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Electromagnetic properties of periodic two-dimensional subwavelength structures consisting of
closely packed inclusions of materials with negative dielectric permittivity � in a dielectric host
with positive �h can be engineered using the concept of multiple electrostatic resonances. Fully
electromagnetic solutions of Maxwell’s equations reveal multiple wave propagation bands, with the
wavelengths much longer than the nanostructure period. Some of these bands are described using the
quasistatic theory of the effective dielectric permittivity �qs. Those bands exhibit multiple cutoffs and
resonances which are found to be related to each other through a duality condition. An additional
propagation band characterized by a negative magnetic permeability is found. Imaging with subwave-
length resolution in that band is demonstrated.

DOI: 10.1103/PhysRevLett.93.243902 PACS numbers: 42.70.Qs, 41.20.Cv, 42.25.Bs, 71.45.Gm
Electrostatic resonances of isolated nanoparticles have
recently attracted substantial interest because of the in-
triguing possibility of obtaining very strong and local-
ized electric fields. Applications of such fields include
nanoscale biosensors [1,2], nanolithography [3,4], and
nonlinear spectroscopy [5,6]. Resonances occur when a
metallic or dielectric particle with a negative dielectric
permeability ��!�< 0 is imbedded in a dielectric host
with a positive dielectric permeability �h > 0. The wave-
lengths � of the incident electromagnetic radiation that
resonate with a small particle of a characteristic size d�
� depend on the particle shape and the functional depen-
dence of ��!�. By changing the shape [7] and internal
composition [6] of nanoparticles resonances can be
shifted to the wavelength optimized for a particular
application. The close proximity of other small particles
can also strongly affect the resonances. Surface-enhanced
Raman scattering (SERS) from molecules inside multi-
particle aggregates has also been shown to be greatly
enhanced [8–10].

In this Letter we demonstrate how electrostatic reso-
nances of periodic arrays of closely spaced particles can
be used for engineering propagation properties of elec-
tromagnetic radiation. The emphasis of this work is on
subwavelength photonic crystals (SPCs) that have a pe-
riodicity d smaller than the radiation wavelength in vac-
uum � � 2�c=!. By numerically solving Maxwell’s
equations, we identify two classes of waves supported
by an SPC: (i) effective medium waves (EMWs) charac-
terized by a quasistatic period-independent dielectric
permittivity �qs�!� and (ii) high-multipole resonances
(HMRs) that depend on the crystal period d. Two types
of EMWs are identified: almost dispersionless (nonpro-
pagating) bulk plasmons (BPs) satisfying the!� ~k� � !�c�

i

dispersion relation (where !�c�
i are multiple zeros of �qs)

and propagating plasmon polaritons (PPs) satisfying the
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~k2c2 � !2�qs�!� dispersion relation. The effective me-
dium dielectric permittivity �qs calculated from the qua-
sistatic theory [11,12] is found to be highly accurate in
predicting wave propagation even for SPCs with the
period as large as �=2�. EMW propagation bands are
‘‘sandwiched’’ between multiple resonance !�r�

i and the
cutoff !�c�

i frequencies of the SPC. For two-dimensional
SPCs with a high lattice symmetry (square and hexago-
nal) a duality condition expressing a simple one-to-one
correspondence between the resonant and cutoff frequen-
cies is derived.

The new HMR propagation bands are discovered inside
the frequency intervals where �qs < 0 and, by the mean-
field description, propagation is prohibited. One HMR
band defines the frequency range for which the subwave-
length photonic crystal behaves as a double-negative
metamaterial (DNM) describable by the negative effec-
tive permittivity �eff < 0 and permeability �eff < 0 [13].
Magnetic properties of the DNM are shown to result from
the induced magnetic moment inside each nanoparticle
by high-order multipole electrostatic resonances of its
neighbors. It is shown that a thin slab of such DNM can
be employed as subwavelength lens capable of resolving
images of two slits separated by a distance � �.

As a starting point consider a TE-polarized electro-
magnetic wave, with nonvanishing Hz, Ex, and Ey com-
ponents, incident on an isolated dielectric rod (infinitely
long in the z direction) with ��!�< 0. The incident em
wave is strongly scattered by the rod when its frequency!
coincides with that of the surface plasmon found by
solving the nonlinear eigenvalue equation for Hz:

� ~r � ���1 ~rHz� �
!2

c2
Hz; (1)

where Hz ! 0 far from the rod. The electric field is given
by ~E� ~x� � �i
c=!�� ~x�� ~ez � ~rHz, where �� ~x� � �h out-
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side and �� ~x� � ��!� inside the rod. In what follows
we assume that �h � 1. Note that the lines Hz � const
are the electric field lines. For a subwavelength rod the
right-hand side of Eq. (1) can be neglected. Moreover,
j ~Ej � jHj, and the description using the electrostatic
potential � is appropriate: ~E � � ~r�. Hence, two equa-
tions are simultaneously satisfied for a subwavelength
rod:

� ~r � ���1 ~rHz� � 0 and � ~r � �� ~r�� � 0: (2)

Note from Eqs. (2) that if a surface wave is supported
by a rod of an arbitrary transverse shape for � � �1,
then a surface wave is also supported for � � 1=�1 [7].

For a round cylinder of radius R the surface-wave
multipole solutions of the second of Eqs. (2) are given
by��m�

out ��r=R��mexp�im�� outside and��m�
in � �r=R�m�

exp�im�� inside the cylinder, and m � 1. The continuity
of �@�=@r is satisfied for every m � 1 for !�r� such that
��!�r�� � �1. This degeneracy of the multipole reso-
nances is specific to round cylinders. This property makes
the lattice of almost-touching round cylinders particu-
larly amenable to engineering its electromagnetic prop-
erties using electrostatic resonances: various multipoles
of a given rod are strongly hybridized by the proximity of
other rods. A rich and easily controllable set of hybri-
dized electrostatic resonances whose frequencies depend
on the areal fraction occupied by the cylinders is exhib-
ited by such SPCs.

Note that there is no monopole (m � 0) electrostatic
resonance (although there is an electromagnetic Mie
resonance for rods with a very high positive � [14]) for
an isolated cylinder. Such a resonance would reveal that
the corresponding solution for Hz has an associated azi-
muthal �-independent current around the cylinder and,
thus, a nonvanishing magnetic moment M � �1=2c� �
h ~r� ~Ji, where the average is taken over the unit cell.
However, as shown below, the octupole (m � 4) electro-
static resonances in a square lattice of closely packed
cylinders hybridize in a way of inducing a resonantly
excited magnetic moment. This magnetic moment mani-
fests itself as a negative effective permeability �eff of the
structure.

In the rest of the Letter we concentrate on a specific
SPC: a square lattice of round (R � 0:45d) plasmonic
cylinders with ��!� � 1�!2

p=!2 characteristic of
collision-free electron gas, lattice period d � c=!p.
Very similar results are expected for polaritonic rods
with ��!� � �1�!2 �!2

LO�=�!
2 �!2

TO�, with � < 0 for
!TO <!<!LO. To this SPC we apply the standard
procedure [11,12] for calculating the quasistatic dielectric
permittivity �qs�!� and later compare the band structure
described by �qs�!� to that obtained by solving the fully
electromagnetic Eq. (1).
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The material-independent �qs is calculated [11,12] as

�qs � 1� p
XN

i�1

Fi
s� si

; (3)

where, for the plasmonic rods in vacuum, s�!� � 
1�
��!���1 � !2=!2

p, si � 
1� �i��1 is the ith out of N > 1
hybridized dipole resonances, Fi is its oscillator strength
calculated below, and p � �R2=d2. Electrostatic reso-
nances si are found by solving the eigenvalue equation
for the potential eigenfunctions�i inside a unit cell of the
structure:

~r � 
�� ~x� ~r�i� � sir
2�i; (4)

where �� ~x� � 1 inside the cylinder and zero elsewhere.
Equation (4) follows from Eq. (2), and the eigenfunctions
�i satisfy the following homogeneous conditions at the
unit cell boundaries �x; y� � ��d=2;�d=2�: (i) �i and its
derivatives are periodic, (ii) �i�x � �d=2� � 0, and
(iii) @y�i�y � �d=2� � 0. Another eigenfunction ~�i cor-
responding to the voltage drop between y � �d=2 plates
is obtained by a 90� spatial rotation of �i.

Because the square lattice is invariant with respect to
the transformations of the C4v point group [15], all peri-
odic solutions transform according to one of the irre-
ducible representations (IRREPs) of C4v: four singlets
(commonly labeled as A1, A2, B1, and B2) and one dou-
blet E. The electrostatic eigenfunctions �i and ~�i
have the symmetry of E. Inside a given rod each �i
can be expanded as the sum of multipoles: �i�r; �� �P

1
l�0 A

�2l�1�
i �r=R�2l�1 cos�2l� 1��. A straightforward

calculation following Ref. [12] yields the oscillator
strength proportional to the dipole component of �i:
Fi � �A1

i �
2=

P
1
l�0�2l� 1��A2l�1

i �2. For our structure there
are three significantly strong hybridized dipole (E-
symmetric) resonances: �s1�0:1433;F1�0:8909�, �s2 �
0:4025; F2 � 0:064�, and �s3 � 0:6275; F3 � 0:0366�.

The plots of the two lowest resonances are shown in
Fig. 1. The first resonance is primarily dipolar (/ cos�),
while the second one has a significant sextupolar
(/ cos3�) component. Thus, the close proximity of the
rods in the lattice results in a strong hybridization of the
odd multipoles with the dipole. The hybridized dipole
resonances !�r�

1 � 0:38!p, !�r�
2 � 0:63!p, and !�r�

3 �

0:79!p occur at the frequencies controllably different
from that of an isolated rod, !�r� � !p=

���
2

p
.

The frequency dependence of the �qs for a plasmonic
material with vanishing losses is plotted in Fig. 2(a).
From Fig. 2(a), there are four propagation bands (where
�qs > 0) allowed by the quasistatic theory for !<!p.
Allowing for a small loss through Im� removes the in-
finities of �qs and preserves the number of propagation
bands. The quasistatic theory predicts that this plasmonic
SPC acts as an effective medium supporting two types of
2-2



FIG. 1 (color online). The two stron-
gest hybridized electrostatic dipole
resonances of the 2D square lattice
of plasmonic rods contributing to
�qs: !�r�

1 � 0:38!p (a) and !�r�
2 �

0:63!p (b). Shown are the potential
isocontours and the electric field ar-
rows. SPC parameters: � � 1�!2

p=!
2

(losses neglected), d � c=!p, and R �

0:45d.
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waves: four PPs satisfying the j ~kj2 � �qs!
2=c2 dispersion

relation [two of which are indicated by a solid line in
Fig. 2(b)] and three BPs satisfying the !� ~k� � !�c�

i dis-
persion relation (not shown). Numerical solutions of the
fully electromagnetic Eq. (1) described below confirm
these conclusions, yet reveal additional modes whose
behavior is not described by �qs.

An important duality principle for the cutoff and reso-
nance frequencies exists for high-symmetry square and
hexagonal lattices (correspondingly invariant with re-
spect to theC4v andC6v point groups): for each resonance
frequency !�r�

j there exists a cutoff frequency !�c�
i for

which s�!�c�
i � � 1� s�!�r�

i �. This principle follows from
the observation that, at the cutoff, Hz satisfying the first
Eq. (2) obeys the same boundary conditions as � and ~�.
Hence, from Eq. (2) follows that for each resonance
frequency !�r�

j there exists a cutoff frequency !�c�
i for

which ��!�c�
i � � 1=��!�r�

j �. Calculation of the zeros of
��s� from Eq. (3) confirms the duality principle.

To verify that �qs accurately describes em wave propa-
gation through the plasmonic SPC, the fully electromag-
netic Eq. (1) was numerically solved as a nonlinear
eigenvalue equation for !2=!2

p for different wave num-

bers ~k � ~exk using a finite elements code FEMLAB [16].
The resulting dispersion relation !�k� is plotted in
Fig. 2(b) for three propagation bands. Although d �

1=!p is not infinitesimally small compared to the radia-
tion wavelength, it is apparent from Fig. 2 that the nu-
merically calculated points (circles) accurately fall on the
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solid lines predicted for the PPs by the effective medium
�qs. The essentially flat propagation band !�k� � 0:61!p
not shown in Fig. 2(b) also agrees with the BP dispersion
relation obtained from �qs. Therefore, for several fre-
quency bands, the plasmonic SPC indeed is an effective
medium described by the scale-independent �qs.

Importantly, Fig. 2(b) reveals that there is another
propagation band (triangles) in the frequency range for
which no propagation is expected due to �qs < 0. Note
that the mode’s group velocity vg � @!=@k < 0—an in-

dication that we are dealing with a DNM. For ~k � 0 this
mode’s Hz has the symmetry of the A1 IRREP of the
symmetry group C4v and can be expanded inside a given
plasmonic rod as Hz�r; �� �

P
1
k�0 A

�4k�
I4k�!
�������
��

p
r=c�=

I4k�!
�������
��

p
R=c�� cos�4k��, where Il is the modified

Bessel function of order l. For the SPC at hand, the largest
term in the expansion is the octupole term A�4�, and the
next largest is the monopole term A�0� that is responsible
for the magnetic moment induced in the photonic struc-
ture as explained earlier. Because of the finite magnetic
moment, a single quantity �qs cannot describe the mode
and two frequency-dependent parameters are numerically
evaluated: dielectric permittivity �eff and magnetic per-
meability �eff . The procedure for expressing these effec-
tive quantities for a periodic structure using the cell-
averaged electric and magnetic fields has been described
elsewhere [14,17].

The effective permittivity and permeability have been
calculated for a range of wave numbers ~k � k~ex and the
corresponding frequencies !�k�. For k0 � 0:6=d and
.8 1 1.2 1.4 1.6

/ω
p

uasi−static calculation 

FIG. 2 (color online). (a) Frequency
dependence of the quasistatic dielectric
permittivity �qs from Eq. (3). Vertical
lines: resonances; horizontal axis inter-
cepts: cutoffs. (b) Plasmon polaritons
supported by the SPC: theoretical pre-
diction of the quasistatic theory, k �
��������qs

p !=c (solid lines) and numerical
simulation of Eq. (1) (circles and tri-
angles). Note the backward-wave
(@!=@k < 0) HMR marked by tri-
angles. SPC parameters as in Fig. 1.
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(a) (b) FIG. 3 (color online). (a) Magnetic
field distribution behind an illuminated
periodic slit array, with a six-period
SPC; parameters as in Fig. 1. (b) j ~Ej
in the object plane (solid line); in the
image plane for !0 � 0:6!p, without
damping (dashed line) and with damp-
ing characteristic of silver (dot-dashed
line); in the image plane for ! �

0:606!p (dotted line).
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!0 � 0:6!p (or neff � �1) we numerically computed
that �eff � �2:35 and �eff � �0:427. Therefore, at this
frequency our SPC is a DNM. Note that the hybridized
monopole/octupole resonance affects not only the mag-
netic permeability of the SPC but also the dielectric per-
mittivity: the mean-field calculation using Eq. (3) yields
�qs�!0� � �0:65 that is significantly different from �eff .

DNM-based flat superlenses capable of subwavelength
imaging have been proposed [18]. The condition for
superlensing is that the DNM with the dielectric permit-
tivity � < 0 is embedded in a host medium with �h � ��.
We have tested a six-period thick plasmonic SPC for the
superlensing effect by embedding it inside the hypothetic
host with �h � 0:55. This particular choice of ��eff <
�h <��qs was not optimized and is one among the
several that showed superlensing. To verify the subwave-
length resolution, we simulated the distribution of the
magnetic field j ~Ej behind a screen with narrow slits of
width �y � �=5 separated by a distance 2�y. As depicted
in Fig. 3, where only two slits are shown, a planar wave
with frequency ! � 0:6!p is incident on the screen from
the left. SPC of width D � 0:6� is positioned between
0< x<D. The distribution of j ~Ej in the x-y plane is
shown in Fig. 3(a). Also, in Fig. 3(b) j ~Ej is plotted in
two cross sections: the object plane right behind the
screen (at x � �D=2� �=10, solid line), and in the
image plane (at x � 3D=2� �=10, dashed line). The
two subwavelength slits are clearly resolved. Increasing
the incident frequency by just 1% (outside of the DNM
band) results in the complete loss of resolution in the
image plane (dotted line).

Even small material losses can have a strong effect on
the resolution [19]. While the DNM band for the plas-
monic SPC is quite narrow, 
!�k � 0� �!�k �
�=d��=!�k � 0� � 0:055, it is still broader than the colli-
sional linewidth for some plasmonic materials. For ex-
ample, for silver � � �b �!2

p=!�!� i.�, where �b � 5,
!p � 9:1 eV, and . � 0:02 eV [20]. Figure 3(b) (dash-
dotted line) confirms that, although finite damping
24390
.=!p � 0:002 reduces the field amplitude in the image
plane, it does not affect the image contrast.

This work is supported by the NSF’s Nanoscale
Exploratory Research Contract No. DMI-0304660 and
by the ARO MURI W911NF-04-01-0203. The authors
gratefully acknowledge discussions with A. K.
Sarychev, M. I. Stockman, and S. Rotter.
2-4
[1] A. J. Hayes and R. P.V. Duyne, J. Chem. Phys. B 124,
10 596 (2002).

[2] B. B. Akhremitchev et al., Langmuir 18, 5325 (2002).
[3] M. M. Alkaisi et al., Appl. Phys. Lett. 75, 3560 (1999).
[4] J. C. Hulteen et al., J. Phys. Chem. B 103, 3854 (1999).
[5] T. L. Haslett, L. Tay, and M. Moscovits, J. Chem. Phys.

113, 1641 (2000).
[6] J. B. Jackson et al., Appl. Phys. Lett. 82, 257 (2003).
[7] D. R. Fredkin and I. D. Mayergoyz, Phys. Rev. Lett. 91,

253902 (2003).
[8] A. M. Michaels, J. Jiang, and L. Brus, J. Phys. Chem. 104,

11 965 (2000).
[9] V. A. Markel et al., 59, 10 903 (1999).

[10] D. A. Genov et al., Nano Lett. 4, 153 (2004).
[11] D. J. Bergman and D. Stroud, Solid State Phys. 46, 147

(1992).
[12] M. I. Stockman, S.V. Faleev, and D. J. Bergman, Phys.

Rev. Lett. 87, 167401 (2001).
[13] D. R. Smith, D. C. Vier, N. Kroll, and S. Schultz, Appl.

Phys. Lett. 77, 2246 (2000).
[14] S. O’Brien and J. B. Pendry, J. Phys. Condens. Matter 14,

4035 (2002).
[15] G. Y. Lyubarskii, Application of Group Theory in Physics

(Pergamon Press, New York, 1960).
[16] FEMLAB Reference Manual (Comsol AB, Stockholm,

Sweden, 2001), version 2.2.
[17] J. B. Pendry et al., IEEE Trans. Microwave Theory Tech.

47, 2075 (1999).
[18] J. B. Pendry, Phys. Rev. Lett. 85, 3966 (2000).
[19] D. R. Smith et al., Appl. Phys. Lett. 82, 1506 (2003).
[20] P. B. Johnson and R.W. Christy, Phys. Rev. B 6, 4370

(1972).


