivative in the
mode equation. For example, inclusion of higher order ion
finite Larmor radius terms;=(k  p,)? transforms the Alfvén
continuous spectrum into a discrete spectrum known as thé DISCRETE SPECTRUM
kinetic Alfvén wave (KAW).?® However, a later study o . . .
showed that the discrete mode disappears if expansion of the We begm with areview of the fqrmulaﬂon of Fhe eigen-
function el (\) is avoided. Herd () is the modified modg equations derived in Ref. 7 v_vlthout nqrmahzatlon. We
Bessel function. Mahajﬁriound a discrete Alfvén mode in a consider a_slab g_e_ometry n Carteglan coordinatgs andz, .
more accurate analysis based on full Maxwell's equatf’ons.a_‘nd a Sta_t'c eqU|I|t_)r|um with an mhor_nogeneous_magnetlc
(Earlier studies were done in two-field approximation with field that is a fl_Jnct|on of only<._ The th|ckne_ss ok in the_
scalar potentiakp and parallel vector potentigd, in which ;Iab geomelry IS the system sikg. The ambient magnetic
magnetosonic perturbation was7ignobed. field is assumed to be

Recently, it has been showrthat the mode equation
based on Hall MHOOHMHD) also induces a discrete Alfvén Bo(x) = BO%, (1)
mode in addition to the mode found earlier by Mahaﬁan. V1+9(0)
the present work we wish to clarify the relation between the hich satisfies the f I diti
discrete spectrum induced by the Hall current effect and gh&/Nich satishes the force-iree condition
KAW. It will be shown that the .HMHD.mode. equatiqn can V X By=hBy, h(x) = f'(X)/[1 +f2(x)], ()
be recovered exactly from the kinetic dispersion relation pro-
vided full Maxwell's equations are employed. Two-potential and introduces the following orthogonal unit vectors:
approximation based ow, the scalar potential, and,, the
?/ector potentlal_parallel to the magnetic field, often u;ed in 6, ©=ByBy € = g fez_ 3)
ow B plasmas is unable to recover the HMHD equation in V1+f2
which magnetosonic perturbation plays a key role. In the
limit of negligible ion temperaturdT,<T,) and adiabatic The perturbations are assumed to take the formgof
electrons,w <kupre the HMHD equation is exact. The dis- =q(x)exfi(kyy+k,z—wt)]. The wave numbers according to
crete mode found in Ref. 7 and attributed to the couplingthe coordinate systel(8) are
between the ion acoustic perturbation and Hall current is

nothing but the exact fluid reincarnation of the KAW. In this _ ket Tk, _k—fk @
paper, we correct the erroneous estimate of the mode width ' V1 +§2 L N

found in Ref. 7.

In Sec. Il, we review the formulation of the Alfvén wave In HMHD, relevant equations are the equation of motion and
equation including the Hall current effect, present numericaFaraday’s induction law for the perturbed velocity and mag-
results based on the HMHD equations, and discuss the estietic field,v andb,
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—iwv= [(V X b) X B+ (V X Bp) X b] os | fle —
HonM 9, =
. 0
iv2
+—=V(V-v), (5 05 L - - - -
1) 0.4 02 0 0.2 0.4
X
1
—iwb=V X (vXBg)—-——V X[(V Xb)XB, 1 - - - Re
Mohne 05t Im ———
+(V X Bg) X b] a 02 \\
=BV X [vX g +i(w/wgVv]=ByV Xg, (6 Sl ” : o ”
where Vg is the speed of soundV,=vyP/p, and X
=eBy/M is the ion cyclotron frequency. Ny is small com- ; . . . . .
pared to the Alfvén velocity/,=By/(uonM)Y2, that is, in Re ——
low B plasmas, the eigenmode equation can be approximated g osT ]
1L 0
as \/
d_d 05t . . . , L
d_XFE(gL -k Fg, - S(S-kh)g, 04 02 )(; 02 04
kﬂzvgalwz d? > 2 FIG. 1. First three eigenfunctions gf for k,=15. The other parameters are
= wgi(wz _ k,ng) d_X2 -ki) 9. gitce)lrgligfad automatically,=-15+2, =1, e=V,=k;'=4.95x 102, and
2o 5\
2_kps<d_x2_kL) 91 (7)

where F=amo?/V2-K2,  S=(wlwg)aiw?/V3, ay=(1  Numerical results with approximations for localized modes.
— w2l w?)™L, and ps=V/ g is the ion Larmor radius defined The assumptions are as follows: the regiorxah the inter-
in terms of the speed of sound. The singular perturbatiof@ (~0.5,0.3, the functionf=cog\x), k,;>0 andk =k,
appears as a finitg, effect. Omitting the term representing +V2 that give QSEKE(O)=1 and K; =K (0)>0F, \
electron Landau damping, the equation for the KAW, Eq.=(2/k.[Qq)** so thatki=1+x? for small |x|, and e~V

(15) of Ref. 6, is essentially equivalent to E). The Hall ”k11<_1- For the localized modes around-0, Eq.(7) is
currents are included in more rigorous kinetic or two-fluid @Pproximately Fourier-transformed to the Schrodinger-type
approximation and the agreement is not surprising. equation;

We now proceed to numerical analysis of the mode &
equation. The equations solved in this analysis are obtained = . -V(9)]y=0 (11)
from Egs.(5) and(6) as follows’ d§2¢ [n D=0,

(Qz—k12+d—2)g =i E(k g0 + €0y
| dX2 1 dx 1L IX X

(¢

V0= e~ a2 KAL), (12

d 0}

+—|{=—=-hlg/|-kk.g. (8

deek )g} katr (® where u=k? (- 02), a=w3g, B=E508, F=V3/(w}
-kAV2) = V2] wl, wi=Q3/(1+03), and

©

(Q2- K- K )gy = i(lqdE - ewﬂz)gL
X g, exd-i(k 0Zdk,x).  (13)

Y=L+ P2 f

(. d ko -
""(kud_‘_)gu’ 9
X ek Equation(11) are obtained ignoring the contribution from
and boundaries. We solve E@l1) numerically using a shooting
2202 code. Equationg8)—(10) are solved with the numerical
g, = M{(E + k_i> - (ii +k )g } method used in Refs. 8 and 9. If we discretize the equations
"W |2V§ dx ew ewdx /TH] and combine them with the boundary conditions, we obtain a

(10) matrix equation for the discretized variables. The eigenval-
ues are then obtained by finding the roots of the determinant
where)?=w?/(1-€w?). We have normalized the magnetic of this matrix. We choose here the boundary conditions of
fields by By, the velocities by the Alfvén velocit)/s, the  rigid and conducting walls, i.eu,=b,=0 atx=+0.5, which
pressures b)BS/ o, and the scale length by, The coeffi-  correspond to
ciente=(c/ wy) /Lo is a measure of the ion skin depth, where
wyi= (N €M) is the ion plasma frequency. We compare  -g, +iweg,=0, (14)
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' Numerical —— F’(Xo) kas
11 ¢ Approximation - ] — . 18
op / A, Al (18
1081 /'/ ] In this scale ofA,, the fourth-order term modifies the singu-
106 / lar eigenfunction to the regular one. Thig gives the width
sl / ] of the eigenfunction. Sincé’=k(0)[1+(x/L)?] and the
® e . . . . .
A e singularity is located near the edge of the Alfvén continuum,
1041 T ] i.e., [xo| =|A,], in the present analysi&,' (xo) is written as
P
-~ e
102 1 F' (%) ~ 2K°A /L. (19
] S . . . Thus, we obtain
0 2 4 6 8 10 1o
Number of nodes Vs C
Ay~ (poLo)'?= (V__Lo> ~ €elo. (20
FIG. 2. Frequency as a function of the number of nodes of the eigenfunction A @pi

for k,=15. “Numerical” represents solutions of E¢8)—<10), and “Approxi- ) ) ) ) ~
mation” represents solutions of E(L.1). The width of the eigenfunction observed in Ref. X,

~ (Vg/kw)*?, is given by the relation

Kips
k, 9,-kg, =0. (15 S~ i4 : (21)

Figure 1 shows the first three modes of the eigenfundion  The fourth-order term is too small to modify the logarithmic
for k,=15. The eigenfunctions are well localized around eigenfunction in the scale (ﬁ since

=0, wherek? is minimum. Figure 2 shows the discrete eigen-
values obtained from Eq$8)—(10) and those obtained from 2 2/%4 212 2
: ‘s ku pslAx kilo @ 20 2
Eqg. (11). Discrete modes appear above the mlnlmunkfof ~—— 5~k L5e? ~ €. (22
Since the HMHD equations do not include the Landau damp-  F'(x)/A, 2 @
ing term, all of the discrete eigenvalues are real. For higher
modes, the difference between the two results is larger be-
cause the eigenfunction becomes broa@ee Fig. 1 and
may be affected by the boundaries. Sinég8~1 in the !l. KINETIC DISPERSION RELATION
quadratic term of the potential2), the width of the eigen-
function in { space is estimated &g~ 1; thus the normal-

ized width of g, is Ay~ (k,A) ™ ~e. In fact, the lowest

mode ofg, in Fig. 1 is well fitted by a Gaussian curve of
form exp-x?/2A/%) with A/~1.8%. These results are in nXxX(nxE)+e-E=0, (23)
agreement with those obtalned previously using kinetic wheren=kc/w. The magnetic field is in the direction and

theory in Refs. 6 and 10. th b tor i&k=ke,+ A
The width of the eigenfunction may also be estlmated € wave number vector | S K‘e? ss_umlng o
<wllk|<vre Ti<Te and w<wy;, the dielectric tensole

directly from Eq.(7). In the neighborhood of a singular point : )
xo, WhereF(x,)=0, Eq.(7) is approximated as (Refs. 5 and 1flcan be approximated as follows:

In this section, we derive the dispersion relation for the
MHD waves from the kinetic equations. The wave equation
for a homogeneous plasma is givertby

2 J = (VR ay, (24)
F/ (A 59, +F'(0) 0. ~KIF (0)Ag, ~S'g, o
€y =~ Eyx =" |(C2/VA)a1(a)/wci), (25)
d2 5 )2
kps( dx? kl 9 (16 €= €x=0, (26)
WhereF’:—(d/dx)(k ) and A,=x—X,. In the absence of the €y = (cz/Vi)al, 27)
fourth-order derlvatlve the e|genfunct|on contains a logarith-
mic function InNx-x,| (Ref. 1) and the derivative ax=x, 2
+A, is thus estimated as €=~ €y~ ic—2 x 2, (28)
Va ki o
1d )
—g, ~ A (17)
g, dx>- X o~ (Em)z(l_@) (29)
zz CSkH (1)2 '

As A,—0, the fourth-order term increases and becomes
comparable to the second-order term whignsatisfies the wherec,=(T./M)"?is the ion acoustic speed. The dispersion
relation relation can be found from the determinant of E&3),
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ay0? - KA - i(wlwg) aw? Kk V2
i(w/wgj) aqw? a0? - KVA i(Ky/K) (@il ) 0? =0, (30
keki(Clwp)?(Kic? = i(kdk) (ol wg)(KCe? = (KCe)? = (kiCd ?KE(Clwpy)?

which yields IV. SUMMARY

(@? = KAVA)w* = K¥(VA + ) w? + K2KZCAVA] In this paper, we have shown that the mode equation for
the Alfvén wave in Hall MHD can be recovered exactly from
AL 2, 2 2 1L2~2 2 _
KVakiVao (o - k'cg)lw; =0, (3L the kinetic dispersion relation in the limit of,<T, and

wherek?=k2+k. This equation is identical to the dispersion wl|k|<vre i.e., cold ions and adiabatic electrons. The abil-

relation for HMHD wavesd;*? provided the sound speéd, ity of the simpler one-fluid theoryHall MHD) in capturing

=\yPlp in HMHD is identified as the ion acoustic speed th€ essential features of the wave spectiemoval of the
= \s‘"Te/M, that is, whenT,<T,. In other words, HMHD is Alfvénic singularity, for instancg which are normally con-

valid (in the sense that it can be fully recovered from thesidered to be associated with kinetic effects, is important and
kinetic dispersion relationonly if T; is ig”orable? The con- bodes well for the future of HMHD theory and codes alike.

sistency between HMHD and kinetic theory wh&m0 can
be seen more clearly through the recovery of two importanACKNOWLEDGMENTS
componentd, andj, found in HMHD (Ref. 7) from kinetic
theory; see the Appendix.
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pi

1 1
<w2 - ;kZVf\> <w2 - ;szf\>{w2 ~ (k971 +(ckfwy)?]}  APPENDIX: ALTERNATIVE DERIVATION OF THE
1 1
Here we demonstrate an alternative derivation of the dis-

KINETIC DISPERSION RELATION
C2 2 2k2
= {w2<1+4 -KAVA || ? 1+C—2 - kA4
Wi Wpi persion relation{31) from kinetic theory. The componenis
x{w? - (kA1 +(Ckx/wpi)2]}- and j, (perturbed magnetic field and current parallel to the
unperturbed magnetic fieldan be found from the following

and entirely disappears in two-field approximation based orquations:
¢ and A, alone, namely, if the magnetosonic perturbation is

ignored. —iwb=-ik X E, (A1)
The last term contains fourth-order derivative, g =ik X b, (A2)
wZKZVi %Vikng oo K4,

a_md is responsible for}he appearance of Iocali_zed eigenfunc— E= e(i—wf_l 7, (A3)

tions of discrete Alfvén mode. Hergs=cs/ w; is the ion

acoustic Larmor radius. In this form, the coupling between k-b=k, b +kb,=0, (Ad)

the shear Alfvén modk\V, and the magnetosonic mo#¥/,
through the ion acoustic Larmor radius is explicitly seen.where
When k?<k? and c2<Va, the dispersion relation for the

shear Alfvén mode is obtainéd, L1 Cyyezr™ yay T Syaz Exy€yz
np 20 ) o’ 2 € "= E ~ Eyx€zz €xx€zz ~ €xx€yz )
2 KVatk cs(ck wy) — Va (1+K2pd) €yxEry ~ ExxEry ExxEyy~ Exyyx
1 +(ck/wp)? 1+ (kValog)? ° (A5)
(32
€| = EyxEyyErr ™ ExxEyz€sy~ ExyEyxE€zze
It is noted thatp, appears isotropicallg?p? in contrast to the €= €nyyeza™ Encyacny™ Exyencar
form based on two-field approximation, Substituting Eq(A3) into Eq. (A1) yields
22 w’b =ik X (e1-]). (AB)
V 0
w? = %(1 + kipg .

T 1+ (kA og) From Egs.(A2) and(A4), we obtain
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ke K _ Mo,
jx= kilz, Jy= 'p«oklbz’ by = 'liz-

They component of Eq(A6) gives

2
w . .
g|€|12 = kH{kﬂ(eyzézy_ 5yy€zz) +k, éyxézy}Jz

- kL{kH ExyEyzt K, ( Exy€yx ~ Exxfyy)}j z

- iﬂal(k\lfxyfzz_ ky fxxfzy)kzbz,
which yields

j CZ kzkH(,()ci(x) b
Molz=~ "2 T3 2 2Pz

The z component of Eq(A6) gives

2
§|G|bz = |M0(kﬂ€yx€zz_ Ky Exxeyz)Jz + K €€,0;,

which yields
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K2VA(w? - Kic2 c?
—wb,=— A2 A L DK sty A9
w0, o~ 1) 7 gihwwcuﬂolz (A9)

Equationg(A8) and(A9) are equivalent to Eqg11) and(8)

of Ref. 7 derived from the HMHD and yield the dispersion
relation for the HMHD waveg31). The importance of the
magnetosonic mode, and its coupling to the parallel current
j, associated with the shear Alfvén mode may be better ap-
preciated in this derivation.
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