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Outline 
• Rotation (toroidal and poloidal), anisotropy 

−  Equilibrium 
−  Stability;  

  ideal (static) MHD – due to changes in equilibrium,  
  rotating MHD  

• Probabilistic (Bayesian) inference framework 
−  Developed on JET, MAST 
−  Enables model validation (equilibrium and mode structure) 
−  Computes plasma parameters and uncertainties 
−  Can be harnessed to infer properties of plasma (e.g. energetic particle 

pressure) 

• Anisotropy and stability 
− Show large anisotropy for MAST (#18696), p⊥/p|| = 1.7 
− Compute anisotropy for Component Test Facility (CTF) 
− Preliminary assessment of impact of flow, anisotropy on CTF stability 
− Explore CTF continuum 



MHD with rotation & anisotropy 
•  Inclusion of anisotropy and flow in equilibrium MHD equations 

[R. Iacono, et al Phys. Fluids B 2 (8). 1990] 



MHD with rotation & anisotropy 
•  Inclusion of anisotropy and flow in equilibrium MHD equations 

Equilibrium eqn becomes: 

[R. Iacono, et al Phys. Fluids B 2 (8). 1990] 

Set of 6 profile constraints  

• Frozen flux gives velocity: 



Reduction to isotropic 

and equilibrium eqn becomes: 

•  Suppose 

Set of 5 profile constraints  

Then 



Further reduction 

Set of 4 profile constraints  

Set of 2 profile constraints  

• Toroidal flow only 

•  Static case 



•  “transonic” poloidal flows  (~ sound speed cs Bθ /B)   
 ⇒ G-S & Bernoulli eqns hyperbolic in part of solution domain  
 ⇒ radial contact discontinuities where MHD fails  

•  Two types of closure:  
  isentropic flux surfaces: σ(ψ) = p/ργ 
  isothermal flux surfaces: T(ψ) 

For isothermal flux surfaces, McClements and Hole show [PoP17, 082509] 

•  poloidal flow hyperbolicity threshold of G-S equation  
  lower for isothermal (cf isentropic) flux surfaces  
  lower for high performance ST plasmas, Msθ≥0.7 

•  Expression for n(ψ,R) in presence of flows.  

Rotation effects can be large for the ST 



Expected impact of anisotropy 

•  If p|| sig enhanced by beam, p|| 
surfaces distorted and displaced 
inward relative to flux surfaces 

Broad 
pressure 
profile 

Peaked 
pressure 
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•  If p⊥ > p||, an increase will occur in 
centrifugal shift : 

[R. Iacono, A. Bondeson, F. Troyon, and R. 
Gruber, Phys. Fluids B 2 (8). August 1990] 

 [Cooper et al, Nuc. Fus. 20(8), 1980]  

• Compute p⊥ and p||, from moments of distribution 
function, computed by TRANSP 
[M J Hole, G von Nessi, M Fitzgerald, K G McClements, J Svensson, PPCF 53 (2011) 074021] 

[see V. Pustovitov, PPCF  52 065001, 2010 and references therein]  
•  Infer p⊥ from diamagnetic current J⊥  



Inference of energetic physics 
ANU/CCFE/IPP developed a probabilistic framework based on 
Baye’s theorem for validating models for equil. & mode structure  
Motivation:  
• handle data from multiple diagnostics with strong model 

dependency 
• provides a validation framework for different equilibrium models: 

e.g. Two fluid with rotation, multi-fluid, MHD with anisotropy 
• yield uncertainties in inferred physics parameters (e.g. q profile) 

from models, data, and their uncertainties.  
• Can be inverted : By reducing force-balance model uncertainty 

to zero, use as a technique to infer physics difficult to 
experimentally diagnose directly (e.g. Energetic particle 
pressure) 



Background: Bayes Formula  
•  Bayesian analysis is a probabilistic technique.  Use P to 

denote probability, and let 
 H = Hypothesis (model parameters) 
 D = Data (observations) 

• By using a resulting posterior as a new prior, an iterative 
process is formed that can incorporate all data and prior 
knowledge into a final posterior 

Posterior: 
probability of 
inferred 
hypothesis 
given data 

Likelihood: 
Probability of 
data given prior 
hypothesis 

Prior: 
probability of 
initial 
hypothesis 

Evidence: probability 
of data independent 
of hypothesis 

1702-1761 



Background: Graphical Models 
•  Enables one to show a joint probability distribution function 

visually. Motivation: understand complicated model easily.  

A 

B C 

A 

B C 



MINERVA: Bayesian inference engine 
•  Written by Jakob Svensson 
•  A framework written in Java to build and analyze 

Bayesian Graphical Models for data inference in 
fusion plasmas (also has applications to other 
complex systems) 

[J. Svensson and A. Werner Current tomography for axisymmetric plasmas,  
Plas. Phys. Con. Fus. Jan. 2008] 

[J. Svensson, A. Dinklage, J. Geiger, and A. Werner, R Fischer 
Integrating diagnostic data analysis for W7-AS using Bayesian 
graphical models, Rev. Sci. Instrum. 75(10) Oct. 2004] 



Bayesian equilibrium modelling 

Aims 
(1)  Improve equilibrium reconstruction  
(2) Validate different physics models 

 Two fluid with rotation  
  [McClements & Thyagaraja Mon. Not. R. Astron. Soc. 323 733–42 2001] 
 Ideal MHD fluid with rotation   
  [Guazzotto L et al, Phys. Plasmas 11 604–14, 2004] 
 Energetic particle resolved multiple-fluid   
  [Hole & Dennis, PPCF 51 035014, 2003] 

(3) Infer poorly diagnosed physics parameters 
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Bayesian current tomography 
•  Model the MAST plasma current as a 

cluster of rectangular, toroidal current 
beams that fill out the limiter region.  

•  Aim is to infer the distribution for each 
of these plasma beam currents (i.e. H = 
vector of currents, I=jφdRdZ). 

•  I calculated by Biot-Savart subject to 
constraints:  
–  Pick up coils data, Pi (+) 

–  Flux loops data, Fi  (*) 

–  MSE data, tan γi 

•  CAR prior assumed for P(I):  



Graphical model for MSE posterior 
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mathematically describes 
conditional probabilities…
Bayesian equivalent of a 
Feynman diagram 



Mean in posterior gives flux surfaces 

• MAST #24600 
@280ms 

• D plasma, 3MW NB 
heating  

•  Ip = 0.8MA, βn=3 

Last closed flux surface 
of MSE& EFIT 

Current Tomography Poloidal flux surfaces 

Jφ and ψ surfaces 
plotted for currents 
corresponding to the 
maximum of the posterior 

[M.J. Hole, G. von Nessi, J. Svensson, L.C. Appel, Nucl. Fusion 51 (2011) 103005] 



Sampling of posterior gives distribution 
•  Distributions generated by sampling, e.g. q profile 

q profile 
#24600 Inference of poloidal 

currents: allow f(ψ) to be a 
4th-order polynomial in ψ 

No poloidal currents 

•  Bayesian models for TS 
and CXRS 

Errors < 5%, but are model dependant 



Integrate force balance yields Penergetic 
Equilibrium Validation  

Uses MSE, pick up coils, flux loops 

Uses TS, CXRS 

MSE data range 

Integrate residue ⇒ Penergetic estimate  



BEAST: model validation (G. von Nessi) 
• Bayesian Equilibria Analysis & Simulation Technique 
• Uses fractional observations to constrain parameters to model 
• Idea: group physics parameters according to model 

  Force Balance: 

  Bayes’ Formula: 

• Evidence  P(D) between models a measure of fit 



• MAST #24572 @320ms (prior to disruption) 
• D plasma, 3.2MW NB heating  
•  Ip = 0.8MA, βn=??,  
• τ = ?A 

Last closed flux surface 
of MSE& EFIT 

Jφ and ψ surfaces 
plotted for currents 
corresponding to the 
maximum of the posterior 

High performance case: #24572  



BEAST selects rotation model 
despite small physics differences  

•  Evidence implies flowing equilibrium better solution 
− For static equilibrium: log(Pstatic (D)) = 628.6 +/- 0.4 
− For flowing equilibrium: log(Pflow (D)) =  637.5 +/- 0.2 

Blue = static 
Red = flowing 

R
 Ω

/c
s 

R [m] 

Pflow/Pstatic ~ e9 >>1  



• Taken maximum likelihood results from BEAST, and 
computed FLOW solutions [Guazzotto et al PoP, Vol. 11(2), pp604, 2004]   

• Flow / static comparison confirms equil. difference is small 

FLOW modified solution #24572 

R [m] 

magnetic axis (flow) magnetic axis (static) 

Δ q = q(flow) – q(static) 
Δ p = q(flow) – q(static) 
Δ ψ = q(flow) – q(static) 

P0 = 30 kPa 



Anisotropy on MAST: #18696 

[M.P. Gryaznevich, et al , Nuc. Fus. 
48, 084003, 2008.] 

[35th EPS 2008; M.K.Lilley et al] 

• MAST #18696 
• 1.9MW NB heating  
•  Ip = 0.7MA, βn=2.5 
• TRANSP simulation available 

•  Magnetic spectrogram shows 
suspected CAEs 



Calculation of f(E,λ) moments 

[35th EPS 2008; M.K.Lilley et al] 

[M J Hole, G von Nessi, M Fitzgerald, K G McClements and J Svensson, PPCF 53 (2011) 074021] 

p⊥/p|| ≈ 1.7 

r/a=0.25 

Φ = toroidal flux 



Impact on anisotropy on equilibrium 
•  Impact on configuration computed using FLOW  

 [Guazzotto L, Betti R, Manickam J and Kaye S 2004 PoP11 604–14] 

   Δ <0:  p⊥/p|| ≈ 1.7   Δ =0:  p⊥/p|| = 1 

•  Toroidal rotation does not change q appreciably with MA,φ ≤ 0.3 
•  Increase in q0 ~ 100% for case with anisotropy 

Low grid resolution of FLOW at core  



Component Test Facility 
•  CTF requirements [Abdou  et al Fus. Techn. 29(1), 1996] 

    neutron power flux ~1-2 MW/m2, steady state,            
test area> 10m2, B>2T,  neutron flux> 6MWm2/yr 
  stable steady state ST can provide fusion conditions necessary for 

components testing 
  operated in parallel with DEMO ⇒ complement and extend the 

anticipated database from IFMIF 

[G.M. Voss et al. / Fusion 
Engineering and Design 83 
(2008) 1648–1653] 



MAST CTF 
Major/minor radius (m) 0.8/ 0.56 0.75/ 0.47 
Elongation, Triangularity 1.5, 0.5 2.7, 0.3 
Plasma / pressure-driven current (MA) 1, 0.3 8, 3 
q0, q100 1.5, 10 2.2, 6.2 
Line-avge, n(×1019m-3) 2 20 
Core Ti, Te(keV) 1,1 18.5, 15 
β(%), βN 6, 5 20, 3.4 

Ion sound speed cs (×105 ms-1) 3.1 9.8 
NB energy D, D+T (keV) 60 150 
Pfusion (thermal + beam) (MW) 35+15 
NBI velocity (×106 ms-1) 2.4 3.4 
Rotational Mach no,  ≤0.7 1.0 
Critical energy , Ecrit (keV)  19 301 
Critical velocity, vcrit (×106 ms-1) 1.3 4.8 
Avge neutron wall loading (MWm-2) - 1.6 
|B0|, vacuum at geometric centre (T) 0.5 2.8 

CTF base-line 
[G.A. Cottrell and R. Kemp, Nucl. Fusion 49 (2009) 042001.] 



CTF Equilibrium 
q0≈2.17 

Ballooning mode threshold 

•  Rotation profile predicted using χφ= 
0.5χi 

[G.A. Cottrell and R. Kemp, Nucl. Fusion 49 (2009) 042001.] 

NBI projections - top 

NBI projections – pol. plane 



CTF NBI moments 
Beams heat off-axis plasma No significant anisotropy p⊥~ p|| 
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MAST anisotropy more significant  

MAST #18696 MAST #18696 
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CTF rotation lowers q0 

Blue = static equilibrium 
Red = flowing equilibrium 

• What is impact on ideal MHD stability? 
• Does rotation make CTF unstable to Kelvin-Helmholtz modes? 
• What does the continuum look like? 
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Static CTF stability 
• Wall on plasma-boundary scan of  ω2/
ωA

2  versus central safety factor, q0 n=1, q0=1.95 
normal displacement, 

CTF stable if  q0>2.1 ⇒ 
[M J Hole, H R Wilson, et al  PPCF 52 (2010) 125005] 



•  TRANSP predicts CTF will rotate at Mach speed 
•  At such strong rotation, Kelvin Helmholtz instabilities can be 

driven unstable 

•  Displacement centred at position of strongest rotation gradient 

Nicholas R Walkden, nw246@bath.ac.uk 

Stability at strong flows in CTF 
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•  Flow shear stabilises external kink at low flow, but can drive 
KH modes unstable at high flow 
–  NB: This is for A=3. CTF equilibrium numerically challenging, but 

qualitatively similar expected 

Nicholas R Walkden, nw246@bath.ac.uk 

Optimal operating rotation  

Unstable to 
external 
kink modes 

Stable to all 
ideal MHD 
modes 

Unstable to 
Kelvin 
Helmholtz 
modes 

βN > βN
nowall , n = 1 

Chapman et al, sub PPCF, 2011 
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DIVA equilibrium code 
CASTOR-FLOW stability code  



Large edge gaps in Alfven continuum 

n=1 

Large EAE gap 
(κ = 2.4) 

Large TAE gap due to 
flat q profile 

Static (no flow) spectrum computed with CSCAS  



Greater shear closes gap  

n=1 

q profile remapped to have stronger shear 



What is the impact of anisotropy on  
ballooning modes ? 

Ballooning stability of CTF:  
Contour plot in (s, β) space, of 
ballooning mode maximum 
increase in pressure gradient p(ψ) 
about the marginal stability 
boundary, p(ψ) = 0, for the CTF 
configuration. 

[M J Hole et al. PPCF 52 (2010) 125005 ] 

• CTF: Reduced ballooning mode stability threshold for CTF 
near s=0.6 (where anisotropy peaks)  

• MAST : anisotropy large across plasma 
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2-D High-β equilbria with toroidal flow: 
Fitzgerald, Sharapov, Hole  
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•  Asymptotic boundary-layer 
solution for high-β 
equilibria. βq2 ≫ ε2   
Mφ

2q2≫ ε 
•  Free flux functions 

replaced by functions of R. 
•  Benchmark for difficult 

numerical solutions such 
as strong diamagnetism. 

βT = 60% βT = 60%, vφ=600kms−1 

Accepted, PoP, 2011 



Summary 
•  Introduced a Bayesian framework to verify equilibrium & mode 

structure models.  
–  Provides q profile and uncertainty.  
–  Exploited force balance discrepancy to infer Penerg  
–  Developed “split observation” technique to validate equilibrium models 
–  BEAST “Confidently” selected rotation model, despite small parameter 

differences 

•  Anisotropy 
–  Computed anisotropy for MAST #18696, showing p⊥/p|| ≈ 1.7 
–  Showed impact on equilibrium largely affects q profile. 

•  CTF 
–  Computed impact of flow and anisotropy on CTF: flow dominates effect 
–  Showed A=3 CTF flow-stabilised to ideal MHD modes for weak flow, but 

unstable to  Kelvin-Helmholtz at large flow. 
–  CTF continuum shows large EAE gap (high elongation), and large TAE 

gap in edge due to flat shear. 
•  Slightly off-topic… 2D high beta with flow; restoration of field hole.  



Ongoing work 
•  Bayesian inference: 

–  Parameterise Gaussian core localised pressure  to infer penergertic  

–  Use diamagnetic loop to obtain p⊥ 

–  Add TRANSP pressure as a constraint 

•  Anisotropy 
–  EFIT TENSOR written, EFIT with anisotropy. Benchmark in 

progress 
–  Impact on anisotropy on ballooning modes 

•  Analysis of wave activity in MAST, KSTAR and H-1 
•  Construction of fully 3D fields using MRXMHD 



2012: Asia Pacific Plasma Theory /  
International Stellarator Heliotron Workshop 
31st Jan. - 3rd Feb. 2012, Australia will host combined: 
•  18th International Stellarator Heliotron Workshop   /

10th Asia Pacific Plasma Theory Conference   
•  Venue: Canberra / Murramurang.  
•  Topics will span (not exhaustive)  

–  Basic Plasma Science  
–  Plasma Theory, Modeling and Numerical Simulation 
–  magnetic equilibria / stochastic fields / high beta 
–  fast particle and high energy physics  
–  3D effects in tokamaks  
–  Divertor and edge physics  
–  transport and turbulence  

•  www.plasma2012.org.au/ 


